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In this paper we use a WKB approximation to solve the lattice version of some quantum-mechanical
models. This requires the solution of an infinite-order differential equation (an integral equation) in terms of
a WKB series. The resulting WKB expansion on the lattice is complementary to the high-temperature

expansion on the lattice.

I. INTRODUCTION

In previous papers'~* we developed a prescrip-
tion for finding the strong-coupling expansion of
various quantum-mechanical and quantum-field-
theoretic models. Beginning with a functional-
integral representation of the quantum theory we
factored out the kinetic-energy terms from this
integral. We then evaluated the remaining func-
tional integral. This led to a set of graphical rules
for computing the high-temperature expansion of
the quantum theory on the lattice. This expansion
(which is not the strong-coupling expansion) is a
power series in a dimensionless parameter x.

For example, for the massless g¢* quantum-
field theory in one-dimensional space-time (the
anharmonic oscillator), whose Lagrangian density
is®

L=3¢"+igq", (1.1)
the lattice expansion parameter is
1
xX= W . (1- 2)

For this theory, on the lattice, the high-tempera-
ture expansion for the ground-state energy E has -
the form

E(x)=g'/3%?/3 (-% I+ Y a,,x") .
n=0

The continuum limit (x - «) of the high-tempera-
ture expansion, obtained by a Padé-type extrapo-
lation,® is the strong-coupling expansion.

In this paper we present an alternative to the
high-temperature expansion of the lattice theory.
Specifically, we use WKB techniques to obtain a
sequence of approximations to the large-x expan-
sion of the theory. Typically, the large-x expan-
sion is a series in powers of 1/x. For example,

20

for the anharmonic oscillator in (1.1) the large-x
expansion of the ground-state energy has the form

E(x)= z apx™*n®,

n=0

This expansion complements the high-temperature
expansion in the same sense that the asymptotic
expansion of a Bessel function is complementary
to the Taylor expansion. Observe that unlike the
high-temperature expansion, the large-x expan-
sion has a smooth continuum limit [E(«)=a,] and
does not require any extrapolation techniques.
[However, obtaining the above series for E(x)
from a WKB approximation sometimes requires
a summation procedure. See Sec. V and the Ap-~
pendix. |

Normally, WKB theory is used to solve a sec-
ond-order differential equation in Schrddinger
form

y"(u)= [V(u) = X]y(n).

However, in this paper we use it to solve for the
eigenvalues of the transfer matrix, an infinite-
order differential equation (an integral equation)
which occurs in a natural way when we represent
the quantum theory on a lattice:

eezdz/”"zy(u)= eV W M(y) . » (1.3)

For the case of the anharmonic oscillator (1.1),
V(u)=u*/4 and the small dimensionless parameter
€ that appears here is simply related to the lattice
expansion parameter x that appears in Refs. 1-4:

<= (2072, (1.4

Observe that €= 0 in the continuum limit ¢ - 0.
This paper is organized as follows: In Sec. II

we show how to derive the integral equation in

(1.3) for the case of the anharmonic oscillator
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(1.1). In Sec. III we give a general discussion of
the WKB solution of (1.3) for a general class of
potentials V(x). In Secs. IV and V we compare the
WKB approximation for the ground-state eigenvalue
with the high-temperature expansion of the ground-
state eigenvalue for two models, the harmonic os-
cillator and the anharmonic oscillator.

II. DERIVATION OF THE INTEGRAL EQUATION (1.3)

We are interested in the ground-state eigen-
value of the Lagrangian L in (1.1) on a lattice.
We showed in Ref. 2 that in the absence of external
sources, the vacuum persistence function in Eu-
clidean space is given by a path integral

0[0)=yim [ o[- [ r0a] 20

-T/2
and that the ground-state energy E of the Hamil-
tonian H=3 p*+ : g¢* associated with this Lagran-
gian is given by

E= lim -~ In(0, |0.). (2.2)
T T

On the lattice, the path integral in (2.1) becomes
a multiple integral,

© n d . 1
=l I‘I_._q_L_. - -q,)?
<0 |0>— hg)l J‘.eo i=1 (Zﬂ'a)]'/z eXp[ 20 (th qi)

-%agq;‘], (2.3)

where g is the lattice spacing, »n is the number of
lattice sites, and T'=nq is the volume of space.

