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We generalize Witten’s calculation of the photon structure function F?% to the next-to-the-leading order of
asymptotic freedom. Except for the second moment of F%, the result is independent of the unknown matrix
elements of quark and gluon operators between the photon states. The nonleading corrections turn out to be

large.

I. INTRODUCTION

It is well known by now that asymptotic-freedom
predictions™? as calculated in the leading order of
the effective coupling constant are consistent® with
the scaling violations observed in deep-inelastic
data. The theoretical calculations needed to obtain
these leading-order predictions are rather
straightforward and have been obtained already
several years ago.»? On the other hand, the cal-
culations of the next-to-the-leading-order asymp-
totic-freedom effects are much more involved
and have only been studied during the past two
years.*® These next-to-the-leading-order effects
are now theoretically well understood although
their detailed confrontation with the data remains
to be done.

So far the calculations of higher-order correc-
tions have concentrated on deep-inelastic scatter-
ing off hadronic targets. In spite of the fact that
corrections in question are not small, they can
be absorbed to a large extent in the redefinition of
the parameter A, the sole free parameter of the
theory.® The phenomenological study of higher-
order corrections is complicated by the fact that
any asymptotic-freedom expression for the had-
ronic deep-inelastic structure functions involves
matrix elements of local operators between had-
ronic states which are uncalculable by present
methods. These matrix elements must be treated
as free parameters in fitting data. Since the mag-
nitude of higher-order corrections varies only
slowly with @® some of the higher-order effects
can be absorbed (in the range of @2 available ex-
perimentally) in the unknown matrix elements in
question.® It is therefore of interest to look for
processes which at least in the first few orders in
the effective coupling constant are free of the un-
known matrix elements of local operators.

One such process is the deep-inelastic scattering

off photon targets. This process can be studied in
e*e” collisions!® as shown in Fig. 1 where one of
the virtual photons is very far off shell (large Q2)
and the other one is close to the mass shell

(small p?).

In quantum chromodynamics (QCD) the process
of Fig. 1 has been analyzed by Witten'* using oper-
ator-product-expansion and renormalization-
group methods. He has obtained definite pre-
dictions for the photon structure functions which
in the leading order of asymptotic freedom are in-
dependent of the unknown hadronic matrix ele-
ments. The asymptotic-freedom result for the
shape of the photon structure function F?, differs
substantially from simple parton-model predic-
tions.'?'* Witten’s result has been recently re-
derived by Llewellyn Smith'* in the framework of
perturbative QCD and by DeWitt e/ al.}® and Brod-
sky et al.*® inthe framework of the Altarelli-Parisi
approach.!” For a recent review of the phenomeno-
logical implications of these results we refer the
interested reader to Refs. 14 and 16.

If we write generally the moments of F(x, @?)

1
fdxx"'zFZ(x,Qz)
0
T Q* 1
_anlnA—2 +a,,1nln7r2 +b,+ O(ln(Q " )),
(1.1)

then what Witten has calculated are the coefficients
a,.

In this paper we shall extend Witten’s calculation
to higher orders and evaluate the constants @, and

b,. As observed by Witten'! the constants b, and

FIG. 1. Dominant contribution to the process e*e™
— hadrons+e e”.

166 ®© 1979 The American Physical Society



20 HIGHER-ORDER ASYMPTOTIC-FREEDOM CORRECTIONS TO... 167

a, do not depend on the unknown matrix elements
of local operators except for b,. In other words
for the first three terms in the expansion in Eq.
(1.1), we obtain for »>2 definite asymptotic-free-
dom predictions in terms of a single free parame-
ter A. For n=2 there is an additional free para-
meter in b, which involves the photon matrix ele-
ment of the hadronic energy momentum tensor.

It is obvious from the above that the process un-
der consideration is, from a theoretical point of
view, an excellent place to study properties of
higher-order corrections. Unfortunately, experi-
mental tests of our results may prove to be diffi-
cult.

Our paper is organized as follows. In Sec. II and
following Witten we derive a formal expression
for the moments of F} valid to any order in the
effective quark gluon coupling g2 and to first order
in the electromagnetic coupling ¢®. Using this ex-
pression we find in Sec. III the parameters a,, b,,
and @, of Eq. (1.1) in terms of one-loop and two-
loop anomalous dimensions, one-loop and two-loop
contributions to the g function, and one-loop cor-
rections to the Wilson coefficient functions. Sec-
tion IV contains all information needed for the
numerical evaluation of the parameters a,, a,, and
b,. Numerical results and their discussion are
presented in Sec. V. For completeness we include
formulas for the longitudinal photon structure
function in Sec. VI. Section VII contains a brief
summary of our paper.

