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Precision measurement of the muon momentum in pion decay at rest
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At the Schweizerisches Institut fur Nuklearforschung {SIN) we have measured the muon momentum in
the pion decay m+ —+p.++ v„atrest using a magnetic spectrometer. Our result is p„+——29.7877+0.0014
MeV/c. From our p„+value and the rest masses of the muon, m„+= 105.65946+ 0.00024 MeV/c ', and
the pion, m —= 139.5679+.0.0015 MeV/c ', we derive a new value for the squared muon-neutrino rest
mass, m, ' =-0.13+0.14 (MeV/c ) . From this we obtain m„~& 0.57 MeV/c (90% C.L), which is at
present the lowest experimental upper limit for the muon-neutrino rest mass. Here the validity of the CPT
theorem {m + =- m„-)and energy and momentum conservation in pion decay were assumed. Our result can
be interpreted in a second way: From cosmological arguments using the big-bang hypothesis an upper limit
of about 40 eV/c has been derived for the neutrino rest mass. With this limit and the above value of the
muon mass we can calculate the pion-mu'on mass difference or the rest mass of the m+ with strongly
improved precision from our measurement. The results are 5m =- m + —m„+——33.9063+0.0018 MeV/c ' or
m + ——139.5658+0.018 MeV/c . This positive-pion mass is consistent with the present world average for
the negative-pion mass, in agreement with the CPT theorem,

I. INTRODUCTION

The aim of the present experiment was the pre-
cision measurement of the muon momentum p,
in the most frequent pion decay, n'- p, 'v„,at rest,
with the ma. in purpose of contributing to a more
precise determination of the muon-neutrino rest
mass. In a conventional two-component neutrino
theory with muon-number conservation, the muon-
neutrino mass is predicted to be zero. However,
in the more recent unified theories of weak and
electromagnetic interactions, violat;ions of muon-
number conservation and finite neutrino masses
are not excluded. Furthermore, the neutrino
masses play an important role in cosmology. If
the mean lifetime of the muon neutrino is assumed
to be greater than or about equal to the age of the
universe, its rest mass ean be determined with
"big-bang" model calculations'" from the present
deceleration parameter to be below about 40 eV.
Laboratory measurements of m„serve as tests
of the assumptions made in the cosmological cal-
culations.

All neutrino-mass experiments have so far given
values compatible with zero. The rest mass of
the electron antineutrino has been measured most
precisely by Tret'yakov et al. ' From a study of
the upper end of the electron spectrum in tritium
P decay they found an upper limit of 35 eV for

The measurements of m„have so far been
Vg

much less accurate. The world average of p„,be-
fore our experiment, 29.794+0.010 MeV/c, gave
an upper limit of m„around 1.0 MeV/c'. Clark
et al. have determined m„ from the upper end of
the invariant (m'p') mass distribution in the decay
%~0 v'p'v; they find an upper limit of 0.65 MeV/c'

(90%%uo C.i .) for m„.In their analysis, the (w'p, ')
mass distribution is fitted with curves derived
under the assumption of the exact validity of the
V -& theory for the K~ decay.

The large difference between the upper limits
for m-„and m„ean be understood by considering
that the ideal decay process for the determination
of a neutrino mass must satisfy three conditions:

(a) The kinetic energy of the observed charged
particle must be small, so that the absolute un-
certainty of the measured energy is small,

(b) the momentum of the neutrino must be small
(zero if possible) so that the neutrino energy de-
pends strongly on its rest mass, a,nd

(c) the decay process must occur with a suffi-
ciently large branching ratio.

All three conditions are well satisfied for tritium
P decay near the end point, whereas in the case of
the muon neutrino no similarly advantageous pro-
cess has been found; e.g. , the decay KL0-~ I 'v
studied in Ref. 4 is suitable concerning conditions
(b) and (c) but not (a), whereas the decay v'- p"v„
at rest, used in our experiment, adequately satis-
fies conditions (a) and (c) but not (b); the neutrino
has a momentum of about 29.8 MeV/c and there-
fore its energy depends only weakly on m„.

As a starting point for our experiment we chose
the 1967 measurement of Booth et gl. ' where the
pions were stopped in a small scintil. lator and the
muon momenta were measured with a magnetic
spectrometer. The largest contribution to the P„+
uncertainty of Ref. 5 was statistical and could eas-
ily be reduced at SIN. The second largest contri-
bution to AP, in Ref. 5 came from the uncertainty
in the absolute calibration of the spectrometer.
This we improved by replacing the inhomogeneous
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magnetic field of their spectrometer by a homo-
geneous field which can be accurately mapped and
monitored with nuclear-magnetic-resonance
probes.

II. KINEMATICS
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FIG. 1. Muon momentum p„+in stopped-pion decay as
a function of the neutrino rest mass m„„.Curved band:
p~+ calculated using Eq. (1) from the Particle Data
Group mass values (Ref. 6), m~+= 105.65946 + 0.000 24
Mev/ c and m; = 139.5679+ 0.0015 MeV/c assuming
that m~+, = m~ (CPT theorem) . Straight horizontal
band: experimental value of p„,(world average 1975)~

The widths of the bands correspond to the uncertainties
(+ 1 standard deviation). The region of aOowed values
for m

„

is approximately given by the overlap of the two
bands. As the two bands become parallel for m

„

the upper limit of m „decreases only weakly with the
uncertainties of p„+,m, ~, and m„+.

Our experiment is based on the kinematics of the
decay m'- p,

'
v~ at rest. From energy and momen-

tum conservation one obtains

m„'=m,+~+m + 2 —2m, + (p+ 2+m, + 2)'~2, (1)

where p„+ is the momentum of the muon (c =1).
In Fig. 1 the muon momentum p~+ calculated from
Eq. (1) is plotted as a function of the assumed
neutrino mass m„.The values of m„+ and m, -
were taken from the compilation of the Particle
Data Group (PDG).' We have assumed the validity
of the CPT theorem and set m„equal to m,
Since p„,depends only weakly on m„ for small

m„,a large reduction of the upper limit on m„
is difficult

According to Eq. (1) the possible reduction of the
uncertainty 4(m„)is limited by the uncertainties
of m, , and m„+. Differentiation of Eq. (1) leads,
for small m„', to the following sensitivities:

= -2m„+ ', ",= —5'l. 3 MeV, (3)
em~ ~ m '+ m

= -2m~ ', ",= -75.7 MeV. (4)
8p~+ fPl~+ + Pl ~+

The three differentials are of similar magnitude;
it is therefore reasonable to measure p„,with
about the same absolute uncertainty (in MeV; c
= 1) as the less accurate of the two particle masses
involved. The uncertainty' of m, is 0.0015 MeV,
so the P„+uncertainty to be obtained is & 0.0015
MeV(c.

