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We discuss the role of sin’6y, (6, = weak mixing angle) in the Weinberg-Salam SU(2) X U(1) model. A
definition of the renormalized value of sin’@,, is given, the effects of radiative corrections are considered, and
the possibility of precisely determining this parameter experimentally is examined. Within the framework of
grand unified gauge theories, we derive an expression for the effective quantity sin’@, (M,,) which can be
compared with experiment. Our results are illustrated for the Georgi-Glashow SU(5) model and their
implications regarding the predicted lifetime of the proton 7, are discussed. For sin?6,, (M) ~0.21-0.20,
values consistent with neutral-current measurements, we estimate that the SU(5) model predicts -
7,210*-10% yr, a range that is not very far from the present experimental bound. We also show that by
increasing the number of scalar multiplets, the model can accommodate larger values for sin’6,,(M,,).

I. INTRODUCTION

The Weinberg-Salam SU(2) x U(1) model**? pro-
vides us with an elegant unified description of
weak and electromagnetic interactions. It pre-
serves the successful precise predictions of quan-
tum electrodynamics (g -2, Lamb shift etc.) and
accommodates all known charged-current weak-
interaction phenomenology (3, muon, pion decays,
etc.). In addition, this model correctly predicted
recently established weak-neutral-current effects
in neutrino scattering® and parity-violating elec-
tron-scattering-asymmetry experiments,® its
greatest triumphs to date.

Essentially the only important free parameter
in the Weinberg-Salam model is sin®6,, where
the weak mixing angle 6 is defined by tanf
=g./g,, the ratio of U(1) and SU(2) coupling con-
stants. Values for sin®0y are usually obtained
by comparing the results of neutral-current ex-
periments with theoretical predictions (which
depend only on sin®fy). Of course, the validity
of the Weinberg-Salam model requires that all
experiments yield the same value for sin®0,,. At
present the world average® stands at sin®f,,
=0.2310.02, and most individual measurements
are consistent with a value of sin®, in the range
0.20 to 0.30. This agreement between the values
of sin®6, determined by a variety of diverse neu-
tral-current experiments is regarded as strong
evidence in support of the Weinberg-Salam model’s
correctness; however, before the final verdict
is rendered a great deal of further proof is re-
quired (e.g., discovery of the W and Z vector
bosons, Higgs scalar, etc.). 'Also, more precise
determinations of sin®,, by several distinct ex-
periments would be helpful. Anticipating that
such measurements will eventually be performed,
we will devote the first part of this paper to sett-
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ing down a precise theoretical definition of the
renormalized value of sin®0y, which can be com-
pared with experiments and to a discussion of the
effects of higher-order radiative corrections on
this important parameter.

We also have at this time an extremely attrac-
tive theory of strong interactions, quantum
chromodynamics (QCD),® which is based on the
unbroken gauge group SU(3), associated with color.
When taken together with the Weinberg-Salam
model, there results an SU(3), x SU(2) x U(1) gauge
theory which describes strong, weak, and elec-
tromagnetic interactions. This combined theory
is often referred to as the standard model.
Throughout this paper we accept the premise that
the standard model is correct; however, we al-
low for the possibility that.it may be only part of
the entire picture. Indeed, the interesting possi-
bility of embedding the standard model in some
simple gauge group G: G > SU(3),x SU(2) x U(1)
has been advocated by several groups™?; the
resulting theories are called grand unified gauge
theories. A nice feature of a simple covering
gauge group is that it possesses only one coupling
constant rather that three independent ones, hence
true unification of the fundamental interactions
(excluding gravity). That is, the individual
couplings g;, g,, and g, associated with SU(3),,
SU(2), and U(1) must all be the same, up to some
group-theoretic weighting factors. In such a
scheme, the observed unequal strengths of strong,
weak, and electromagnetic interactions is a con-
sequence of performing present-day experiments
at relatively low energies, so that higher-order
radiative corrections effectively enhance or di-
minish the various interaction strengths; they
become equal only at superhigh energies above
all mass scales in the theory (i.e., at very very
short distances).
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With regard to the weak mixing angle, an ap-
pealing property of grand unified models in that
sin®0y, is predicted to be some definite number,
rather than an (infinite) adjustable counterterm
parameter as it is in the Weinberg-Salam model
when considered alone. [The superscript zero
indicates that we mean the bare (unrenormalized)
parameter that appears in the Lagrangian.] The
value of sin®0y depends only on the grand unifica-
tion group G and the representation assignments
of the particles, for example, sin®0}, =¥ in several
models (see Sec. III for a discussion of this point).
We note, however, that just as the effective in-
teraction strengths depend on the experimental
energy scale examined, so does the effective value
of sin®9,, since it is a measure of the ratio of
electromagnetic to weak couplings, sinfy =e/g,.
So, within the framework of grand unified gauge
theories, the effective value of sin®6, measured
in present-day experiments may differ signifi-
cantly from its bare asymptotic value sin®6, be-
cause of large radiative corrections (finite re-
normalization effects); a feature initially pointed
out and explored by Georgi, Quinn, and Wein-
berg.!® In this paper we discuss further the
origin of these corrections, derive a simple ex-
pression for an effective quantity sin®6,, (M)
which can be compared with experiment and ex-
plain the possible theoretical sources of uncer-
tainty in our result.

Although our results for the effective value of
sin®0, are somewhat more general, they are per-
haps most relevant for the Georgi-Glashow SU(5)
model,” the earliest, most economical and still
the front runner of grand unified theories. In that
case we find that the effective value of sin®f,
which can be compared with present-day experi-
mentdl measurements is reduced from £ to

sin®6,, (M) ~2[1 - 0.015 In(Ms/My)] , (1.1)

where My, is the mass of the usual charged vector
boson W*~75-90 GeV and M is the mass scale
of the superheavy (fractionally charged) vector
bosons in the model, which must be very large
~10™-10"7 GeV."!® 1122 [An estimate of the error
in (1.1) along with a definition of sin®6, (M}) are
given in the text.]

Within the framework of the SU(5) model, the
_proton is not absolutely stable; but its lifetime
is expected to be very long. The predicted life-
time, 7,, exhibits a very sensitive dependence
on the mass, Mg, of the superheavy bosons that
mediate proton decay (7, Ms? or equivalently
through (1.1) on the effective value of sin®0, mea-
sured experimentally. ‘As we shall see, the pres-
ent experimental limits on the proton lifetime?3:4
imply Mg 2 3x10' GeV which implies [from (1.1)]

‘ . f Ve Yy Vr -1 - _
Leptons.<e>L,(p)L(T)L, T=3, Y 1,

that sin®6,, (M) < 0.212 in the SU(5) model.

The prediction for the effective value of sin®6,,
in (1.1) gets modified if we enlarge the Higgs-
scalar content of the SU(5) model. By adding
more scalar multiplets, the prediction for
sin%6,, (M) can be increased; we will exhibit this
feature when we discuss the SU(5) model.

The remainder of this paper is organized as
follows: In Sec. Il we review the role of sin®0,
in the Weinberg-Salam model, examine possible
experimental measurements that may be able to
determine the value of sin®0y, very precisely, and
discuss the effects of radiative corrections on
such determinations. In Sec. IIIl we compute the
effective quantity sin6,,(M,) relevant for com-
parison with neutral-current experiments, as-
suming the framework of a grand unified theory.
As a specific example, our results are illustrated.
for the Georgi-Glashow SU(5) model” in Sec. IV.
There we discuss the question of proton stability
and relate the predicted proton lifetime to the
value of sin®0, (M,). We also show that the SU(5)
model’s prediction for sin%6,(M,) can be increased
by enlarging the Higgs-scalar content of the theory.
Finally, we conclude in Sec. V with a discussion
of our results and their implications.

