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It is shown that the path-integral quantization of a magnetic-monopole string Lagrangian can be carried
out in the A° = 0 gauge without imposing constraints or fixing the gauge completely. Longitudinal modes
and the string variables associated with the gauge freedom are not eliminated, but the quantum fluctuations
of these variables are integrated out in the Feynman path integral, and the electric Coulomb interaction
potential and the charge-monopole interaction potential are obtained as effective potentials. The constraints
are imposed on the state vectors. It is shown how to construct such state vectors obeying constraints at all

times by using the path integral.
1. INTRODUCTION

Path-integral quantization.for theories with first-
class constraints is usually done following the
method of Faddeev and Popov.l In this method one
imposes the first-class constraints on the phase-
space path integral and also fixes a corresponding
gauge. However, it was shown by Gribov? that in
non-Abelian theories there are ambiguities in
gauge fixing. Several authors have tried to over-
come this problem.s One such method was suc-
cessfully used by Chang* for the case of ordinary
electrodynamics with point electric charges. In
this method the A, =0 gauge was used but the Cou-
lomb gauge V*A =0 was not imposed on the path
integral. Longitudinal modes associated with the
latter gauge conditions were integrated out and the
Coulomb interaction between electric charges was
obtained as an effective potential.

In the present paper we will use the above method
for another Lagrangian., The Lagrangian contains
massive strings in addition to point electric charges
and vector fields. In the limit when the strings be--
come massless, we have effectively the Dirac La-
grangian® which describes a system of electric
charges and magnetic monopoles. As in Ref. 4 we
use the A, =0 gauge but we do not impose the gauge
V:-A=0. We obtain the Coulomb interaction be-
tween the electric charges as before. We then in-

vestigate the limit in which the strings become
massless. In this limit the string variables be-
come gauge variables. However, in the path inte-
gral, we do not eliminate these gauge variables.
The interaction between monopoles and electric
charges is obtained as an effective potential after
integrating out the string variables.

The content of this article is organized as fol-
lows: In Sec. II, we discuss the classical dynamics
and find the Schrodinger state vectors satisfying
the constraint equation. In Sec. III, we discuss the
path-integral quantization. We carry out the mo-
menta integrations and the integrations with respect
to the longitudinal mode variables associated with
the gauge freedom. We also discuss the time evo-
lution of the Schridinger state vectors that satisfy
the constraint equations initially. In Sec. IV, we
consider the limit in'which the mass of the string
becomes zero. We integrate the string variables
associated with the gauge freedom in this limit and
find the time evolution of the state vectors satisfy-
ing all the constraints including the ones that ap-
pear in this limit, This gives us the effective ac-
tion. Section V is devoted to some concluding re-
marks. In Appendix A we introduce new variables
and write the action in a form convenient for eval-
uating the path integral. Schrddinger state vectors
satisfying all the constraints are derived in Appen-
dix B.

II. LAGRANGIAN AND STATE VECTORS SATISFYING IMPLIED CONSTRAINTS

We consider the following Lagrangian:

L=- ifFu,,F“"d%c +1Y m T+ %E[pb(c);f,,(o, TVdo -9 e A7t
a b a

where

Foy=0,4, = 0,4, +1€,, 2.8, f(&?yé" - 953 e(0)/216%(x - y)dodr,
b

20

(2.1a)

(2.1b)
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and y,(0, 7) are the coordinates of the sheet spanned
by the string, y, and y; are the derivatives with re-
spect to the timelike parameter 7 and spacelike pa-
rameter o, respectively. 7, () are the coordinates
of the electric charges. m, and e, denote the mass-
es and the magnitudes of the electric charges. g,
are the monopole charges and p,(o) is the mass
density of the string y,(0) such that

pp(0)>0 for allo and b. (2.2)

Notice that apart from the fact that in the La-
grangian (2.1a), electric charges and strings are
nonrelativistic, L differs from the usual Dirac
Lagrangian®'® in that we have introduced kinetic
energy to string variables. In Sec. IV we will con-
sider the interesting limit in which p,(0) =m,0(0).
In this limit L goes over to the usual nonrelativistic
Dirac string Lagrangian. However, in this and the
next sections we will assume (2.2). The reason for
this is twofold: First, the path integral over the
string variables becomes well-defined, and second-
ly, we will avoid the constraints corresponding to
the string variables and thereby we will avoid the
problem of imposing these constraints on the path
integral, as we shall see in Sec. III.

H=Zﬁa‘;a+zb:[ﬁb(o)'§,,(o)do +f17'Kd3x—L

"iables A*(x), vi(o,?), and 7i(z).

