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We first review the properties of the harmonic-oscillator coherent states which can be equivalently defined
as (a) a specific subset of the x-p minimum-uncertainty states, (b) eigenstates of the annihilation operator, or
(c) states created by a certain unitary exponential displacement operator. Then we present a new method for
finding coherent states for particles in general potentials. Its basis is the desire to find those states which
most nearly follow the classical motion, but it is most nearly a generalization of the minimum-uncertainty
method. The properties of these states are discussed in detail. Next we show that the annihilation operator
and displacement operator methods, as heretofore defined, cannot be applied to general potentials (whose
eigenvalues are not equally spaced). We define a generalization of these methods but show that the states so
defined are not, in general, equivalent to the minimum-uncertainty coherent states. We discuss a number of
properties of our coherent states and the procedures we have used.

I. INTRODUCTION

In 1926 Schrodinger! discovered what have come
to be called the coherent states of the harmonic
oscillator.?”® In his paper,! the third® of the series
of articles which dealt with his discovery of wave
mechanics, Schrodinger was interested in finding
quantum-mechanical states which followed the mo-
tion of a classical particle in a given potential.
Studying the harmonic oscillator, Schrédinger
found such states, commenting at the end,® “We
can definitely foresee that, in a similar way, wave
groups can be constructed which move around high-
ly quantized Kepler ellipses and are the represen-
tation by wave mechanics of the hydrogen electron.
But the technical difficulties in the calculation are
greater than in the especially simple case which we
have treated here.”

Schrodinger’s states, which are a special set of
Gaussians, became popular during the 1960’s for
their usefulness in describing the radiation field®"®
and by now have become known to a wide segment
of the physics community. Except for a few stud-
ies,”® which we will discuss in paper IV, Schré-
dinger’s prediction that classical states could be
found for other systems has, until recently,?® !
mainly been implemented for systems whose eigen-
spectra are equally spaced.!!”!® We will see below
that it is precisely because the harmonic-oscillator
eigenvalues are equally spaced that the harmonic-
oscillator coherent states can follow the classical
motion and cohere forever.

The coherent states of the harmonic oscillator
are defined in one of three equivalent ways: (a)
Minimum-uncertainty coherent states (MUCS) are
that two-parameter set of states which minimize
the position-momentum uncertainty relation, '° sub-
ject to the restriction that the ground state be in

20

the set. (b) Annihilation-operator coherent states
(AOCS) are the eigenstates of the annihilation op-

“erator and are parametrized by a complex eigen-

value. (c¢) Displacement-operator coherent states
(DOCS) are those states which are created from
the ground state by a particular unitary displace-
ment operator. Generalizations of the AOCS!® and
the DOCS!® have been proposed from the group-
theory point of view, but only rigorously applied
to systems with equally spaced eigenvalues. Re-
cently we proposed”!® a method that is most close-
ly a generalization of the MUCS, but which has as
its physical basis the original motivation of Schr&-
dinger: to find states which follow the classical
motion. This method applies to more general sys-
tems having unequally spaced levels and a continu-
um.

The present series of papers describes in detail
and extends the results of our first paper® and gives
a more complete discussion. The motivation for
this work is to find coherent states for systems
with unequally spaced levels. One can use these
states to describe more general coherent quantum-
mechanical systems. Ultimately one can hope to
generalize this work for use in quantum field theo-
ry. In both of the above types of physical applica-
tions, past discussions have essentially been lim-
ited to equally spaced level systems. This has
been emphasized by Shelepin,?® “If the coherent
states of oscillators have been discussed extensive-
ly and found a wide range of applications, then the
attempt to generalize them to nonequidistant sys-
tems has encountered a number of difficulties.”

It is the primary object of this series to focus on
how these difficulties can be overcome. The new
coherent states we obtain can be used directly
with coherent quantum systems. Further, the
raising and lowering operator techniques which we
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discuss point the way towards the use of our tech-
niques in quantum field theory.