IL sin’6, AND THE WEINBERG-SALAM MODEL

We begin this section with a brief review of what
is often called the sequential Weinberg-Salam
model*? with a Glashow-Iliopoulos-Maiani mecha-
nism.!® The Weinberg-Salam model of weak and
electromagnetic interactions is based on the local
gauge group SU(2)x U(1). The group generators
are T, (@=1,2,3) [weak isospin generators of
SU(2)] and Y [weak hypercharge generator of U(1)]. .
The electric charge is given by the linear com-
bination

Q=T,+Y/2 (electric charge). (2.1)

Associated with the local symmetry are four
gauge fields, an isotriplet Wi, and an isoscalar
B,. The theory also contains a complex scalar
doublet made up of a positively charged and neu-

tral component
_|¢7 _1 -
¢={\"ol, T=35, Y=1. (2.2)
¢
Fermions are incorporated into the model through

the following multiplet assignments of leptons
and quarks:

er, bR, TR, T=0’ Y=‘2;
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u c t
s (), (), (1), 7ot v

Ug, Cr, tr, T=0, Y=%, (2.3b)
dR,sRbe) T:O’ Y:_%,

where R and L subscripts denote right- and left-
handed components of the fermion fields

- Ys
Yr,L = —5 ¥ (2.3¢)
|
d c, -5,C3 -5,8;
)
s'] =86, €1CaCs—5554" €085t 5,04 || s

6 (]
b | 5182 €iS:at€a8se” €558 =5 || by

with d, s, and b the quark-mass eigenstates. We
have suppressed quark color indices in the above
discussion. Each quark comes in three colors;
hence there are really three times the number of
quark fields as listed in (2.3D).

The SU(2)x U(1) gauge-invariant Lagrangian
density which describes the gauge fields and their
interactions with scalars and fermions is given
by2,17

:—%F:vp‘a“u—%BuuBuv'*'Dud)TDud)
. +ifz B7"D, ¥y (2.5a)

©,v=0,1,2,3; a=1,2,3 [SU(2) index]

where
F:v=auW;‘J—auW‘;1‘gzo€achZW% ’ (2~5b)
By,=8,B,-8,B,, (2.5¢)

D,=0,+ iggoTT“W':‘ + igIO%YBu
(covariant derivative) . (2.5d)

[Subscript zero denotes bare (unrenormalized)
quantities.] We have used ¢, to denote any fermion
multiplet (singlet or doublet); the summation in
(2.5a) is over all fermion multiplets in (2.3). Note
the appearance of two independent bare coupling
constants in (2.5) &5, and g, which are associated
with the SU(2) and U(1) groups, respectively;
most of the discussion of this paper is centered
around these couplings and their relative magni-
tude. .

By means of the Higgs mechanism,!® the-scalar
doublet acquires a vacuum expectation value

Although experimental evidence in support of the
top quark f has not yet been found, it is included
in (2.3b) so that the GIM mechanism?*® will be fully
operative, i.e., no flavor-changing neutral cur-
rents. If further leptons and quarks exist, they
can be easily incorporated into the model as se-
quential additions to (2.3), i.e., left-handed com-
ponents in doublets right-handed components in
singlets. The primes in (2.3b) allow for quark
mixing and CP-violating phases through the
Kobayashi-Maskawa matrix!®

c;=cosb;, s;=sinb,, : (2.4)
T
-1 /0 .
0l9lo == () ). (2.6)

and the symmetry of the theory thereby breaks
down to a local U(1) invariance generated by the
electric charge in (2.1), i.e., the remaining U(1)
gauge invariance is that of electromagnetism. In
this way, three intermediate vector bosons ac-
quire mass, while one (identified as the photon)
remains massless. The resulting mass eigen-
states and their corresponding bare masses are®

1 : _
W‘f:ﬁ(W‘ﬁmWﬁ), My, —gzovo/Z, (2.7a)

Zy =Wj costy -B, sinfy, , M3 =%vo(g1oz+gzoz)l/2 ’
(2.7b)
A, =B, cosby + W} sinfy , M$=O, (2.7¢c)

where 0§ is the bare (unrenormalized) mixing
angle defined by :

9\3 =tan_1(g10/gzo) (2.8)

[Notice that we use a subscript (or superscript)
zero to denote bare (unrenormalized) parameters
of the model; this is done when we feel that it is
important to distinguish them from the renorma-
lized parameters. All of the fields, including
those in (2.7), and parameters used up to now are
actually unrenormalized quantities; they give rise
to finite renormalized parts plus counterterms
necessary to render the theory free of ultraviolet
divergences.|

Because only an isodoublet of scalars is em-
ployed to break the symmetry, the masses of the
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charged vector bosons W* and the neutral Z satis-
fy the natural relationship [see (2.7)]

My /M3=cosby ; ' (2.92a)

hence, the physical masses (which will be ex-
perimentally measured) must satisfy

M, /My = cosfy[1+finite O(g?) corrections], (2.9b)

where by O(g?) we mean O(g,?) and O(g,?) cor-
rections that arise from one-loop Feynman dia-
grams.!®"?! The finite corrections in (2.9b) de-
pend on the precise definition of 9, (renormalized)
used; we will return to this point later on.

A further consequence of the Higgs mechanism
is that three of the four scalar fields in (2.2) be-
come the longitudinal components of the massive
vector bosons, while one remains as a neutral
physical scalar field with arbitrary mass M,. For
simplicity, we usually assume in this paper M,
=~M,. All of the fermions (except neutrinos) also
acquire mass because of their interactions with
the scalar doublet. (We have not exhibited those
Yukawa-type interaction terms.) The fermion
masses and the mixing angles 6; in (2.4) are arbi-
trary; the values assigned to them are pheno-
menologically determined.?

By identifying the coupling of the photon to the
electron with the bare electric charge ¢,, one
finds the relationships

g_lo—‘l"ng_z:z)_lff gl COSGW g2 sm@w (2.10)
The renormalized value of the electric charge e
depends on the renormalization conditions chosen.
It is conventional (although not always most con-
venient) to define the renormalized charge at zero
momentum transfer as in Thomson scattering at
¢?=0; we will refer to that value as e¢(0). Very
precise experimental measurements then yield
(here we use the Josephson-effect determination
of )

e*(0)
47

= a(0) ~ (137.035987)"*

(fine-structure constant) . (2.11)

The effective value of o relevant for other ¢*
ranges will be estimated later on in this section
and its implications discussed.

Another phenomenological constraint on the
parameters of the theory comes from the muon
decay rate, which implies (to lowest order)

G g. e?

Gr . &°

/2 8M,*? 8va2 sin%, > (2.12)
where Gy is the Fermi constant ~1.1664x10"°
GeV~2. The relationships in (2.12) are valid only

to lowest order in perturbation theory because

gs, €, and 6y, (the renormalized values) can change
by finite O(a) corrections depending on how they
are precisely defined (the renormalization pre-
scription). [Note that from here on we use O(a)
and O(g?) interchangeably to denote the same
order-of-magnitude corrections.]

Because of the constraints in (2.10) and (2.12),
the three originally independent parameters g,,
g5, and My, are related by the phenomenologically
determined quantities a and Gz. Hence, there
remains only one important free parameter in the
theory, and it is conveniently taken to be sin®6,,.
Neutral-current experiments can be compared
with the predictions of the Weinberg-Salam model,
which depend only on sin®,,, and in this way
sinzf)w is determined (at least to lowest order in
a). In order for the Weinberg-Salam model to be
correct, all experimental measurements must
yield the same value for sin®,. The present
world average® is sin%6,, = 0.23 + 0.02 with most
individual measurements in the 0.2 to 0.3 range.

As experimental measurements of sin?9, become
more precise, the effects of radiative corrections
will have to be considered. In principle, this can
be done exactly (to order a) by computing the full
one-loop radiative corrections to the neutral-
current processes investigated; of course, in
comparing different processes, a single definitioh
of the renormalized value of sin?0,, should be
adhered to. We will now set down two distinct
working definitiops of sin®f,, and argue that one of
them is better for direct comparison with experi-
ment, if the O(a) radiative corrections are not
accounted for separately.