To obtain the high-temperature expansion we re-
scale the integration variables in (2.3) so that a
small parameter appears multiplying the kine-
matic term. Thus, we let

q‘=z‘(ag)'1/4
and obtain
. g dz
ojo)=tim [ TT g o7 ospl- (20 =2
T® 4=1

_%354] 9 (2-4-)

where the dimensionless parameter x is given in
(1.2).

In the conventional high-temperature expansion
we actually treat x as a small parameter because
a is held fixed and g is taken large. This allows
an expansion in powers of x which must ultimately
be extrapolated to x = .

In this paper we take an alternative route; to
wit, we define the integral operator @ by

()= [ s expl- bt —u ~ 1 £17(0).
(2.5)

Next we observe that the multiple integral in (2.4)

is merely the repeated application of the operator
Q. To see this, consider first the integral for i=1:

®  dz
me exp[-3x(z,-2,)2 - +2,%].

This is just Q1(z,), where 1 means the function 1.
Now include the integral over z,. This is the com-
position Q®1(z,). Clearly, the full expression in
(2.4) is

(0 /0= lim (}erulo)Q"l(zm). (2.6)

To examine (2.6) in the limit » -« we need to
find the eigenvalues of the operator @. Because
we will compute these eigenvalues using WKB
theory, it is convenient to write the eigenvalue
equation in differential form. To do this we make
use of the identity

1 @ _exp[-3 x(t —u)?]
GXp(ﬂ-Ez)G(t—u)_—W . (2.7)

Now let ¢(u) be an eigenfunction of the operator @
with eigenvalue e™. Then y(u) satisfies

Qp=e¢p. (2.8)

Substituting (2.7) into (2.5) and doing the §-function
integration gives
2x du®

exp( 1 ﬁ) exp(=1u*)p(u) = e™¢p(u). (2.9)

Finally, letting exp(- % #*)¢(u)=y(«) and defining
the small parameter € by

€=(2¢)"t/2 (2.10)
gives the eigenvalue problem
exp( €2d?/ du®)y(u) = exp( u* = A\)y(u) , (2.11)

which is of the form (1.3).

The quantity A is related to the ground-state en-
ergy on the lattice in a simple way. Since d%/du?
and -%*/4 are both negative-definite operators, it
follows that the spectrum of

Q = exp( €2d®/ du?) exp( —u*/4)

is bounded above by 1.6 Thus, if e™ is the maxi-
mum eigenvalue of the operator @, then we can
evaluate (2.6) to get the ground-state energy E(x)
on the lattice:

E(x)=-(1/T) In(0 |0)
= —(1/7) In[Q"(z,,,) ]
=nA/T
=\a
=x*3g1 /3, (2.12)

In the next section we use WKB theory to calcu-
late A.
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III. WKB SOLUTION OF (1.3)

In this section we show how to solve (1.3) to sixth order in a WKB approximation. We begin by trans-
forming (1.3) to a more convenient form by substituting

Q)= V(u) -1, . | (3.1)
€242/ au y(u) e9Wy(y) (3.2)

The standard WKB form for the wave function y(u) is
y(u)=eSW/ e, (3.3)

The first thing to do is to find the form for the nth derivative of exp[S(u)/€]. We express the result as a
power series in € (keeping terms of order €°) using the symbol

(n,R)=nn ~1)n~2)***(n-k+1), _ (3.4)
€n;1:" eSW /e pSw)/ e(sl)n{l + €(ﬂ;22) sn/(sl)z [(": 3) S”’/(S')s (”984) (S”)Z/(sl)4]

+ € [(7[2,44) S(;”/(S')‘l + (n1,25) S”Sm/(sl)s + (7;,86) (Sil)3/(sl)6]

c e[ @D sor/isp LB (smp /s srsw sy

(n, 8)

+(’Z’87) (sII)ZSIII/(SI)7+ 357 (s”)4/(sl)8]

, €5[(77,,20) S©/(57°+ (n, '(7)) S"SG) /(1) + (n,7) SmSH) /(1Y
(n, 8)