III. EXPERIMENTAL METHOD

The experimental arrangement for the P„+mea-
surement is shown in Fig. 2. Positive pions with
momentum p, = 200 MeV/c from the SIN wEl high-
intensity channel' enter the spectrometer magnet

gap, are slowed down in a degrader, and pass
through a vacuum window. A. fraction of the pions
stop in a small scintillator. The pions of interest
are those which come to rest close to the down-

stream face of the scintillator, because their de-
cay muons can leave the scintillator with little or
no energy loss. A muon which is created at the
scintillator surface and which starts along the cen-
tral traj ectory of the spectrometer travels along
this trajectory if the magnetic field is about 2760
G. It is identified at the end of the trajectory with
a s ilicon surface barrier detector. At higher mag-
netic fields one expects the muon rate to decrease
to zero, while at lower field values, muons are
detected which come from a finite depth of the
scintillator, and therefore lose a small part of
their energy in leaving the scintillator.

Our data-taking runs consisted of registering the
pulse-height spectrum of the silicon counter gated
by pions stopping in the scintillator, for each of
a series of magnetic -field values closely spaced
about that field region for which muons with the
full decay momentum p„,are accepted by the spec-
trometer. In principle, the momentum p„+was
determined from the magnetic-field value at which
the drop in the good-event rate occurred.

IV. THE APPARATU S

A. The pion beam

The SIN channel mE1 used for our experiment has
one of the most intense medium-energy pion
fluxes. 'e' The pions are produced by 588-MeV
protons from the ring accelerator, normally in a
22-g/cm'-thick beryllium target. The acceptance
solid angle of the channel is 50 msr and the. maxi-
mal accepted momentum band is 10' [full width
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FIG 2 E 'mental arrangement for the muon momentum measurern ent (1) exit vacuum window of the pion chan-xperim
or of the ion beam, (3) multiwire proportional chamber for beam profile measuremr ments, 4,nel, (2) central trajectory o t e pion earn, m

d 11' tor (5) remotely controlled pion degrader (polyethylene and graphite), (6) win ow o e spec romele a co ima r, rem
'ew of. the counter S, (9) photomul-cuum cham er, ( ig gui eb (7) 1' ht uide of the pion-stop scintillation counter S, (8) enlarged view

S (10) d'ustable support of the photomultiplier, (11) vacuum feedthroug o e ig gh of the li ht uide, (12)tiplier of the counter, a ~us a e
f r the scintillator S (13) vacuum chamber of the spectrometer (aluminum„, , g'~

) (14' re ion of ac-positionirg mechanism for t e scin i a or
16 le of the ma net, (17) lead beamcepted muon ra~ec ories,d t ' t ' (15) correction coils for magnetic-field stabilization, (16 po e o e magne,

ments of scintillator andsto er, (18) yoke'of the magnet, (19) ports for glass windows used during optical measuremen s o. c'
ion 20 co er collimator B, (21) Nuclear-magnetic-resonance probe for magnetic-field measurement

) rt for vacuum pump, (24) copperd tab'1' t' (22) 4 Am n source for calibration of the silicon detector, (23) por or vacuum pand sta i iza ion, m
' o ' ' ' i vacuumcollimator C, (25j magne coi s, si icoj t 1 (26) '1' on surface barrier detector (Si) for muon detection, (27) coax al

feedthrough for the counter Si.

at half maximum (FWHM)]. The total pion rate
at p,,= 200 MeV/c at the end of the 14-m-long
channel was 1 x 10' w+/sec for a proton beam of 35
pA (typical value when most of our data were
taken). The pion-stop density under these condi-
tions at the end of the pion degrader (Fig. 2) was
about 5 x 10' stops/(g sec), whereas in the pion-
stop counter 10 cm after the downstream face of

6the degrader, the stop density was only 1 x 10
stops/(g sec) because of the strong divergence of
'"e pion beam leaving the degrader.

to PM

~ 10

B. The scintillation counter

The NE102A scintillation counter 8 used as the
FIG. 3. The scintillation counter S. (1) NE102A scin-

tillator, (2) Lucite light guide, (3) aluminum reQector.
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source of muons is shown in Fig. 3. The position
of the scintillator in the homogeneous magnetic
field of the spectrometer is shown in Fig. 2, to-
gether with the Lucite light guide and the photo-
multiplier. Our method requires that the shape of
the effective muon source differs only slightly
from that of the scintillator. In order to satisfy
this requirement, the scintillator was placed per-
pendicular to the trajectory of interesting pions;
it was glued in a 1-mm-deep groove in the light
guide such that a smooth polished surface could
be obtained, and the usual aluminum wrapping was
omitted on the downstream face.

The uniformity of response across the face of
the scintillator was tested with -a narrowly colli-
mated "Sr P source. Near the center of the scin-
tillator about 50 photoelectrons were produced
from the photocathode of the photomultiplier per
MeV of energy deposited in the scintillator, and
this number was seen to be constant to +1% across
the whole face of the scintillator, excluding a nar-
row fringe close to the edges where the average
pulse height was reduced because of the shorter
average path length of the electrons in the scintil-
lator. This effect is present also for pions and
has been taken into account in our analysis (Sec.
VIII D).