For the development of the Hamiltonian formal-
ism, it is convenient to identify 7 with real time ¢
and we will also set y%(0,#) =7%¢)=¢. To obtain the
Hamiltonian we calculate the canonical momenta
T,(x), Myi(0,t), and p,;(¢) corresponding to the var-
From L we obtain

Tru.(x) =—F0u.(x) ) (2.3a)

- €(0)>, -+, >

10) =8, LG x7(F) + i), (2.30)

De =1, T, +e,AT,) . (2.3¢)
The only primary constraint is

'n'o(x) =0 (2.43.)

Because of (2.2) we do not get any constraints
from (2.3b). However, as was pointed out earlier,
in the limit when p,(0)=m,5(0),

- - €0) >, -~
X, (0) =n,(0) +gr-(2-)yb><W(yb) =

0 for o +0-(2.4b)
also become primary constraints.® We will take
care of constraints (2.4b) in Sec. IV when we take
this limit.

The Hamiltonian then becomes

= f dax[iF,- ;) +5m(x) + (3- T +; e, 0%(x - F,,))Aa(x)]

+22

where v(x) is the Lagrange multiplier correspond-
ing to the constraint (2.4a). When we require that
my=0 be preserved in time, i.e., its Poisson
brackets with H vanishes weakly, we get the follow-
ing secondary constraint:

VT +Y e Y& -1, =0, (2.6)

Both the constraints (2.4a) and (2.6) are first
class. Moreover, one can eliminate A" and 7° from
the theory without changing the dynamlcs in any
way. This can be seen by the fact that A° (x)

=[H,A"%x)]ps =v(x) is completely arbitrary. There-
fore, in the following we will use the A, =0 gauge.

We will impose the first-class constraints on the
state vectors but not on the path integral. In other
words, in evaluating the path integral we will not
use the first-class constraint equation but once the
path integral is evaluated, we will use it to find

Fu-e BT+ [ 0) + 0, 2507 ) o+ S,

(2.5)

the time evolution of an initial state vector which
satisfies the constraints. For consistency, the
final state vector must also satisfy these con-
straints. In view of this, we will find the subspace
I of the Hilbert space 3C of state vectors such that
any state vector § € I satisfies the constraint (2.6)
i.e.,

[3- T+ e,0%x - ?a)]zp =0.

To find this subspace I we find a differential
operator corresponding to [V T +Eae 88 (x 1,)] as
in the usual canonical procedure. For this it is
convenient to go over to the normal-mode coordin-
ates defined by expanding the fields A(x) in a large
cubic box of volume £ =(2L)3

)

(2.7

A0 =2 GuOon), (2.8)
kx
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where
1 > -
ool [(1 +2) cosk*x +(1 =) sink* x]

PirX) = for k#0, rx=+1

1 -
sk for k=0, x=0,

ke{ ’Z’,im“ Wy myn, =0, 1,2,3,...}.
For K+ 0 one can decompose g, into the longitudin-
al- and transverse-mode coordinates q’k:x and qg,
respectively, as follows:

qkl—kqu—‘-qu! k q‘ =0.
In the Schrédinger picture the canonical momentum
m(x) in terms of normal-mode coordinates then be-

70 =22 @ (R 5o+
k#)

Using (2.9) in (2.7), one obtains the solution*

¥(ak ) ) =fUak ) rDuce) (2.10a)

where £ symbolically denotes all the variables
d» doos ¥5(0), and T,, and

ST} oot 5a
X)),
9q;, 008 34,0 (2.9)

fagh it = exp[% go: %e 050k x(i,)], (2.10b)
na

and z,-b is an arbitrary function of the indicated var-
iables. Equations (2.10a), (2.10b) define the sub-
space M. In the next section we will evaluate the
path integral partially in order to investigate the
time evolution of a state vector ¥ € M. For this it
will be sufficient to carry out the integration with

comes respect to all the canonical momenta and the q{-‘v

III. PATH-INTEGRAL QUANTIZATION

We write down the usual phase-space path integrélf The functional integration variables are K(x), m(x),
v5(0,8), r,(t), 'r),,(o t), and p,(f). The path integral is
p (o, tg)
[ a5

ra(tz) o
()] f dA(x) f a7 @] f af, [ ag.J] oo
xexp[ﬁ dt(Z@'h"‘E[ﬁ»'%do+f77'Xd8x'H>]’ 3.1)

where H is given by (2.5) with A, —170_0 Notice that we have not included the Lagrange multiplier term
corresponding to the constraint [V T +Z)aea6 (x r,,)] in the Hamiltonian H. In this respect our approach is
different from that of Faddeev and Popov.! In their approach one would introduce the Lagrange multiplier
with the above constraint in the path integral and would fix the corresponding gauge (V'A=0). For the
Abelian problem under discussion, the two procedures will yield the same results. However, in view of
the well-known Gribov ambiguities in the non-Abelian theories, we would like to pursue our procedure of
not fixing the gauge completely.