In Sec. II of this paper we review the harmonic-
oscillator coherent states, showing how they are
derived from the MUCS, AOCS, and DOCS points
of view mentioned above. Section III contains a
description of our method for obtaining general co-
herent states and some properties of these states.
Our method is to seek those states which most
closely approximate the classical motion of a par-
ticle. Therefore, we require that the states be
well localized in position and momentum. To ob-
tain our coherent states we use a generalization of
the minimum-uncertainty method for more com-
plicated uncertainty relations. Therefore, for
simplicity we will call our states MUCS. (Appen-
dix A describes how to find states which minimize
generalized uncertainty relations.)

The time evolution of our coherent states and of
the operators associated with them is discussed in
Sec. IV. In Sec. V we point out that, to be useful
for general systems, the annihilation opera.tor‘5
and displacement operator!® methods must be gen-
eralized further, ‘We do this, showing that the re-
sulting AOCS and DOCS are not of necessity equiv-
alent to the MUCS. In Sec. VI we discuss our co-
herent states and the procedures we have used,
closing in Sec. VII with a summation of the results
and goals of this series.

Papers II and III of this series will describe in
detail the results for four exactly solvable one-di-
mensional potentials: two confining potentials, the
harmonic oscillator with centripetal barrier and
the symmetric Poschl-Teller potentials, inpaper II
and two nonconfining examples, the symmetric
Rosen-Morse?! and the Morse potentials, in paper
III. One advantage of the MUCS here and elsewhere
is that, for solvable examples, the MUCS can
readily be put into analytic closed forms. Paper
IV will describe a generalization of our method to
spherically symmetric potentials, concentrating on
the radial portion of the problem. In paper V nu-
merical results will be shown for the time evolu-
tion® of our analytic MUCS, and paper VI will give
a set of conclusions.

II. HARMONIC-OSCILLATOR COHERENT
STATES
A. Minimum-uncertainty cohergnt states
For the harmonic oscillator, with
V(x) = 3kx*=smw’x?, (2.1)
the solutions to the classical problem
E =3p*/m + V(x) (2.2)

are

x(t) =[2E /(mwH)]' t sin(wt + ¢) , (2.3)
p(t)=[2mE]/? cos(wt + ¢) . (2.4)

The quantum operators whose uncertainty relation
is to be minimized are x and

p=rL. 2.5)
One has

[x,p]=in, (2.6)
implying that ‘

(ax)X(ap)t= /4. ~ (2.7)

The normalized states which satisfy the equality
in (2.7) are, from (A4) and (A5),

dos(x) =[2m(ax)?]"1/4
x = ()% ¢
X — — —_—
exp{ [Z(Ax)] +h,<p>x}. (2.8)
If this set of coherent states (CS) is to be capable
of representing a classical particle with the mini-
mum allowable (quantum) energy, the set must

contain the ground state. The normalized eigen-
functions of the quantum harmonic oscillator are?

a 172 12,2
h=(7rigr)  esel-dad M an),  (29)
ay=(mw/m)'*=1/(2" %) .

Demanding that the ground-state (n=0) wave func-
tion be a special case of (2.8) for (x) =(p) =0 yields
the restriction

(ax/8p)? =1/(mw)?,

3

(2.10)

(2.11)

(axh) =(2a)) " =x,°. (2.12)

We emphasize this last restriction. With it the
coherent-state wave packets will follow the motion
of a classical particle and retain their shape. If a
different value of (Ax/Ap) were to be chosen, the
packet would not keep its shape.?

We will discuss the properties and motion of these
states after making the connection to the equivalent :
AOCS and DOCS definitions.

B. Annihilation-operator coherent states

Write x and p in terms of the usual annihilation
and creation operators,

x=[1/@mw)]" (a" +a"), (2.13)
p=[mhw/2"¥a -a")/i, (2.14)
at =(2miw) Y Ymwx Fip) , (2.15)
[a",a"]=1. (2.16)
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Consider the eigenstates of the destruction opera-
tor:

alay=ala), (2.17)

where a =« +iv is any complex number. The solu-
tion can be written in terms of number states:

w©

Ia):eXp("%lalz)Zo:(—n%%ﬂn) . (2.18)

However, by using the fact?® that the Gaussian is
the generating function of the Hermite polynomials