T 14a

SII(SIII)Z/(SI)B (n’ 8) (S")ZS(“/(S )e+ ("’ 9) (S”)3S'”/(S')9 (’;éig)(S”)s/(S')m]

ce[ @ sosiy ‘"’ 8) ) (sn2/(s7ye 4 B8] sugor sy

5040

(n,s) ma(s 78 (n’ ) m\3 ne (n,Q) nQmg(a 79

+ohsm 8S¢ /(81" + T (S™)*/(8)+ S7smS/(8")

("’9) (8")28)/(8")°+ ('37160) (SMHS™)%/(S*)*

(;li;g) (Su)as(q)/(sl)lo (ns 11) ) 4slll/(sl)11 E{g(}:& (S”)G/(S')12]+‘ . .} - (3.5)

Next we evaluate the expression exp(e€2d?/du®) exp[S(u)/ €] by expanding the derivative operator, substitut-
ing the result in (3.5), and explicitly evaluating the infinite sums over n:

©

€/ A" syse St/ egLsu) "p (S + [LS"P(S") + L(S")2P,(S’
— e e e {1+ €S"P(S") + €[ L S"P(S") + 1 (S")*P(S")]
n=0

+ € [ s(4)P4(SI)+ 1Lons"p (sl)+ 1 (S”)SPG(S')]
1 S(s)P (sl)+ 1 (SIII)ZPS(SI)+ _1_SI/S(4)P6(SI)

120
1 (sll)2slIlP7(sl)+ 3;4 (S")ng(S')]
+€ [ L SO P(S) + 5 S"SCIP(S) + 2SSV P(S) + &
1. (Sll)Zs(4)Ps(sl)+ 2;3 (S”)3s’”P (SI)+ 3'8_4'6 (S”) Pm(sl)]
+ € [ 3(7)P7(S')+ = (S(4))2P (SI)+ 1 Sus(e)P (sl)+ 1 S"'S(S)P (sl)

2= (8")°Py(S") + 2 S"S"SP, (s')

1296

1 (sll)2s(5)P (S')+ 1 (sll)Z(Slll)ZPlo(sl)

576

1_115_2 (8")°SP,(S) + 5= (S")*S" Py, (S") +

+ € A

1 S”(S”’)ZPS(SI)

Tad

(8")°P,(S)] ++-+},
(3.6)

46 080
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where P, are polynomials given by
Pyz)=2(1+22%),
Py(2)=4(3z+22%), P,(z)=4(3+122%+4z2%),
DP,(2)=8(15z + 202° + 42°%), Py (z)=8(15+90z%+ 60z*+ 82°),
P,(2)=16(105z + 210z° + 842° + 827), Py(z)=16(105+ 84027+ 840z*+ 2242°+ 162°) ,
P(z)=32(945z + 25202°+ 15122° + 28827+ 162°) , P, (2)=32(945+ 945022+ 12600z*+ 50402°+7202°% + 322'9) ,
P, (z)=64(10 395z + 34 6502° + 27 7202° + 7920z "+ 8802° + 32z'!) ,
P, (2)=64(10 395+ 124 7402+ 207 900z* + 110 8802° + 23 760z° + 21122+ 642'2),

-
Next we make the conventional WKB series ap- first of these equations, which determines S{, is
proximation which consists of representing the

ne_ :
phase S(x) as a power series in €:’ (5)°=Q, (3.8)
- whose solutions are
S(u) = Z S u)e. (3.7) S!(u)= Q' *u) (3.9)
n=0
and
The final step consists of substituting (3.7) into , 12
(3.6) and reexpanding the entire expression as a Selu)= - @"/Hu). (3.10)
series in powers of €. This is an extremely Once the solution for Sj(u) is chosen, the solu-
lengthy calculation which we performed using the tions for S{(u), Siu),... are uniquely determined.
MACSYMA computer program. We have now cal- This shows that although (3.2) is an infinite-order
culated the left-hand side of (3.2). differential equation, it has only two linearly in-
Setting the expansion of the left-hand side of dependent solutions having WKB expansions.
(3.2) equal to the right-hand side and matching co- As in Ref. T we choose the solution in (3.10) and
efficients of like powers of € gives a sequence of proceed to solve for the next six terms in the WKB
algebraic equations for Sj(u),S{(«),SXu),... . The series (3.7). The results are listed below:
]

