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Energy estimates of cosmic-ray events
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We propose new methods for estimating the energy of the incident particles in high-energy cosmic-ray
collisions, We demonstrate their validity in accelerator experiments.

Ever since the discovery of cosmic rays by
Victor F. Bess in 1912, studies of the interactions
of extremely-. high-energy cosmic rays have been a
unique source of information on particle and nu-
clear interactions at energies far beyond the ener-
gies imparted to particles by the most powerful
laboratory acclerators. Unfortunately, the ener-
gies of the very energetic cosmic-ray particles
cannot be measured directly. They have to be de-
duced from observed properties of the secondaries
produced in their interactions with atomic nuclei.
Various methods for estimating the energies have
been proposed in the past' before detailed studies
of particle-nucleus interactions in the energy range
up to 400 GeV were performed at laboratory accel-
erators. ' In this note we show that two alternative
general pictures of particle-nucleus interactions
which emerged from these studies lead to the same
estimate which is a modification of the Castagnoli
method. ' We also modify the p~ method, where a
constant value of the average transverse momen-
tum, (p r) = 0.35 GeV, of the produced charged par-
ticles is assumed. We test our modified methods
in accelerator experiments with known beam ener-
gies and we demonstrate their validity.

ENERGY ESTIMATES FOR pp COLLISIONS

For a high-energy particle the pseudorapidity
variable q =-in[tan(8/2)] = In(2P~/Pr), where 8,
P~, and P~ are respectively the angle and the
parallel and the perpendicular components of the

m.omentum of the produced particles with respect
to the incident momentum, is related to its rapid-
ity y =—ln[(E+ P )/(E —P )]= ln[(E+P )/m ]
through q = y+ in(m r/P r), where mr = (m'+ P r') "~ '.
E and m are, respectively, the energy and mass
of the produced particle. From high-energy ac-
celerator data we know that the P~ distribution of
produced particles: falls rapidly with P~ and since
most of the produced particles have very large lab/

energies, their pverage rapidity and pseudorapidity
satisfy (g)=(y)+ (In(mr/Pr)). Since the relative
abundance of different masses and the small-P~
behavior of most of the produced particles are ap-
proximately energy independent, consequently &

E = 0.4(m~/2)e'~"~ . (2)

We note that the energy estimate of Castagnoli et
al. ' can be written as

E = (~,/2)"&"), (3)

where q'—= -ln(& tan8). It can be derived from Eq.
(1) if one neglects the difference between rapidity
and pseudorapidity (&= 0) and if one makes the ap-
proximation tan(8/2)=2 tan8, i.e. , q=q'. From
Eqs. (2) and (3) we thus conclude that for PP col-
lisions the Castagnoli method overestimates the
incident energy by a factor of 2.5.

ENERGY ESTIMATES FOR PARTICLE-NUCLEUS

COLLISIONS

Let us first consider collective models for
particle-nucleus interactions. The collective
tube models' (CTM), for instance, assume that
the incident particle interacts collectively with a
tube of v nucleons that it encounters on its path
through the nucleus and that the p-tube col.lision
resembles an elementary PP collision. The rapid-
ity of the P-tube c.m. is given by y, = 0.5 ln(2E/
vm~) and therefore (y) = 0.5 in(2E/m~) —0.51nv,

(q)„=0.5 1nE+ a„, (4)

where now a, —= -0.5 In(vm~/2)+ (In(m„/Pr)) and the
average is carried over all p-tube charged pro-
ducts. Unfortunately there is no direct way to de-

—= (71) —(y) is energy independent. For Pp collisions
the y distribution of the final particles has to be
symmetric around y, the rapidity of the center
of mass, i.e. , (y)=y, =~ In(2E/m~), where m~
is the proton mass, and thus

