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The one-loop contributions of conformally invariant scalar fields to the effective action are calculated for
homogeneous cosmological models with small anisotropy. The dynamical equations which determine the
classical geometry are displayed and the matrix elements of the stress-energy tensor between the initial and

final vacuums are determined.

I. INTRODUCTION

The central problem of modern cosmology is
to determine to what extent the currently ob-
served features of the universe must be ascribed
to initial conditions or to what extent they are
determined by dynamical processes occurring
over the course of its history. Perhaps the most
striking structural feature of the universe today
is its remarkable isotropy' and approximate
homogeneity.? Beginning with the work of Mis-
ner®* in 1968 there have been a number of in-
vestigations of physical processes which could
drive the universe towards a state of homogeneity
and isotropy. Much of this work has concentrated
on the dissipation of anisotropy in homogeneous
model cosmologies because of the conceptual and
mathematical simplicity of these models. On the
one hand, these investigations could contribute
to an understanding of the present state of iso-
tropy by showing how significant initial aniso-
tropies could be damped. On the other hand, as
has been stressed by Barrow and Matzner,
these investigations could show that there could
be no significant amount of initial anisotropy
dissipated without an unacceptable increase in
the entropy of the universe. Either way these
investigations are important for the fundamental
question raised above.

One of the most effective processes for dis-
sipating anisotropy is the production of particle
pairs in the very early universe. Particles
obeying conformally invariant wave equations,
such as the photon and neutrino, will not be
produced in conformally flat geometries such as
the homogeneous, isotropic universes. This
follows from a general argument of Parker.®
Pair creation in anisotropic universes therefore
tends to drive them towards an isotropic state.
Calculations by Zel’dovich and Starobinsky”’
and by Hu and Parker® have shown that even quite
large anisotropies can be dissipated in a few

multiples of the Planck time. These calculations,
however, are limited to times greater than of the
order of one Planck time after the start of the
universe in order to avoid the computational dif-
ficulties associated with the initial singularity, in
particular, the back reaction of the produced
particles. Initial conditions must therefore be
imposed at some arbitrary early time not quite-
at the singularity.

In this series of papers®!° we shall carry out
a model calculation of anisotropy damping which
can be extended all the way back to the start of
the universe and which takes into account the
back reaction of the produced particles in a con-
sistent quantum-mechanical way. The price for
doing this is that our calculation is restricted
to small anisotropies in a sense we shall de~
scribe below. Our calculation thus provides a
useful complement to the earlier work which can
deal with larger anisotropies but only in later
time regimes.

At the outset we shall describe the model we
consider, the reasons for its features and its
limitations. We consider the dissipation of
small amounts of anisotropy in homogeneous
spatially flat universes containing classical
radiation by the production of conformally in-
variant scalar particles. The classical geometry
which describes such a Bianchi I universe can be
put in the form?®

ds? =a*(n)[~dn? + (XM);, dx'dx’] (1.1)

where g(n) is a symmetric, traceless, 3 X3
matrix and both @ and 8 depend only on the time.
The assumption of spatially flat sections simpli-
fies our calculations but not, we believe, in an
essential way. The assumption of homogeneity is,
of course, a central restriction of the model. The
assumption of small anisotropy can be translated
into a restriction on the size of B.

In these universes we shall consider the pro-
duction of conformally invariant scalar particles
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obeying the wave equation
0% -tRg =0. (1.2)

The technical advantages of considering a single
scalar degree of freedom rather than the greater
number associated with the more realistic elec-
tromagnetic and neutrino cases are obvious, and
not, we believe, an essential limitation of the
model. A far more important omission is that
we shall not consider the production of gravitons.
There is no justification for this truncation of the
theory other than the technical simplicity thereby
achieved. Since gravity is not a conformally in-
variant theory it is as yet unclear whether there
are significant physical issues which are ne-
glected by restricting attention to fields obeying
Eq. (1.2).

In addition to the scalar field the universe will
be assumed to contain classical radiation whose
energy-momentum tensor has vanishing trace.
The presence of classical radiation allows the
anisotropy of the universe to be maintained at a
small value over its whole history. Without
some supporting matter the anisotropy would
inevitably grow large at some epoch because there
are no homogeneous, isotropic vacuum solutions
of Einstein’s equations.

