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Low unifying mass scales without intermediate chiral color symmetry
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The embedding of SU(2) )(U(1) p SU(3) intermediate symmetry within an [SU(2n)]' unified model is

shown to be compatible with "light" embedding mass scales (&10 GeV) if n ~ 3. Weak-angle values for
n ) 3 are shown to lie in the range 0,21 & sin'0)I, & 0.25.

The hypothesis that the known interactions are
embedded in some larger unifying theory permits
empirical manifestations of fundamental unity in
nature. ' Relationships between known interaction
coupling constants can be obtained by embedding
the known interactions within a unifying theory
characterized by a single gauge coupling constant.
Consequences of such unification have been ex-
plored in a number of embedding symmetries
G.' ' Suppose symmetry breaking of G into the
known interaction subgroup [G-SU(2) x U(1)
x SU(3)] is characterized by a mass scale M. ' All
previous calculations have shown that M must be
quite large (~ 10"Gep) for the strong interactions
to become appropriately strong at currently ac-
cessible energies. ' 4 Until now, lowered values
of M =10' ' GeV have been shown possible only if
the known interaction symmetries are enlarged to
include chiral color, in which case G - SU(2)
x U(1) x SU(3)~x SU(3)R. The chiral colo~ group
is subsequently broken to conventional vector
chromo dynamics at a mass scale ~~~, the mass
scale of weak symmetry breaking. '

In this note, we demonstrate how lower values
of M can be obtained without enlarging the known
interaction subgroup. We choose G = [SU(2n)]'
as the embedding symmetry and show that the
hierarchy
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groups correspond to flavor gauge transformations
and the primed groups correspond to color gauge
transformations. If n =2, G corresponds to

[SU(4)]' unifying symmetry proposed in Ref. 5.
Similarly, n = 3 corresponds to an [SU(6)]' model
in which the SU(6) color group consists of three
hadronic and three leptonic colors. ' In general,
we will constrain [SU(2n)]' to have 2n flavors, 3

hadronic colors and 2n-3 leptonic colors. The
fermion representations of [SU(2n)]' may be
written as follows (i. , n = 1, . . . , 2n):

G = [SU(2n)]'- SU(2) x U(1 ) xSU(3)

sin'8~ = (3n —4)/[12 (n —1)]+0 (n/o. ,), (2)

corresponding to asymptotic (o.,» o.) weak-angle
values between 0.21 and 0.25 for n ~ 3.

Consider a gauge theory based on G = SU(2n)~
x SU(2n)n x SU(2n)~~ x SU(2n)„', where' the unprimed

is compatible with low (~10' GeV) unifying mass
scales provided r ~ 3, corresponding to the ex-
istence of leptonic color degrees of freedom within
the unifying symmetry. ' We also find for the above
hierarchy [Eq. (1)] that

The rows (columns) represent flavor (color) de-
grees of freedom. Charges are indicated by the
fermion superscripts. ' L and M represent ad-
ditional lepton colors [(v, , p), (v„7), and (v„e)
can be chosen to belong to the same or to different
leptonic colors]. g~ transforms as a (2n, 1, 2n, 1)
representation of G; similarly g~ transforms as
(1,2n, 1,2n).

Let us denote the single gauge coupling constant
of G as g~." 'The interactio'n of fermions with the
gauge-boson multiplets W~, W~, VI, and. U~
(l, J, K M= 1, . . . , 4n' —1) of SU(2n)~, SU(2n)R,
SU(2n)~~, and SU(2n)R, respectively, is given by
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where X' are the 4n' —1 & matrices of SU(2n). The
fermion charge assignments of Eq. (3) determine
the structure of the photon, which is seen to ac-
quire components W~, W~, V~, and V~ from the
gauge boson multiplets of each SU(2n) group. The
photon field A can therefore be written as

A = (e/g )[vn (W~ + W~) —[(3n —4)/3]'~'(V,'+ V,')] .
0

[e '= (4n ——', )go '], where the gauge bosons W~ ~
couple to the generating matrix given by

and the gauge bosons V~~ ~ couple to the gen-
erating matrix

|
[12(3n 4)]'"

(7)

„0 3D

Note that ~ differentiates between up and down
members of embedded SU(2) doublets, and Xe

differentiates between three hadronic colors and
(2n —3) leptonic colors.