H(y),

R n

Z% exp(— %yZ)Hn(y)_-_exp(_ EZ +2£y _%yz) ,

n=

Eqgs. (2.9)—(2.12), (2.18), and (2.19) can be com-
bined to give '

la)=[2m(Ax)?] /4

(2.19)

x xa

B R TYes LA

Keeping the restrictions (2.11) and (2.12), and
taking the parameter o to be

—%(az-# Ialz)]. (2.20)

o= <x> + @ Ay
1[{x) . :
=§[E+ Ap] (2.21)
one obtains
la)=exp[ip)(x)/(2)[bcs - (2.22)

Thus, the AOCS |a) are exactly the MUCS ¢qg, up
to the irrelevant phase factor in (2.22). The con-
nection can be seen another way. Equations (2.17)
and (2.21) are equivalent to the x, p minimum un-
certainty defining Eq. (A4) subject to (2.11) and
(2.12).

C. Displacement-operator coherent states

These states are defined as those states which
are created by the unitary displacement operator

D(a)=exp(aa® —a*a”). (2.23)

That D(a) is unitary follows since (aa” —a*a’) is
“anti-Hermitian.

The equivalence of the displacement-operator
coherent states to the annihilation-operator coher-
ent states can be shown with the aid of the Baker-
Campbell-Hausdorff identity, *

exp(A) exp(B)=exp(A + B+3[A, B])

it 0=[A,l4,B]]=[B,[4, 5]]. (2.24)
Using (2.24) and
afln)y=n+5+) % n£1), (2.25)

one has

D(a)10)=exp(~35lal?) exp(aa’) exp(— aa)l 0

(2.26a)
=exp(~4la 12 exp(aa’)l 0) (2.26b)
=exp(—é|a|2)z:g:i—?:)i|0) (2.26¢)

n=0 .
=la). (2.26d)

D. Properties of the coherent states

The harmonic oscillator has several related fea-
tures that are crucial to the special properties of
its coherent states: The classical frequency is in-
dependent of the energy, the eigenenergies are

equally spaced
Hln)y=hwn+3)In), (2.27)

and the raising and lowering operators are inde-
pendent of », allowing a unique factorization of
the Hamiltonian

w d . -1
=—g d—;phzmwx =hw(a’a +3).

Using (2.18) and (2.27),
la,)=exp(—iHt/f)| a)

=exp(-zlal?) E(G eXE()nT)ll%(n+ )]In>

(2.28)

=exp(—iwt/2)la(t)),
a(t):ae'iwt .

Thus, the coherent-state wave packets ¥ ¥y, have
the same shape, with the center evolving in time
from Re[a] to Rela exp(-iwt)]. Trivially, of
course, they retain the same energy:

(2.29a)
(2.29b)

(alHla)=nw(lal*+3) =(a,|Hla,). (2.30)
Using the operator equations of motion,
ifx =|x,H] =ifp/m , (2.31)
inp=[p,H]=-imw’x (2.32)
one can calculate
x(t) Eeiﬁt/hxe‘iﬁt/h (2.33)
A\
=) L r=0 (2.3)
=x coswt +—?—sinwt . (2.35)
mw

The notation in Eq. (2.34) is that!® ()" means the
quantity in the parentheses is to be written out »
times, yielding an n-fold iterated commutator
which is easily evaluated to give the well-known
results (2.35) for the harmonic oscillator. In Sec.
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IV we shall explain these nested commutators more
fully for use with general potentials. Similarly,

(2.36)

xz(t) and pz(t) can‘be calculated in the same man-
ner, or simply by squaring (2.35) and (2.36). The
results are

x¥(t)=[x* = H/(mw?)] cos(2wt) + H/(mw?)

1
opl e

p(t) =p coswt —mwx sinwt .

Y (2.37a)
2, .2 p’ 2
= t+ in‘c
X Ccos‘w Wsm‘.ot
+%’f}coswt sinwt , (2.37b)
PUt) = (p* —mH) cos(2wt) +mH
—3mwix,p}sin(2wt) (2.38a)
=p* cos’wt +m’wi® sin’wt
—mwix,p}coswt sinwt . (2.38Db)

Then, by using (2.13)—(2.17) in the above, one finds

2% 1/2
(ozlx(t)loz):(——) (# coswt + v sinwt) , (2.39)
mw
2 4 2 2 22
(alx(t)l a) =(—>(2u cos‘wt +2v° sin“wt
mw .