The dissipation of anisotropy by particle pro-
duction in the above model will be studied using
the effective-action method already outlined in the
first paper of this series.® The central quantity
is the vacuum persistence amplitude—the ampli-
tude that an initial scalar particle vacuum |0.)
evolves into a final scalar particle vacuum IO,,).
This is given in terms of the effective-action
functional I'[Z] by

(0.10-) = exp(T[Z]), (1.3)

where the classical geometry g is a solution of the
variational problem

0T /6Zas=0, (1.4)

with appropriate boundary conditions to be de-
scribed below. For the problem under considera-
tion both initial and final particle vacuum states
might be characterized by a three-geometry

with a certain anisotropy. The probability that
this anisotropy persists will be given by [(0,]0.)[2.
In the presence of particle production I'[g] will
be complex and this probability will be less than
one. The deviation from unity is a measure of the
dissipation of anisotropy.

Several approximations will be used in calcu-
lating the effective action. One has already been
spelled out. We will consider only classical
geometries of the homogeneous form in Eq. (1.1)
with small anisotropies. The effective action can

thus be developed in a perturbation series in §.
This is restrictive but certainly controllable. The
second approximation will be to evaluate the ef-
fective action in the one-loop approximation and
then calculate only the contribution to it of a
single quantized scalar field obeying Eq. (1.2).

In this approximation

T([2]=Ss[2] - 2i{Tr In[G(x, )]} 5 (1.5)

where Sg is the classical gravitational action, G
is the Green’s function of the scalar field propa-
gating in the background geometry g, and the
subscript reg indicates that the trace must be
suitably regularized.

The restriction to the one-loop terms in the
effective action is an approximation which cannot
be justified in its own context. This is because
the one-loop terms result in significant correc-
tions to the classical action in the early universe.
Whether the corrections from higher loops result
in small or large corrections to the results of the
one-loop calculations is largely a matter of con-
jecture in the absence of any real ability to cal-
culate these terms. On the positive side it can
at least be said that the one-loop corrections
make the physical amplitudes for particle pro-
duction finite in contrast to those calculated in the
test field approximation. One might, therefore,
hope that the higher loops which are neglected
will only result in further finite but qualitatively
similar corrections to the one-loop results cal-
culated here. Developing a more efficient ap-
proximation scheme for calculating quantum ef-
fects in the early universe remains an interesting
but largely unattacked question.

In this paper we shall begin this program by
calculating the effective action for small anisotro-
py and the equations of motion which follow from
Eq. (1.4). Solution of these equations will be con-
sidered in a subsequent paper.!® In Sec. II the
effective action is calculated to second order in
the anisotropy. In Sec. III the equations of motion
are derived while in Sec. IV the matrix elements
(0.|7*#]0.) of the scalar field stress-energy
tensor are calculated.

1. THE EFFECTIVE ACTION FOR SMALL ANISOTROPY

In this section we shall evaluate the one-loop
effective action given by Eq. (1.5) to second
order in the matrix g which controls the devia-
tion of the assumed classical geometry from
exact isotropy. We write the development
I'[2] in powers of B as

Ifa, B]=Ty[a]+T\[a, B]+T,[a, B]+++-, (2.1)
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where T, is proportional to g*. To evaluate the
individual terms in this expansion both the clas-
sical gravitational action and the one-loop cor-
rections must be expanded in powers of S.

The expansion of the classical action is straight-
forward. Its definition is!!

Sp[g]=1"" fd“x(—g)‘/zR +(surface terms),

(2.2)

where I =(167G)* is the Planck length and the
surface terms are chosen to cancel the metric
second derivatives in the action. Making use,
for example, of the results of Misner® one finds
for geometries of the form in Eq. (1.1)

Sgla, B]=V1"? J-dn[—G(a')2+a23t4jBril] (2.3)

to second order in 3. Here V denotes the co-
ordinate volume over which the spatial integration
is carried out, a prime denotes a derivative with
respect to 7, and the Minkowski metric has been
used to raise and lower indices on the gy, viz.,
B =p';=pi.

To evaluate the one-loop corrections we begin
by writing down the action for the scalar field
theory whose equation of motion is Eq. (1.2):

Sil0,2) ==} [ dix(-Z) (2% 2,00,0 +1R9?).
(2.4)
Expanding the action in powers of 8 one finds

Sf[¢, a, ﬁ] =sfo[¢s a] +S;1[§0, a, ﬁ]

+sf2[(p:a’ ﬁ]) (2'5)

where

Sto==4 [ dxan™o,0050 + @ /a)g*],  (2.6)
Sh:fd“xazﬁ“a‘q)aj(p, (2.7)

Sra=- [ a6 B8 0"+ B8, 10000,0)

(2.8)

Here n*® denotes the Minkowski metric in
rectangular coordinates.