S{=-1Q/Q-1@', (8.11)
St=-LQ Q2 -1 Q"Q™/? - 2(Q")*Q7/*+ (@2, (3.12)
Si= - L mQ-z 1 QIQII/Q+ 'Q”Q-3+ 418(Q ) -2 _ E(Q})a -4, _l_Qm ‘ (3.13)
S;=;16Q(4)Q3/2—%2Q(4)Q-5/2 Q Qle/z 7 QIQIIIQ-7/2 1 (Q”) Ql/z 1";(@”) Q-7/2 7;°(Q')2 ”Q-l/z

+%4(Q1)2Q11Q-5/2__§%(Qr)2 Q"Q" 9/2+I%5_2(Q ) -3/2 768(QI)4 -7/2 ;tg:(Q,yx -11/2 (3.14)

ssl= - E].BQ(S)Q - G%*Q(S)Q.S'F ESEQIQ(‘I)Q-‘l 1 QIQ(4)+ 1 QIIQI[IQ-Z‘ Q”Q”’Q-4 llaQ”Q”I O(QI)2QIII/Q
+-L(Q')2 ”’Q-a-'E:_Z(Q,)ZQ”,Q-S*‘l—lz.aQ'(Q”)z/Q“'i%; I(QII) -S—I;T)(Q’):;Q”Q-z

(QI)3 IIQ-4+ 1695 (QI)3 IIQ-G S;G(Q’)SQ-:}'{' _5_(Ql)5 =5 1695(QI)5Q-7 (3.15)

sg:-LQ(s)Qalz 1;::;(E)QL/Z 1 Q(G)Q-v/z IZGQ'Q(s)QS/z 2217:24 1QBIQ-9/2y QIQ(S)Q-IIZ
3$;0Q"Q(4)Q3/2 IIQ(4)Q-5/2 55 'IQ(4)Q-9/2 10Q0Q(4)Q-1/2__§§_(Q')2Q(4)Q1/2
‘;’,‘G(Q')ZQ“)Q.Wz*‘%(Q’)ZQ«)Q-”z_%:Z(QI)ZQ@)Q.H/Z 105(Qm)2 3/2 i(Q”’)ZQ'WZ
+ 5@ %+ n (@™ - $5Q'Q"Q"QY - 1Q'Q"Q"Q™/* - £ Q'Q"Q"Q/* - 152 Q'Q QM
~ 7 (Q0°QMQT 7+ LR (QQQT P - o (Q1°QMQTH P - 28 (@Y A+ (@M@
+ 2 (QMPQTTI - B (QMPQH/2 - S (@70 (@0

Toz
3::9[?(QI)Z(QII)2 -13/2 20160(Q1)2(Q”)2 -1/2 (Ql)4 ”Q-3/2

34560
5 (o o"o~7/2, 5983 Ninnn=11/2 _ 248475 ( A N\inno=15/2
+ Sae @@ Q'R 12288(Q ) Q Te38a (@) Q"Q
_ n8o=5/2, 115 n6Q=9/2 _ 12155 (51\6=13/2 44135 (1)65=17/2
m648(Q )’°Q 36864(Q ) 49152(Q ) 65536 (@ ) (3.16)



Now we impose the WKB quantization condition
which will determine the eigenvalues A of the
equation (3.2). We use the same approximate
quantization condition as was used in Ref. 7,

7l ffz €"SYu)du=Kn (K=0,1,2,...), (3.17)

n=0

where K is the number of the eigenvalue and the
contour encircles the branch cut joining the two
turning points (we assume for simplicity that there
are only two). The turning points are solutions
of Q(u)=0.

As is the case with the ordinary WKB series’
the integrals in (3.17) corresponding to odd values
of n are trivial to evaluate. This is true because

S{,S5,8%,... are all representable as total deriva-
tives:
si=L (-3m@-3Q) 3.18
1= \—1leQ-2Q), (3.18)
Sg_i __(QI)/Q ”Q + 5 (QI)2 =3, 1 QII],
(3.19)
d -
Si=2 [~ 55(QM* - 59 - £Q'@" - £ Qg™

+ lQerQ-4+ L(Q”)ZQ-2+ _].._(QI)ZQIIQ‘:;
3 (Ql)4Q-4_"_ 1 (QI)ZQII/Q+ 1 (Ql)4Q-

256 1152

%(Q'I) Q"l 113(QI)2Q Q-S 250‘.;58 (Q')4Q-6] .