dnb(cr)

A. Integration over the momentum variables

All the momenta integrations are just Gaussian mtegrals and the result after carrying out these integra-
tions is
A(x,tz) -

Fylty) Fplonty)
K(tz,t,)—H f iDA(x)H f it :Dran f (q'tl)‘Dyb(O t)exp<ﬁsm>,

where S, is the action f :det,

. . 2 . . .
- - - - = €0 -, - - - >
L= f d3x[— iRt +%<A -2.8 f beyiés(x—yb)—(z—ldo) ]+§:eaA(ra)'ra+%§ RESED I f psYp'do . (3.2b)
b a a b

r
ty < . "
By, E-ft dT;gbfyb(o,T)xyi(o,T)-k
1

X(,'bh(;b(o, T))i(zg;zdo » (3.3b)

(3.2a)

B. Longitudinal-mode path integration

To carry out the integration with respect to the
longitudinal part of A(x), it is convenient to go over
to the normal-mode coordinates defined in Eq.

(2.8). To write the integral in a convenient form, = _r f N e(o’) 3
we define the following variables: Qi =dk +2gbk Vs }kdz(Js) —5—do,  (3.3¢)
o
Qf, =af, + Bf (3.32) Quo= q00+22gb¢OOIYDXYb « )dU ) (3.3d)

Ex?
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A 2 s el e
gzzngszkﬁbi-x(zb), z, =Y,(0,1), (3.3¢)
b
Jzillgzea;a. ’;qsﬁh(;a)» ) (3 .3f)
a
(3.3g)

jgxgz:ea;aq)ﬁl(;a) .
a

Using these variables the path integral (3.2a) can
be written as (for detailed proof see Appendix A)

I ) £ty
K(ty,ty)= Ef n DEGXP(h_Szt)- (3.4)
()

k;o q! (tl)
Here by f SDE we mean 1ntegrat10n over all the var-

iables qg,, dgg» Ys(0), Ta. Sy in (3.4) can be written
in the form of a sum of terms,

Sy =9 +Sgy + S5y + Sy + S5y +S5 , (3.5)

where sg, contains all cfoo terms and is given by

t2 3 < :
0 > .
Sy = f dt [%Qoo2 +3Qu0. 0 80P 007, X 7
ty 5

+;ea§a.600¢00}‘ (3.62)
Sg‘ibcontains all g%, terms and is given by
st= [ ar Y 20k + 7hQk]
o ER
> x(tz)}:eaksbk-l(ra(tz)) (3.63)

k#O

S3 contains all q7, terms and is given by

kx

Iza;O qf).( tl) T

. ta 3 2 -
shi=J ar[HQE) +Qh G,
tq E;o

- $RQE)’ + T Qi - (3.6c)
S3; contains all the ¥,(0), o #0 terms that are not
included in SJ,, Sf;, and S%;:

ta ke
Sgl‘_-f dt[%Zpbybsz
tl b
e.8 xY! Y e(o) ]
+ Z28b _b.a___rb.n.a_b_a
»; 47 1 Y5,

(3.6d)
with
(3.6e)

Finally S3; and S3; contain the remaining r,, and z,,
terms, respectively:

. t 2
S5 =f 2dt-é—Zmar.f ,

Er& s
Shy= f -3 -,—z"b—"—f—nf_;c%f]- (3.62)

In the last expression we have dropped the time-
independent infinite Coulomb self-energy terms of
monopoles.