To start with, we employ the following definition
for the renormalized value of sin®0, [see (2.10)]:

sin6,,(0) = ez(O)/ng2
(renormalized value) , (2.13)

where ¢(0) is the very precisely determined value
of the renormalized electric charge given in
(2.11) and g, is a finite renormalized coupling
which we will discuss in a moment. The zero in
sin®0,,(0) indicates that the electric charge em-
ployed in (2.13) is renormalized at g2=0. In the
Weinberg-Salam sequential model as described
earlier in this section, the finite renormalized
coupling &2 is related to the bare SU(2) coupling
&z, by the following expression:

&2y (19 1
&2 =g20[1 - 1-63,;’?( I +C>+0 (22 ‘*)]
(2.14)

where » is the dimension of space-time (dimen-
sional regularization assumed).?® The infinite
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renormalization in (2.14) is required to render

the theory finite, while C represents (at this point)
arbitrary finite O(1) terms which#we take to be
independent of all fermion masses.?® This is to
be contrasted with the relationship between e(0)
and the bare electric charge®

el [ 11 1
0)=epdl_Lo_|_
°© e"{ 161r2[ 3n-4

+ 225 Q7 WMy /m,) —%}om},

(2.15)

where the sum is over all charged fermions (left-
and right-handed components are not counted
separately, @, =electric charge) with quarks
counted three times because of their color. [The
mass scale appropriate for light quarks u, d, and
s in (2.15) will be discussed later.] Unlike (2.14),
the expression in (2.15) contains sizable logari-
thms which depend on the fermion masses (mass
singularities). They can be removed by defining
the renormalized electric charge at qzz—sz
instead of zero (we shall do so later); however,
then one loses the precise determination given in
(2.11) and can only estimate the magnitude of the
new charge e(My). )

The finite corrections designated by C in (2.14)
are still somewhat arbitrary. We could for sim-
plicity choose C=0; however, instead we will
adopt a specification of C that allows g,, to be
precisely extracted from experiment. Our defini-
tion of g, 2 involves equating the ekperimental
value for the muon’s total decay rate with the
theoretical prediction?%2¢

_ 8a2p%m,° 8m,?
T(L—evi(y)) = 3;’2211”3‘;”“,4 (1 - g )
u

=4.551384x10° sec™?,

(2.16)

where (y) means that we allow photons in the final
state, and terms of O(m,*/m,*) and O(m ,*/M?)
have been neglected. What we have done is ab-
sorbed: the radiative corrections to muon decay
into the definition of g,, through (2.16). By ex-
plicitly computing all O(«) corrections to muon
decay in the Weinberg-Salam model and comparing
the result with (2.16), using (2.14) as the definition
of g,., one can determine the value of C in (2.14).
C determined in this manner is guaranteed to be
free of In(My/m;) contributions by the Kinoshita-
Sirlin theorem?” for the muon’s total decay rate;
hence C should not be very large. The actual val-
ue of C can be obtained from previous calcula-
tions®2%; it will depend on M 4/M,, and the other
parameters of the theory. Throughout this paper
we assume that C defined in the forementioned
manner is small [i.e., truly of O(1)], so we neglect

it. Of course, before g,, can be accurately de-
termined from (2.16), we need a precise measure-
ment of M, and that will require its discovery.

In any case, using (2.11), (2.13), and (2.16), to-
gether we find

37.320 GeV

sinfy, (0) = e ,
W

(2.17)
so if and when M, is measured, sin6y(0) can be .
very precisely determined using (2.17). This is
the reason for our choice of sin®,(0) as an in-
teresting renormalized quantity. [An alternative
possibility is to define &2, using the W-boson
decay-rate formula.’® The value of C determined
by this procedure will differ from that outlined
above; however, in both cases C is free from
In(My,/m) terms and should therefore not be very
large.?!]

The question we now address is: What is the
relationship between the renormalized quantity
sin®g, (0) defined in (2.13) and the quoted value
for sin®6, as determined by neutral-current ex-
periments? To lowest order they are the same;
however, they will differ by terms of order «

[or more precisely in this case by terms of order
aln(,/m,)]. An exact determination of their
O(a) differences would require a computation of
the radiative corrections to the neutral-current
processes considered and knowledge of the con-
tributions to C in (2.14). Fortunately, we can by-
pass such laborious calculations if we wish to esti-
mate only what should be the dominant differences,
i.e., terms of the form aIn(My/my;), since they
can be obtained very simply by using renormaliza-
tion-group techniques.®? [Actually, we will in-
clude all corrections of the form o" In"(My/my),
n=1,2,..., the leading logarithmic corrections.]

The effective coupling strength g for any inter-
action changes as we vary the mass scale con-
sidered (or the renormalization point), with the
coupling’s orbit governed by its 8 function S(g),
such that

ug%g=5(g)=b0g3+blg5+--- . (2.18)
By employing a g(i) determined from (2.18), when
u is the mass scale relevant for a particular pro-
cess, one can include the effects of logarthmic
radiative corrections. That is, by using g(&) as
the expansion parameter when [ is the relevant
mass scale for the process considered, the re-
sulting perturbative expansion will be free from
logarthmic corrections, whereas if expressed in
terms of g(1’), u'# U, terms of the form
g%(K') In(x’ /1) will appear in the expansion; hence
use of g(1) is usually better for comparison with
experiment.
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Defining the effective quantity

sin®6y (1) = e?(1)/g,% (1) , (2.19)

we can ask, “What is the mass scale, U, rele-
vant for comparing sin®, (1) with experimental
determinations of sin®0,?” For the quantity 6y,
=~ cos™Y(M,/Mj) given in (2.9b), the answer is
clearly u=~M, ~M, (we do not distinguish M, and
M, as distinct mass scales). In the case of neu-
tral-current experiments at |¢%| < M,?, one has
to examine the higher-order radiative corrections
" to ascertain the answer, L= |g| or 4 =~M, may be
the better scale. We note that the renormalized
coupling g, in (2.14) and (2.16) is defined at {1
=~ My, i.e., g, ~g,(My), because the W boson
mass determines the scale in muon decay, even
though ¢®~m ,®. For that reason, charge re-
normalization in (2.15) includes In(M,/m,) terms,
while (2.14) has none. [The quantity sin®0,,(0) in
(2.13) does not equal sin®g,, (i =0) in (2.19) because
we used g,, (=g,(My)) in the defining Eq. (2.13).]

Throughout the remainder of this paper, we shall
employ sin®0, (M) =e*(M,)/g,>(M,) as the effective
quantity to be compared with experiment; how-
ever, the reader should keep in mind that some low-
energy neutral-current experiments may be de-
termining a somewhat different quantity such as
sin®0y, (lq]) = e%(|ql)/g,2(lql). Because of this possi-
bility, we will always assume a theoretical un-
certainty of +0.01 when comparing sin®,,(M,)
with experimental measurements of sin%6,,.

The difference between sin®, (M,,) and sin®6,,(0)
in (2.13) is determined simply by the g function
for the electric charge, since as we previously
mentioned, g,, as given in (2.14) and (2.16) is al-
ready defined at 4 ~My; hence

ez(Mw) =32(Mw)
My gt (2.20)

sin®0, (M) =

with the same g,, as in (2.13). To estimate e*(M,,),
we will keep only the first term in its B function,
[In this way only the leading logarithms,
a"In"(My/my), n=1,2,... are accounted for.]

u% e=B(e)= Izln‘z‘ Zf} Q2% +0(e%,  (2.21)
where the sum is over all fermions in (2.3) with
quarks counted three times because of their color
(left-" and right-handed components are not
treated separately). The charged vector bosons
do not influence (by very much) the evolution of
e(u) in the region 0< <My, hence, they do not
contribute to (2.21). Furthermore, a fermion
should be included in (2.20) only when K >m,.
Taking this into account, we find from (2.21)

4n
ez(Mw)

= o~ (My) ~ d"‘(O) - .:3%1— z_: Q2 In(My/my) .
(2.22)

The expression in (2.22) is to be evaluated in the
following way. For light quarks, «, d, and s

. their current quark masses should not be used;
‘instead some strong-interaction mass scale 0.5

to 1.0 GeV is more appropriate. Using 1 GeV,
the known lepton masses and m, ~m,/3~m /9
~1.5 GeV along with M, ~ 85 GeV, we find
-1 _ 80 ' '

o™ (My) = a™(0) -5 - ~128.5. (2.23)
This value is not very sensitive to the actual mass
parameters employed and probably represents a
good estimate of a~(M,); we will use the nu-
merical value in (2.23) throughout this paper and
assume that other O(a) corrections that we have
neglected do not significantly alter sin®f,,.