256

(3.20)

All terms being differentiated in (3.18)—(3.20) are
single-valued except for — — InQ. Thus, the con-
tour integration gives

1 f , T

e €S (u)du—--2 ,

L €Siu)du=0

2ie 8 ’

e €Su)du=0.
[Evaluating InQ(x) once around the contour gives
4mi because the contour encircles two simple
zeros (turning points) of Q(u). ]

Substituting the above results into the quantiza-
tion condition in (3.17) gives, to sixth order in
powers of €,

T 1
. f d[SHw) + €S%u) + €SXu)

+€SYu)+], (3.21)

where we have taken K=0 because we are only
interested in the first eigenvalue A. We show in
Secs. IV and V how to use this general .'esult to
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solve for the eigenvalues of the infinite-order dif-
ferential equation in (3.2).

IV. APPLICATION OF THE GENERAL WKB FORMULA
TO THE LATTICE HARMONIC OSCILLATOR

In Ref. 2 we derived the high-temperature ex- '
pansion for the harmonic oscillator defined by the
Lagrangian :

L=33%+3mg?. (4.1)
We showed that the graphical expansion for the
ground-state energy E consists of summing over

all closed polygon graphs (one graph in every or-
der). The final result was?

where x=m"22"% and q is the lattice spacing.
Observe that this high-temperature expansion
is a power series in x. This is typical of any high-
temperature expansion. By contrast, the WKB ex~
pansion on the lattice is a series in powers of 1/x.
Our intention here is to reexpand (4.2) as a series
in powers of 1/x and then to compare the result
with the predictions of the WKB series in (3.21).
We begin by expressing (4.2) as an integral:

E=3 [‘ﬁm'ﬁf 7 ((T;—it—)m _1>]

eofit- 1
t (1+4p)t/2 "

Next we expand this mtegral as a series in powers
of 1/x:

f °° (=1)%2k)!
t3/2 16"(k!)2t"

mx (- l)k(zk)l
T2 Ziskkx 2k +1

1 3 5
='2_(1 o4yt 640x2‘_“—7163xs+"'>- (4.3)

Next we turn to the WKB expansion of E. The
integral equation corresponding to (2.11) is

o221 duzy(u) = gt/ 20~ y(u), (4.4)

where again €=1/v2x. Also, the equation corre-
sponding to (2.12) which relates the ground-state
energy E with the eigenvalue A is

E=VxmA. (4.5)

We have just derived in (4.3) an expansion for E
and the WKB series in (3.21) will give an expansion
for \. We must compare these two expansions.

Let us take Q(u) to have the general form

Q(u)=A+ Bu?, (4.6)
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where A and B are constants. For this ansatz S{ in (3.10), S} in (3.12), S} in (3.14), and S/ in (3.16)

reduce to

1
s(l)= "Q /2,

Si= - 3BQ"/?+ L ABQ™/?+ £ BQ~%/* - £ ABQ™*/?,

(4.7)
(4.8)

S;=%-BZQ1/2--1%—0ABZQ-1/2+ (-_Il-zAsz—;séBz)Q-S/2+%ABZQ'S/Z
+(Z B - ZAB)Q/* - SRABQT 2+ BB APBRQT (4.9)

128

Sé=_il—6-B3Q1/2+ 289 ABSQ-1I2+(G—133—ﬁ-AZB3)Q'S/2+(4—;§A333—-@EABS)Q'S/Z

15120 2160

2880

+(§£§AZB3—%Bs)Q'7/2+(%’ABS—31§A333)Q'9/2+v( 5013933 - 26299AZB3)Q-11/2

576 576 1024 768
12155 A3 3 386 487 -13/2 745425 A2R3~~15/2 414125 A3 pR3A=~17/2
4+ (L2155 o3p3 _ 386487 4 BS 4 145425 a4 . .
(12224 L AB)Q 22BA'BQ 2 A’B%Q (4.10)