Now we carry out the integration with respect to
the longitudinal-mode variables g%. Since only Sk
contains ¢f,, we can take out all the other terms of:
the Sy outside this integration. S, is the action
corresponding to a zero-frequency-mode particle
subject to an external force term J% and the path
integral for this case has been worked out, for
example, in Ref. 4, Making use of the result from
Ref. 4 one can write

Yba5§b(°) - ;a o

(3.61£)

t 2
B(t2) - Qh(t1) —Zeaz‘-ft 1 Zdtd’i-x(;a))

o& (t2)
1
DgF, ex SL>_—_ “—-——-——m (
o5 p(”i rz;eo[ ity — )] 2T L

2(t2 - ti)

X PR D (@B}t Dexo( f U e

Xexp[ Z Ex(tz)zeak bi- )(ru(tZ))]

Sanlr, -1,

3.7

Making use of (3.3a) and (3.7) in (3.4), we get for the path integral

£ty -
K(tz»t1)=f D¢ exp[ (S5 + Sy + Syy + 5, +S§,)]
(

{82

mmexp anty) + Bexta) - ah(ty) - Zea f dt¢k-x(ra)
[ (t2 =1,)] k

xf({qmtz)},{i,(tz)})f* Hab )T Le)D,

(3.8a)
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where

- [t .
S§1=5§1"f at ), —5%

s = .
ty a>a’' 47Tlra"ra' I

(3.8b)

The second term in (3.8b) is the electric Coulomb interaction term where we have dropped the time-in-

dependent infinite self-energy terms.

C. Time evoluation of state vectors belonging to 91

Time evolution of a state vector ¥ ({g§,(¢,)}, &(;)) is given by

Ab({qllix(tz)},E(tz))=fd§(t1)z:qu{‘x(h)K(tz,tl)‘P({qlﬁx(tt)},§(t1))v
E:O

If (g5t} &(#,)) €I, then from (2.10a), (2.10b)-
we see that ¥({gZ(¢,)}, &(#,)) contains a factor
FUak ()}, {r(t,)}), which cancels with the term
gk ()} ATa(t,)}) in K(ty,4), and the gf(t) in-
tegration becomes a Gaussian integral whose val-
ue is one. Thus

ll)({qlﬁ.'x(ﬂ)}, £(t2))=f({q§x(t2)},{;,,(t2)}) le(&(tz)) s

(3.9a)

where
D(E(t))= f dE(t K (g, t)D(E(E)) (3.9b)
and
. E(ty) i w0 ) A
K(tz,tl)'—'f D¢ eXP[%(Szt + Sy + 831 + Sy +321)]-
ety
(3.9¢)

R(t,,t,) is the effective Feynman path integral,
which does not contain any longitudinal-mode var-
iables. Equation (3.9a) implies that the Schro-
dinger wave function, which initially satisfied the
constraint Eq. (2.9), will continue to do so at all
later times. The Coulomb potential [in (3.8b)] be-
tween electric charges is obtained as an effective
potential by integrating out all the longitudinal-
mode variables.

IV. PATH INTEGRAL AND THE EFFECTIVE
ACTION IN THE LIMIT OF MASSLESS STRINGS

In Sec. II we noted that in the limit

there are additional primary constraints (2.4b), 1t
can be verified that these primary constraints do
not give rise to any secondary constraints, when
the condition that these constraints be preserved
in time is required. It can also be verified that the
set of constraints (2.4a), (2.4b), and (2.6) form a
set of first-class constraints, that is, the Poisson
brackets among these constraints vanish weakly,
provided the electric charges do not lie on the
strings. We will assume that the latter condition
holds. As before, we will impose these additional
constraints on the initial state vectors and then,
using the effective path integral K(¢,,4;), we will
find out how these initial state vectors evolve in
time. :

We also note that a naive substitution of (4.1) in
K(t,,t,) will give rise to infinities. However, we
will follow the consistent prescription of taking
the limit (4.1) only in the effective path integral,
that will be obtained after finding the time evolution
of an initial state vector, which satisfies all the
constraints. In this way the infinities will not ap-
pear. To do this we will carry out the integration
in R(t,,t,) one step further,

A. Path integration over the string variables in
K(t,, ty)

To carry out this path integration it will be_con-
venient to consider the set of variables (Qf,,Qqq,
¥4(0),T,) as the independent variables instead of
the original independent variables (q%,,dyy,¥5(0), To).
The path integral (3.9c) can be expressed in terms

pp(0)=m (o), (4.1) of these new independent variables as follows:
1
- X2 Vplosty) i _
K(tz»tx)—“-f DXII_{ Dy,(0) exp[%(sg, + 8% + 3y + 55 + ng)] s (4.2)
Xq o%0 p (9r21)

- - - - X
where, for brevity, we denote by x all the variables Q%, Qo> Zp, T, and by fxfs)x we mean

dg(tz) - Qoott) Zy(tg) Talty)
2Q%, DQ IbI f D7, f DT, .
Ik%)f 00, A bH " a

LT K
Qp, ¢t Qootty) p(ty) @ 7 Tg(ty)
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S3is Sh, S%, and S% do not depend on ¥,(0), ex-
cept for 0 =0, Therefore, these terms can be
taken out of the 1.,/ Dy,(0) integrations. Only