Embedding of the known interaction subgroup
SU(2) x U(1) x SU(3) within [SU(2n)]' is straight-
forward. The canonical gauge boson W~~ cor-
responds to W3~, the neutral member of the SU(2)
gauge-boson multiplet. The remainder of the

photon [Eq. (5)] corresponds to the U(1) gauge
boson B:

g —[~n W& [(3yg 4)/3]»2(@&y y~)]/[(9g 8)/3]&&2

To see these correspondences, consider the
fermion current coupling to W~ and J3 in the SU(2)
x U(1) theory:

(, ), (1+y,),(1+~,) „(1+~,) d . (1+r,) d

~ —,(-1 r,),-(3-v, ) „(5-3v,) —,(1 —3v, )+ig'B„v y~ v —e y e +7Iy" Q —dy d+. . .

where g and g' are the SU(2) and U(1) coupling
constants, respectively. The electromagnetic
current is easily seen to couple to

X =e(w', /g+a/g ),

in which case the usual relations for e and 9~ are
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obtained".

e '=g '+g ', tan8~=g'/g.

The couplings of fermions [Eq. (3)] to Wf and
8 [Eq. (9)] gauge bosons of the [SU(2n)]' unified
theory are obtained from Eqs. (4), (6), and (7)
(0;„=P.-+ 0;'.):

aB~
& (IV;,» = g IV;, «;'. y' l ~," 0,'.)' [(9„8)j3] s

&&(~& yR g &yF yR

+[(3n —4)/3]' ' P. y"-'x (12)

Comparison of Eqs. (10) and (12) shows that for
the SU(2) x U(1) theory to be embedded within
[SU(2n)]',

g =g, /Wn,

g' = ge/[( Qn —8)/3]'~'.

(13)

(14)

g. =g, /~2 (15)

Equations (13)-(15) relate values of the known

interaction coupling constants to the SU(2n) gauge
coupling constant provided G = [SU(2n)]' symmetry
is unbroken. These relations are applicable only
for scales of momenta p. much than M. If p, «M,
the embedding symmetry G is no longer manifest.
The effective coupling constants g, , g, and g'
(or g„g» and g„ to switch to an obvious no-
tation) obey renormalization-group equations of
the form" p, sg, /Bp, = p(g,.) (i =1,2, 3) subject to
the boundary conditions described by Eqs. (13)-
(15) at g=M.

Standard decoupling theorem arguments~' "
lead to the following expressions for the effective
known interaction coupling constants when p, «M:

Finally, we consider the correspondence be-
tween ga and the chromodynamic coupling con-
stantg, . Chromodynamic SU(3)c is embedded
within SU(2n)~~ && SU(2n)~~. For example, the V'

gluon of SU(3)c corresponds to the linear com-
bination (V~'+ V„')/v2 of SU(2n)~~ and SU(2n)„'
gauge bosons. Comparison of the currents coupled
to V' of the embedded theory and V~ R' of the
embedding theory shows that

3n 4 n 9n —8

12(n —1) n, 18(n —1)
(18)

The last line of Eq. (18) is obtained by. using Eqs.
(16a) and (17) to eliminate go, b„and InM/p from
the previous line.

The weak-angle expression of Eq. (18) is most
amusing. If n~ 3 and a, »n, then —,'4 sin Hw 4

a range consistent with most present empirical
evidence. If n = 2,

sin'8~ = —,
' + 5o./9n, , (19)

a result obtained previously for embedding within
"single-lepton-color" models' as well as within
the SU(5) model. '

The lowered unification mass scale promised at
the beginning of this paper is realized through
rearrangement of Eq. (17):

(15) are explicitly satisfied. The 2b, lnM/p term
signifies the contribution of entirely light (mass
~ m~) multiplets of G to the rescaling of gG in the
various subgroup sectors. The fermion multi-
plets [Eq. (3)] are assumed to be in this class of
light multiplets. Entirely heavy (mass aM) multi-
plets of G contribute O(p, '/M') terms to P(g,.),"
which are disregarded in Eq. (16). The only sig-
nificant differential contributions to P(g;) are
assumed to arise through the gauge multiplet of
G, ' which contains decoupled SU(3), SU(2), and

U(1) multiplets of light gauge bosons in addition
to the remaining massive gauge bosons correspon-
ding to broken symmetries. " The differential
contributions of SU(3) and SU(2) submultiplets to
the magnitudes of g, and g„respectively, cor-
respond to the 2b, lnM/p, and 2b, lnM/p, terms in

Eqs. (16a) and (16b), where b, = —3[11/48m'] and

b, = —2[11/48m'] (Ref. 12) [there is no contribution
to p(g,.) from the "U(1) submultiplet"].