The height and width of the scintillator were
chosen to match the dimensions of the spectrom-
eter collimators (see Sec. IVC}. The thickness
of the scintillator (I mm} was dictated by the re-
quirement that there be as few accidental triggers
as possible, and therefore as few scintillator
counts per good muon event as possible. '

I

C. The muon collimators

D. The muon detector

The muon counter was a commercial silicon
surface barrier detector„placed immediately be-

2.5"

iiQ [msr]

i2.0-

eter. ' The width of' the momentum acceptance
curve was 0.64% (FWHM) in the first half of the
experiment and 0.39% (FWHM) in the second half.
The two corresponding resolution curves are shown
in Fig. 4. The accepted momentum bands (FWHM)
mentioned above were chosen to be about 100 times
larger than the desired P~+ uncertainty (standard
deviation). This represented the usual compromise
between the requirements of large enough event
rate on one hand and small enough linewidth, and
therefore small enough theory dependence, on the
other hand. We thus chose the widths 2g= 4 mm
(2.5 mm) and 2b = 54 mm (42 mm) for the first
(second) part of the data taking; here 2g is both
the projected width of the muon source and the
horizontal opening of the second collimator, and
2b is the horizontal opening of the first collimator;
see Fig. 2. The corresponding scintillator widths
were 8 mm (5 mm), see Fig. 3. With the height b
and the radius p, fixed, the accepted solid angle
of the spectrometer is found to increase as (hp/
p, )'~'and the muon event rate (for magnetic-field
values below the edge) increases as (hp/p, )'~' if
the pion-stop density in the scintil. lator is kept
fixed.

1.5- 1.5"

The muon collimators B and C (Fig. 2) have been
made of a high-density material, so that the open-
ing is accurately defined by the collimator jaws.
For ease of accurate machining we chose copper;
the range of 4.12-MeV muons in Cu is only 0.25
mm. The slit scattering was appreciable and had
to be considered in the analysis (Sec. VIII B).

The radius p, of the central muon trajectory in
the spectrometer was 360 mm. The height of the
collimator openings was chosen equal to that of
the scintillator; /g= 20 mm. The inner height of
the vacuum chamber was 65 mm on both sides of
the collimator B (Fig. 2). This is large enough to
prevent muons created in the scintillator from
getting through both collimators by a single scat-
tering on the top or bottom of the aluminum vac-
uum chamber.

The widths of the collimators and the scintil-
lator were optimized for maximal muon event rate
for a given momentum acceptance of the spectrom-

1,0- . 1.0-

0.5 " 0.5-

-10 -5 0 +5 +10

jo3 bp
Po

-10 -5 0 +5 +10

FIG. 4. Resolution curves of the spectrometer de-
termined with a Monte Carlo computer program. Ab-
scissa: Deviation of the particle momentum p from the
momentum pp for the central trajectory, as a fraction
of pp, Ordinate: Effective acceptance solid angle, in
msr. For the graph on the left the source width (cf.
Fig. 3) and the horizontal opening of collimator C (cf.
Fig. 2) were both 2a= 4 mm and the horizontal opening
of collimator B was 2b= 54 mm. For the graph on the
right the dimensions were 2u= 2.5 mm and 2b= 42.4 mm.
The points represent the results of the Monte Carlo
program; the curves have been drawn to guide the eye.
The widths of the two curves are 6.4 X10 3 and 3.9 &&1Q 3

(FWHM).
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FIG. 5. The standard SIN bending magnet (type ASL)
used as spectrometer (cf. Fig, 2). (1) pole gap, (2)
yoke, (3) coils, (4) adjustable supporting legs.

hind the collimator C (Fig. 2). The electrode
diameter was 20 mm and the thickness of the de-
pletion layer was 1 mm. The accepted muons had
a kinetic energy below 4.12 Me7 and were stopped
in the depletion layer. Therefore they produced
a narrow line in the pulse-height spectrum of the
detector and couM be separated clearly from the

background.
The detector was placed inside the homogeneous

magnetic-field region of the spectrometer. The
detector was scanned with a collimated "Sr
source; the pulse height was found to vary less
than 0.5% across the face of the detector.

E. The magnet

%e have used a semicircular magnetic spectrom-
eter with homogeneous field. ' As the magnet (see
Fig. 5) is a standard SIN beam transport ele-
ment, "its field homogeneity was originally insuf-
ficient for our purposes. The shims that we at-
tached to the pole surfaces are described in Refs.
8 and 11. In Fig. 6 a partial field map in the mid-
plane of the shimmed magnet is shown. In the
crescent-shaped region of the muon trajectories
the field is constant to about +0.15 G. Before the
shimming there had been variations of +1.5 G.

During the data-taking runs a fixed NMR probe
was installed at point R (Fig. 6). For a given
point of the muon spectrum the reading of this
reference probe was automatically kept constant
using a feedback loop eonneeting the NMR device
to correction coils on the magnet (Fig. 2). Between

10-

I

20

I

30

X

I

40

I

50 '
60 cm

FIG. 6. Lines of constant magnetic field in the mid-
plane of the shimmed ASL magnet (see Fig. 5). During
the data taking a fixed nuclear-magnetic-resonance
probe used for magnetic-field stabilization was placed
at point R. The accepted muon trajectories lie in the
indicated crescent-shaped region.

B, =~ B 8 sin8d8; (5)

here, 8 is the angle defined by a point P on the
central trajectory, the center I of the central

runs the complete field map was measured with a
second, movable NMR probe. During these field
mappings the reference probe, which served to
keep the field constant in time, was moved away
from point R (Fig. 6), so that the field map in the
crescent as well as the field at point R could be
measured with the same probe. All field maps ob-
tained were combined to give the relation B,«
-B(R)=0.065+0.005 G; here, B(R) is the field at
point B which for the field mapping was kept near
2750 G, and B,« is defined as follows: As shown

by Hartree" a spectrometer of our type with an
imperfectly homogeneous field has the same mean
accepted momentum as a spectrometer with the
same source and collimators and the homogeneous
fieM B,« if
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FIG. 7. For the calculation of the effective magnetic
field B«& according to Hartree (Ref. 12) the field S(8)
needed for Eq. (5) was set equal to the average of the
field strength over the volume with area AE, as indi-
cated in this figure, and height h= 2 cm. The area AIl

is defined by the crescent-shaped region of accepted
muon trajectories (cf. Fig. 2).

trajectory, and the source center A, see Fig. V.
For B(e) we used the average of the field strength
over the volurqe with area hE (Fig. 'l) and height
h= 2 cm. This procedure was checked by compar-
ing the momentum-resolution curve obtained from
a Monte Carlo computer program using a typical
field map with that derived from a constant field
B,«. The resulting relative momentum differences
were smaller than 1.5 ppm and thus negligible com-
pared to the required p„+uncertainty of 50 ppm.
Using a constant field Be«rather than a complete
field map significantly reduced the computer time
for the final analysis program.