The Green’s function G may now be expanded
in powers of 8. Denote the Green’s function in the
limit of exact isotropy by G,. This function was
extensively discussed in paper I. If we denote
symbolically the contribution to the wave equation
of first-order action in Eq. (2.7) by V, and that
of the second-order action in Eq. (2.8) by V, then

we can write
G=Gy+Gy(V +V,+22°)G

=Go+GoV1Go+GoV,G o +GoV GV Gy +o0 e,
(2.9)
where the products are operator products. In-

serting this into the expression for the effective
action in Eq. (1.5) we find

T [a]==6VI"2 fdn(a')z— 34(TT InG ) g »

(2.10)
Fl[a; B]z"%i[Tr(Vlco)]reg ’ (2-11)
ryfe, 8=vi"® [ ana*g),p
- %i[Tr(VzGo)]reg
- %i[Tr(VLGoV1Go)]reg . (2.12)

The terms in the expansion of I' of higher order
than the lowest can be represented by a series
of Feynman diagrams as shown in Fig. 1.

The effective action in the limit of exact isotro-
py for a conformally invariant scalar field was
calculated in paper I. The one-loop contribu-
tions are the local action which gives rise to the
trace anomalies in the equation of motion. Com-
bining Egs. (3.5) and (3.9) of paper I, one has

it [T (£) 1 ()]

(2.13)

where A =(288072)"1,

To calculate the higher-order contributions
I', and T',, they must first be regularized, and
we will use the method of dimensional regular-
ization in the number of conformally related
flat-space dimensions to do this. We continue
the geometry and field theory to a number of
dimensions # where the expressions in Eq. (2.11)

O- OO

FIG. 1. Feynman diagram expansion of the effective
action. The circles containing the number » represent
the interaction V,,. The contributions of the last two
diagrams displayed above are denoted by T, and I'y,
respectively, in Appendix A.
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are finite. We then subtract a counterterm
which is the integral of a local polynomial in the
curvature. The coefficients in this polynomial
have singularities at n =4 with residues such
that the subtracted expression in Eq. (2.12) is
finite.

The scalar field theory is continued to » di-
mensions in such a way that it is always confor-
mally invariant, This is largely a matter of
convenience. The result is that the Green’s
function in the limit of exact isotropy G, can be
conformally related to the usual flat-space
Feynman Green’s function through

Golx, ¥) =[am)] "G (x, x")a(n) ] "%,

Inserting these expressions into Eqs. (2.11)
and (2.12) we can find regularized expressions
for these quantities by dimensionally regulating
the resulting flat-space Feynman integrals in
the usual way.'? The terms Tr(V,G,) and
Tr(V,G,), for example, are proportional, re-
spectively, to [d"k and [d"k(k*-i€)™’. In the
dimensional procedure the regularized value of
both of these quantities is zero, Thus we con-
clude, in particular, that

T\[a,s]=0 (2.16)

(2.14) and that the second term in Eq. (2.12) vanishes.
It is the third term in this expression which con-
where tains the interesting one-loop corrections.
-1 RIS e Writing -(/4) Tr(V,G,V,G,) out and denoting it
Grlx,x") = @ar fd"k 7E—ie ° (2.15) more compactly by I we have from Eq. (2.7)
|
I=—i f d"xa"(n) f da"x'a"(n")[a"2(m)B" )12 184G, (x, x)][a"2(n")B" (1")][218,Go(x", %)]. (2.17)
|
Using Egs. (2.14) and (2.15), this becomes is independent of the spatial variables. Near
n=4
1= [ @ [ @t K, = 2084 ), .
(2.18) Kijhl(k) == (03041 + 04401 + 04,0 ) (k%) 192072
where 1 1
X [n it z1n(%2%) +const +O(n — 4)]
Ak ipexp -
Km,(x)=f?-2—"-)-,;e"’ “Kigni(k) (2.19) . -
terms giving vamshmg) (2.22)
and contribution to I : :
) In these expressions %2 is the Euclidean norm of
’ !’ ’ !
Rijpi()==i dk’ (k' +R), (k" + )k ik; (2.20) the four-vector. The values to be used in Eq.