(q) = 0.5 lnE+ a,
where a —= -0.5 ln(m~/2)+ b. b, can be determined
from a single experiment at a fixed incident ener-
gy, e.g. , from the measurement of dn/dq at 400
GeV by the Alma Ata-Gatchina —Moscow-Tashkent
collaboration &=0.45 (Ref. 3) and Eq. (1) can then
be written as
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where (n) „and (n)~~ are, respectively, the aver-
age multiplicities in particle-nucleus and in parti-
cle-nucleon collisions at the same incident energy
and (v) is given by (v) =do»/o~„where the cross
sections are the total inelastic ones. ' Let (y~) and

(y,) be the average rapidities of the projectile and
the target nucleon fragments, respectively. For
pp collisions (y, ) and (y~) should be symmetrically
located around y, and thus (y&)= 2y~~ (y, ).
With (n, )= (n~), the average rapidity in a particle
nucleus reaction can be written

v&y, &+ &y, & (v- 1)&y,&+ 2y.".
v+1 v+1 (8)
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FIG. 1. (a) The average pseudorapidity as a function
of (n, ) at different energies. The straight lines are
best fits to the experimental data (Ref. 8). (b) &q&&

values as a function of ln E obtained from the straight
line fits in (a). The solid line is 0.5lnE+const.

From Eq. (6) one can easily show that if N„ is a
measure of v then for a fixed incident energy

(q)„= (q, )+ const/(n, )„,
where (n,)„ is the average number of shower

Ng

particles produced in stars with NI, heavy tracks,
and the constant depends on energy but rrbt on N„.
In Fig. 1(a) we have plotted (r)) as a function of
(n,)„'for 200, 300, and 400 GeV P-emulsion ex-
periments. ' We find that indeed (r)) for different
N~ bins lie on straight lines. In Fig. 1(b) we have
plotted (q,) values obtained from the intercepts of
the lines in Fig. 1(a) as a function of lnE. We find
that (q, ) can be well represented by a straight line
with the slope 0.5. With (y, )=0.51nE+const, Eq.

4.0

termine v. However, if we assume that N„, the
number of heavy-track particles' in p-emulsion
collisions, is a "measure" of v, we can write

(5)(g)„=0.5 InE+a„,
where the subscript N„ indicates that (r)) and a de-
pend on NI, .

The independent-particle models also lead to
Eq. (5): Consider for instance the independent-
particle-fragmentation (IPF) model' where the in-
cident particle excites all the v nucleons that it
collides with on it's straight path through the nu-
cleus and then fragments when it emerges at the
back of the nucleus. Such a picture leads to the
prediction

dn/dy = vdn, /dy + dn~/dy, (6)

(n)~„= (1+ (v)) (n)~„/2,

where n~ and n, are the number of fragments as-
sociated with the projectile and target nucleon,
respectively. Integration of Eq. (6) with (n, )= (n~)
gives
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FIG. 2. The average pseudorapidity for different Nz
bins as a function of ln E. The straight lines are best
fits of the form 0.Gin E+ g to the experimental data
Q,ef. 8).
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FIG. 3. The incident proton energies estimated for a sample of 400-GeV proton-emulsion collisions (Ref. 8). {a)
Solid histogram: Eq. (3), dashed: Eq. (12}. (b) Solid histogram: Eq. (11), dashed: Eq. (13).

1

(8) lead to Eqs. (4) and (5), i.e. , both CTM and
IPF models lead to the same estimate

E =Cg (m~/2)e ~" &a.
h

Equation (10) predicts that (xi)„as a function of
lnE fall on parallel straight lines with a universal
slope 0.5. In Fig. 2 we plot (xi)„as a function of
lnE for different N„bins from 200, 300, and 400
GeV p- emulsion exper iments. Within statistical
errors the points do fall on parallel lines with
the slope 0.5. C„ is approximately given by C~
= 0.5+0.17Nh and thus

(10)

E = (0.5+ 0.17K~)(m~/2)e'~"'.