3 depends on y,(0) (0 #0) as can be seen from
(3.6d). We first consider the last term in (3 6d).
We note that

% - ftz f*w §ba Yab
Qpalty, ) =% i at | oG8 Yoa (4.3)
1
are the solid angles subtended at the origin, by the
sheet spanned by the semistrings Y,,(0) (c =tlol),
when they go from Y,,(0,#;) to Y,,(0,¢;). These
solid angles will depend on the boundary of these
sheets [that is, on Y,,(0,#), Y50 ,%,) and the path
of Y,,(0,%)], as well as on the number of loops the
sheet makes around the origin. For example, if
for 0 >0, Y,,(0) while going from Y,,(0,#;) to
Y,.(0,%,) loops around the origin once, then com-
pared to the case when no loops are made,
Qy4(ty, 1) Will get an additional factor of 4. How-
ever, since in the integrand in (4.2), Q;,(¢;,%;)
appears in the form

i + -
exp(%zgfl[ﬂba(tz, tl) - QIm(tZ’ tl )]) )
b,a

the additional factor in 5,(f,,#,) will modify the
integrand in (4.5) by a phase

a8
exe: 448,

Yb(an:tz) - ;b(on’ tl)]z

This means that if Schwinger quantization condition

e.8y=2nh, n=0,+1,+2,,.. (4.4)

is assumed for all a and b, then this phase factor
in the integrand in (4.2) will be just unity. In the
following we will assume that the Schwinger quanti-
zation condition (4.4) holds for all ¢ and . There-
fore, the term

i e, + -
exp(— gb[ﬂba(tz’tl) —Qba(tZ,tl)])

can be taken out of the no:(}f Dy,(0) integrations.
The only remaining term in the integrand (4. 2),
which depends on the path of ¥,(0) (¢ #0), is the
kinetic energy term

i ty =
exp(—Z [Caf %pbyfdo).
h— b ti

To carry out the integration we discretize the
string variables as follows:

o,=nldo, n=0,+1,+2,...,
1 [ RIN ] (4-5)
=— do X
Pon 2o 0,00 /2 Pb >

where Ao is a small real number., Using (4.5),
and noting that the resulting integrals with respect
to ¥5(0,,) (2#0) are just Gaussian integrals, we ob-
tain the effective path integral K(t,,t,),

(4.62)

st Tl

where

X(ty) )
K(ty,) =f DY exp[ (ST, + 8% +85 +S3 + 531)] ,
xtty)

where (4.6D)
- & 3
SE =S5+ Aof At 5052y (4.6¢)
t b
and !
St =2 2B [ (1, 1)) = ulty, )] (4.6d)
a,b .

B. Time evolution of state vectors satisfying all
the constraints

Let 91t be the subspace of state vectors satisfying
both the constraint Eqs. (2.6) and (2.4b). Clearly
gC 9. Any P €9W is given by (see Appendix B for
proof)

vlaht &) =fUak}{TDice) ,

(4.72)
where
3(E) =FUY,)0(x) » (4.7b)

—tl )E(tz,ﬁ):

where X denotes the variables —Q’n, 600, r,, and z,,.
zp is an arbitrary function of these variables. le,
Qoo: Y,,a, and f are as defined in Egs. (3.3c), _
(3.3d), (3.6e), and (2.10b), respectively. F({Y,q})
is defined as follows:

e - - -
F(JIYba} exp(ﬁ = agb Q’ (Zb i +§2’Yba)
a,

- Q-(Eb - ;n + ;1)0: Yba)]) )
(4.8)

where %z, - T, +70, Y,q) are the solid angles sub-
tended at the origin by the sheet spanned by the
semlstrlngs Y,,,,(o) (0 =%lol) in going from z, - 1,
+y%0) to Y,.(0) along paths which without any loss
of generallty can be taken n to be straight lines
joining z, - T, +y%(o) and Yb,,(a) for each o, yb(o)
is an arbitrary fixed string such that y2(0) =

Now ¥ € 9 is also contained in 9. Hence as
shown in Sec. IIIC, if at t=¢, €3, then  at ¢
=1, is given by
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p({ gk (1)}, £(2,)
=F{af, (1)1 {F, (LIDHDCEL),

where

(4.9a)

CEE) = fdx(t )BCx(£))

fdy,,(on,t VK (t,,t, F({Yba(t ).
(4.9b)

méo

In obtaining (4.9b), we have used Eq. (4.7b) in
Eq (3 9b) and have also changed the variables from