F. The magnetic-field measurement system

The measurement of the magnetic field at the
fixed reference point in the magnet was done with
a commercial nuclear-magnetic-resonance sys-
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FIG. 8. Diagram of the data-taking electronics, see text (Sec. IV G).
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tern. ' This system was guaranteed by the manu-
facturer to an absolute precision of 6 x 10 ' (stan-
dard deviation) and was chosen because of its suit-
ability for the relatively low magnetic field in the
experiment. This system was checked at a nomi-
nal field of 2760 6 with another commercial NMR
system. The two systems differed by 0.03 G (1.1
x 10 '). As the first system was especially se-
lected and optimized for the field strengths used
in our experiment, we adopted its values with the
uncertainty given by the manufactu'rer for our
analysis. '

G. The electronics

The data-taking electronics had to process sig-
nals from two particle detectors only. Thus the
electronics, which is shown in Fig. 8, could be
kept comparatively simple. A pion which travels
through the total thickness of the scintillator (1
mm) and then stops loses about 8.6 MeV in the
scintillator. A signal from the scintillator was
accepted by discriminator 1 (Fig. 8) as a pion-
stop signal if its height corresponded to an energy
loss of more than 3.0 MeV. Most of the nonstopped
pions passing through the scintillator lose too
little energy in it to create such a signal. Select-
ing large signals from this stop counter alone was
preferred- to the more conventional system with an
anticounter because at our high pion fluxes an anti-
counter would accidentally veto a large fraction of
the good triggers.

ln order to serve as a stable monitor the pion
counter had to have automatic pulse-height sta-
bilization. The regulation unit (Fig. 8) kept the
ratio of the rates from two single-channel ana-
lyzers (SCA) fed by the photomultiplier (PM) at a
constant value. The two SCA's were set on either
side of a sharp edge observed in the pulse-height
spectrum at a pulse height corresponding to an en-
ergy loss of about 7 MeV in the counter. The edge
is caused by pions and corresponding decay muons
both being stopped in the scintillator; the two sig-
nals are summed in the SCA's and give a pulse-
height distribution reaching up to about V.V MeV;

For the coincidence timing with the pulses from
the silicon detector (Si), discriminator 1 was used
to generate gating pulses of 40-nsec length. True
pion-decay events were selected by demanding a
coincidence between the Si pulse and a scintillator
(S) pulse generated .24 to 64 nsec before the Si
event. This timing criterion eliminated prompt co-
incidences (scattered pions, muons from pion de-
cay in flight, etc. ); the flight time of the muons in
the spectrometer from S to Si was 14 nsec. The
accidental spectrum of events in Si was derived
from the coincidence between an Si pulse and an

S pulse generated 56 to 96 nsec after the Si event.
The output of these coincidence circuits labeled
MASTER and DELMASTER, respectively, were used
as separate electronic gates to the two pulse-
height analyzers shown in Fig. 8. These accumu-
lated and displayed the pulse-height spectra for
the two different types of events. The DELMASTER
spectrum was used to calculate the accidental
background in the pulse-height distribution of the
coincidence events in the silicon counter.
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pulse-height-analyzer channel number

FIG. 9. Pulse-height spectra, from the silicon detector
recorded at a magnetic field of 2740.1 G. (a) Spectrum-
obtained with the MAsTER pUlse-height analyzer (see Fig.
8). Here the Si-counter signals were gated by coinci-
dence pulses, as described in Sec. IV G. (b) Spectrum
due to accidental coincidences derived from the DELMAsTER

pulse-height-analyzer data. (c) Difference (a) —(b);
spectrum due to nonaccidental coincidences. The peak
centered on Channel 103 arises from decay muons born
in the scintillator which are accepted at this magnetic-
field value (average T„,= 4.07 MeV); the peak around
channel 140 is generated by a. particles from the ~+Am
calibration source (T~ = 5.48 MeV). Details of the spec-
tra are discussed in Sec. V.

V. THE EXPERIMENTAL MUON SPECTRA

Typical pul. se-height spectra obtained with the
silicon detector in one of our data-taking runs are
presented in Fig. 9. Part (a) of this figure con-
tains the spectrum of the coincidence (MASTER)
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puise-height analyzer; part (b) contains the spec-
trum. due to accidental coincidences derived from
the DELMASTEB pulse-height analyzer spectrum;
part (c) is the difference (a) —(b), i.e. , the spec-
trum due to nonaccidental coincidences.

The narrow peak in channel 103 is produced by
good muons from stopped pion decays in the scin-
tillator. The peak in channel 140 is produced by
o, particles from the ' 'Am source. This peak is
not present in Fig. 9(c) as expected, because the
corresponding triggers were. accidental coinci-
dences of an a event in the Si counter with a signal
in the scintillator. Using the n line for calibra-
tion one can verify that the peak in channel 103 is
indeed generated by muons accepted at B= 2740 G

(p„,= 29.6+0.1 MeV/c).
The shoulder in Fig. 9(c), in channels 105 to

about 120, is due to the (p+ e) events, i.e. , to the
cases where the positron from the muon decay
made a contribution to the Si counter pulse height.
This shouMer was included in the good-event
count; the number of good events was calculated
by summing the events in channels (I —3) to
(I+16},where I is the channel number of the muon
peak (I=103 in the case of Fig. 9), Replacing the
upper limit (I+16) by (I+3) had a negligible effect
on the P„+result. In Fig. 9(c}there is a flat pulse-
height distribution to the left of the muon peak in
channels VO to 100. This distribution is produced
by muons scattered in the collimators and had to
be excluded from the good events. The subtrac-
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tion of the background due to scattered muon
events in the peak [e.g. , above channel 100 in the
case of Fig. 9(a)] is discussed in Sec. VIII B.
The spectra of Fig. 9 are empty below channel
number 60 because of pulse-height discrimination
in the constant fraction discriminator (Fig. 8).