An enormous simplification now takes place be-
cause @ is quadratic. Specifically, the contour
integrals are

§Q"/2du=o (n=-3,-5,-7,-9,...). (4.11)

The only nonvanishing integrals are

-217 §Q1/édu=§nAB-1/2 (4.12)
and

1 -1/2 -1/2 )

5 § QY du=1B", (4.13)

For our case @u)=3u>~X, so A= -\ and B=3.
Thus, after combining (4.7)—(4.13), the WKB ser-
ies in (3.21) becomes

T _1 1
-2-—-;(1;10\\/ 2)+ (I m2-1mV2)
+€(=L1mV2+ L mAV2)
64 720

+ (M2 = B AV 2) 40,
256

120 960

Multiplying this equation by v 2¢/(m\) gives

€ _ 1,2 17 4, 367 6, ¢
;'7'_—2_—1*-35 —m( +1209GO€ + . (4.14)

f
Finally, we use the relation

€=1/V2x
and

r=E/(mVx)

to transform (4.14) to the form

mo_ 1 1 367
2E " 24x T5760x2 ' 967 680x

—peee . (4.15)

To solve for E we must invert the power series on
the right-hand side of (4.15). The result is

E_ﬂ( L1 3 5 .
=2 \" T 24x T 640x% T7168x° T

. > , (4.16)
which is precisely the series in (4.3).

Thus, WKB theory gives the exact series for
the harmonic oscillator on the lattice in powers of
1/x. WKB theory also gives the exact eigenvalues
for the continuum harmonic oscillator. In Sec. V
we consider the WKB expansion for the lattice an-
harmonic oscillator where we do not expect WKB
theory to be exact, but to give a sequence of ap-
proximations to the exact expansion.

V. APPLICATION OF THE GENERAL WKB FORMULA TO THE LATTICE ANHARMONIC OSCILLATOR

From Refs. 1—-4 the high-temperature expansion on the lattice for the ground-state energy of the anhar-
monic oscillator defined by (1.1) is®

E=g*/32/3{In[2I(1/4Ww/x ] + 2Rx — 2%+ (- 2R°+ 2R)x*+ (- 14R*+ 3R? - 2)x*
+(= LR° —4R%+ ZR)x* + (64R° —36R*+ LR~ 2)x°+ (MR R" -~ 80R°+ £ R*+ 2 R)x"
8 6 4 >
+(396R% + 84R° ~ ZliogR + 2B R% B )x°+ (- BER°+ 1136R - 22 R°+ 1—;’3R3+ %FléR)x9
+( - 6656R"+ 3280R® — 192 R® ~ 202 % 180 R2_ 300,10

105 1008
- 161 280 pll - 6 9 44912 P7 - 11 852 p5 119153 3 - 3761 1
+( 11 R 4R + 15 R 15 R + 1575 R 1260R)x1
28 480 pl2 - 6 10 221 524 8 - 5456 P6 - 175799 p4 49 369 p2 - 7751 12, e e
+(Z£0R'? _ 36 128R'"+ 2122 R° - MR LI Rt+ BIWR )12+ +, (5.1)

where
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R=T(3/4)/T(1/4)~0.337989120.
Evaluating the coefficients in (5.1) numerically gives
E(x)=g1/32/%~% Inx + 2.553 534 65+ 0.675 978 24x — 0.5x%+ 0.4'0 054 28> — 0.464 990 22x*
+0.456 659 35x° — 0.431 354 225+ 0.379 547 374" — 0.294 484 96x°
+0.173 023 54%° — 0.017 163 21x° — 0.164 390 765 + 0,355 11252 24 =+ + ), (5.2)

Equation (5.2) is the analog of (4.2) for the harfnonic oscillator.
What does WKB theory predict about the large-x behavior of the function E? To answer this question
we substitute

Q(u)=A+ Bu*, (5.3)

where A and B are constants, into the expressions for S} in (3.10), S/ in (3.12), S} in (3.14), and S} in
(3.16). The results are