(qi)\:qoo,Yb:r ) to (QEMQOO;Y}): ) in the I‘lght- -hand
side. From (4.6a)—(4.6d) one can see that K(t,,%;)
contains a factor exp[(i/7)S3], which together with
F{Y,(t))}), gives

PP exp( 2 1380, 1) - 2%, 1)

233(¢5,1;) are the solid angles subtended at the ori-

gin by the sheets defined by Eb(t) —T,(t) +¥%0o), with

telty,t,] and 0 €|0, 1], Since (o) are fixed
strmgs Q:%t,,t,) depends only on the path of Z,,

- T, and consequently terms involving ix(ta,ty) can
be taken outside the Hmeo f dy,,(c",t‘) integrations.
From (4.6a) it can be seen that the integrations
with respect to y,(0,,%;) (2#0) in (4.9b) are just
Gaussian integrals and their values are just one.
The final result is

(&) =F (Woalt)DT((12), (4.102)
where
T = f ax(t K it 0F(1)),  (4.10D)
(t9)
eﬂ tZstl) fx 21))( exp( eﬂ); (4.100)
Shif =% + 57, +521 +85 + 8%, (4.10d)

e, + -
Si =Z Sfb (50082, 2y) = Q0(t5, 1))

dtZe“g” (Zy T

t1 a,b
fd €(0) "O'X(Z -1, +y9)
IZb - ra +-Yb’ )

(4.10e)

When we compare Egs. (4.9a), (4.10a) with Egs.
(4.7a), (4.T0) we see that at #,, $ €. If we now
take the limit (4.1), that is p,(0) =m,d(c), then

Ao/ 2
Pro = mp0(0)do =——
=) pesy ™ (o)
In this limit, therefore, Eqs. (4.10a)~— (4 10e) re-
main the same, except in Eq. (4.10d) S% will have
to be replaced by 5%, where

ty 0 b b

ty -2
5 _f at|. ) 3CE -3 —Ep&er
a [@2 kX z‘i‘n’le—Zb:l
A

+Z§m,,2,,2], (4.11a)
b
and the effective action is given by

S5t =Sy + 57, + S5, + 55 + 5% (4.11b)

To compare the effective action (4.11b) obtained
above, with the usual action for theories with
monopole strings, we choose y%(o) =70, where 7 is
a fixed unit vector. We also take the static mono-
pole limit, m,—, Z,=0. In this limit G ~0,
and

S 80’
4Tf|Zb "'Zbrl

becomes a constant which can be set to zero. For
simplicity, let us consider a single monopole situ-
ated at Z; =0 and a single electric charge at r.
Further, if we ignore the terms involving Qn and
Qq, that is, if we neglect the radiation effects,
then the effective action (4.11b) becomes

Sst:f‘zdt[% =2 +i_g_f[iﬁri%l]_

t T —=(n"7)

This is the usual action for a nonrelativistic elec-
tric charge in a static monopole field and has been
studied in detail by Balachandran et al.?

. V. CONCLUSION

In view of the Gribov ambiguities associated with
gauge fixing in the non-Abelian theories, we pur-
sued a different approach to quantize gauge theo-
ries. The main feature of this approach is that
the gauge is not fixed completely and the first-class
constraints are imposed only on the initial state
vectors and not on the path integral. This approach
was used by Chang? for the case of electromagnetic
field with charged particles. In the present paper
we have used the same method for a more compli-
cated but Abelian Lagrangian involving monopole
strings. The complication consisted in the fact
that besides the Gauss’s-law constraint we had
additional constraints corresponding to the string
variables. The former constraint was handled in
the same way as was done in Ref. 4. For the latter
constraints, we first introduced a kinetic energy
term to the string variables and thereby removed
these constraints from the path integral. However,
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APPENDIX A

In this appendix we will derive Eqgs. (3.5), (3.6a)-(3.6g). The Lagrangian (3.2b) in terms of the normal-
mode coordinates defined in Eq. (2.8) is

E[ zkz%x ‘Z &b foXYb qEA(pkx(Yb dO +Z ear A dn(T,) "Egb}\IYb kxqf—— ; )¢E -A(Yb)dc]
fas [ (Zg»f Vs X750%(X - yb)—dc> (Egb [0 -3, ——ldo) ]
DN EIED W FXORS (a1)

Here fdo is carried out over those values of ¢ for which }7,,(0) is in the volume 2., We also fix the strings
on the boundary of the volume 2.