@) [ +R'F —i€]®" -i€)"

This integral is most easily carried out by ro-
tating both 2° and £ through an angle +7/2 in
the complex plane so that the denominators be-
come the norms of Euclidean four-vectors. The
integral can then be carried out in a standard .
fashion!? and the result is

Rigui(k) =(6¢15;x+5u5n +04;05)
< 1 r2-n/2)Cm/2-1)P
16(4m)""2 n*~-1)T'(n - 2)

. (terms proportional to tensors)
constructed from k; and 6;; ‘

(kz)" r

(2.21)

We do not need to quote the last terms because
they all give vanishing contributions to I since 8

(2.18) are obtained by rotating z° back through
an angle —=7/2 in the complex plane. The diver-
gent part of I comes from the pole at =4 in

Eq. (2.22). Calculating the residue of the pole
term in Eq. (2.22) to define the divergent part of
I, one finds

div _ ______1____[ a4, qn anii
I == Seonm = ) ¥R

= _____1____.f 4 5 \V2 aBrb
=" 102077 = 4) J FH (B CannCTT,

(2.23a)

(2.23b)

where Cgu;,5 is the Weyl tensor in four dimen-
sions and the last equality is understood to hold
to the quadratic order in 8 in which we are
carrying out the calculation.

In the dimensional procedure the effective
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action is regularized by adding a counteraction
which is the integral of a local polynomial in the
n-dimensional curvature. For a conformally
invariant field theory, such as the scalar field
under consideration here, the counteraction must
be constructed from curvature quantities which
are conformally invariant or pure divergences in
the limit of four dimensions. This requirement
leads to a counteraction of the general form'?

%(=2)"*[A(RapnR*™ = 4R s R** + R?)

+B(RasnsR*™
- 2R,R**+3R?)]. (2.24)

Here A and B are numerical constants and {, is .
an arbitrary parameter with the dimensions of
an inverse length. The term multiplied by A is
the argument of the Gauss-Bonnet identity in
four dimensions and thus a pure divergence
there. The term multiplied by B is the square
of the Weyl tensor in four dimensions and thus
conformally invariant. The addition of this
counteraction will imply a trace anomaly of the
form

T = @0%R +B(RasR*® = $R?) +7CaprsC**"°,

The values of A and B are fixed by the require-
ment that the counteraction in Eq. (2.24) cancel
the divergences in the one-loop effective action.
The works of a number of authors'*™!¢ using
various methods of regularization have fixed
these values for the scalar problem at hand at

A==(576012)"t, B=(192072)"", (2.27)

correspond'ing to trace anomaly parameters
a=B=(288072)"t, The present method of dimen-
sional regularization reproduces these values.
For the value of B we will demonstrate this im-
mediately below by showing that with this value
the counteraction cancels the divergence in the
effective action calculated to second order in 8
which is displayed in Eq. (2.23). Some care is
required in determining the value of A in per-
turbation theory because the argument of the-
Gauss-Bonnet identity is a pure divergence. To
determine A the effective action must be computed
for geometries in which the integrals of this di-
vergence, which is to say the associated surface
terms, do not vanish identically. We carry out
such a computation explicitly in Appendix A.
Retaining just the pole term in Eq. (2.22),

(2.25) . combining it with the counteraction in Eq. (2.25)
t the value of B in Eq. (2.27), and expanding the
lated to A, B by'® 2 ’ &
where @, B, and 7 are related to 4, y result about # =4 and to quadratic order in B one
a=2B/3, B==2A, y=A+B. (2.26) finds
) J
ol e a’\? a” , Qrid L1an qnii

1P 4 S o 2 =2V | dn{|= (=) = (7 ) |BsB™ +3[In(.a)+2]818" ¢ (2.28)

where as before A =(288072)71,

The pole at n =4 in Eq. (2.23) has been canceled. Some relations for cur-

vature quantities in # dimensions useful in deriving this result are recorded in Appendix B.

The remainder of ', comes from the logarithmic and finite terms in Eq. (2.22) inserted in Eq. (2.19) and
then in Eq. (2.18). The spatial integrations are easily carried out because of the homogene1ty of the
geometry. There remains only the frequency integral in Eq. (2.19) with RK(k) evaluated at k=0. The lnw?
term in Eq. (2.22) acquires a negative imaginary part when rotated back through an angle of ~7/2 in the
complex plane to the values used in Eq. (2.19). Combining the resulting expression with Eq. (2.28) and the
quadratic part of the Einstein action from Eq. (2.3) one finds the following expression for I';:

Tyla, B]=V (j:jdﬁ{[(%)z —h(z—”) - (%')Z]ijﬁ’” +3x [ 7+ 1n(ua)]py ﬁnu}

~o [ an [ awaymia-metan) (2.29)

Here we have defined

K@= % fﬂodw cos(wn) lnw (2.30)

(J

and combined all scales which enter in the same
way into a single regularization scale u., The

r

answer is complex and nonlocal.