From the estimate in (2.23), we find that the
value of sin®0, (M}) in (2.20) is related to
sin®6,(0) by

sin®6y, (M) ~ 1.066 sin%0,(0) , (2.24)

i.e., it is about 6% or 7% larger. In terms of
sinfy, (M), (2.17) becomes

38.53 GeV

sinfy, (M) ~ (2.25a)
v My
or
38.53 GeV
My =~ m . (2.25b)

Furthermore, from the relationship in (2.9b) we
have

_ 111.06 GeV

PO A A 2.2
sin26, (M) ’ (2.26)

Mz
which should not be very sensitive to neglected
radiative corrections as long as M 4=~ M,.** The
results in (2.25b) and (2.26) tell us that M,, and
M, are about 3% (=3 GeV) heavier than what one
usually estimates using (2.17), since sind,, (M)
is closer to the experimentally measured quantity
than sin6, (0).  If the predictions for M, and M,
in (2.25b) and (2.26) are borne out experimentally,
it would be a triumph for the Weinberg-Salam
model.

Before closing this section, we would like to
discuss the prospects for precisely determining
sin®0,. Clearly, the most accurate determination
will result from a measurement of M, used in
conjunction with (2.17) or (2.25a). A separate
determination of sin®¢, will become available
when both M, and M, are measured; then assum-
ing that there are only scalar isodoublets in the
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model, one finds from (2.9b)%:%*
iy (y) = (L= M,*/M;)[1+0(@)],  (2.27)

where the O(a) corrections should not be very
significant since they do not include aln(M,,/m )
contributions [that is why we used sin®6, (M) and
not sin®6,(0) in (2.27), they are related by (2.24)].
In the case of neutral-current processes, neu-
trino scattering experiments and parity-violating
asymmetry measurements in deep-inelastic elec-
tron scattering have already yielded values for
sin®0,, with about a 10% experimental uhcertainty,
and they should do better as more data are ana-
lyzed.*® Unfortunately, these types of measure-
ments carry an underlying theoretical uncertainty
because they involve strong-interaction effects
and hence require theoretical approximations.
Some experiments that may eventually yield pre-
cise values for sin%, with very little theoretical
uncertainty are (1) searches for parity-violating
neutral-current effects in hydrogen,®® (2) v,-e
scattering, for which the full O(a) radiative cor-
rections have been calculated,®® and (3) parity-
violating asymmetries in polarized electron scat-
tering on an unpolarized electron target.’” If and
when any experiment does become sophisticated
enough to yield a very precise determination of
sin%0,,, all of the O(q) radiative corrections will
have to be examined, not just those leading log-
arithms that our analysis includes.3?

The main conclusion that we will take from this
section is that sin®0, (M) as defined in (2.20) is
the more relevant quantity for comparison with
experimental neutral-current determinations of

. . e’ 1 19
s1n20W (0) = SIDZG%{I + ?’nlz—[ <—l3— + —ss—lnz-e-g-

where the finite terms are those discussed in the
previous section. [Equation (3.1) includes con-
tributions from the SU(2) X U(1) gauge bosons, one
Higgs doublet, and the fermions listed in (2.3).]
The ultraviolet divergence in (3.1) points out
sin%6y’s role as an infinite counterterm parameter
[remember sin®9,,(0) is finite]. In grand unified
theories, sin?9y is a pure number, so the di-
vergence in (3.1) must be cancelled by other ultra-
violet-divergent contributions coming from new
particles introduced by enlarging the theory.
There will remain, however, sizable finite cal-
culable radiative corrections which can cause
sin®0,(0) [and the experimentally relevant

sin®0, (M) defined in (2.20)] to differ significantly

sin®0,, even though sin®0,(0) will be the more
precisely determined quantity after M, is mea-
sured [via our result in (2.17)]. We should, how-
ever, emphasize that even sin®6,(M,) may differ
somewhat from any particular experimental de-
termination of sin®, because of the effect of
radiative corrections that we have not accounted
for by our prescription; this might especially be
the case for very low-energy experiments.’* All
things considered, one should expect sin®0, (M)
to agree with most experimental measurements
up to an uncertainty of about +0.01.

III. sin’6,, AND GRAND UNIFIED MODELS

As we mentioned in the Introduction, embedding
the standard SU(3), x SU(2) x U(1) model in a grand
unified theory based on a simple gauge group G
[such as SU(5)] leads to some very interesting
consequences.” ' A property of these schemes
that we find particularly appealing is their ele-
vation of sin®9y, from an arbitrary counterterm
parameter to a predicted number. This has to be
the case, since in such theories there is only a
single gauge coupling constant g ; so g38, G2
and g, must be multiples of gg  and tanfy = glo/g20
must be a pure number determined by the group-
theoretic structure of the model considered. To
further illustrate this feature, let us explicitly
exhibit the relationship [obtained from (2.14) and
(2.15)] between the renormalized quantity sin?6,(0)
defined in (2.13) and sin®0y in the Weinberg-Salam
model when considered alone (i.e., before em-
bedding it in G),*® '

);i—‘l +finite terms:\ +O(e3)} , (3.1)

I

from sin®¢y. The existence of these large finite
renormalization effects, along with an estimate
of their size, was pointed out in the work of
Georgi, Quinn, and Weinberg.!° In this section
we re-evaluate those corrections and discuss
possible sources of uncertainty in our estimates;
the results presented should be viewed as modest
refinements of the earlier calculations.!®"!2 -

To begin our analysis, we need only assume
that the grand unified theory (based on the simple
group G) contains the Weinberg-Salam SU(2) x U(1)
model as a subtheory such that the electric charge
generator is still given by @=T,+ Y/2 as in (2.1).
[Other assumptions will be given as they are
needed. Note also that in our approach the QCD



SU(3), subgroup plays no essential role.] Then
the predicted value of sin®}, can be found if we
know the values of @ and T; for the members of
any irreducible representation R belonging to G;
it is given by®®

2 Ty?

sin%gf = £
2 Q2
i€R
(sum over all members of R) . 3.2)

Of course the same value of sin®0§j must be ob-
tained for any R in the model, whether it contains
fermions, scalars, or gauge bosons; likewise,

if we sum over several R’s in the numerator and
denominator of (3.2) the same sin®0§ will be found.
To illustrate how (3.2) works, consider the pos-
sibility that all leptons and quarks come in se-
quential doublets and singlets as described in (2.3).
Then using the values of T, and @ in (2.3) gives
(left- and right-handed components included sepa-
rately)

12()°+12(=5)° 3
1P+ 18GrPt8-? 8 &

This situation is realized in, for example, the
Georgi-Glashow SU(5) model.” Note that the gauge
bosons or Higgs scalars of the Weinberg-Salam
model alone do not give sin®0j equal to < in (3.2);
this is because there must exist other gauge fields
and scalars which complete their SU(5) multiplets
such that (3.3) is realized. One thing that we learn
from (3.3) is that any grand-unified model with
sin®0y, #+% requires the existence of somewhat ex-
otic fermions [i.e., fermions outside the sequential
scheme of (2.3)].

What is the difference between sin®0§ as given
in (3.2) and the effective value of sin®9, measured
in present-day neutral-current experiments? The
answer is that they differ by finite calculable re-
normalization effects. As pointed out in the pre-
vious section, neutral-current experiments ap-
proximately measure the effective value of
sin®0, (K) = e®(1)/g,2 (1) at u=M,, whereas sin®0},
is the asymptotic limit approached as p—-«~. We
now calculate the relationship between sin®6,,(M,,)
and sin®6y, using the renormalization-group ap-
proach of Georgi, Quinn, and Weinberg.®

We assume that the gauge group G is spontan-
eously broken down to the standard SU(3), % SU(2)

X U(1) model such that all vector bosons and
scalar fields which are not part of pure QCD or
the Weinberg-Salam model acquire about the same
superheavy mass Mg >M,. In the case of fer-
mions, we assume that all fermions that belong

1200 =
sin®fy, =
Y6

20 WEAK MIXING ANGLE AND GRAND UNIFIED GAUGE THEORIES 281

to sequential multiplets as in (2.3) have fairly
light masses sMy; but we leave open the pos-
sibility that there are exotic fermions with masses
=~ ¢ which are outside of the sequential scheme
(they could give rise to sin®0y, #32). Because there
exist two very different boson mass scales, M,
and Mg, the effective couplings g,(4), g.(K), and
g.(1) evolve quite differently as u varies from

Mg to ~0, even though g;(K)=g,(1)=g,(K) cotby,

as p—=. Their behavior below W =My is governed
by their respective effective 8 functions, which do
not include contributions from superheavy parti-
cles (they decouple) and hence can differ ap-
preciably. For any gauge coupling constant g;

in the theory, we have®®

2]
“W gi=B(gy)= (bB+bH+bf)gi3+O(gi5); (3.4)

where we have divided up the contributions from
gauge bosons, Higgs scalars, and fermions into
bs, by, and b,, respectively. In our analysis,
we keep only the first term in the B function, this
means that we include all leading logarithm cor-
rections, i.e., those of the form [g;2In(K,/K,)]",
n=1,2,.... We also use the fact that a single
asymptotic coupling g; is approached as p—.