Figure 10 is analogous to Fig. 9; however, ihe
magnetic fieM in the case of Fig. 10 was so high
that almost no good muons reached the silicon
counter. The number of scattered muons in the
spectrum of Fig. 10(c) is consistent with zero

In Fig. 11 the number of good muons is plotted
as a function of the magnetic field for all our data.
The spectra obtained in the same data-taking per-
iod and therefore with the same spectrometer
geometry were combined. Before combining the
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FIG. 10. Same as Fig. 9, but for a magnetic field of
2772.6 G. At this field almost no good muons can reach
the silicon detector; therefore, the peak near channel
104 is much smaller than in Fig. 9.
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MAGNETIC FIELD (GAUSS )

2800 W8 3005

FIG. 11. Muon spectra obtained during the six data-
taking periods of the experiment. Abscissa: Magnetic
field at the reference point R (Fig. 6). Ordinate: Num-
ber of muons in the silicon-detector pulse-height spec-
trum, after background subtraction, normalized to 100
events at the maximum of the theoretical curve (see Sec.
7). The points with error bars represent the experimen-
tal data; the solid lines are the fitted theoretical curves.
The X2 values of the fits are indicated in the figure. In
the last two of the six spectra the cutoff is sharper be-
cause the momentum acceptance of the spectrometer
was smaller than for the earlier spectra. The theoreti-
cal curve is slightly different for each of the six spec-
tra because of changes of the scintillator position made
between runs. After the normalization of the ordinate
there was for each of the six spectra only one additional
free parameter, namely, a horizontal shift, i.e., the
value of the decay muon momentum.
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21 individual spectra into the six spectra of Fig.
11, the ordinate of each w'as stretched or com-
pressed so that the maximum of the theoretical
curve (Sec. VI) was N„~=100. This was done be-
cause the discrimination level of the scintillation
counter had in some cases been deliberately
changed before recording the next spectrum;
therefore, the number of good muons per scintil-
lator signal at a given magnetic field changed from
one spectrum to the next, and the scintillation
counter could not be treated as an absolute moni-
tor. The final value for p„,was derived from the
21 individual spectra (Sec. IX).

It is seen from Fig. 11 that the good-event rate
varies with magnetic field in the expected way;
i.e. , the rate is roughly constant up to a cutoff
field near 2750 G, then drops sharply and is con-
sistent with zero for higher fields.
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VI. THE THEORETICAL MUON SPECTRA

The theoretical muon spectra, which were to be
fitted to the data of Fig. 11, were generated from
the initial assumption of a free-muon momentum
of 29.7900 MeVlc with a Monte Carlo computer
program.

The input for this program was
(a) the spatial distribution of those stopped pions

which had made a large enough signal (energy loss
~ 3.0 MeV) in the scintillator, see Sec. VIIID,

(b) the effective magnetic field (see Sec. IVE),
(c) size and position of the scintillator, the col-

limators, and the silicon detector (Sec. IV), and
(d) energy loss and multiple scattering of the

muons in the scintillator.
First the position of the pion decay in the scin-

tillator and the muon momentum vector were gen-
erated. Then the path length b, l of the muon in the
scintillator was computed. The energy loss of the
muon on the path 6/ was generated from collision
loss theory (see Sec. VIIIC). The resulting mo-
mentum spectrum of muons leaving the scintillator
approximately in the good direction is presented
in Fig. 12. Here the free muon momentum was
set to 29.79 MeV/c. The spectrum of Fig. 12 cuts
off sharply at this value, and is approximately
flat for lower momenta. The peak just below the
cutoff is due to the smallness of the momentum-
loss straggling for small path lengths. Momentum
bins near the cutoff lose few muons by straggling,
but gain many from straggling for muons with
longer paths.

The number of Monte Carlo muons passing both
collimators and hitting the si.licon detector is
plotted in Fig. 13 as a function of the assumed
homogeneous magnetic field B,«. As mentioned
already, the computer time used for the Monte

I
I

29.00 29.50

—P~
2980 [MeV/c ]

FIG. 12. Predicted momentum spectrum of muons
leaving the scintillator approximately in the "good" di-
rection. A decay momentum of 29.79 MeV/c was as-
sumed for this Monte Carlo calculation. The muon en-
ergy loss in the scintillator has been generated from the
distributions of Shulek et al. (Ref. 15) (solid line) or
Vavilov (Ref. 14) (crosses), see Sec. VI and VIII C.

Carlo program was fairly long; so the number of
Monte Carlo events was only increased until the
p~+ uncertainty, due to Monte Carlo statistics, was
as low as 15% of the total P~+ uncertainty. The re-
sults obtained with the program for one of the six
data-taking periods are plotted as points with er-
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FIG. 13. Predicted number of muons accepted by the
spectrometer as a function of the magnetic field. The
points with error bars are the results of the Monte
Carlo calculation (assumed decay momentum 29.79 MeV/
c). The curve represents an "eye fit" through the points,
see Sec. VI.
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ror bars in Fig. 13. The solid line, which was
used in the data analysis, was obtained by first
drawing an "eye fit" curve through the points;
this curve was stretchied or compressed vertically
and shifted horizontally with a X -minimization
computer program, "until the best fit with the
Monte Carlo points was obtained.

VII. COMPARISON OF EXPERIMENTAL AND THEORETICAL

MUON SPECTRA

In the data analysis the 21 experimental muon
spectra (Sec. V) were compared with the theoreti-
cal muon spectra. The theoretical curve (Fig. 12)
was fitted" to the experimental points with two
free parameters, namely a normalization factor
for the ordinate and the free-muon momentum

p, +; a.small change of P~+ iaequivalent to a hori-
zontal shift of the theoretical curve of Fig. 13.

The final momentum P„+was obtained from ana-
lyzing the 21 muon spectra separately. However,
in order to test with optimum sensitivity whether
the experimental and theoretical shape of the
spectra agree, we combined the experimental
spectra obtained in the same data-taking period
and fitted this combined spectrum with the theo-
retical curve valid for that period (see Fig. 11,).
Data from different periods were not combined;
the theoretical curve is different for each of the
six periods because of slight changes of the scin-
tillator size and position, made between periods.

The y' values of the six fits are indicated in Fig.
11 and are satisfactory in all cases. It should be
noted that after the normalization of the ordinate
there was, for each of the six spectra, only one
additional free parameter, namely the decay mo-

mentum P„+.
The p„,uncertainty due to counting statistics

for each of the 21 spectra was obtained from the
X'-minimization program MINUS. " We used the
average of the two errors which gives the maxi-
mal extension of the curve X'=X'„+1,as the es-
timate of the standard-deviation uncertainty for
p„,. This standard deviation was larger than the
parabolic" error by only a factor of 1.001 on the
average. The parabolic error is the square root
of the appropriate diagonal element of the error
matrix, i.e. , it gives the maximal extension, in
the direction of the variable p„„ofthe ellipse
where the paraboloid approximating the true X'
function cuts the plane X'= g' „+1.In the same
way we computed the uncertainty due to the finite
number of Monte Carlo events for the theoretical
curve (Fig. 18). The combined statistical uncer-
tainty of the final p„+value, obtained by quadratic
addition of these two contributions, is

&P„'+(stat)= 0.0012 MeV/c .