It is not difficult to verify explicitly that this
expression gives the correct trace anomaly in
Eq. (2.25) to quadratic order in g and with a = B A
through the relation

15

T= % 54T =Ss]. (2.31)
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III. EQUATIONS WHICH DETERMINE THE CLASSICAL
‘ GEOMETRY

To second order in the anisotropy the contribu-
tion of a conformally invariant scalar field to the
one-loop effective action at homogeneous spatially
flat geometries is given by the sum of Eqgs. (2.13)
and (2.29) derived in Sec. II. The equations of
motion which determine the classical geometry
are found by varying this effective action with
respect to @ and to B;;. In this section we shall
derive these equations.

We consider first the equation

6T, [a, B]/68" =0. 3.1)

i

a 1 dkiy J“" , dki;
3Adn{ [ zim+In(ua)] an ). dni{(n_n,)dn,

The action I', depends only on the first and
second derivatives of 8;;. A first integral of Eq.
(3.1) is therefore easily seen to be given by re-
expressing I', in terms of

Kiy =Bl (3.2)
and calculating
6T, [a, k]/6k' = =2C ,, (3.3)

where ¢;; is a 3 X3 matrix of constants. The
quantity «;; differs by only a scale factor from
the shear 0y,;:

0iy=kiy/a. (3.4)
Explicitly one has from Eq. (2.29) for Eq. (3.3)

bef(5) -2 (&) -2 (&) m=eu 6.5)

This is a linear integro-differential equation for k;; given the scale factor a(n).

The equation for a(n),
oTa, B]/5a =0,

(3.6)
is to all orders in B8 the equation
R=-(%/2)T, ‘ 3.7
where T is the trace anomaly in Eq. (2.25). This follows immediately from the conformal invariance
of the scalar field or directly from Eqgs. (2.13) and (2.29). To second order in 8 Eq. (3.7) is
az a” _3alw 12a’a”’ a” 2 a’ 2 a” a’ 4
-—| f— +1 = — g —— —) - — — —_—
Al2[6a+r("2)] = + P2 +9(a) 24(a) (a)+6(a)
T _3.1)222: K2)! = L(x2)" a’ ,Kz
+Tr| 5(x’)? + P (K2)! = 3(K3)" + 2 = . (3.8)

Here « stands for the matrix «;;, k' for the matrix
k{;, and Tr denotes a trace over the spatial in-
dices. Equation (3.8) is a fourth-order, non-
linear differential equation for a given k. While
it is complicated, it at least has the virtue of
being local. Equations (3.5) and (3.8) are two
coupled equations for a and B;; and thus the entire
classical geometry. They could be recast in
other forms. For example, Eq. (3.8) could be
replaced with a nonlocal thivd-order integro-
differential equation which is the energy integral
following from the lack of explicit dependence of
the effective action on 7 (or alternatively from the
equation T4, =0, see Sec. IV). With suitable
boundary conditions these two equations deter-
mine the classical geometry, the vacuum per-
sistence amplitude, the particle production
probabilities, and the back reaction of the pro-
duced particle. We expect to return to a dis-

cussion of the solutions for these quantities in
a subsequent paper.'°
IV. VACUUM MATRIX ELEMENTS OF THE STRESS-
ENERGY TENSOR
The equations of motion for the classical geom-
etry 6I'[£]/0845=0 can be put in the form

Gap=3P[ T35 +(0.Tagl0.)], - (41)

where Go5=Ros— :84sR is the Einstein tensor of
the background with metric o5, 75§ is the stress-
energy tensor for the classical radiation, and
T4 is that for-the quantized scalar field. By
writing out these equations we can identify the
matrix elements. While we have already dis-
played the dynamical equations for the classical
geometry in Sec. III, we shall here calculate
these matrix elements to quadratic order in the
anisotropy as they may be useful in comparing
our results with other calculations. To shorten
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our expressions we shall write simply T, for
(0,|T45/0.). All components will be quoted in the
orthonormal frame defined in Eq. (B2) of Ap-
pendix B unless otherwise noted.