II. BASIC FORMALISM

In the short-distance analysis the moments of
the photon structure function F%(x,Q?) are given as
follows'®:

= ! i;Qj 2 n
'ch(“z s & 5a)(7/l0({2’7i),

where @*=-¢?, x is the Bjorken variable, g2 is
.the renormalized strong coupling constant, u? is
the subtraction scale at which the theory is renor-
malized, and a=e?/47 is the electromagnetic
coupling constant. The sum on the right-hand
side, of Eq. (2.1) runs over spin-n, twist-2 oper-
ators such as fermion nonsinglet operator Oyg»
singlet fermion and gluon operators O,and O,
and photon operator O,. The latter operator which
is not present in the deep-inelastic scattering off
hadronic targets, is the analog of the gluon opera-
tor O with the non-Abelian field strength tensor -
G, replaced by the electromagnetic tensor F,,.
As noted by Witten,'* O, must be included in the
analysis of photon-photon scattering. The reason

1
f dxx""2F1(x, Q%)
]

is that although the Wilson coefficients C? are
O(a) the matrix elements (y|0Z|y) are O(1). There-
fore, the photon contribution in Eq. (2.1) is of the
same order in a as the contributions of quark and .
gluon operators. The latter have Wilson coeffi-
cients O(1), but matrix elements in photon states
O(a). We want to evaluate Eq. (2.1) to lowest or-
der in « but to all orders in g.

In what follows it will be useful to work with
matrix notation. The coefficient functions are
described by the column vector

m
2
@ Cy % » 2%, 01)
C"(ﬁ-z', g2, a>= . _ 8 (2.2)
NS, Q 2

L -

- The renormalization-group equation which governs

the Q* dependence of C, can then to lowest or-
der in o be written as follows:

9 0 \= Q2 .
(li 3—;I+ B(g) ’a—g)cn(ﬁ'f s gz, 01)
- 702
=y,(g2 a)C,,(% , gz,a), (2.3)

where %,(g2, @) is the anomalous-dimension ma-
trix whose elements are equal to the elements of .
the transposed anomalous-dimension matrix as de-
fined by Gross and Wilczek.? To lowest order in

a this matrix has the form

v(g?% &)= f"(gz) o, (2.4)
K,(g%,a) O

with 77,,( g?) being the standard hadronic anomalous-
dimension matrix

Y583 velg? 0
%83 = |7ie?) velg?) 0 |, (2.5)
0 0 'Y'r'xs(gz)
and K(g2, a) standing for the three-component row
vector

K,(g%,0)=[K"(g? a), K(g?,a), K3s(g?, a)].
(2.6)

- The vector f,, represents the mixing between the

photon operator and the remaining three operators.
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In the notation of Eq. (2.5), its components are
Y4ys Yey» and Yyg,. We prefer, however, to use
separate notation for the mixing in question be-
cause it depends on both g and «. It is also the

notation of Witten.4!
The solution of (2.3) is given by!:2

En(ﬁ—i,gz,a)= [Téxp(LLZ dg’ n(g( ,’;x)”

xC,(1,22,a), (2.7)

]
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with g2 being the effective strong-interaction
coupling constant which satisfies the following
equation:

ag? _

—r (2.8)

=gB(g); gt=0)=g.

Here ¢t=1n(Q?/u?). The T ordering in Eq. (2.7) is
necessary because [y(g’%), ¥(£7%)]#0 and is defined
as follows:

g™ 1, , 7’ '2) » g ng"™)
! d, dg toeoe 2.9
rexp U:‘?g B f g f dgf B2 Blg) (2.9)
Writing the T-ordered exponential as
b% (g’z) M_ 0
Texp[fd S L) (2.10)
“BlgN % 1
where M, is a 3'by 3 matrix and )‘(n is a three-component row vector, we find from (2.4) and (2.10)
Q2 2) [ € ';/ (g'z)]
M =T dgr & 2.11
n TIE » & €Xp 4‘ g ﬁ(g') ( )
and _
= K, (g% [ “ L (g"z)]
X s d < Te dg" & . 2.12
< 5, 8%, ) f g’ —(T Xp _[E g W ( )
On the other hand, Egs. (2.1), (2.7), and (2.10) give
f dx x""*F(x,Q%) = Z <7l0"[7>[ (—z ' g )Cﬂ(lxé_’zy 04)] .
i
+X (% 2% 0)C,0.2% @+ CYLE ) (2.13)

where ¢ now runs over ¥, G, and NS and
C.(1,5% )

Cr(1,8% @)

Cr(1,8% @)

C,(1,2% @)=

(2.14)

In addition, we have used the fact that
(r|o,|w=1.

Equation (2.13) is valid to any order in the effec-
tive coupling constant g2 and to the first order in
a. The only unknown quantities in Eq. (2.13) are
the matrix elements (y|0"|y). Fortunately, due to
asymptotic freedom the sum 27, in Eq. (2.13), ex-
cept for n=2, goesto zero for large @? as in the
case of deep-inelastic scattering on hadronic tar-
gets. It then follows™ that the parameters q, and
a, for all » and b, for n>2 can be found by evaluat-
ing the last two terms of Eq. (2.13). We shall now
evaluate these terms and consequently a,, a,, and
b,.

n

(2.15)

—

III. PHOTON STRUCTURE FUNCTION BEYOND THE
LEADING ORDER

We begin with the evaluation of the 7T-ordered
exponential which enters Eq. (2.12). We first ex-
pand the anomalous-dimension matrix 9,(g?) in
powers of g:

2 g’ (), g*
7’1,(g) 71] 167 §+y1] (16772)2+""
(3.1)
irj=_¢;G ’
(1), g“
YNs(ge) yNS 16 Taz+t¥ns " (167‘[2)2 tooe, (3-2)
Then writing in an obvious notation
7(g%) =92+ 7 Ag?) +- - (3.3)

and using Eq. (2.9), we obtain neglecting terms
o(g*)
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e[, a8y el S, on B

foeonl flo B SG l [ BT} o

To proceed further we evaluate

g

[ eld ?O(g:Z)] (3 5)
exp gl 2 ’ .
& B(g") [(rQr - v o + 4y SFv e Tt® (3.9)
which appears three times in Eq. (3. 4) This is and
easily done by writing
ARs = YNE - (3.10)
7%g?)= 1‘§ﬂ2 PRI (3.6)
! Using the known properties of the projection oper-
where the X} are the eigenvalues of the matrix %2 ators
and P" are the corresponding projection operators.
Explicitly .
i
JOM_An a0n pipn= 0, 7, (3.11)
o F Gy P", i=j,
1 n n
Pl=ss—5| 78 v@-2 0|, @7
¥ and expanding S(g) as follows:
0 0 0
Ble)=e Lo g & g (3.12)
000 T o~ (1672 P12 .
Pys=| 0001, (3.8)
we obtain to the desired order
001
g “?S(g'z)] (ggz“'}’ 2o ( Iy
Lo Sl prl 22 1+ =4 2L _—o2 \, (3.13)
=P [fgz % B(g") Z g’ ) 28,2 R T )
Inserting (3.13) into (3.4) we finally obtain
g % (g7 (54) X/ 28, ( A" g%-z )
y B = P2
TeXp(f; % B(g'5) 2P 262 P17 160
2 naWpn A" /28 2\ 1+(r;-);)/28p
g’ s~ _PWP] (g )’ °[1_(g) o ] 3.14
- 16#%1 2Bo+ N - A, \g? g " .14
We next expand the components of I-f as follows:
- e e’g?® w, .
K’;(gz,a)——WvK‘}" (16 2)2K ", ._’]—ll), NS (3.15)
and
n( 2 eg? ,n 3.16
K% (g? a)= - {67 2)21{ ( )
Inserting Egs. (3.14)—(3.16) into (2.12) we obtain, after dropping terms which vanish for Q% —«,
2 e I-Z
X(u23g Ol) 0? Z:P'1+7\"72BO
e PPy < R 3.17
~ 167° 2@0[231 E (1+x'/2/3 EY * Z A1+ 2%/28,) * 1672 Z x' ’ (3.17)
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where we have defined two row vectors
K@=[K9",0,K%7] (3.182)
and .
KP= [k K@ KS. (3.18b)

Equation (3.17) is valid for »>2. We next write
( =2

ezéw(l + lgﬂ.z B:; )) j= lP )

>2

€26, T‘g—WEB'g, i=G,
c,{(1,§2,a)=< (3.19)

o2

€Oy G*T%FB?‘S)’ j=NS

et a
1672 & By, 727,
\

where §; depend on the quark charges and are
given in Sec. IV.

Inserting (3.17) and (3.19) into Eq. (2.13) we
finally obtain for n>2

1 16 2
f dxx"2F(x, @) = az( 712 a,+ b,,)
() Bo&

et fom@ i mm @y
n P n 'K? n)*
(3.20)
]

a) 0 a), O,n a),n
K, ""dyvge _ Ko "0y7 g +KNS Ons 1

In order to obtain the last formula we have ex-
panded g%(Q%), the solution of Eq. (2.8) with §(g)
given by (3.12), in powers of g,2(Q?), the effective
coupling constant calculated in the one-loop ap-
proximation, with the result

- 4
F@)=27@") - £ 839D 101y L. 0(z,9),

Bo 16772
(3.21)
where
— 1672
2,°(Q%)= ATQ7/AD) (3.22)

The parameters a,, a,, and b, are given as follows:

a ~1[K%"5¢ 14288 ), _Kxsons (3.23)
1 26, ) Trroeog, ) &
n>2 : (3.24)

and

b,= N NS\ y 27 28, (K36, R+ K 3§ Oys Ryg)+ B1S,, n>2. (3.25)
+ Al + e NS [}
Here, we have defined
. = X it (3.26)
d= (1+ 230) (1.+ 250)’
By (g, 58\ Bover A By (rel+2B0rgs +vidvay : (3.27)
Re="\1*38,)" 2 28, " axix B, e
© Bn y(l),n+23 v (3.28)
R .= NS - NS 1
N1y %28, T vRe(L+v%d /2By
and ), (1), 0 0, (1), 0, 0, (1), o,n
0] 0, )y ' 3 i1d L, 1 1 0 ]
A,,=y<1>,,,yo,,._yu>,,.yo,,.+y%gyé;.nydgwc’gyo "Yez = YicYee Y do =Y Vve 'ch. - (3.29)
Gv pYe] R GG 260

Equations (3.20) and (3.23)-(3.25) are the main
results of our paper. Equation (3.23) has been
previously obtained by Witten.!! On the other
hand, Eqs. (3.24) and (3.25) are new.

The equations above are valid for n>2. For
completeness we quote the result for »=2. Since
this moment depends on the unknown photon matrix
element of the hadronic energy-momentum tensor,
we shall not use it in the numerical calculations.