To determine the value of sin®0,(M,), we con-
sider the evolution of g,(k) and e(l) separately
and find from their SU(2)x U(1) 8 functions [using
(3.4)]

g2 2(My) = g%+ 2(bp +by+by) In(Mg/My),

(3.5a)
where
1 22
bB__ 1672 3 ° (3-5b)
1 1
b”=W€NH’ (3.5¢)
1 2
£ 1672 3N_f’ (3.5d)
and

- 1 -
e Z(Mw)ﬁm‘;gc 2

+2(b5+by+b;) In(Mg/My) , (3.6a)

where
1 22
b’B':bB: = 1672 —3— ’ (3'6b)
1 1
by=2b4= 7555 Nu» (3.6¢)
,.8. 1 18 -
bf—Ebf‘ 1677 —9—Nf . (3.64)
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We have allowed for N; complex Higgs doublets
(all physical scalars resulting from these are as-
sumed to have masses ~My) and N; sequential
fermion flavors in the above expressions (Ny=1,
N; =6 in Sec. II). The quantities b and b’ are re-
lated in the following way:

(3.7

where the sum is over all vector bosons, scalars,

Combining (3.5) and (3.6) we find

or fermions (left and right components counted
separately) with masses =M, (i.e., no super-
heavy particles included). If there are no super-
heavy fermions, but there are light exotic ones
which do not fall into the sequential scheme of
(2.3) so sin®0y, # %, then (3.5d) and (3.6d) are both
changed; but they still satisfy

1 by . - (3.9)

L
fT Qin2Q0
sin®6y

We will also consider this possibility in our fol-
lowing analysis.

82 "(My) =sin*63e™*(M,) + 2[b5 c0s®0y +b 4 (1 — 2 sin03) + b; —b; sin®6)] In(Mg/My,) . (3.9)

[Notice that fermions drop out of (3.9) if (3.8) is satisfied.] From this expression we obtain [using (3.5)

and (3.6)]

27

2 -
sin0, (M) = S Mw). sinzeg,{l - oMy) [% cot?6g —

82" (My)

a(1,) =ezl(4—ﬂ;lw) ~(128.5)"! [see (2.23)]

when (3.8) is satisfied (no superheavy fermions), while

1 8\], M
_ 2 — = s
Sin?6g 2) s Ny (sirﬁeg, 3 )] o }’ (3-10b)

a(My)

sin%,, (M,) = sin’6g {1 - alif) [% cot?6g -4 N,,(

if sin®6), # % and there are superheavy exotic
fermions. We will not consider the possibility
in (3.10b) any further in this paper.

Equation (3.10) represents the major result of

this section. Let us examine some of its features:

(1) Since our analysis included all leading loga-
rithms, the next-order logarithmic corrections
to (3.10) are O(a® In(Ms/My)) not O(a?In*(Ms/My))
and hence are about the same magnitude as ne-
glected nonlogarithmic O(a) corrections. (2) For
sin’0y <3, adding more isodoublet scalars, which
give rise to physical scalar particles with masses
=My, tends to reduce the radiative corrections

in (3.10). (3) «a(My), which is somewhat larger
that the usual fine-structure constant, appears

in our expression. This last point implies a de-
gree of uncertainty in comparing (3.10) with ex-
periment, since direct examination of the re-
normalization of sin®6, in grand unified models®”
seems to suggest that a(|q|), where ¢2 is the mo-
mentum transfer for the process considered, may
appear in the coefficient of In(Ms/M,). Of course
a precise determination of this coefficient re-
quires a full two-loop calculation which we have
not done. This is in keeping with our comment

1 M
N”(sinzeg - 2)]1"MW }

(3.10a)

i

at the end of the last section that we anticipate
an uncertainty of about +0.01 in comparing
sin®6, (M) with experiment.

As an alternative derivation of our result, con-
sider the case sin®0y =< and N,=1, so that (3.10a)
becomes

sin%6,, (M,) =—2— <1 - ‘—"%‘:-T’W—) % In(Mg /Mw)> .

(3.11)

This result could have been simply obtained using
(3.1). For sin®0y =2, the coefficient of the di-
vergence in (3.1) becomes 109«/(187), the same

as the coefficient of the logarithm in (3.11) (but
with opposite sign). In the dimensional regulariza-
tion prescription a InM always accompanies a di-
vergence; so light particles (~M}) and heavy parti-
cles (~Mg) renormalize sin®0y in the following
way:

sin%6,, =% [1 + 110;“ (ﬁ + lnMW>

109« ( 1

- n_4+1nMs)+O(a)], (3.12)
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where the second term in the square brackets
comes from light particles and the third term from
superheavy particles. The divergences from light
and heavy particles cancel, and we are left with
the result in (3.11); this is a check on our pre-
vious calculation. [Note that (3.12) does not speci-
fy whether a(|q|) or a(M,) is the better expansion
parameter. That depends on the experimental
situation and its corresponding two-loop correc-
tions.]

Accepting (3.10) as a reliable estimate of the
finite renormalization of sin®6y in grand unified
gauge theories (with an uncertainty of about +0.01),
we now go on to apply this result to the SU(5)
Georgi-Glashow model.”

IV. SU(5) GEORGI-GLASHOW MODEL

The SU(5) model of Georgi and Glashow’ is the
earliest, most economical and perhaps most
carefully studied example of a grand unified gauge
theory. It exhibits many nice features™ !* which
we feel give it a degree of credibility, and so it
seems worthwhile to study some of its properties
in more detail than has been done previously.

In that regard, we will apply our analysis of
sin®6, from the previous sections to this model
and comment on the relationship between the ex-
perimentally observed value of sin®§, and the pre-
dicted lifetime of the proton in this theory.

The SU(5) model is minimal in that it requires
only the fermions in (2.3). They make up three
generations (six flavors), each of which is com-
posed of a 5+10 representation of SU(5). Merely
knowing the fermion content of this model implies
from (3.2) and (3.3)

sin%0y =2 [SU(5) model], (4.1)

a property already noted.

There are 24 gauge bosons in the SU(5) model.
Twelve of these are rather exotic in that they
carry color and have electric charges +3 and 5.
They mediate phenomena such as proton decay;
however, the predicted rate for this (as yet un-
observed) process is extremely small because
the masses of these fractionally charged bosons
are extremely heavy. We assume that all such
bosons have about the same superheavy mass Mg
>M,; they obtain that mass as a result of the
spontaneous breaking of the gauge symmetry from
SU(5) to SU(3),x SU(2)x U(1) via a real 24-plet
of Higgs scalars. The second step in the sym-
metry breakdown is due to Ny complex 5-plets of
Higgs scalars (usually N, =1; however, we leave
it arbitrary) which leave only an SU(3),x U(1) local
gauge symmetry unbroken.** In this way, W* and
Z acquire masses My and M,, while the eight

gluons of QCD and the photon of QED remain mass-
less. The masses of the physical scalar particles .
in this model are rather arbitrary. We shall as-
sume that all physical scalars which originate
from the 24-plet and all fractionally charged
colored scalars coming from the 5-plets have
superheavy masses ~Mg. The remaining scalars
which come from the SU(2) isodoublet parts of
the 5-plets (these are just like ordinary Weinberg-
Salam doublets) are taken to have masses ~M,.
Because there are two very different mass
scales Mg and My in this model, the value of
sin%6, (M,,) relevant for present-day experiments
will be renormalized away from its zeroth-order
value of £ owing to radiative corrections. From
our previous result in (3.10) and the assumptions
regarding vector and scalar boson mass scales
given above, we find

sin’6, (1,) = = [1 - E‘%ﬁ (“0—9‘1‘—’i> In(M /Mw):l .