From Eq. (4.1) and Eq. (1.5) it follows that if
we define

A=T[g]-Sg(2] (4.2)
then in a coordinate basis
res- 2 04 (4.3)

('g) 2 6gaﬂ )
With the metric parametrized as in Eq. (1.1)
variation with respect to a gives the trace of
T,g according to

1 8A

T-—-._

p it (4.4)

Variation with respect to 8;; gives to linear
ovder in B;; the following components written in
the orthonormal frame:

; ; 1 0A
if _ Llsijpk o
T 30T, @ 0B, (4.5)
In these relations if
A= [ansg@,aa,6,8) (4.6)

and y represents one of the variables (a, 8;;), then
oA

6y:( ) ( )+

The remaining component of T, can be de-
termined to quadratic order in 8 as follows: Since
a spatial vector cannot be constructed from g;;
we have

9L
8y’

28
ay”

9L

T 4.7)

% -0 (4.8)

identically. Equation (4.5) is already accurate
to quadratic order since there are no trace-free
tensors of quadratic order which can be con-
structed from the §;;. The component T3 can be

AND B. L. HU

which is a consequence of the fact that T',; is
constructed from an action, [Eq. (4.3)]. Noting
that the connection coefficients in the orthonormal
basis are (see Appendix B)

1 [fa’
Foijz—;(_ +S

~ (4.9)

1
)“ ’ ‘Fijo: - ;tij ’
with the others vanishing or connected to these
by symmetries, we find the conservation law
implies
1 amoy_ @ i _ Lgidmk
;Z(a To) =;T+'SH(T -369T%,). (4.10)
Inserting Eqgs. (4.4) and (4.5) this can be written
to quadratic order in g;; as
: OA OA
40N, _ o0 220 | B
@ Ty =a’ - *B“osi,.' (4.11)
This can be integrated because £ has no explicit
dependence on 1. The result is

1 3 aL \/
Tg=;;[const+a'<a ,,) +Bi; (B—BT”;)
9L 9L 9L
—-a” (aa”) BtjaB” - ’aa' B(jaB, £].

(4.12)

The constant can be found by appropriate boundary
conditions derived from the definitions of the
initial and final states. In our example it will
vanish because there are no scalar quanta in the
initial and final states.

Since

Ho(TH =464 T%) + 164(T - T9) (4.13)

all the components of the stress-energy vacuum
matrix elements are determined from Egs. (4.4),
(4.5), (4.8), (4.12), and (4.13).

For the explicit effective action given in Eq.
(2.29) we find the following results for T/
-$6"T%, T, and TS accurate to quadratic order in
B. The remaining components are determined by

found by solving the conservation law T5.,=0 Eqgs. (4.8) and (4.13):
|
2ad f.d (.. drt? j*" dr a” a’\?] .,
gk _ 2 )1 GK_ _ ’ a_ a i
TH 15 Th= et dTl ( dn{[zznﬂn(ua)] n . an'K@m-n' dﬂ [(a )+(a) ]K’) (4.14)
Y _ gil'l—l' a™a’ ﬂ)z a” (a_/)z (ar)4
T—F{G[ a UE +3(a - z) *2\7
a ’
+Tr [4(;) () +4 (%) (%) +3(x)2 = (xz)”]} , (4.15)
_ -)\_ 4 -a—r' f_ﬁ a'\2/a" 1/a” 2 1 alr)4]
T°"_a“{6[(a)( a )_Z(a) (a ) —§<—a_) +§('E
2 ﬁ': 2 9_' 2 2 ij r Dt iz 1
- = )72\ Ky 4 x{jx +3k}; DY ~ 6Ky ; D" 0, (4.16)



Here
Dy;=[zim+In(na)] By - I dan'K(n=n")Bf; -

(4.17)
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APPENDIX A: THIRD-ORDER DIVERGENCES

In this appendix we discuss the determination
of the coefficient of the argument of the Gauss-
Bonnet identity in the counteraction Eq. (2.24).

The argument of the Gauss-Bonnet identity

S =Rapp R*¥° —4R,sR*" +R? (A1)

is a pure divergence which for the metric of Eq.
(1.1) has the following expansion in powers of f;;:

?
9=-§;%[Tr(—§xz%+%xs+°"):]. (A2)
In this relation, which follows easily from the ex-
pansion of the curvature squares obtained in
Appendix B. [Eqs. (B10)-(B12)], «;;=8{; and the
trace is over the spatial indices.

To evaluate the coefficient of § in the counter-
action one needs to calculate the divergent parts
of the unregulated one-loop effective action for
geometries for which the volume integral of §
over the whole spacetime does not vanish and for
which the integral expressing the regulated one-
loop effective action is also finite. We have
found it easier to find geometries which satisfy
these conditions in third order in 3 than in the
second order. For example, one could consider
a geometry in which B has an asymptotic behavior
such that « vanishes as n—- =« and approaches
a constant as -+, but for which «’, a’/a, and
a” /a fall off sufficiently rapidly to make the reg-
ulated one-loop effective action [Eq. (2.29)] finite.
In the integral of § over all spacetime there will
then be no second-order contribution but there
will be a contribution from the integral of the
third-order term in Eq. (A2). Since this simple
example will also illustrate how to deal with the
divergences in third order, we shall now pursue
it to calculate the coefficient of 8 in the counter-

]
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action, called A in Eq. (2.24).