-

For n=2 we have

! Y 2 21672 P 524 B’
f AxF(x,Q%) = o’ =5 a,+ajlng +b2) (3.30)
0 Bog

o2 @ . Q?
= azang+a21nlnP+b2 ,(3.31)

where a, is evaluated from (3.23) and



&= Z5a-a, (3.32)
0
with aj given as follows:
5,7 ( B
r—_ 2sr ce K(1)+K(1)——lK(°) . (3.33)
“TTaa Y TR T

The index n=2 has been dropped on the right-hand
side of the Eq. (3.33).

We finally quote for comparison the asymptotic
behavior of the moments of the photon structure
function as obtained in the simple parton model
(P™M)

1 Q2
j; dx x""*F}|py= 0P, In Aoy’ (3.34)
where
2
p, =45, — L tn+2 (3.35)

n " nn+1)n+2)°

Notice that P, can be obtained from g, by putting
there all anomalous dimensions but K {" and K {'
equal to zero. We shall now give all the informa-
tion needed for the numerical evaluation of a,, a,,
and b,. o

IV. MAGIC NUMBERS OF ASYMPTOTIC FREEDOM

All the quantities necessary to evaluate a,, a@,,
and b, have been already calculated in the litera-
ture. It has been recognized® in the past year that
anomalous dimensions in two loops and the g2
corrections to Ci(1,g?), i.e., B", are renormali-
zation-prescription dependent. Any physical
quantity cannot of course depend on renormaliza-
tion-scheme, and the renormalization-prescrip-
tion dependences of B’ and of two-loop anomalous
dimensions cancel in the expressions for physical
quantities. However, in order for the cancellation
to occur both B} and 'y,f Y have to be calculated in
the same scheme. In what follows all the expres-
sons listed in this section correspond to ’t Hooft’s
minimal-subtraction scheme.!® In fact, this is the
only scheme at present in which all the quantities
relevant for our calculation are known.5 ¢ A nice
property of this scheme is that all quantities below
are gauge independent.?°

The formulas of this section are for SU(3) color
gauge theory with f flavors. Quarks may have
arbitrary charges, although our results depend
only on the average charge squared (e¢?) and the
average of the fourth power of the charge (e*).

A. Anomalous dimensions in one loop

For the pure hadronic sector anomalous dimen-
sions in one-loop approximations have been calcu-
lated in Refs. 1 and 2. They are®
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8 2 13
a0n_.,0,n_ - -
Yoo = 7Ns 3 <1 n(n+15 +4 JZ; ] )} (4-1)

(nP+n+2)

RSt e ey ) 2
jon__ 16 (F4n+2)
Ve T LS &)
on_g(l_ _4 - ;
706_6(3 T T r D) * z;J)
4
-y , (4.4)

The anomalous dimensions K " and K % are ob-
tained from (4:2) by changing group-theory fac-
tors. They are

on_ n+n+2 o
Kd> —Sm 3f<e > (4.5)
and
Konog_TLtn+2 3 F({e*) = (e¥)?). (4.6)

N SO Dt 2)

B. Two-loop anomalous dimensions

For the hadronic sector the two-loop anomalous
dimensions have been calculated in Ref. 5. We give
only their numerical values in Table I since the
corresponding analytic expressions of Ref. 5 are
rather complicated. The nondiagonal elements
differ by a sign from those of Ref. 5 as we use the
definitions of Gross and Wilczek.? The two-loop
anomalous dimensions K (", K (" and K ("
can be obtained from ¥ 2" and y{Y" by picking in
the relevant formulas of Ref. 5 the terms propor-
tional to CoT(R), removing T(R), and inserting
relevant charge factors as in Egs. (4.5) and (4.6).
As the result of this procedure we obtain

Kw( 1)v"=%B,{"3f(e2> , (4.7)
Kgd =% B37((e?) - (&), (4.8)
K§n=—-4 BIE3f(e, (4.9)

where the values of B¢ and B# can be found in
Ref. 5. Numerical values for K", K" and
K™ are given in Table IL

C. One -loop corrections to Cp(1,8%)

These corrections have been calculated in Ref. 6
and recalculated in Ref. 5. We have

By —B"—é(:z 21 4 - 1 2 ~ 1
NSTTRTRNT & T ;?——n(rHU;j
1<1 3 4 2 )
= -t =t ——t—= =9

+4SZ;S ,Zl:j+nfn+1+n2

v y4(ndn—-vg), (4.10)

2
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TABLE 1. Coefficients of g%/(167%?% in the anomalous dimensions ¥
table has been calculated on the basis of the results of Ref. 5.
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)

1)

(1)

(1
NS . Y, Yid s Y9

E]

(1)