We note that in the limit @ -, replacing the sum by an integral over ﬁ, we obtain

2 o5D0a()— OG-, (A2a)
1

%: ¢ER(X)¢1:A(Y)-—"'—_76 xX-y)= “TE=3 (A2b)

Z Y 6 (BB s (F)—m Vo 0%(% = 5) ———1———-=——~=~;§'§ (A2¢)

MEZ R iy P x'V‘;Z' y)= -yl

A

We first consider the first term in f d®x in Eq. (Al). After integrating with respect to X and using (AZa),
one can write

JER) DPY ERTEIRALCIN 5 1 ) DRy P L ST PR 49
Similarly
fds [Egb fy’)5 (& - Yb)—'—do] : [Zgbfdo Yb¢kx(Yb)] (A4)

Substituting (A3) and (A4) in (A1) one gets
> -, - €0 2 - - ~ €0 2
L= };;%[QEA - Zb: gbfo beQbEx(Yb)‘%-)dU] - ;0% k x[ﬁ;‘ + Angfyw)i, -x(Yb)_gz_)dU
py
+_ZZe o GatnlF) H 3 mA 43 Y oo (5)

Here we have dropped a term proportional to ¢, because b0’ goes as 1/L3, whereas the coefficient of

boo’ namely H20, 2,70 [€(0)/2] dcr}2 goes at most as L2,
We define new variables for K+0 as

Qéx=qfx+3§'xs (A6)

sh=-2 f a7 a0 S5, (1) x54() B G, (am
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and ‘
ng Eﬁ% + ng ) - (A8)
Dh —Z:gb k]Yb xk¢k (¥5) ‘udo . ’ (A9)

Differentiating (A9), with respect to time and carrying out partial integration with respect to o, we obtain
Dn—z g"k[f ("’“Y»xk(pi-x(%)) do - bek¢k'x(zb)
fdo——" xk"-ﬁ,\¢-(’)+fd 0N 5t i, Brdi 5
- PERAARL al¥s 0 Yo kY l¥s) |, (A10)

But jr’b at the end points of the string is zero. Therefore, if we define

thE;gb%ébe¢i‘x(_ib) , . ' (A11)
then from (A10) and (A11) we thain

B +8, = x[T g, fa S5, x50 xhosin . (a12)
Using the new variables we can rewrite the first term in the right-hand side of (A5), for K+#0, as

[fa-Tafi, S TCAL PN PN S R (a13)

Using the definition (A8), (A9) and partially integrating with respect to o, we can rewrite the second term
in the right-hand side of (A5) as

S[exan T f fioea0 Lo | 'Zmu +Z—z[ 5of (6602 a0 - Zason|

—Zk I DR LT L . (A14)

2
k#o by>by 4m lzb1_zb2|

where in the last step we have used (A2b) and the fact that as @ —w, 1/1Z, -§,| =0, if ¥, is the point of the
string on the boundary of .- We have also ignored the time-independent self-energy terms of monopoles.
Next we consider the third term in the right-hand side of (A5), for k#0:

ZZe T, dndi(fa) = E b+ Qb Tia - BhJh - DTl (A15)
where

T =Za:eu?a¢a(?a) , | (A16)

Fh=Ye i, hon(f) =5 L et (a17)

Now the third term in (A15), using the definition (A7) and (A17) and integrating partially with respect to
time, can be written as

d A - .- -, = A - - €0
EB Ex"‘ [dtzea;Bi‘@h(ra) +ZeagbIYDxYé'k?d)il(yb)d)E‘x(ra) (2 )dO']
0 a a,b

£#0
A
—%ZZ%%BEM-JL) Doy i h—s—z—LI - ,Y ) \ (a18)

where Y,,a(o) ¥5(0) =T, and in the last step we have used Eq. (A2c). Slm1larly using the definitions (A9) and
(A16), and the relation (A2c), one can rewrite the last term of (A15)
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e, Y ae(v)
ED ka—z gb[_“'l‘%t"sb_ (A19)
Combining (A15), (A18), and (A19) we get
i . - I X - e.8 €(0) Y, XY Y
N — I:JL—{— T.J___. e_Bé ._r].’_ __a_bf —r
%eara AirPia(ra) %[ B+ Qi Jin dtza: ay, 598, -x(Ta) H'Eb ym do ) "ml—‘ﬁﬁ‘r—“. (A20)
A A

Finally, we consider the gy, and ¢, terms. Let
Ly, be the part of L containing gy, and ¢, terms,
then from (A5) one obtains

3 s~ €o), |?
Loo=%[%o'zb:gb beygﬁboo—(z—'do]

+azea;u' aoo¢oo .
_If we define
Quo=dno + 2¢oongfoXYb £ 4o , (A21)
then differentiating (A21) with respect, to time and

integrating partially, and noting that §b =0 on the
boundary of volume §, we obtain

(o
Qoo --qoo - ¢oong fo XYb_-(z_do

~ 30 bngzb XZy.