VIII. FURTHER UNCERTAINTIES AND CORRECTIONS

The remaining contributions to the uncertainty
of our P„+value are listed in Table I.

A. Measurement of the scintillator and co11imator positions
1

Before and after each running period, the vac-
uum chamber was placed on the coordinate table
of a large milling machine and evacuated. The
scintillator and the collimator C (Fig. 2) were
viewed through two quartz glass windows with a
theodolite set up on the floor as close as possible

TABLE I. Uncertainties of the muon momentum measurement as discussed in Sec. VIII.

Source of uncertainty

Contr ibution to
uncertainty of muon
momentum (Me V/c)
(standard deviation)

(A) Measurement of the scintillator
and cot.limator pos itions.

(8) Background subtraction from
silicon detector pulse-height
spectra.

(C) Calculation of muon energy loss
in scintillator.

{D) Calculation of effective muon-
source position.

(E) Magnetic-f ield measurement and
stabilization.

Quadratic sum

0.000 53

0.000 34

0.000 17

0.00024

0.000 19

0.000 72
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to the coordinate table. In this way the most criti-
cal distance, from the scintillator to the collima-
tor C, was determined. The remaining relevant
distances mere measured with similar techniques
using, e.g. , the microscope of the milling machine
and. a window in the lid of the vacuum chamber
above the scintillator. Thermal expansion was
studied by heat insulating the vacuum chamber
from the coordinate table and heating the chamber
with a current lead wrapped around it. During the
data-taking runs, the temperature of the vacuum
chamber was measured about once an hour using
thermistors embedded in the vacuum chamber
mall. The coordinate table of the milling machine
was calibrated mith standard rods, the lengths of
which, at 20' C, were measured to a precision of
0.001 mm by the Eidgenossisches Amt fur Mass
und Gewicht in Bern. The main part of this con-
tribution to the P~+ uncertainty is due to the scatter
of repeated measurements with the theodolite. A
detailed discussion of these distance measure-
ments is given in Ref. 8.

B. Background subtraction from the silicon-detector

pulse-height spectra

After the subtraction of the accidental background
from the silicon-detector pulse-height spectra,
there remained on the left of the peak (Fig. 9) a
flat background attributed to muons scattered in
the collimators (predominantly in the final col-
limator C).

In our analysis, the good-event count was
started three channels below the peak, e.g. , in
channel 100 in the case of Fig. 9. Scattered muons
which lose little energy in the collimators give
events in the peak of Fig. 9, i.e. , the background
in channels 65 to 100 has to be extrapolated under
the peak and subtracted. The way in mhich this
was done is illustrated in Fig. 14. This repre-
sents our best estimate of the background spec-
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FIG. 14. Schematic diagram of the nonaccidental sili-
con-detector pulse-height spectrum [cf. Fig. 9 (c)]. The
flat background due to muons scattered from the col-
l,imators was extrapolated under the peak due to non-
scattered muons (channel 103) as indicated, see Sec.
VIII B.
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FIG. 15. Number of events due to muons scattered
from collimators, as a function of the magnetic field.
This number of events was calculated by summing, in the
"nonaccidental" spectrum, e.g. , Figs. 9 (c) and 10 (c),
the events in the channels (I-25) to (I-6), where I is the
channel number of the peak (I= 103 in Fig. 9). Because
of the similarity in the shape of this spectrum with the
"good" spectra of Fig. 11, the subtraction of the back-
ground due to scattered muons caused only a small un-
certainty of the muon momentum; this is discussed in
Sec. VIII B.

trum; we also did a complete analysis where no
events mere subtracted under the peak. The re-
sult of the first analysis was used as the final val-
ue; the difference of the results of the tmo anal-
yses, 0.00031 MeV/c, was used as the correspond-
ing contribution to the p„,uncertainty. This con-
tribution is small because the scattered muori
background has about the same dependence on
magnetic field as the good events; see Fig. 15.

The subtraction of the accidental background
also led to a small p„+uncertainty because of pos-

1.0
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Qp

0 0.005 0.010 0.015

degrader thickness in g / cm

FIG. 16. Regions of validity for energy-loss strag-
gling theories in the case of degraders of carbon or
compounds of hydrogen and carbon. In the "BichseP'
region, separatedby the curve $= Ez ($, see Ref. 18;
Ez = binding energy of a X-shell electron of carbon
= 313 eV), the Vavilov and Shulek theories are not ac-
curate, as discussed in Ref. 17. To the left of the curve
b2= 1, the Blunck-. Leisegang (Ref. 16) and Shulek (Ref.
15) corrections are important. The horizontal line at
p = 0.27 indicates the conditions important for this ex-
periment, see Sec. VIIIC.
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sible inaccuracies in the relative calibration, de-
termined from the 0. line, of the two pulse-height
analyzers used for the two spectra [Figs. 9(a) and
9(b)]. This uncertainty could have been avoided
using routing techniques; however, the uncertainty
was only 0.00013 MeV/c; see Ref. 8. The com-
bined uncertainty due to background subtraction,
obtained by adding the two contributions in quad-
rature, is 0.00034 MeV/c.

C. Calculation of muon energy loss in the scintillator

The theoretical muon spectrum for each running
period (Sec. VI) was calculated twice, first using
the Vavilov theory' of energy loss, then the the-
ory of Shulek et a/. " In this way two P~+ values
were obtained. The average of the two results
was used as the finalP~+ value, and the difference
of the average from either of the two P~+ values,
0.00009 MeV/c, was used as a first contribution
to the corresponding uncertainty.