20

and ¥g¢ for f=38 and f=4. This

Vil 78 v V&)
n 3 4 3 4 3 4 3 4 3 4
2 77.70 71.37 65,84 55,56 —45,25 —60.34 ~65,84 —55.56 45,25 60.34
4 133.25 120.14 132.6 119,28 7.75 10.34 -28.64 -27.40 178.9 151.61
6 164.26 147,00 164.1 146,82 16.56 22,08 -18.46 -18.28 242.9 201.94
8 186.68 166.39 186.6 166,34 19.47 25.96 -13.94 -14,08 287.6 238.16
10 204.5 181.78 204.4 181,74 20,44 27,25 -11.40 -11.67 323.1 267,48
12 219.3 194.63 219.3 194,58 20,63 27,51 -9.78 -10.11 353.1 292,44
14 232.1 205.7 232.1 205,7 20,46 27.29 —8.65 -9.00 379.0 314.2
16 243.3 215.4 243.3 215.4 20,11 26.82 -7.81 -8,17 402.1 333.7
18 253.3 224.1 253.3 224.1 19,68 26,25 -7.16 -7.52 422.8 351.2
20 262.3 231.9 262.3 231.9 19.22 25,63 -6,64 -7.00 441.6 367.3
4 4 1 5, =3 f(e* (4.15
BL=9f = _ b= y ) .15)
¢ f[n+1 n+2  n? \
nPrn+2 SN | +1 5"’:: e, (4.16)
n(n+1)(n+2) \ & j )] (4.11) bys=1. (4.17)
+ % y92(ndr—vg), This completes the list of parameters needed to
) evaluate q,, b,, and a,.
where y; is the Euler-Mascheroni constant
y=0.5T72., We shall comment on the terms E. Comments on (In4m-v)
(In47 - y;) at the end of this section. The terms (In47- y;) which occur in B?, B,
Bj is given in terms of BY, as follows: B7,, and B} are artifacts of the dimensional regu-
oB" larization scheme and it should be possible to ab-
Br= fG . (4.12) sorb them through a redefinition of the scale para-
meter A as discussed in Ref. 6. In fact, as can be
D. Parameters 3,08;,8, ,0xs.8, shown by means of the formulas of the present
B function parameters 8, and 8, have been cal- section
culated in Refs. 1, 2 and Ref. 21, respectively, b,=b,—a,(Ind7 - Yg) s (4.18)
and are given as follows: - .
. where b, is free of the (In47~ y,) terms. There-
Bo=11-2f (4.13) fore, Eq. (3.20) can be written as
1
and f dx x""2F1(x, Q%)
(4]
B,=102 - £ 7. (4.14)

For §,, Oyg, and 6, we have

TABLE II. Coefficients of ¢%g%/(167%? in the anomalous dimensions K}, Kfs, and K% for f=3

2

2
=a2(anln9—+&"lnln%+5,,),

A2

and f=4.
KR K K
n 3 4 3 4 3
2 3.247 4.871 29.23 48,71 -29.23 ~48,71
4 3.707 5.560 33.36 55,60 -24.83 -41.,39
[ 3.790 5.685 34.11 56.84 -23.11 —38.52
8 3.707 5.560 33.36 55,60 —-22.40 -37.33
10 3.577 5.365 32.19 53.64 -22,05 -36.74
12 3.431 5.147 30.88 51,47 -21.,84 —-36.40
14 3.289 4.993 29.60 49.33 -21,71 -36.19
16 3.156 4,733 28.40 47.33 —-21.63 —-36.05
18 3.031 4,547 27.28 45,47 -21.57 -35.95
20 2.916 4,373 26.24 43,74 -21.,53 -35.88

(4.19)
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TABLE III. Numerical values of the parameters a,, @,, b,, and p, for f=3 and f=4,

an an bn bn
n 3 4 3 4 3 4 3 4
2 0.660 1.245 0.353 0.529 0.889 1.679
4 0.276 0.504 0.218 0.373 -0,604 -1.028 0.489 0.924
6 0.175 0.317 0.138 0.235 -0.418 -0.716 0.349 0.660
8 0.127 0.230 0.100 0.170 -0.327 -0.561 0.274 0.518
10 0.0989 0.179 0.0781 0.132 -0.269 -0.463 0,226 0.427
12 0.0806 0,146 0.0637 0,108 -0.228 -0.394 0,193 0.364
14 0.0678 0.122 0.0536 0.0904 -0.198 -0.343 0.168 0.318
16 0.0584 0.105 0.0461 0.0777 -0.175 -0.303 0.149 0,282
18 0.0511 0.0919 0.0404 0.0680 -0.157 -0.271 0.134 0.253
20 0.0453  0.0815 0.0358 0.0603 ~0.142 —0.245 0,122 0.230
where gible. The study of the latter terms is beyond the
_ . scope of this paper, and we shall only present the
K=Aexp[: (Indr=vg)]. (4.20) results for the first two terms.

In other words, we can absorb all (In47- yE)
terms by redefining the parameter A, Numerical
values for a,, a,, and b, are given in Table III.

V. NUMERICAL RESULTS

In this section we shall evaluate the moments of
the photon structure function as given by the
formulas (3.20)-(3.29) and compare the results
to the leading-order and parton-model predic-
tions. We shall also invert moment equations and
present approximate analytic expressions for the
photon structure functions as given by the parton
model, asymptotic freedom in the leading order,
and asymptotic freedom with higher-order cor-
rections. Finally, we shall make a comparison
of next-to-the-leading-order effects calculated here
with those present in deep-inelastic scattering off
hadronic targets.