+ 4yp sinwt coswt +3) , (2.40)
(alp@)la)=2miw) ¥v coswt — u sinwt) , (2.41)
(a Ip* ()] @) = (mwh)(20* cos®wt + 2u* sin’wt

— dup sinwt coswt +3),  (2.42)

and
lax(t))? =37/(mw)., (2.43)
[ap())* = zmwh. (2.44)

Therefore, the shape and the minimum-uncertainty
property of the wave packet are preserved in time.
Finally, from (2.39) we can also see that the
center of the coherent-state wave packet follows
the motion of a classical particle. Defining ¢ by

tangp =u/v, (2.45)
Eq; (2.39) becomes
INTVE
(@ |x(t)1a>=[—2i%%u] sin(wt +¢).  (2.46)

" This is exactly the Eq. (2.3) for the classical mo-

tion, except that the classical energy E has been

replaced by
iwlal®=(al|Hla)-(0IH|0). (2.47)

That is, one subtracts the ground-state energy
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from E in the expression for the amplitude of
{alx(t)a).

’

III. GENERALIZED COHERENT STATES

In obtaining generalized coherent states, %192

our goal was to find states which are localized,
follow the classical motion, and disperse as little
as possible with time. To do this we first con-
sidered the bound-motion problem of a conserved
one-dimensional classical Hamiltonian

=t V() =2+ V() (3.1)

where V(x) has only one minimum. Because the
problem is one dimensional, the bound motion is a
simple closed orbit in a p-x phase-space plot.
Therefore, there exists a one-to-one mapping of
this orbit onto general coordinates, X, and P,
such that the orbit is an ellipse. In particular,
with these transformations X, and P, will vary
sinusoidally with time.

To be explicit, for potentials with one confining
region, there exist variables X (x) and P,=mX,
= (m[X'(x)]x) which are solutions of (3.1) and
whose time variations are given by

X,=A(E)sin[w(E)t], \ (3.2)

P,=mA(E)w (E) cos|w (E )] . (3.3)
Because

K =2E -V)/m, (3.4a)
X (x) is the solution of the equation

x=Lx( =w¢<————;’féAi;é°;]))m (3.4b)

Equations (3.2) and (3.3) imply that the classical
equations of motion are

X,=P,/m , (3.5)

. PC
c=TE==w (B)X, . (3.6)

Note that we are not employing a Hamiltonian
formalism. In particular, P, is a generalized ve-
locity times mass, not the momentum canonically

~ conjugate to X, (see Appendix B).

Thus, Eq. (3.1) is replaced by a form which is
similar to the harmonic-oscillator equation for a
given energy. That is, this transformation is
equivalent to rewriting (3.1) as

1 1 1
51';/LIJ.)62(E)A2(E):-27”-Pc2 JrEmu)chc2 . (3.7

Now define the quantum operators.
X=X.(x), (3.8).
P=3(Xp +pX;), (3.9)



whose commutator is

[x,P]=iG. (3.10)

The generalized uncertainty relation for X and P
+ 5125, 26
is

(AX)X(AP)/(GY= &

Next, as described in Appendix A, obtain those
states which minimize this uncertainty relation.

Our physical ansatz is that for the generalized
coherent states one should take that two-parame-
ter subset of the above set of minimum-uncertainty
states specified by a certain value of AX/AP, This
value is chosen such that the ground state belongs
to the set of coherent states. The rationale is that
if the coherent states are to approximate the mo-
tion of a classical particle, the states should be
localized. Therefore, we start with minimum-un-
certainty states and demand that one be able to
represent a particle of any energy, mcludmg the
minimum or ground-state energy.