Sé= _QI/Z’ (5.4)
St=Bu- L @/%+ 2AQ7M/ 2+ @ %/~ 2 4Q™%?), . | (5.5)
Si=B[2Q* - 8AQ!/*+(HA®- DQ7/*+(94 - 2AN)Q™%/ %+ (14 - 17479Q™/*
-7/ - -
+(—f—A3—-5%A)Q 7 2+&889A2Q 9/2—¥A3Q 11/2], (5.6)

Sé=32uz[_§15_3_25§Q3/2+'_7;_95§AQ1/2__(§§A2+ %)Q'1/2+(%§§-A3—- %A)Q'S/Z-F(%‘;zAz—%A" _}_g_z)Q-s/z
+(4_565§A_6_35‘43)Q-7/2+(1L95A4_2463A2+ 671)Q-9/2+(331:;71A3_ 424959A)Q-11/2

+( 3308141A2 - 121:55A4)Q-13/2 - 91i6W5A3Q~15/2+ 41:;25A4Q-17/2] . (5‘7)

Next we evaluate the contour integrals in the quantization condition (3.21), taking A= -A and B=4. The
results are

51; fsg(u)du=§% V2maA3/e, (5.8)
= § SHudu=RVET (224 - 1A721%), (5.9)
1 ’ _m 6L _37/4, 5 y=1/4, 11 y=9/4

% §S4(u)d1l——§—(—mh +E7\ +6171)\ ), (5.10)
. Sifu)du=RVET(BA/4 L NS4y 825114, ey -is/4) (5.11)
% 6 8100 960 5120 245 760 : :

Inserting (5.8)-—(5.11) into the WKB series (3.21) and simplifying, we get

71 1, :
== A\3/4¢2(2)5/4 _ L )=3/4 4 _ 61 37/4, 5 y=1/4, _11 y\=9/4
i sph’/ e S AT OR+ €= STty TRy )y )/R
6( 250939/4 _ 733y31/4 83 y=7/4 4697 =15/4 PP
+ € 8100)‘ 9eo>‘ + 5120)‘ * s 760A R+ ’ i (5.12)

which is the analog of (4.14,) for the harmonic oscillator.
Following the approach we took in Sec. IV for the harmonic oscillator we eliminate the expansion pa-
rameter € in favor of x using

e=1/Vax

and we eliminate A in favor of E using
A=g-1/3x-2/3E-

[This last equation follows from (2.12).] For simplicity we define the dimensionless quantity
F=Eg=/3,

In terms of the new variable F and x, (5.12) becomes
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4 R . 4R ; ) ( 11
L VK S el 3/4, XV p5/4 =4/3
ﬁ-3RF3 +(4F +5F5 X +'7§614

4697 83R F~"/%~%/3 133R . 2509R .
+< F15/4 I;\l./4x 8/3+ F9/4x 4>+--o,

491520 + 10240
which is the analog of (4.15).

~1920

Fo/%y

61
2520R

Fri/4=4/3 _ F7/4x-a/3>

192R

16 200 (5.13)

Observe that (5.13) is much more complicated than (4.15) because the eigenvalue F appears implicitly
rather than explicitly. Each term in parentheses corresponds to an additional order in WKB theory. Thus,
if we solve (5.13) for F as an expansion in powers of 1/x (or, more precisely x~*/%) then unlike (4.16),
every coefficient of this series continues to change with each new order of WKB theory.® Specifically,
solving (5.13) for F to Oth, 2nd, 4th, and 6th orders in WKB theory and multiplying by g'/? to obtain E

gives

Eopn order in WKB=g1/s(o'34_4 12688+ ) ’

Esnd order 1n wkB=&

Note that (5.14)-(5.17) are converging to a ser-
ies representation for E(x) in powers of x™*/:

E(x)=g1/3 Z a"x-u/s .

n=0

(5.18)