First, however, we make a few comments. Our
formulas for the structure functions are only exact
up to the terms of O(g?2) which we have not calcu-
lated. Generally the formula (3.20) can be written
as

1 1672 Df=27i
dxx"*F3(x, Q" =a2( —5 ay+b,+ 9, 722
_[) X 2(x, @) Rk [g2]

i=1

IR ok NCRY

The parameters a,, b,, and 7,” can be calculated in
perturbation theory. The coefficients 2” are, on
the other hand, uncalculable by present methods

as they require the values of photon matrix ele-
ments of gluon and quark operators. Since the

4, are positive, the first two terms in Eq. (5.1)
will dominate at sufficiently large values of Q2.

At small values of @* of 0 (few GeV?) it is con-
ceivable that the remaining terms will not be negli-

Our second comment concerns the heavy-quark-
mass effects which are not taken into account in
our formulas. These mass effects occur in the
Wilson coefficient functions, in the anomalous
dimensions, and in the B8 function. These effects
have been studied by Hill and Ross® in the leading
order and we shall comment on this paper later.
In the case of the next-to-the-leading-order cor-
rections, the inclusion of mass effects is a for-
midable task since this would require the calcu-
lation of renormalization-group functions in a
mass-sensitive renormalization scheme. In what
follows we shall present the results for f=3 and
f =4 with the standard charge assignment as in the
Weinberg-Salam-Glashow-Iliopoulos-Maiani model.
We do not present the numerical results for f>4,
although they can be easily obtained from formulas
(3.20)—(3.29). The reason is that the effect of the
b quark even far above its production threshold is
suppressed relative to the charm contribution by a
factor of 16 due to its charge. On the other hand,
the ¢-quark contribution is not expected to be of
any significance below @*=100 GeV?.

In Table III we have presented the numerical
values for the coefficients a,, a,, b,, and p, as
functions of n. As noted by Witten' q, decreases
faster to zero than p, for increasing » and, there-
fore, the photon structure function as given by the
leading-order expression is suppressed at large
values of x relative to the parton-model predic-
tions. The parameters b, are negative and with
increasing n decrease slightly slower than a,.
Consequently, the importance of higher-order
contributions increases with n. Their effect is to
further suppress the structure function at large
values of x relative to leading-order predictions.

In order to calculate the moments of the photon
structure function, we must specify the parameter
A. In deep-inelastic scattering off hadronic tar-
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gets this parameter is found by fitting the theory
to existing data. As discussed in Refs. 23 and 6 the
scale parameter A cannot be determined meaning-
fully from experiment without calculating at least
next-to-the-leading-order effects. In particular,
the value of A, if determined on the basis of lead-
ing-order expression, can be different in deep-
inelastic scattering off hadronic targets and in the
photon-photon scattering discussed here. On the
other hand, if next-to-the-leading-order effects
are included in the phenomenological analysis, A
can be determined in a theoretically meaningful
way for both processes. Therefore, inour analysis
we shall take the value of A whichhasbeen obtained
in Refs. 6 and 24 by fitting the asymptotic-freedom
formulas to the moments of F, as measured by the
BEBC group.*

As pointed out in Ref. 6, even if the next-to-the-
leading-order corrections are included in the
phenomenological analysis, there is some free-
dom in defining the parameter A or equivalently
the effective coupling constant. As discussed in
Sec. IV one can redefine the parameter A by ab-
sorbing in it the (In47~ 7v;) terms. Generally one
can absorb into A any constant term proportional
to y®" in deep-inelastic scattering off hadronic
targets and proportional to a, in photon-photon
scattering., Any such redefinition of A will lead to
a different numerical value of A extracted from
experiment, but the fits to the data will be consis-
tent with each other up to corrections of O(g*).
Here we shall discuss in detail only the MS scheme
for A introduced in Ref. 6 which corresponds to the
absorption of the (In47 - v;) terms as in Eq. (4.20).
In the case of deep-inelastic scattering off had-
ronic targets, this scheme minimizes next-to-the-
leading-order corrections for the »=2 moment.

A similar scheme has been discussed by the aut-
hors of Ref. 9 in which the next-to-the-leading-
order corrections for »=3 are minimized. The
value of A which we have found® by fitting the
asymptotic-freedom formulas to the moments of
F, was A=0.5GeV. We shall use this value in our
formulas for the photon structure function.

In Fig. 2 we have plotted the quantity
F7 /(0?1n@?/A?) for the parton model, asymptotic
freedom in the leading order, and for asymp-
totic freedom with higher-order corrections. The
quantity in question is independent of Q* for the
cases of the parton model and asymptotic freedom
in the leading order. Higher-order corrections,
on the other hand, introduce the @* dependence
as follows:

Fi, _ . hn@/&) B,
PR ~ Ot gAYy @i/ ¢

(5.2)
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FIG. 2. Moments of the photon structure functions in
units of a? as predicted by the parton model (a), asymp-
totic freedom in the leading order (b), and asymptotic
freedom with higher-order corrections (c,d,e). The
predictions are for A=0.5 GeV and 4 flavors.