(4.2)

This compact expression represents a refinement
of the Georgi-Quinn-Weinberg calculation!®**? in
the following ways: (1) The coefficient of the
correction in (4.2) depends on a(My), which is
about 6.6% larger than the usual fine-structure
constant. [However, as previously mentioned, for
processes at |¢%| < M,?, sin%), with a(M,) re-
placed by a(|g|) may be more appropriate for com-
parison with some experiments**]. (2) Qur result
demonstrates the dependence of the correction on the
number of SU(2) scalar isodoublets N,. Notice
that the effect of these scalars can be substantial
if Ny is fairly large. (3) The logarithm in (4.2)
depends on the mass ratio Mg/M,. We assert
on the basis of explicit one-loop calculations that
this quantity, rather than something like 10M /M,
is the relevant argument of the logarithm.*®* A
source of some uncertainty in our calculation is
the assumption that all superheavy particles have
exactly the same mass Mg and all ordinary bosons
have mass M. Variations from this idealized
situation would alter our result somewhat. (We
could correct for this effect if we knew all parti-
cles’ masses.) Let us also note that if all physi-
cal scalars actually have mass M, that is if we
promote the isodoublet scalars to superheavy
status, then the coefficient of the logarithm in
(4.2) increases from (110 —=N,)/9 to 4. How-
ever, a word of caution, in that case there may
be additional large corrections of O(aln(Mg/My))
which have to be separately included in pheno-
menological analyses of neutral-current pro-
cesses.>® v

Let us consider some of the implications of
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(4.2). For definiteness, take Ny =1 and use the
estimate a(M,)=(128.5)"" found in (2.23); in that
case (4.2) becomes

sin®0,, (M) ~2[1 - 0.0151n(Mg/My)] - (4.3)

This is the result quoted in our introduction. [We
estimate an uncertainty of about +0.01 in com-
paring (4.3) with present-day experimental re-
sults.] An interesting interpretation of (4.3) is
that an experimental determination of sin®, (M)
actually determines the value of Mg through the
expression in (4.3) [using (2.25b)]. Neutral-cur-
rent experiments are observing superheavy boson
effects.?”

Before proceeding with our analysis of sinZBW(MW)
and its implications, let us mention its connection
with the predicted lifetime of the proton. Since
the superheavy bosons in the SU(5) model violate
baryon-number conservation, they can mediate
decays such asp* —e* +7°% p* =y, +7", etc. It
was estimated in Refs. 12 and 14 that taking into
account all possible decay modes and including
the effects of enhancement factors, the predicted
lifetime of the proton, 7,, in the SU(5) model has
the following dependence on Mg (Refs. 12, 14):

T,=2x10"2°(Mg in GeV)* yr. (4.4)

Although we guess that the uncertainty in this
estimate is at least a factor of 10*!, we shall ac-
cept its validity for the subsequent analysis.

Now that we have the formulas in (4.3) and (4.4)
along with the relationship M,, ~ [38.53/sin6,, (M,)]
GeV in (2.25b), we can determine the values of
My, Mg, and 7, that correspond to any value of

TABLE I. Values for My (W-boson mass), Mg (super-
heavy mass scale), and 7, (proton lifetime) correspond-
ing to sinZGW(MW) in the range 0.170 to 0.240 predicted by
the SU(5) Georgi-Glashow model (Ref. 7). The values
quoted were found using Egs. (2.25b), (4.3), and (4.4).

sin0y, (My) My, (GeV) Mg (GeV) T, (yr)
0.170 93.4 6.3 x 107 3 x10%
0.175 92.1 2.5 x 1017 8 x 1040
0.180 90.8 1.0 x 1017 2 x10%°
0.185 89.6 4.2 x 1018 6 x10%7
0.190 88.4 1.7 x 1016 2 x10%
0.195 87.3 6.9 x 101 5 x 10%4
0.200 86.2 2.8 x 101° 1x10%
0.205 85.1 1.1x10t 3 x 103
0.210 84.1 4.6 x 10 9 x102°
0.215 83.1 1.9 x 10! 3 x1028
0.220 82.1 7.6 x1013 7 x10%
0.225 81.2 3.1x108 2 x10%
0.230 80.3 1.3 x10'3 6 x 102
0.235 79.5 5.1 x 1012 1 x 1022
0.240 78.7 2.1 x 1012 4 x10%0

sin®0, (My). [Remember, we contend that

sin®6, (M) is a good approximation to the quantity
sin®0, measured experimentally, uncertainty
=~+0.01.] To illustrate this point, we have listed
in Table I the values of My, Mg, and 7, for
sin®6,,(My) in the range 0.170 to 0.240, using in-
crements of 0.005. Notice that Mg decreases by
about 50% for each increase in sin®6, (M) by
0.005, a very sensitive dependence. If we were
to accept the present average® of sin®0,, =0.23
+0.02, it would suggest that Mg < 5x10** GeV and
the proton lifetime is not so very long 7, =< 10% yr.
However, allowing for the previously mentioned
uncertainty of +0.01 between sin®,,(M,,) and ex-
perimental values for sin®9,, these become Mg
<3x10" GeV and 7, = 10% yr. The theoretical
uncertainty in sin®6, becomes a factor-of-103
uncertainty in 7,. Past experimental searches for
proton decay have yielded the approximate
boundls, 14,44

7,2 2X10% yr. (4.5)

Using (4.4), this translates into a bound on the
superheavy mass scale

Mg = 3x10% GeV, (4.6) -

which in turn implies, through (4.3), the follow-
ing bound on sin®6y (My):

sin26,, (M) < 0.212 . (4.7)

So if we accept (4.7) and the world average for
sin®9,,, we should expect in the SU(5) model the
following consequences: sin®4, (M,)=~0.21-0.20,
My ~84-86 GeV, Mg~ (5-30)x10* GeV, and 7,
=~10%-10%"yr. This prediction for 7, is temptingly
close to the experimental bound in (4.5).

Recently, new proposals to search for proton
decay have been put forward.*® Such experiments
should be capable of observing this decay if 7,
<2x10%* yr. Within the framework of SU(5), our
formulas in (4.3) and (4.4) predict the following
outcomes: If sin®9, (M) lies in the range 0.196
to 0.212, they should be able to detect proton de-
cay, since

2x10%=<7,=2x10% yr (4.8a)
for ‘
0.212 = sin®9,,(M,,) = 0.196 . (4.8b)

On the other hand, if sin®0, (M) is less than 0.196
(which corresponds to Mg > 5.6x10*° GeV), the
proton’s lifetime is predicted to be too long for
these experiments to detect its decay.

Perhaps at this point we should make- some cor-
respondence between our findings and the results
of early SU(5)-model calculations.®"!? First of
all, we note that our values for Mgy are smaller



than the results of those early calculations*!'*2
because of our refinements in (4.2), particularly,
our use of a(My). This also translates intosmaller
values for 7, [for sin®0, (M,) fixed]. Numerically,
this difference means that for sin, (M,)=0.200,
our estimate for Mg is about 1 of the earlier
value and 7, is (3)*=~8x107* times the earlier
predictions. Essentially, the same conclusion
(regarding the reduction of Mg and T,,) was reached
by Ross*; but his analysis was totally different
from ours. We must note, however, that allowing
for the possible uncertainty of +0.01 between our
sin®0,, (M) and the experimental quantity could
bring our values for Mg and 7, closer to the ear-
lier results.’'? In any case, the SU(5) prediction
that 10°°=< 7, < 10% yr for 0.21 2 sin®0, (M) = 0.20
should provide some impetus for proton-decay
searches.