The regions of validity for various energy loss
theories are shomn in Fig. 16 for 'the case of the
material NE102A used for our scintillator. The
horizontal line at P= 0.27 indicates the conditions
important for our experiment. To the left of the
curve labeled b'= 1 (see Ref. 16) the Shulek ener-
gy-loss distributions differ strongly from the un-
corrected Vavilov distributions. Bichsel" has
pointed out that to the left of the curve $ = Er none
of the calculations based on the Laplace transfor-
mation (Landau, Vavilov, Shulek) are accurate.
Here, $ is the energy-loss parameter"; for the
material NE102A, one finds f = (~/P') x 83 keV
cm'g, where x is the degrader thickness in g/cm'.
E~ is the ionization potential for the E shell of the
carbon atom (Fr= 313 eV). At P= 0.27, the
"Bichsel" region (Fig. 16) reaches from zero to
0.003 g/cm'. In this region the energy-loss dis-
tributions for degraders of NE102A mere recently
calculated" by a method similar to that of Bichsel
and Saxon. " The widths of the resulting distribu-
tions" and also the widths of the measured distri-
butions" "for conditions in the Bichsel region
are between the widths of the Shulek and Vavilov
curves; therefore, the uncertainty of 0.00009
MeV/c discussed above is large enough to include
the inaccuracy of the Shulek and Vavilov theories
for very small degrader thickness.

Further contributions came from the uncertain-
ties of the effective excitation potential used to
calculate the average energy loss for a given path
length (0.00010 MeV/c), and of the numerical
methods used in the calculation of the theoretical
muon spectrum (0.00010 MeV/c); see Ref. 8. The
combined uncertainty due to energy-loss calcula-
tions, obtained by adding the three contributions

I~
2Q

FIG. 17. Schematic diagram of the scintillator (S) and
the light guide (L); see Fig. 3. If the average direction
of the good pions (71') is not perpendicular to the surface
of S, there is a shift of the effective p,

' source position
due tO edge effeetS. The piOn 7t& generatea a gOOd Signal
in S but stops outside, whereas ~2 does not generate a
good signal but stops inside S, see Sec. VIIID.

in quadrature, is 0.00017 MeV/c

D. Calculation of effective muon-source position

The effective position and shape of the muon
source in our spectrometer is not exactly defined
by the scintillator owing to a number of effects;

dN

d pg+

in (MeVtc)

(MeV/cj
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pion momentum p„+ in MeV/c
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FIG. 18. Momentum distribution of pions leaving the
downstream face of the scintillator, calculated as speci-
fied in Sec. VIIID from the stopping power. As there are
few slow pions, the decay in flight of pions outside of the
scintillator only leads to a small p„+correction.
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First, the slightly inhomogeneous pion-stopping
distribution in the scintillator had to be consid-
ered; it was determined experimentally and in-
cluded in the analysis. ' The uncertainty in the
position of the maximum of the measured pion-
stop distribution (+1 mm) led to a p + uncertainty
of 0.00009 MeV/c. As a second, more important
source of uncertainty, the variation of the pion-
stop counting efficiency near the edges of the
scintillator had to be taken into account. As illus-
trated in Fig. 17 there are pions which stop inside
the scintillator but do not generate a stop signal
(energy loss in the scintillator less than 3.0 MeV);
on the other hand, a pion may generate a stop sig-
nal but stop iri the light guide outside the scintil-
lator. These edge effects lead to a spatial shift in
the effective muon-source center if the mean flight
direction of the "good" pions deviates from the
normal to the face of the scintillator. This mean
pion-flight direction was determined from beam
scans in the multiwire proportional chamber up-
stream of the pion degrader (Fig. 2) and at the
position of the sciniillator, using a Monte Carlo
program to trace the pions through the degrader,
the fringe field of the magnet, and the scintillator
light guide. In this way the mean flight direction
of the good pions could be determined with an un-
certainty of 1.0 . The deviation of this direction
from the normal to the scintillator face led to a
correction' of the P„+values, and the uncertainty
of 1.0' gave an uncertainty of 0.00022 MeV/c for
the final result. '

As a third effect connected with the shape and
position of the effective muon source we had to
consider the decay in flight of those pions which
generate a pion-stop signal, i.e. , lose more than
3.0 MeV in the scintillator, but leave the down-
stream face of the scintillator. In Fig. 18 the mo-
mentum distribution of all pions leaving the down-
stream face of the scintillator is plotted. A pion-
stop signal is generated (energy loss in scintilla-
tor more than 3 MeV) if the momentum p,, is
small. er than about 17 MeV/c. The curve of Fig.
18 was obtained according to Ref. 24 from the
stopping power of polystyrene as determined ex-
perimentally by Sautter and Zimmermann" down
to an ion velocity of 0.008c (p, = 1.1 MeV/c); for
lower pion momenta the stopping power was esti-
mated from theoretical considerations by Lindhard
and Scharff. " The total area of the curve of Fig.
18 is unity, so the probability that a pion leaving
the scintillator has a momentum below 1 MeV/c
is less than 10"'. Only these very slow pions can
give rise to a good event, because pions with p, & 1
MeV/c hit the wall of the vacuum chamber before
the electronically set delay time for a good event
(10 nsec; Sec. IVG) had elapsed. The decays in
flight produced events mainly if the magnetic field
was in the slope region (Fig. 11) near 2760 G. If
the good-event number (from stopped pions) near
2V30 6 is normalized to 1.0, then the average
number of events from decay in flight in the slope
region is 3x10 ~ (5x10 ') events for the larger
(smaller) scintillator size (see Sec. IV). The cor-
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FIG. 19. Trajectories of pions which have generated a good signal in the scintillator (energy loss & 3 MeV) but have
not stopped in the scintillator. The momentum range of these pions is 0& p~ & 17 MeV/c. (1) scintillation counter, (2)
light guide, (3) envelope of good muon trajectories, (4) lead beam blocker, (5) collimator B, (6) collimator C, (7) sili-
con detector. See Sec. VIIID.
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responding P„+correction was -0.00004 MeV/c
(-0.00005 MeV/c). As several approximations
were used for the calculation of this very small
correction (only one-thirtieth of the total p„,un-
certainty), we set the corresponding uncertainty
equal to the full magnitude of the correction
(0.000 05 MeV/c).

Pions from the downstream face of the scintilla-
tor may, instead of decaying in flight, return to
the scintillator, the light guide, or the wall of the
vacuum chamber, see Figs. 19 and 20. From Fig.
19 it is clear that good events of this type can only
come from slow pions (s 5 MeV/c). Such pions
stop near the surface, and the muons enter the
vacuum with almost the full decay momentum.
Some events in the magnetic-field region of the

, slope (Fig. 11) come from such return pions
stopped in the scinti, llator or the light guide to the
right. The number of these events, averaged over
the slope region, was 2 x10 ' (1 x 10 ~) of the
good-event rate near B= 2730 G, for the larger
(smaller) scintillator size. The corresponding
p„+correction was -0.00003 MeV/c (-0.00001
MeV/c). Again the p„+uncertainty for this small
effect was set equal to the magnitude of the correc-
tion. The four contributions to the p + uncertainty
just discussed (calculation of shape and position of
effective muon source) were added in Iluadrature;
the resulting uncertainty was 0.00024 MeV/c.

the reference probe during the data-taking runs'
(&P„+=0.00006 MeV/c). The combined P + un-
certainty due to magnetic-field uncertainties is
thus 0.00019 MeV/c.