Asymptotically the last two terms in Eq. (5.2) will
go to zero, and the leading-order result will be
obtained, All the effects discussed in connection
with Table III are seen in Fig. 2. The formulas

~ (4.19) and (3.34) can be inverted and the result

written as follows:
Q Q -
Flx, Q%)= a? [a(x) & atmm &+ b(x)]. (5.3)
and
QZ

F;(x’ Qz)’pM: azﬁ(x) In iz (5.4)
for the parton model. The formula (3.34) can be
inverted analytically, and one obtains

p(x)=48,[x*+ (1 - x)]x, (5.5)

which is the familiar expression of Ref. 17. The
formula (4.19) has a complicated » dependence and
must be inverted numerically. We have found,
however, approximate analytic expressions for the
functions a(x), a(x), and b(x) which for certain
ranges of x are good representations of the exact
inversion. For f=4 they are given as follows:

a(x)=x[1.52x1%2+ 4.38(1 ~ x)°>- %]
for 0.3<x<0.9, (5.6)
a(x)=x[1.12x132 + 3.24(1 - x)°°7]
for 0.4<x<0.9, (5.7)
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b(x)= —=x[5.29x 149+ 19.99(1 - x)**°]
for 0.4<x<0.9. (5.8)

The structure functions F(x, Q%) as given by the
leading-order prediction and higher-order calcu-
lations are shown in Fig. 3. We observe that the
largest effects of higher-order corrections are at
large values of x.

So far we have used the same value of A in the
leading-order and higher-order calculations, and
we have found that the higher-order corrections
were large. It has been demonstrated in Ref. 6 that
in the case of deep-inelastic scattering off hadrons
the asymptotic-freedom formulas with higher-order
corrections included and A=0.5 GeV could be very
well approximated for 2 < Q%< 30 GeV? by the lead-
ing-order (LO) expression with A;,=0.73 GeV and
with the unknown hadronic matrix elements of
gluon and quark operators suitably modified rela-
tive to the higher-order case. In the photon-photon
scattering the modification can be done only in the
value of A, and it is of interest to see whether we
can find a A defined by

1 2
f dx x""%F%(x, Q%) = o®a,ln AQ 5, (5.9)
0 LO
so that the leading-order expression is approxi-
mately equal to the full expression (4.19) which is
calculated with A=0.5. The result of such an ex-
ercise is shown in Fig. 4. The following lessons
can be taken from this figure:
(i) It is impossible to find A, which would re-

T T T T T T

4 flavors JLO ----
A=0.5

FIG. 3. Photon structure function in units of o? as
predicted by asymptotic freedom in the leading order
(dashed lines) and asymptotic freedom with higher-
order corrections (solid lines) for A =0.5 GeV and vari-
ous values of Q2. The curves correspond to the formulas
of (5.6)—(5.8). The curves for leading order agree within
a few percent of those of Ref. 11 over the range of x
plotted in this figure.

produce the formula (4.19) with the accuracy found
in the case of deep-inelastic scattering off hadronic
targets. For fixed @° the formula (4.19) predicts
faster drop of the moments with increasing » that
is given by the leading-order formula (5.9). Also
@* dependence is slightly different in the two cases.
(ii) The effects of the next-to-the-leading-order
corrections in photon-photon scattering are larger
than in the deep-inelastic scattering: A;,~1 GeV
in the present case as compared to A, =0.73 found
in Refs. 25 and 6. We recall that in both cases the
higher-order formulas are calculated with A =0.5.
(iii) If one is interested only in 10-20% accuracy,
then we can conclude that the leading-order formula,
(5.9) can mimic the higher-order expression (4.19),
but A, , is not the same as the one found in the
deep-inelastic scattering off hadronic targets.
This illustrates the fact first pointed out by Bace®
that it is incorrect to use the same value of A in
two different processes when next-to-the-leading-
order corrections are not explicitly included.
Another way to compare higher-order effects
in photon-photon scattering and in the deep-in-
elastic scattering off hadronic targets is to cast
the formula (3.20) and the corresponding formula
for the moments of F¥” in the following form:

@)= B (LN 1, E2 (g B
Q@)= 3 (16172} g7 (B2 )b 610
and
1.8 T ~T T T T T T T T
16 1
4 —— HO (A=0.5)
-\ flavors | ----- LO (A=1.0) T

FIG. 4. Moments of the photon structure function in
units of a? as predicted by asymptotic freedom in the
leading order with A=1.0 GeV (dashed lines) and asymp-
totic freedom with higher-order corrections for A=0.5
GeV (solid lines).



176 WILLIAM A. BARDEEN AND ANDRZE]J J. BURAS 20

52 o2
@28, /70 g g% 2By
(Mn) 0770 An<16,”2) (1+ 16712 .yro1 (Bn+Pn) )

(5.11)

with B, and P, given in Ref. 6. The plots of the
coefficients of g2/(1672) in Eqs. (5.10) and (5.11)
as functions of » are shown in Fig. 5. The » de-
pendence is similar, but the effect of the next-to-
the-leading-order term in the photon-photon scat-
tering is significantly larger as already noted in
the analysis above.

VI. LONGITUDINAL PHOTON STRUCTURE FUNCTION

So far we have considered only the structure
function F}. Witten'* has also calculated the
longitudinal photon structure function F7 and for
completeness we quote his result written in our
notation.