A distfnction between our analysis and that of
earlier calculations!®™*? is that we have ignored
the strong-interaction (QCD) sector of the SU(5)
model (we compared weak and electromagnetic
couplings), while earlier work concentrated on
comparing strong and electromagnetic couplings.
Their approach provides a rather severe con-
straint on Mg; whereas, we leave Mg as a free
parameter determined by sin®6y, (M) as input.
The results obtained by those early calculations
imply that Mg lies in the range 10'°-10% GeV,
a finding consistent with the proton stability bound
in (4.6). If we borrow these independently deter-
mined bounds on Mg, then we find from (2.25b),
(4.3), and (4.4)

12,47

0.206 = sin®, (M) = 0.193 , (4.92)
85= M, = 88 GeV, : (4.9b)
2x10% < 7,52x10% yr, (4.9¢)

for 10" < Mg =< 10'® GeV. These are very tight
constraints. They are consistent with our earlier
analysis using proton stability and the world
average sin®0,, ~0.23+ 0.02 as input, which im-
plied 0.21 = sin®0,, (M) = 0.20. We should also
note that new preliminary results from SLAC?*®
give a value sin®, (M) =0.224+0.012. This find-
ing suggests that sin®6y (M) may be rather close
to the bound 0.212 in (4.7) and consequently 7,
may be very near the experimental bound 7,2
x10%° yr. This new SLAC result should provide
additional motivation for proton decay searches.
Before closing this section, we will comment
on the consequences of enlarging the Higgs sector
of the theory such that N, >1 in (4.2). In that case
the radiative corrections to sin®6y,(M,) are re-
duced. Retaining the constraint!®*7 10*°=< Mg
<10 GeV, we find that the predicted range of
values for sin®6, (M) in the SU(5) model increases
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TABLE II. The ranges of values for sin26W(MW) and
My, predicted in the SU(5) model for Mg in the domain
10%-10'% GeV, as a function of Ny, the number of iso-
doublet Higgs scalars. The numbers quoted were ob-
tained using Egs. (4.2) and (2.25b). For all cases, T, is
predicted to be between 2 x10%! and 2 x10%% yr.

Ny sin?0y, (My,) My (GeV)
1 0.206-0.193 84.9-87.7
2 0.207-0.195 84.7-87.3
5 0.212-0.200 83.7-86.2

10 0.220-0.208 82.1-84.5

15 0.228-0.217 80.7-82.7

20 0.236-0.225 79.3-81.2

25 0.244-0.234 78.0=79.7

30 0.251-0.242 76.9-78.3

as we increase N,. The dependence of sin®0,, (M)
and consequently My on N, is illustrated in Table
II for a variety of N, values. We see that although
for Ny=1, sin®0,(M,,) is predicted to lie in the
range 0.193 to 0.206, its allcwed values can be
increased somewhat by increasing N,. Of course,
since Higgs scalars are often considered the ug-
liest feature of gauge theories, one might prefer
to have as few multiplets as possible; that is why
we concentrated most of our analysis on the mini-
mal situation Ny=1. The main point of Table II

is to illustrate the fact that the SU(5) model can be
altered so as to tolerate somewhat larger values
of sin®6y, (My) than the range 0.193 to 0.206 pre-
viously allotted to it.

V. DISCUSSION

We would like to conclude this paper with a
discussion of our results and their implications.
In so doing we will summarize the main conclus-
ions of the previous sections.

We found that in the Weinberg-Salam model the
renormalized quantity sin®6,,(0) defined in (2.13)
can be very precisely determined through the re-
lationship sin6y,(0) =37.320/M,. All that is re-
quired is an accurate measurement of the W
boson’s mass M,,. We also noted that sin®0,,(0)
is probably somewhat smaller than the effective
value of sin®g,, presently measured in neutral-
current experiments. In that regard, we argued
that sin®0,, (M) as defined in (2.20) is a better
quantity to compare with experiment, and esti-
mated that sin®6, (M) =1.066 sin®0,(0). The dif-
ference between these is due to radiative correc-
tions of the form o ln(M,/m,). As a result of this
analysis, we estimated that M, and M, are prob-
ably about 3 GeV heavier than the values usually

assigned to them. The Weinberg-Salam model
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predicts M,, ~ 38.53/siné,,(M,,) GeV and M,
~77.06/sin26, (M,) GeV. So, an experimental
value of sin%0,,(M,,) in the world-average range®
0.21-0.25 implies My ~T77-84 GeV and M, ~89-95
GeV.

In Sec. III we presented a rather general analysis
of the (finite) renormalization of sin%,, in grand
unified gauge theories. Our main result, the com-
pact expression for the corrections to sinzef,’, in
(3.10), is applicable to a fairly large class of
grand unified models. Its main drawback is that
it assumes there are only two distinct mass
scales Mg, the superheavy mass, and M, the
ordinary vector-boson mass, in the theory. If we
somehow knew the actual values of all masses in
a given theory, we could easily correct this de-
ficiency.

When our general results were applied to the
SU(5) model of Georgi and Glashow,” we found that .
sin®0,, which has the zeroth-order value sin®6j
=2  was renormalized to a much smaller value,

a consequence originally pointed out by Georgi,
Quinn, and Weinberg. For the case of a single
Higgs SU(2). isodoublet (N;=1), we found that the
value of Mg corresponding to sin®6,,(M,)=0.20 was
about ¢ of the value obtained by earlier esti-
mates.'? This finding agrees with results obtained
by Ross,** through a totally different type of anal-
ysis. We also estimated that our sin®, (M,,) could
differ from the value of sin®¢, currently measured
experimentally by about +0.01. Our results when
applied to the question of the proton’s lifetime in
the SU(5) model lead to the following sensitive
relationship between 7, and sin®,,(My):

7, 1x 10%[0.200/5in%, (M,)]?
x exp{- T11[sin%0,(M,) — 0.200]} yr. (5.1)

This prediction implies that 7, will lie in the ex-

perimentally observable domain*® 7, <2x10% yr,

if sin®0,, (M) is greater than 0.196 and that it will
satisfy the present bound 7,2 2x10%° yr if

sin®6,, (M) = 0.212. The present world average,®

sin®6,, = 0.23+ 0.02, along with the new SLAC re-

_sults*® suggest that sin®6, (M) may be in the

range 0.21-0.20 and correspondingly 7, 10%°-103
yr. This prediction should provide further im-
petus for proton-decay searches.

Previous analyses of the strong-interaction sec-
tor in the SU(5) model indicated that Mg was in
the range 10'°-10* GeV.'***" When we borrow
this result, we find that 0.193 =< sin®0,,(M,,) = 0.206,
a rather severe constraint, but one that agrees
well with the limitations found from proton-sta-
bility considerations. All things considered, we
should expect sin®6, (M) to lie in the range 0.19
to 0.21 and sin®0, (experimental) <0.22 if the
SU(5) model is valid.

One possibility which detracts somewhat from
the precise predictability of the SU(5) model is
the effect of enlarging the Higgs content of the

_theory. Although we have no good reason for in-

creasing the number of scalar isodoublets beyond
Ny, =1 (unless perhaps one wants a calculable
Cabibbo angle®®), we find that for a given value
of Mg, increasing Ny can lead to a larger SU(5)
prediction for sin®6,,(M,) and consequently a
smaller M,. However, as illustrated in Table II,
Ny must be large before this effect becomes sub-
stantial. Furthermore, even this effect goes away
if all physical scalars have superheavy mass Mg
rather than some having mass M, as we have as-
sumed. (Although superheavy masses for some
of the scalars may produce other more several
problems.3®)

In closing, we would like to re-emphasize the
importance of precisely determining sin%,, by
as many distinct methods as possible. Such mea-
surements will test the Weinberg-Salam model at
the level of its radiative corrections and provide
a severe constraint for grand unified gauge theor-
ies.

ACKNOWLEDGMENTS

This work was supported by the U. S. Depart-
ment of Energy under Contract Grant No. EY-T76-
C-02-2232B.*000. The author wishes to thank
Professor A. Sirlin for many discussions on the
subject matter of this paper.

13, Weinberg, Phys. Rev. Lett. 19, 1264 (1967);

A. Salam, in Elementary Pavrticle Physics: Relati-
vistic Groups and Analyticity (Nobel Symposium No. 8),
edited by N. Svartholm (Almgqvist and Wiksells, Stock-
holm, 1968), p. 367.

’Review articles which describe the Weinberg-Salam
model in detail are E. Abers and B. Lee, Phys. Rep.
9C, 1(1973); M. A. B. Bég and A. Sirlin, Annu. Rev.
Nucl. Sci. 24, 379 (1974); D. Bailin, J. Phys. G 3, 321
1977).

3A status report on neutral-current phenomenology has
been recently given by J. J. Sakurai, in Proceedings
of the Topical Conference on Neutvino Physics at
Accelerators, Oxford, 1978, edited by D. Perkins
(Rutherford Laboratory, Chilton, Didcot, Oxfordshire,
England, 1978), p. 333.