(12)i =0.53 g (sin8, ) ' GeV.
S

(pr) for nuclear targets is considerably larger
than for hydrogen targets. ' Experimentally we

We note that for stars with N» = 3, Castagnoli's
estixnate as represented by Eq. (3) accidentally
yields estimated energies similar to those ob-
tained froxn Eq. (11), but for stars with N„vl acus

which are considerably different from 3 the two
estimates differ considerably.

The incident energy may also be determined if
one assumes that the produced particles are
emitted with (Pr) =0.35 GeV/c and that on the
average the neutral secondaries are about ~ of the
charged particles. With these assumptions.

find for 200, 300, and 400 GeV proton-emulsion
data' that

E =0.62 g (sin8, ) ' GeV. (13)

Figure 3(a) shows the distributions of estimated
energies that were obtained from Eqs. (3) and (12)
for a sample of proton-emulsion collisions at 400
GeV. ' Figure 3(b) presents the distributions ob-
tained from the modified methods as given by Eqs.
(11) and (13). The distributions obtained from the
modified methods are centered around the correct
energy, while Eq. (3) yields a broader distribu-
tion which is not centered around 400 GeV.

ENERGY ESTIMATES FOR NUCLEUS-NUCLEUS

COLLISIONS

The CTM visualizes these collisions as a sum
of incoherent tube-tube collisions that take place
in the intersection region of the colliding nuclei. '
Tube collisions are regarded as elementary-
particle collisions and consequently if v~ and v,
are respectively the number of nucleons in the in-
cident tube and in the target tube, the rapidity of
the tube-tube c.m. is given by y, =0.5 in(2E„/m~)
—:0.5 In(v, /vP, where E„is the energy per nucleon
of the incoming nucl. eus. When we sum over the
different tube collisions, we get
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(y) = 0.5 1n(2E „/mp) —0.5 in((v, &/(v~&), (14)

i.e., the CTM energy estimates for a nucleus-
nucleus collision and for a particle-nucleus colli-
sion are the same if v*—:(v, &/&v~&= v.

The IPN model visualizes nucleus-nucleus colli-
sion as a sum of independent particle-particle
collisions. If N~ and N, are the number of partici-
pant nucleons of the projectile and the target re-
spectively, then"

and

dn/dy = N~dn ~/dy + Npn, /dy,

(n)„,„,= ((N, )+ &N, &)&n)„/2,

N, (y t)+ Np&yp&y)=
N, + Np

(N, /N, ) (y, &+ (y,)
N, /N~+ 1

(15)

(16)

(17)

Since N, /N = (v, )/(v )—= v*, Eq. (17) is identical to
Eq. (8) if v*= v and the estimates of E„of the IPF
model for nucleus-nucleus reactions and for parti-
cle-nucleus reactions are basically the same if v~

= V.

Since the CTM expression is easier to handle,
we will use it to estimate the energies, but we
wil. l bear in mind that the IPF model will give ap-
proximately the same estimate. From Eq. (14)
we arrive at the energy estimate

(q&= 0.5 lnE„—0.5 in(v*m&/2) + (In(mr/P r)&.

(18)

&»(m r/P, )&= (0 2n;+16n', )/n, = 0.2+1.4n,'/n,

and consequently an estimate of E„ is given by

E„=0.67v*(m~/2) exp(2 &q& -2.8n~). ; (19)

v* for peripheral collisions is approximately 1
and for central collisions it is approximately
(A,/Ag' ', where A. , and A& are the atomic num-
bers of the hvo nuclei. n~ can be estimated from
the difference between the initial charges and the
charges carried by heavy-track particles. Un-
fortunately at present formula (19) cannot be
tested experimentally since no accelerator beams
of high-energy ions are currently available.
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No accelerator data are available on high-energy
nucleus-nucleus collisions so (ln(m r/Pr)) has to
be evaluated theoretically. If we assume that the
shower particles contain mainly pions produced
in the collision and protons from the colliding nu-
clei, i.e. , n, = n', +n~ then from known p~ distribu-
tions for pions'and protons we obtain the estimate
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