In order to derive an asymptotic-freedom for-
mula for F7%, one proceeds along the steps of Sec.
III with the only changes being in the coefficient
functions C/(1, g%, @) which are now replaced by
the following expressions:

=52

g i =
%5, 6.7 Birs i=¥,

o2
53 B, i=GC,

Ci A(1,8% )= (6.1)
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e,

oy _&°
- ¢ Ons 7572 Brs,» 7=NS,
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FIG. 5. Comparison of the coefficients of g2/167 in
photon-photon scattering (solid line) and in deep-inelastic
scattering (dashed line).

4

, 4 v
B, .=Bs,1=3 ;51 (6.2)
8f
n = —
Bor n+1)n+2)’ (6.3)
n
pr =2Ber (6.4)

7 L f

and 8,, Oys, and 0, are defined in Sec. IV.
The moments of the longitudinal photon struc-
ture function are then given as follows:

1
f dxx""2F7 (x, Q%)
0]

1
=a [E—ﬁ_ (K376, Ry, 1+ K 3 bys Ris, 1)
0

+6,B:,L]+O(§2), (6.5)
where
B" .yo,n B" .yO,n
n L GG\ _ _—G.L Gy .
R, =2 (1+ 230) wo i ©0)

n - NS,
Rjs. .= Try00 /580 (6.7)

and d is given by Eq. (3.26). Notice that Eqgs.
(6.5)—(6.7) can be obtained directly from Egs.
(3.25), (3.27), and (3.28) by putting there all two-
loop contributions to zero and replacing the para-
meters B’ by B .

For comparison we quote the parton-model pre-
diction ‘

1
f dxx" *F7(x,Q%)|py = 26, B] , . (6.8)"
0

We observe that both asymptotic freedom and the
parton model predict scaling for the longitudinal
structure function, although the scaling functions
are different in these two cases. As shown by
Witten the renormalization effects as given by the
first two terms in Eq. (6.5) are small and, con-
sequently, the longitudinal structure function as
predicted by asymptotic. freedom is very similar
to that obtained in the parton model. This is to be
contrasted with the predictions for ¥} where the
renormalization effects are large.

VII. SUMMARY AND CONCLUSIONS

In this paper we have calculated the photon struc-
ture function F} in asymptotically free gauge
theories up to and including next-to-the-leading-
order corrections. Our result is a straightfor-
ward generalization of Witten’s analysis where the
photon structure function was calculated in the
leading order of asymptotic freedom. The next-
to-the-leading-order corrections found here are
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large at reasonable values of Q2. We have com-
pared our results with the higher-order correc-
tions to deep-inelastic structure functions and
concluded that the higher-order corrections cal-
culated here are larger than those found in deep-
inelastic scattering. ‘
We have shown that not all of the higher-order
corrections to photon-photon scattering can be
absorbed by redefining the parameter A, There-
fore, - the shape of the photon structure function
found in the leading order is modified by higher-
order effects particularly for large » or corre-
spondingly for large values of x. This is to be con-
trasted with deep-inelastic scattering off hadronic
targets where the higher-order corrections not
absorbed into A could be, in the range of Q? avail-
able, absorbed in the hadronic matrix elements of
quark and gluon operators. We do not have this
freedom in the photon-photon scattering. This

makes the process in question particularly suitable

for the theoretical study of higher-order correc-
tions. Unfortunately, the measurements of the
photon structure functions are much more involved
than those needed for hadronic structure functions.
However, it is possible that the ideas discussed in
this paper will be tested at PETRA, PEP, and
LEP.

In our analysis we have neither included mass
effects due to heavy quarks nor discussed the con-
tributions in which photon behaves similar to a
hadron; the last sum in Eq. (5.1). Both give small
effects at large values of @2, but at @* of 0 (few
GeV?) both could give non-negligible effect. In
particular, mass effects due to charm production
could be important. In our paper we have made
calculations for three and four flavors with all
quark masses zero. At low values of @, 0 (few
GeV?), the massless approximation is probably
justified for the light quarks but certainly not justi-
fied for the charm quark contributions.

At these low values of @® the charm-quark con-
tribution is expected to be small, but for large
values of @2 our predictions for four flavors be-
come valid. The study of this transition is beyond
the scope of the present paper.

Recently Hill and Ross?? have studied mass ef-
fects in the photon-photon scattering in the lead-
ing order of asymptotic freedom. They find sen-
sitivity of their results to the small values of p.
In particular, Hill and Ross claim that for p*>300
MeV? Witten’s result should hold for light quarks,

‘whereas for smaller values of p® other (nonleading)

contributions could be important. We would like
to remark only that both the matrix element
(y|0,|7) and the coefficient C%(Q*/u?, g%, @), which
constitute Witten’s and our results, are indepen-
dent of the value of p2. The p* dependence which
the authors study is related to the perturbative
calculation of the matrix elements of hadronic
operators such as {y |0,|7), {¥|0;|v), ete. We do
not expect these matrix elements to be sensitive
to p? for small p? since this dependence should be
dictated by the appropriate kadronic singularities.
If our analysis applies at p®~300 MeV?, it should
also apply at p®=0 independent of light quark
masses. We agree, however, with Hill and Ross
that the mass effects due to production of heavy
quarks should be included in a detailed comparison
with the experimental data to be obtained in the
future.
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