4C. Prescott et al., Phys. Lett. 77B, 347 (1978).

5c. Baltay, in Proceedings of the XIX International Con-
ference on High Enevgy Physics, Tokyo, 1978, edited
by S. Homma, M. Kawaguchi, and H. Miyazawa (Phys.



20 WEAK MIXING ANGLE AND GRAND UNIFIED GAUGE THEORIES 287

Soc. of Japan, Tokyo, 1979), p. 882.

-8For a review of QCD see W. Marciano and H. Pagels,
Phys. Rep. 36C, 137 (1978).

"H. Georgi and S. Glashow, Phys. Rev. Lett. 32, 438
(1974).

8H. Fritzsch and P. Minkowski, Ann. Phys. (N. Y.) 93,
193 (1975).

9For a review of grand unified gauge theories and the
question of proton stability, see M. Gell-Mann,

P. Ramond, and R. Slansky, Rev. Mod. Phys. 50, 721
(1978).

10y, Georgi, H. Quinn, and S. Weinberg, Phys. Rev.
Lett. 33, 451 (1974).

1)\, Chanowitz, J. Ellis, and M. Gaillard, Nucl. Phys.
B128, 506 (1977).

12A. Buras, J. Ellis, M. Gaillard, and D. Nanopoulos,
Nucl. Phys. B135, 66 (1978).

13F. Reines and M. Crouch, Phys. Rev. Lett. 32, 493
(1974). .

14, Jarlskog and F. Yndurain, Nucl. Phys. B149, 29
(1979).

153, Glashow, J. Iliopoulos, and L. Maiani, Phys. Rev.
D 2, 1285 (1970).

16M. Kobayashi and K. Maskawa, Prog. Theor. Phys. 49,
652 (1973).

1"Throughout this paper we employ the conventions of
J. D. Bjorken and S. D. Drell, Relativistic Quantum
Mechanics (McGraw-Hill, New York, 1964).

18p. Higgs, Phys. Rev. Lett. 12, 132 (1964).

185G, Bollini, J. Giambiagi, and A. Sirlin, Nuovo Cimento
16A, 423 (1973).

0w, Marciano, Nucl. Phys. B84, 132 (1975).

AT, Appelquist, J. Primack, and H. Quinn, Phys. Rev.
D 7, 2998 (1973).

22G. ’t Hooft and M. Veltman, Nucl. Phys. B44, 189
(1972); C. Bollini and J. Giambiagi, Nuovo Cimento
12B, 20 (1972).

%The procedure for renormalizing the coupling g, is
given in Refs. 19-21. In those papers, the coefficient
of the divergence differs from that in (2.14) because
not all the fermions in (2.3) were included.

2E]lectric charge renormalization is discussed in Refs.
19-21. The mass scale My, appears in the logarithm
of (2.15) because we have taken the bare electric cou-
pling to be ey/My("~9)/2 (it has a dimension for n =4).
This procedure is explained in W. Marciano, Phys.
Rev. D 12, 3861 (1975).

%particle Data Group, Rev. of Mod. Phys. 48, S1 (1976).

26A . Sachs and A. Sirlin, in Muon Physics, edited by
C.S. Wuand V. W. Hughes (Academic, New York,
1975), Vol. 11, p. 49.

2'T, Kinoshita and A. Sirlin, Phys. Rev. 113, 1652 (1959).

287, Appelquist, J. Primack, and H. Quinn, Phys. Rev.
D 6, 2998 (1972); see also Ref. 21; D. Ross, Nucl.
Phys. B51, 116 (1973).

2. Sirlin, Nucl. Phys. B71, 29 (1974).

0W. Marciano and A. Sirlin, Phys. Rev. D 8, 3612
(1973).

31n Ref. 30 it was demonstrated that total decay rates
for the W boson (into any mode) are free of mass sin-
gularities. )

32We emphasize that our procedure does not account
for all one-loop radiative corrections. Left-out con-
tributions such as box diagrams, charge radii, and
v-Z mixing (through light fermions) can be treated

separately; they can be corrected for before compari-
son between experiment and theory is made. In some
cases their effect may turn out to be significant. Cf.
W. Marciano and A. Sanda, Phys. Rev. D 17, 3055
(1978); Phys. Lett. 77B, 383 (1978).

331f M 4>>My, then one finds that My?/Mz? = cos?Oy(My)

— (11a/247) In(M ¢/ My) +O() in the Weinberg-Salam
model (see Ref. 20). That is to say, there can be
large logarithmic corrections to the relationship in
(2.9b). However, the model may develop serious
problems if the Higgs mass is made too large. Cf.
M. Veltman, Acta Phys. Polon. B8, 475 (1977); Phys.
Lett. 70B, 253 (1977).

34 Another potential source of large radiative corrections
to (2.9b) (besides a very heavy Higgs mass) could come
from large mass splittings among SU(2) fermion multi-
plets. - Cf. M. Veltman, Nucl. Phys. B123, 89 (1977);
M. Chanowitz, M. Furman, and I. Hinchliffe, Phys.
Lett. 78B, 285 (1978).

35¢Cf. R. Dunford, R. Lewis, and W. Williams, Univ. of
Michigan report, 1978 (unpublished), and references
therein.

3¢p. salomonson and Y. Ueda, Phys. Rev. D 11, 2606
(1975); N. Byers, R. Riuickl, and A. Yano, UCLA Report
No. 78/TEP/22, 1978 (unpublished).

3'E. Derman and W. Marciano, Rockefeller University
Report No. COO-2232B-164 (unpublished).

38The divergent counterterms in (3.1) as well as in (2.14)
and (2.15) were calculated in Refs. 19—21, except that
in those papers not all the fermions in (2.3) were in-
cluded. The coefficient of this divergence can also be
obtained from calculations of the g function for gauge
theories; cf. D. Gross and F. Wilczek, Phys. Rev. D 8,
3633 (1973).

3. D. Bjorken, in Weak Interactions at High Energy
and the Production of New Pavticles, proceedings of
the SLAC Summer Institute on Particle Physics, 1976,
edited by M. Zipf (SLAC, Stanford, 1977), p. 1.

Dgee, for example, the paper by Gross and Wilczek in
Ref. 38.

4For a detailed discussion of the Higgs mechanism in
the SU(5) model and its consequences, see Ref. 12.

We note that in this theory there is an isotriplet part
of the 24 which gets a vacuum expectation value and
thus explicitly breaks the natural mass relationship in
(2.9a). )

42The results of Georgi, Quinn, and Weinberg in Ref. 10
can be manipulated to look like (4.2) with the coefficient
of the logarithm being 55¢/97 (see Ref. 37).

- 831n Ref. 37 it was pointed out that the correction to

sin®6), in (4.2) come from charge radii diagrams (e.g.,
v -Z mixing diagrams). This interpretation provides
us with a simple procedure for explicitly computing
the correction in (4.2). A preliminary analysis con-

~firms the correctness of (4.2), but indicates that for
comparison with very-low-energy experimental deter-
minations of sin*6y, a(|q|) may be more appropriate
than a(My) in this expression.

4pollowing Ref. 14, we reduce the bound quoted in Ref.
13 by a factor of 10, because that experiment was sen-
sitive only to decays which included a muon in the de-
cay products.

45p. Cline, talk given at the Coral Gables Conference,
1979 (unpublished). The proposed experiments are
claimed to be sensitive enough to detect proton decay



288 WILLIAM J.

if T, S2x10% yr.

46D. Ross, Nucl. Phys. B140, 1 (1978). In this paper
the effects of thresholds are considered and found to
reduce the estimated value of Mg obtained in Ref. 12
by a factor of .

41The analysis in Ref. 12 actually found a preferred value
of Mg =~2x10'% GeV; so when we quote the range
1015-101¢ GeV for Mg, we have included the effect of
thel reduction factor estimated by Ross in Ref. 46.

MARCIANO 20

48New preliminary results from the SLAC deep-inelastic
asymmetry experiment in Ref. 4 give sin’6y =0.224
+0.012. (Nuclear-structure uncertainties are not yet
included.) C. Prescott, talk at the New York APS
meeting, 1979 (unpublished).

For a discussion of how the Cabibbo angle can be
elevated to a calculable quantity in the Weinberg-Salam
model, see D. Wyler, Phys. Rev. D 19, 330 (1979) and
references therein.