In the one-dimensional examples treated in Ref.
9, X. was independent of the classical constant of
the motion E. As Eq. (3.4) demonstrates, this is
not generally true. If X, =X (x,E), to obtain the
appropriate quantum operator X one must make
the replacement E -~ H, possibly allowing for a
zero-point energy contribution, and symmetrize.
(The Morse potentia.l10 provides an example of this
situation.) ‘

Just as for the harmonic oscillator, for our ex-
amples it turns out that one can exactly express the
generalized operators X -and P in terms of the
raising and lowering operators of the discrete en-
ergy eigenstates. However, because energy levels
are not in general equally spaced, the raising and
lowering operators can be n dependent and (A;)"
#(A;). Thus, the general representations of the
operators X and P are of the more complicated
forms

X=K(n{A, +(4))']

(3.11)

+[A+ AN} (3.12)

P=2K,mllA;+ (AN -7+ (AT}, (3.13)
where K (n) and K,(n) are n-dependent ¢ numbers.,
The above is exactly true even for an energy-de-
pendent example,!? if the appropriate zero-point
energy is inserted along with the Hamiltonian in
the substitution for the classical energy.

The forms of (3.12) and (3.13) imply that, just as
the classical variables X, and P, are the “natural”
ones in that they vary sinusoidally as (w.t), the
quantum generalizations X and P are the “natural”
operators because they have nonzero matrix ele-
ments only between adjacent eigenstates:

I XIm)y=nlPlm)=0 if m#ntl. (3.14)
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IV. TIME EVOLUTION OF THE COHERENT STATES

After obtaining these minimum-uncertainty co-
herent states for a given system, one wants to
understand their properties, especially their co-
herence with time. One way to do this is to de-
compose the coherent states into energy eigen-
states. In particular, write

Pes(x) :_Za,,lpn(x) + continuum , (4.1)
sl 1) = exp( - iHE/M)bcsx)
:Zan exp(_ iE nt/ﬁ)zpn(x)

+ continuum . (4.2)

. The continuum contributions, if they exist, will

become plane waves in the far continuum region.
They will, therefore, not contribute to the oscil-
latory part of Ycs. (We will give an example in
paper III.) For our examples,g’10 the bound-state
decompositions (4.2) can always be done analytic-
ally.

Similarly, one can derive the time-dependent op-
erators X(¢), P(t), and their squares, and calculate
their expectation values in the coherent states.
This is' a generalized version of the calculations
described in (2.33)—(2.38). Again, for our exam-
ples, this calculation can be done exactly.

Start with the quantum analogs of the classical
equations of motion (3.5)—(3.6). These turn out to
be of the form

X=(-i/m\X,H]=P/m , (4.3)
P=(—i/n)|P,H)=XB,(H) +iPB,, (4.4)

where By(H) is a simple polynomial in H and B,
is a constant.
With the aid of (4.3) and (4.4) one can calculate

X(t)zeth/hXe'th/h

=Xe*®[cos wyt +ij,(H) sinwyt]

+Pe'® %\ (H) sinwyt , (4.5)
P(t)=Pe'*# coswyt ~ij5(H) sinwyt]
+Xe'* Y, (H) sinwyt , (4.6)

where wy is an operator that has the functional

form of the classical frequency with E replaced by

H, ¢(t) is a real function of ¢, and j,(H), 7,(H),

js3(H), and j,(H) are explicit operator functions of

H. These expressions are obtained as follows.
Consider the general relation?

Qe =X (v, reUr N, @)

where, in the iterated commutator @,, the symbol
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(+)" means that the quantity enclosed in the paren-
thesis is to be repeated » times. Specifically,

(4.8a)

and generally
Qn+1;[V>Qn] . (4.8b)

Now observe that one can simplify the equations
by reducing them to dimensicnless form. Let 1/a
be a characteristic length specified by the poten-
tial and define

8, =i'at/2m . . (4.9)

Measuring distance and energy in these units, the
equations can be rewritten easily in terms of di-
mensionless variables and operators:

T=8t/1, (4.10)
z=ax, (4.11)
h=(H +const)/§,, (4.12)
g =const(7a®)'P. (4.13)

(Specific use of this will be made in the examples
treated in papers II and III.)
With these definitions, one can write

X(t) =eih'r)(e"ih'r

% L,y

Sy (4.14)
=0 n!