Continuing the expansion begun in Egs. (2.10)-
(2.12) one finds the following expression for the
third-order effective action:

Tyla, B]==3i Tr(V,Gy +V,GoV,G o +5V,GV,G,V,G,) .
(A3)

Diagrammatically, thisisthe sum of the lastthree
diagrams shown in Fig. 1. The first term of these
three is proportional to [d"k and [d"k(k* —i€)™
which vanish identically in the dimensional pro-
cedure. The next two terms we denote by T,

and I';, respectively.

Of the two terms in V, given Eq. (2.8) only the
second term will give a nonvanishing contribution
to I';. The first term will be proportional to
Tr(B) and its derivatives all of which vanish
identically. For the remaining contribution to T,
we find

r,=-2 fd"x fd"yﬁ“(x)sz(x,y)

X B*™(9)8a'(9), (a4)

where K;;,; is given by Egs. (2.19) and (2.20).
Near n =4 the parts of K;;,; which give a non-
vanishing contribution to I'; are given in Eq.
(2.22). The divergent part is the residue of the
pole term. We shall now evaluate this for the
geometry described above. The divergent be-
havior for 8 resulting from the constant asymp-
totic behavior of Kk means that some attention is
required in evaluating Eq. (A4). The function
K9i(x, y) obtained from Egs. (2.19) and the pole
term in Eq. (2.22) will be a fourth-order differen-
tial operator acting on 6-function distributions.
Integration by parts may be used to evaluate ex-
pression (A4), but in view of the divergent asymp-
totic behavior for g care must be taken to retain
the nonvanishing surface terms. The result is

iv 1 ! 2 !
e el K COUSEUE

(A5)

where we have written all surface terms as the
integral of the total derivative (%),

The contribution I', of the last diagram in Fig. 1
may be written

T, =3 fd"xfd"y fd"z B )8 (0B @G 1 jasmnl¥, , 2, (A6)

where

d"p (d"q (d

Gllklmn = (277)" (271’)" (217),, (2‘”)"6(")(P +q +T) ei(P'x-ku'wr's)G"“ktm"(p, q, ’V) (A7)
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with

d"k_ _(k=p)ikik,(k+q)(k +q)u(k =P), .
@a) (B2 =i€)[(k+q)P —ic][(k=p) —i€]"

Gijrimn ==t

In Eq. (A6), " is a function of 7 alone. As a consequence, if Gynm, is expanded in invariants multiplied
by tensors constructed from §;; and the momenta p, g, and 7, only the tensor constructed purely from the
0;; will give a nonvanishing contribution to Eq. (A6). That term may be identified by Feynman parametriz-
ing Eq. (A8), translating the integration variable to eliminate terms in the denominator odd in %k, and re-
taining only the loop momenta in the numerator. Denoting this term by Gm,,,,,, we have

1 1 1 n
o f f f _ oy [ ATk Rk gk
Gijpimn=2 | da, , da, A da,d (1 Z ai)( i) @ —’—"-(kz TH—ic)’ (A9)
f
where For the total divergent part of the third-order

H=0,0,p%+ ay059° + 0, 077 (A10)

The result for this integral is proportional to

1

Qisnimn = 705V 5 &) O %10 5 (a11)

where the parentheses denote complete sym-
metrization and the numerical factor normalizes
Qijrimn to have total trace (over spacetime in-
dices) unity. In particular,

1 1
G(i?:)umn=2Qiﬂzxmnf dalj da,
() °

1
xf dagb (1 -3 a,-)J,
()

(A12)
where
i a’'k kS
T ) @) (B +H —i€p’
After rotating the k° contour by ¢'"”2 this integral
may be evaluated by standard dimensional reg-
ularization techniques.!? The result has a pole at
n=4. Nearn=4

121
T @nEn-4
Inserting this in Eq. (A12) and carrying out the
integrals over the Feynman parameters one
finds

J (A13)

JW = H?, (A14)

iv 1
ngzlenn == 120,,[2(” _ 4) Qilklmn

X (p*+q*+7r*+p?¢ +p*r?+q*r?).  (Al5)

Finally, inserting this in Eq. (A7) the result in
Eq. (A6) and evaluating the resulting expression
with the attention to surface terms already dis-
cussed for I', we find for the divergent part of
the last diagram

1 1

div ——
L™ = 72072 (o - 4)

A% Tr[3(x' 2k =5(13)].