Therefore, one can rewrite L, as

i, = . : -
Lo =32Qq +EQooZb:gb¢oozb X2y +210ats" Qoo
a

T

Combining Eqgs. (A5), (A13), (Al4), (A20), and
(A22), we get Egs. (3.5), (3.6a)—(3.6g) for the
action.

APPENDIX B: STATE VECTORS SATISFYING
ALL THE CONSTRAINTS

In this appendix we will find the subspace i of
state vectors satisfying both the constraints (2.6)
and (2.4b). The differential operator correspond-
ing to the constraint (2.4b) can be obtained by the
standard canonical procedure, and the correspond -
ing equation is

0
[aYb(O') +gb§¢i"(y”) E(ZO)Yb X""']‘/) 0, foro=+0.
(B1)

¢ satisfies the constraint (2.6) also. Therefore,
from (2.10a),

Wk, © =rdahl FFDI) - (B2
Substitpting this in (B1), dividing by f and noting

that
(A22) 3 s
where we have dropped out the ¢’ terms. ;‘p‘-"'(y”) aqz, =Pnga— +Z¢“"(Yb)< oq 4 295, )
J
we obtain
o, &) -€(0) 1 3 XY,
[3;(_0) ) ——&Ys (¢oo +2¢n(¥n “‘3;.!_{")] Zgb aﬁd) 2 Tt (B3)

In obtaining (B3) we have used Eq. (A2¢). Equation (B3) suggests that 17) can be written inthe form

3(E) =F Y, DA(E)

where

F{Y,a}) = exp[ (2 agbfdo' egy) iﬂf?ba(a)

Zprg* yb(a)

(B4)

6y a(o)xy a(o) ey
b'Yba(U ] ba(o))]

In this expression y,,(o) is an arbitrary fixed strmg such that y%(0)=0 and the path of ¥,,(c) may be conveni-
ently taken to be the stra1ght' lme joining Z, - T, +y,,(o) and Yu(0). The integral is carried out over only
those values such that y,,(c) + r, lies inside the volume . In fact, one can see that

6YI':a(o) X yba(c)
[F5a(0)]

T pq(@)
if dof
Z

b ra +yb(o)

ba(U Q*(Zb-;a-i_;g)Yba) s

where Q (Zb -7, +y,,,Y,,a) are the solid angles subtended at the origin by the sheet spanned by the semi-
strings y,,(0) for o =#lo | in going from Z, - T, +5%0) to Yb,,(o) Therefore, F can be written as

F({Yba}) exp[zﬁz Zgb [Q (Zb - ra + yb ’ Yba) - (Zb - I‘ + Ybs Yha)]] | ) (Bs)
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F iswell defined provided the Schwinger quantiza-
tion condition is assumed to satisfy, i.e., e, g,=2nk
when# is some integer. We will assume that this
condition is satisfied.

We notice that

€)1 Y3, x¥
ayb<o>F =Fz hz:eag,,f o 215,10 - (B8

Substituting (B4) in (B3) and making use of (B6),
one gets

2 €0) - ( ) .2 )]
+5 +y ¢: =0.
[ay (0) 25Ys ¢00'5;0—0 ;oq’n(%)?q‘g ]
A
(B7)
We change the variables from (a,, 409, ¥5(0), T,) to

(Qkx,Qoo,yb(U), r,), where

- -, by -0 €0
Qh=4dp, +Engfoxk¢E-x(ya)"‘(2’—)dU ,
i (B8)
. <o)

Qoo-‘-&oo"’%Zb:gbd)oo.[YbXYb — do.

Let
{/)—(g) —_—:I’_({éf)};éoo :{§b(°)}r{;a})' (B9)

Then in terms of the new variables defined in (B8)
one can show that Eq. (B7) becomes

——-.-q——-ir =0 foro#0. (B10)

3Y5(0)

(B10) implies that ¥ is independent of y,,(o) (g#0).
Therefore ¥ is an arbitrary function of Qn, Qo>
Zb, and r,. For brevity, we will denote all the
latter variables by Y,

T =¥(x). (B11)

Equations (B2), (B4), (B5), (B9), and (B11) de-
fine the subspace 91 of state vectors satisfying both
the constraints (2.6) and (2.4b).
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