Using the dimensionless versions of the equations
of motion (4.3) and (4.4),

[7,X]=q, (4.15)

(7, q] =qby + Xby(n), (4.16)
one has

X=X, (4.17a)

X1=q, (4.170)

X, =Xb(h) +qb, . (4.17¢)

We find for all our examples that b, is a constant
and b,(%) is a first-order polynomial in %,

by(h) =(const)r + const . (4.18)

Because of (4.17c), the iterated commutators in
(4.14) close on themselves in the following sense:

X, =Xf(h) +qg,(h). (4.19)

Then
Xt = Xf usy () + 48 my () (4.20a)
=X[g(h)by(h)] +qlfo(h) + boga(R)] . (4.20b)
Comparing the two lines of (4.20),
Fast() =8,(R)Dy(R) (4.21)
and hence
&nt(N) =bog () + 8- 1b4(R) (4.22)

The recurrence relation (4.22) can be solved with
a trial solution

g7 (4.23)
From (4.22) one finds two roots

7= by 230y = 4by ()], (4.24)
S0 g, has the form

gn=Ar+Br", : (4.25)
However, g,=0 implies A =— B, and g, =5, implies

- B=A= (b +4n)" 2, (4.26)

Thus, /
x0 =2 L m a0, (4.27

where g,(k) and f,(k) are given by (4.24)—(4.26) and
(4.21), Straightforward algebra then allows the
final form (4.5) to be obtained. A similar calcula-
tion can be done for P(¢).

V. OTHER GENERALIZED COHERENT STATES

A. Annihilation-operator coherent states

It is possible to generalize the annihilation-oper-
ator definition'® to systems without equally spaced
levels. For our exactly solvable examples,®!?
the raising and lowering operators can be written
in the form

A:'—‘Xcl("):FCZXlzid';- (5.1)
|Equations (3.12) and (3.13) follow from this form.]
These operators are n dependent, and raise or
lower the nth eigenstate only. A; applied to |m #mn)
does not produce a pure state. E, is an invertible
function of =,

En :g(n) ) ‘ (5-2)

n=g"YE,). (5.3)
By substituting g”}(H) for » in Eq. (5.1), one ob-
tains operators which raise or lower any eigen-
state:

A*=Xcilg 1 ()] =Fc2X’d%;, (5.4)
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(5.5)

Thus, a possible definition for generalized AOCS
is those states which are eigenfunctions of the gen-
eralized annihilation operator A™:

A*ln)=Ciln 1),

A'la)=ala). (5.8)

In papers II and III we will investigate examples
of such AOCS and will find for unequally spaced
systems that they are more difficult to deal with
analytically than are the minimum-uncertainty co-
herent states (For example, the normalization
constant or the continuum contribution is not ob-
tained in analytic closed form.) They are not
equivalent to our minimum-uncertainty coherent
states. Moreover, in a numerical example dis-
cussed in paper V, they are found to be slightly
more spread out.

The use of the operators A* also allows a con-
nection to the harmonic-oscillator result

H=rnw(a'a" +3)=hwila'a” +a7a"). (5.7

One might think that it is the first equality, giving

a number operator form to H, that is the property
to be generalized. However, we will observe in
papers II, III, and IV that for our solvable examples
there is an operator 3C such that for the discrete
portion of the spectrum

3ln)=E,ln),
¥ =constx(@'@"+GQ"),

(5.8)
(5.9)

where E,, is either the eigenvalue £, or differs
from E, by a constant, and G@* is either A* or simp-
ly related to it.

B. Displacement-operator coherent states

In'an attempt to generalize the definition!® of co-
herent states from systems with equally spaced
levels to systems with unequally spaced levels, one
might first attempt to modify (2.23) and (2.26) by
replacing a* by the operator A* defined in (5.4):

D(a)=exp(aA® —a*A") ;exp(— ol exp(ad”).
(5.10)

However, in general (A") #A”, so in general D(a)
will not be unitary and the last equality will not
hold.

Further, by specific example, one can show that
the appropriate displacement operator is not al-
ways an exponential operator. In papers II and III
we will discuss examples in which annihilation-
operator coherent states defined by (5.6) can also
be created by displacement operators which are
not exponential operators.