However, the convergence is in an asymptotic
sense. That is, each coefficient of a given power
of x~*/% in the series (5.14)=(5.17) approaches the
corresponding coefficient in (5.18) for a while and
then veers off. For example, the eigenvalue of
the continuum anharmonic oscillator is E(«)=a,
~(0,420805. Second-order WKB theory gives the
best approximation to this answer and as the order
of WKB theory is increased the approximation to
a, gets poorer. (Note that for eigenvalues larger
than the ground-state energy the accuracy of the
WKB series is dramatically improved. See Ref.7.)
Thus, in order to extract better results from the
WKB series, it is necessary to use a summation
procedure. We discuss one such procedure which
uses continued fractions in the Appendix. From
the information we now have we believe that it is
likely that the series (5.18) has the following prop-
erties: (i) It is alternating. (ii) It is rapidly con-
vergent (@, is roughly ao/ 10 and g, is roughly a,/
10). The series in (5.18) is the analog of (4.16) for
the harmonic oscillator. It is also the complement
of the series in (5.2) in the sense that it gives the
large-x rather than the small-x behavior of E(x).
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1/3(0.389 215 68 — 0.020 39245x"%/3 4 22+ ),
Eypn orcer 1n win =&/ %(0.377 65978 — 0.046 439 09x™*/°+0.006 283 075~°/%+ + =+ ),
Egh order 1n wxa=8 "/ %(0.31253548 —0.21200319x"%/% ~1.030 631 08x~%/2 - 12.9171729x %+ +++ ).

(5.14)
(5.15)
(5.16)
(5.17)

r
APPENDIX

In this Appendix we show how a summation meth-
od can improve the predictions of the WKB series.
We investigate here only the WKB series for the
continuum case (that is, the series with x= ),
Using the results from Ref. 7 the WKB series in
fourteenth order for the ground-state energy is

4 .. R 11 469TR . /4
Vi=gg F¥*-3 *6144R 2915307

390065 53 352893R
234 881 024R 1610612736

122528437805 55/
*9070970929 152R

37089126931 059 R
*+ 57174 604 644 352

F-3/4 F-9/4+

F-el/a Fral4

F'39/4_¢-o’ (Al)

where each new term on the right-hand side of
(A1) corresponds to one new even order of WKB
approximation.

The exact value of F is 0.420805... . The WKB
approximations to F are obtained by truncating
(A1) and solving for F. The sequence of solutions
for F ultimately diverges:

Oth-order WKB F=0.34,
2nd-order WKB F=0.39,
4th-order WKB F=0.38,
6th-order WKB F=0.31,
8th-order WKB F=0.45,
10th-order WKB F=0.56
12th-order WKB no positive roots,
14th-order WKB no positive roots.
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The following summation procedure makes a
dramatic improvement. We rewrite (A1) in the
form of a power series in F~3/2,

o " 3R .
143 A For/2=ma Frolt
n=1
and convert the left-hand side of this divergent
series to a continued fraction

1
1+ GF32
14 CaF 22
1. G2
j P

=§§- Vo Fe3/, (A2)

The first seven continued fraction coefficients
in (A2) are
C.= 3{%—2 ~0.02141937,
C.= 11 — 288R*
27 1536R2
C.= 605 + 450 912R*
37 -84 480R?+2 215 840R"®

~0.04127031,

~-1.0214191,

C,=2.2813215,
C,~-2.1294168,
C,~2.2263076,
C,~-5.6394873.
Next we solve for F by truncating the continued-
fraction expansion. Now, rather than diverging,

the solutions for F could well be slowly converging
to the exact answer for F:

Oth-order WKB continued fraction F=0.344127,
2nd-order WKB continued fraction F=0.385748,
4th-order WKB continued fraction F=0.380225,
6th-order WKB continued fraction F=0.387760,
8th-order WKB continued fraction F=0.377142,
10th-order WKB continued fraction F=~0.385461,
12th-order WKB continued fraction F=0.379919,
14th-order WKB continued fraction F=0.386271.
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ing with Euclidean-space functional integrals.

b1t is easy to show that this operator is a Hilbert-
Schmidt operator and therefore has a discrete spec-
trum. Moreover, we are using the almost obvious
facts that 1 is not orthogonal to | 0) and | 0) is nonde-
generate. If ¢(u) satisfies (2.9) and is not everywhere
positive or everywhere negative, then

fdu e 160 1Q 16 ) | > o> fdu e ] ) |2,

This means that ¢ cannot be an eigenfunction with ¢
maximal. Therefore, if ¢ satisfies (2.9) with ™ max~-
imal, ¢ is not orthogonal to 1 and also ¢ is unique up
to a multiplicative constant.
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