F. Other effects

p~+

[MGWc]"

S3 S4

29.810--

A number of other effects have been studied:
The pions which stop in the scintillator either be-
have as positive ions or form pionium. ~ In both
cases it can be inferred from the better known be-
havior of positive muons in a plastic scintillator
that the diffusion of the pions through the scintil-
lator is negligibly slow. Pions scattered in the
scintillator and reaching the silicon detector are
suppressed by the scintillator pulse-height re-
quirement and also by the timing of the scintillator
and silicon-detector coincidence circuit (Sec. IV
G). The thermal motion of the stopped pions and

E. Magnetic-field measurement and stabilization

The corresponding P„+uncertainty arises pri-
marily from the absolute uncertainty of the mag-
netic-field value measured with the NMR device
(standard deviation= 6 x 10 ', np, ,=0.0001'I MeV/
c). Additional uncertainties were derived from the
scatter of repeated determinations of the "effec-
tive" field (see Sec. IV E; d p„+=0.000 05 MeV/c)
and from the uncertainty of the spatial position of
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FIG. 20. Same as Fig. 19, but for extremely slow
pions. Muons of the type p& indicated in the figure cause
only a small p„+correction and uncertainty because the
number of slow pions is small (see Fig. 18).

FIG. 21. Results for the muon momentum from stop-
ped pion decay obtained from the 21 muon spectra re-
corded in the experiment. Error bars include statistical
and other uncertaintie s added in quadrature. Symbols S; at
the top of the graph designate the use of the four different
scintillators. Horizontal straight lines indicate the final
value with its total uncertainty. The 21 p~+ values fit the
final result with a X~ of 23.5 (20 degrees of freedom);
uncertainties common to all 21 P„+values were not in-
cluded in this X value. The previous world average,
P~+= (29.794 +0.010) MeV/c, is shown for comparison.
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TABLE II. -Published results of direct measurements
of the muon momentum in pion decay at rest. The quoted
uncertainties are standard deviations.

F(M ),&

21l) 1

Exper iment Muon momentum (Me V/c)

Barkas et al;
Hyman et al.
Booth et al. '
Shrum and Ziock
This experiment

' Beference 30.
Beference 31.' Beference 5.
Beference 32.

29.80 + 0.04
29.770 +0.027
29.803 + 0.020
29.795 + 0.013
29.7877 + 0.0014
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FIG. 22. According to the prescription of the Particle
Data Group (Bef. 33) the upper limit mG. of the muon-
neutrino mass is calculated from the squares mass m„„
and its uncertainty A(m„)by setting the probability
function E(M~) to zero for M2& 0, as indicated in the fig-
ure.

the chemical potential in the scintillator, from
which the muons had to escape, were also calcu-
lated to have a negligible effect on the result. '

IX. RESULTS

The P~+ r.esults derived from the 21 individual
muon spectra are displayed in Fig. 21. Their
weighted average is

p„,= 29.7877 +0.0014 MeV/c. (7)

The uncertainty due to counting and Monte Carlo
statistics (Sec. VII) is 0.0012 MeV/c and the com-
bined uncertainty due to the effects discussed in

Sec. VIII is 0.0007 MeV/c. The stated uncertainty
of 0.0014 MeV/c (one standard deviation) was ob-
tained by adding the two contributions in quadra-
ture. This p„+result includes all data of our ear-
lier publications on this experiment'e "e"a,nd is in-
tended to replace the results given there. The
slight deviation of the new result (7) from those of
Hefs. 8 and 29 is due to refinements of the muon
energy-loss calculations (Sec. VIIIC) and of the
corrections for nonstopped pions (Sec. VIIID).

In Table II published results of direct measure-
ments of P„+are listed. Our result is consistent
with the earlier values.

We have used the P„+value of Eq. (7) to calculate
the upper limit for the muon-neutrino mass. The
muon and pion masses of Ref. 6, m„+=105.65946
+0.00024 MeV/c', m, = 139.5679 +0.0015 MeV/c',
were used. Assuming that m~ is equal to m, -
(CPT theorem) one obtains from Eq. (1) the
squared neutrino mass,

m„'=0.13+0.14 (MeV/c')'. (8)

The uncertainty of m„'(one standard deviation)
has been obtained by adding the three contributions
given by Eqs. (2)-(4) in quadrature. The contribu-
tions of hm, and ~p„+to b(m„')are about equal,
whereas the contribution of dm„ is much smaller.

Following the method recommended by the Par-

ticle Data Group, " illustrated in Fig. 22, we cal-
culated the upper limit of the muon-neutrino mass.
The result is

m„~0.57 MeV/c' (90% confidence level) . (9)

This limit is lower than the best previous limit of
0.65 MeV obtained by Clark et g/. ' from fits to the
mp mass spectra in EI —m' p.'v decays using the
V-A. th ory.

As an alternative interpretation, one can use
the P„+value of Eq. (7) to calculate the mass dif-
ference (m~ —m„+)or the mass m, + of the positive
pion. For this one uses cosmological calculations
based on the big-bang hypothesis. Jf one assumes
that the mean lifetime of the neutrino is greater
than or about equal to the age of the universe, one
obtains' m„(40eV/c'. This upper limit is neg-
ligibly small for our purpose, and we obtain

m, + —m„+=p„++T+=33.9063+0.0018 MeV/c'.

(10)

This value for the mass difference depends only
weakly on the muon mass. For the mass of the
positively charged pion we obtain

m~= 139.5658 +0.0018 MeV/c'.

This value is consistent with the m, value calcu-
lated from x-ray lines of pionic atoms, '

yg,.
= 139.5679 +0.0015 MeV/c'. Our result is thus in
agreement with the prediction from the CPT theo-
rem (m,,=m, ). The mass values (10) and (ll)
represent a considerable improvement. The pre-
vious world average for P, + (see Fig. 21) gave a
v' mass uncertainty of 0.013 MeV/c'.
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