We briefly mention one of these examples here,
the symmetric Pdschl-Teller potential

V(x)=8\(x —1)tan’z = U jtan’z , (5.11)
na®
Z=ax, (‘9,0:('%), (5.12)
with
X=sinz, (5.13)
2 .
L O )
=5 (cosz 7z +dz cosz . R (5.14)

We will demonstrate in paper II that the states de-
fined by

Allay=ala), (5.15)
with
A*=sinz[(H + Uy)/8,]!* :Fcosz:—z, (5.16)
are
| Ol> :Nal /'2(0082)1 /Zeot slnz(a) -\+1/2
Xd)-1/ (0 cosz) , (5.17)
- lal -1/2
N=(§I‘(2A+1)lal '“f dyIzA-,(Zy)> .
0
(5.18)
These are equivalent to the states defined by
D(a)IO)=la), (5.19)

D(a)=NT(2\) (@A)~ M2 1, (2(aA®)/?), (5.20)

where J and I are the standard Bessel functions.

This example demonstrates that in general (a) the
DOCS are not the same as the minimum-uncertainty
coherent states, and (b) the appropriate displace-
ment operator D(a) is not in general an exponen-
tial, but can be a more complicated functional,

VI. DISCUSSION

Before proceeding in the following two papers
to investigate four systems in detail, we make a
number of comments here on our coherent states
and on the procedures we have used.

First, we point out that the construction of the
minimum-uncertainty coherent states can be car-
ried through approximately, if necessary. Equa-
tion (3.4) is amenable to analytic or numerical
perturbation methods, as are the defining equa-
tions (A3) and (A4) for the uncertainty relation
(3.11). In fact, given the operators X and P for
the Morse oscillator, we obtained approximate
analytic solutions, as described in Ref. 10 and in
paper III.,

Second, observe that the classical transforma-
tion from x and p to the variables X. and P, is not
a canonical transformation. P =pX. is not the
canonically conjugate momentum.
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Pc(canon)=p/XI . (6.1)

If (6.1) is symmetrized to obtain an appropriate
quantum operator, the set of states which mini-
mizes the uncertainty product defined by the com-
mutator

[X,-;—(p%—, +%p>]=i0=i (6.2)
in general will not include the ground state as a
special case. (We discuss this in Appendix B.)
That is, this set of minimum-uncertainty states
does not provide a satisfactory quantum approxi-
mation to the classical problem because it does
not have a state corresponding to a particle at
rest at the minimum of the potential.

Next, notice that there is an ambiguity in the
definitions of X, and P,. If X, and P, vary as
sinw 4 and cosw ¢, then F((E)X; and Fy(E)P,;, where
F{ and F, are arbitrary functions of energy, will
also vary as sinw. and cosw . [This can be seen
from (3.2) since A depends upon E to begin with.]
Therefore, in effect, we make the further physical
ansatz that one should consider an X, which has
the “simplest” possible E dependence.

We choose the “simplest” X and P operators as
the basis of our MUCS, instead of more compli-
cated operators. This is entirely consistent with
the harmonic-oscillator solution. There is nothing
in that system which requires one to choose x and
p as the natural variables over, say, EY% and
E'?%. On esthetic and physical grounds one
chooses x and p and these variables yield the most
classical coherent states.

Grounds of “simplicity” are also important in
choosing the A*, and hence the AOCS and DOCS.
The A* are obtained from the A% which are appro-
priate for the eigenfunctions of the potential at
hand. For instance, the A; for the symmetric
Pdschl-Teller potential are, from Eq. (5.16),

A;=(n+2)sinz ¢cosz;—z. (6.3)

One could multiply the above operators by any ran-
dom function of n, obtain new ff,*,, and hence entire-
ly different A*, The eigenfunctions of the new op-
erators A~ would be different possible definitions
of annihilation-operator coherent states and simi-
larly one could use these operators to obtain dif-
ferent displacement-operator coherent states.
Clearly, some criterion must be used to decide
among the various possibilities.