(A16)

one-loop effective action we therefore find from
the sum of Eq. (A16) and Eq. (A5)

div 1 4 1 ’
]."3 = - m fd xTr[g(K") ]. (A17)

This divergence is to be canceled by the counter-
action in Eq. (2.24). Using the expansion in Eq.
(A2) and Eq. (B10) to evaluate the expansion of
the Weyl tensor, we find the following for the
third-order counteraction’s divergent part:

B8+B) [ anerelstey). (A18)

Comparing this with Eq. (A17) we see that the

- counteraction has the correct form to cancel the

divergence in this order and that A + B =(288072)"!,
The value of B has already been determined from
the cancellation of the divergence in second-order
perturbation theory as B =(192072)"! [cf. Eq.
(2.23b)]. The result of the dimensional regular-
ization scheme for A is therefore

A ==(57607%)"1, (A19)

in agreement with that found by other methods.

APPENDIX B: CURVATURE IDENTITIES

In this appendix we shall list some useful
identities concerning the curvature tensor for the
metric

ds?® =a@[-dn? + (€%); dx*dx'] (B1)

in # - 1 spatial dimensions. Bis an (# -1)

X (n — 1) trace-free symmetric matrix and both it
and a are functions of the time coordinate n
alone. ‘Our results for tensor components in this
appendix will always be quoted in the orthonormal
frame

w’=adn, w;=(ae),dx’. (B2)

It is not difficult to convince oneself that the
Riemann tensor components do not involve the
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dimension 7 explicitly so that the calculations of
Misner® may be taken over directly. The non-
vanishing ones are

1 a” al 2
0 |- [ = ’
R%; az[a (a ) +S
’?
+S (_a_) +sz+st—ts] , ' (B3)
a ij
1[/a’ a’
Rimi = a® [(E +s) ir (7 +s)“
’ ?
- (a_ +s) (9— +s) ] . (B4)
a i1 \a 1Y}

Here s and ¢ are the matrices defined by
=3[(e®)(e™)+ (e ®)(e®)], (B5)
t=H(e*) (™) = ()], (86)

where a prime denotes a derivative with respect
to 1 and in matrix expressions quantities such as
a’'/a are understood to be proportional to the unit

CoprsC**" = 4Tr(K'2 +4K'K2) +0(BY),

() -(5)E

+Tr [2(n 1)(( (‘;’)
J

RQBR“%%{(n 1)|n

matrix. The resulting nonvanishing Ricci tensor
components and scalar curvature are

R,= a-lg{(n - 1)[“7" -(%Y] +Tr(sz)}, ®7)
Rij=£i{[il+ (e —3)(%1-)2]+s'

+(n—- 2)3( )+st—ts}”, (B8)
-t cu-o(2)]
+Tr(sz)}, (B9)

where Tr indicates a trace over the spatial in-
dices.

To the lowest few orders in B these results
imply the following expressions for the squares
of the Weyl tensor, Ricci tensor, and scalar
curvature. They are expressed in terms of
Kyy =By

(B10)

)2+(n2— 5n+8)(a')4]
)K2+(K'+(n 2)( l)x)z]}+0(ﬁ“), (B11)

Rr?="_ {(n 1)[( )+(n 4)(‘:) +2[( )+(n 4)( )2]Tr(l<2)}+0(/34). (B12)

The square of the Riemann tensor can then be
computed from

4 8
RaBmRaBm = CmBﬂicmar6 + = Z)RaBRa
2 2
- ———R? B13
PERE (B13)

Finally, we note that if the argument of the
Gauss-Bonnet identity in four dimensions is
written

$=RapsR*™ - 4R,,R** +R?, (B14)

then in terms of the n-dimensional Weyl tensor
this can be written

§=CoppC* +4 (—-1 5~ I)RasR““

N (1- m)z—(ﬁ—_—l—))az. (B15)

If ¥ is the combination of the squares of curva-
tures which give the square of the Weyl tensor

in four dimensions

ngaBrORaB”B "ZRasRaB'i'LRZ, (B16)

then in terms of the n-dimensional Weyl ténsor

s:caa,bc“’%(n—cx)[ = 2 Z)RO,BR“B
(n+1)

= 2)n = 1)32]' B17)
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