Substitution of Eqs. (16) into (11) leads to the
following relations between n, /o. (=g, '/e'),
sin'Ow and the embedding mass scale M:

1 —(2n —43)(n/n—,) =e'[g '+g' ' —(2n —4/3)g, ']

= [11o.(n —1)/w] lnM/p, , (17)

sin'9~ = e'/g'

= 4vnfn[ge '(M) + 2b, lnM/p] ~ 2b, lnM/p]

g, '(p) =2[ge '(M)+2b , InM/p]+. 2b, lnM/p,

(16a)
2n- —',

n 1 —(11o./v)(n —1) lnM/p,
' (20)

g '(p) =n[g~ '(M) ~2b, lnM/p] ~2b, lnM/p, ,
(16b)

g' '(p) = [(9n —8)/3][g '(M)+2b, lnM/p] . (16c)

When p =M, the boundary conditions of Eqs. (13)-

If n=2, Eq. (2) is identical to expressions obtained
for SU(5) and for single-lepton-color embedding
theories. ~' If we require n, to be greater than
0.1 at physical mass scales [ p. =10 GeV]', then
M «10" QeV. However, when n is increased from
2 to 3, the coefficient of InM/p, doubles and the
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numerator of Eq. (20) also increases. For n = 3,
o.,(p, = 10 Ge V) ~ 0.1 provided M ~ 3 && 10' Ge V.
Higher values of n allow even lower values of
I/p. to effect ratios of o.',/o.'» 1.

To sumnsarize, [SU(2n)]' is a simple extension
of [SU(4)]' for which moderate embedding mass
scales can be realized without enlarging the known
interaction symmetry group. In particular, chiral
color is shown to be unnecessary for the gener-
at;ion of sufficiently strong chromodynamics.

It has been pointed out elsewhere that a low
unifying'mass scale is required for integer-quark-
charge theories. ' There must be a symmetry-
breaking mass scale of order 10' GeV for integer-
charge quarks to be sufficiently unstable to ex-
plain their present nonobservation, and that mass
scale must correspond to the ultimate unifying
mass scale if sin'0~ is to be appreciably below

Hence [SU(2n)]' with n ~ 3 may become a can-
didate for embedding symmetry in integer-quark-
charge models; the range of weak-angle magni-

tudes obtained is especially attractive.
Nevertheless, there exists no evidence for lep-

tonic color at present, and G = [SU(2n)]' unified
symmetry can only be regarded as speculative. "
~e have used the example of [SU(2n)]' unifying
symmetry in order to demonstrate how physical
weak-angle values and moderate unification mass
scales can be obtained without resorting to en-
larging the conventional known interaction sym-
metry group.

J

ACKNOWLEDGMENTS

The authors would like to thank Professor Abdus
Salam, the International Atomic Energy Agency
and UNESCO for hospitality at the International
Centre for Theoretical Physics, Trieste. They
also wish to thank Professor Abdus Salam for
discussions and Professor J. C. Pati for earlier
discussions. The work of S.R. was supported in
part by the Royal Society of London.

'J. C. Pati and A. Salam, Phys. Rev. D 8, 1240 (1973).
H. Georgi, H. R. Quinn, and S. Weinberg, Phys. Rev.
Lett. 33, 451 (1974).

'U. Elias, Phys. Rev. D 14, 1896 {1976).
F. Gursey and P. Sikivie, Phys. Rev. Lett. ,'36, 775
(1976); V. Elias, Phys. Rev. D 16, 1586; 16, 2284
(1977); Q. Shafi, ibid. 16, 3293 (1977); M. Chanowitz,
J. Ellis, and M. K. Gaillard, Nucl. Phys. 8128, 506
(1977).

'V. Elias, J. C. Pati, and A. Salam, Phys. Rev. Lett.
40, 920 (1978).

V. Elias in Neutrinos —78, proceedings of the Inter-
national Conference for Neutrino Physics and Astro-
physics, Purdue, 1978, edited by E. C. Fowler (Pur-
due Univ. Press, West Lafayette, Indiana, 1978), p. C215.

VM is the scale of masses obtained by those gauge bo-
sons corresponding to broken symmetry.

8J. C. Pati, S. Rajpoot, A. Sal.am, and J. Strathdee,
Nature 273, 736 (1978).

Integer-charge assignments for the quarks are also
possible, provided eventual U(1) &&SU(3)& symmetry is

broken to U(1) &~ containing color-nonsinglet components
IJ. C. Pati and A. Salam, Phys, Bev. D 10, 275 (1974)].
The four SU(2n) groups are assumed to be invariant
under discrete left-right and flavor-color transforma-
tions (see Ref. 5).

'S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967); A. Sal-
am, in Elementary Particle Physics: Relativistic
Groups and Analyticity (Nobel Symposium No. &), edi-
ted by N. Svartholm (Almqvist and Wicksell, Stockholm,
1968), p. 367.

' D. J. Gross and F. Wil. czek, Phys. Bev. D 8, 3633
(1973).

' T. Appelquist and J. Carazzone, Phys. Rev. D 11,
2856 (1975).

4If scalar field multiplets of [SU(2n)] are mixtures of
light and superheavy particles, Eqs. (16) will no longer
be .strictly decoupled. However, p-function dependence

, on scalar field multiplets is quite weak compared with
the term arising from the gauge multiplet (Bef. 12).

"Additional leptons within the fermion multiplets of
SU(2n) must be assumed heavy.