We will see that for the AOCS-DOCS, ‘“simplici-
ty” amounts to using those A} which'in their n-in-
dependent forms can describe the Hamiltonian 3
as in Eq. (5.9).

Finally, for potentials with more than one mini-

mum, it is in principle possible to obtain mini-
mum-uncertainty coherent states, although in gen-
eral it is mathematically intractable. For explicit-
ness, consider the confining potential

V(x)=U-2(UR)" %* +Rx*, (6.4)
which has two minima

V(x=+(UR)'/*)=0, : (6.5)
and a maximum )

Vix=0)=U. (6.6)

Classically, there are three possibilities. For E
< U, the particle is confined either to the left or
right of x=0. For E >U, the particle will travel
through both regions. Thus, for the classical
problem, there are three different types of solu-
tions (in terms of elliptic integrals), each with its
corresponding X, and P.. Each of these will pro-
duce, by the techniques described above, its own
set of coherent states. But we know that one of
those packets, say for E <U and x >0, should
eventually tunnel to the region x<0.

By anticipating the numerical time-evolution so-
lutions that will be discussed in paper V, one can
understand this process. In general, at {=0 the
coherent states start off as minimum-uncertainty
wave packets and eventually disperse. The coher-
ent states are a superposition of eigenstates care-
fully chosen to cancel each other out except in a
limited region. However, as the superposition
evolves in time the cancellation gradually gets
worse (because the eigenvalues are not equally
spaced), until finally the wave packet is spread out.

For the quartic potential tunneling can simply
be viewed as part of the process by which the co-
herent superposition of eigenstates slowly evolves
out of the proper phase relationships. :

Thus, this double-well dispersion is not funda-
mentally different from a single-well dispersion.
Quantum mechanically there is no difference be-
tween an originally coherent packet dispersing with
time to a position away from the classical position
that is in the same well or in a different well it
has “tunneled” to. It still has dispersed.

VII. CONCLUSIONS

This paper has described our minimum-uncer-
tainty method for obtaining coherent states for
general potentials. The reader should be aware
that we have made two physical Ansdidtze. They
have not been rigorously proven to be correct. But
in the numerous examples we describe in this ser-
ies they always work.

Our first ansatz came from our search for the
classical motion. We began by looking for vari-
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ables X, and P, which vary sinusoidally as the
classical (w.). The classical motion is an ellipse
in the X -P, plane, and in terms of X, and P the
classical problem is similar to the harmonic os-
cillator. This is why we made the first physical
ansatz of taking the variables X, and P, to be the
“natural classical variables” of the problem, and
the ones on which to concentrate.

Our second physical ansatz is to take these var-
iables and form “natural quantum operators” out
of them. Just as the natural classical variables
describe the classical motion most simply, the
natural quantum operators are chosen as those op-
erators which can best define a classical motion
for the quantum system. Hence, the associated
uncertainty relation should best define classical
motion in an expectation value sense. This second
ansatz can be further justified by the facts that the
MUCS always turn out to include the ground state
as a special case, and further that the natural
quantum operators can always be obtained from
Hermitian sums and differences of the quantum
raising and lowering operators.

Thus, one has a connected chain of steps: (a) the
classical problem; (b) the “natural classical vari-
ables,” (c¢) the “natural quantum operators,” (d)

the raising and lowering operators for the quantum

eigenvalue problem. A priori one has ne rigorous
reason to believe that such a sequence exists.
Nonetheless, it does. In paper VI we will give an
explanation of how this chain can be understood.

We have also pointed out how the annihilation op-
erator and displacement operator methods can be
generalized to systems without equal level spacing.
One changes n-dependent raising and lowering op-
erators into n-independent raising and lowering op-
erators with the aid of functionals of the Hamiltoni-
an. In our examples we find that given a set of
AQCS, defined by operators which satisfy Eq. (5.9)
for the Hamiltonian, one can always find a set of
DOCS equivalent to them, *® but these AOCS-DOCS
will not necessarily be defined by a unitary expo-
nential displacement operator, nor will they nec-
essarily be equivalent to our MUCS.

The methods we have used are analytic and serve
as a complement to the group-theoretic point of
view 127182128 Note that the operators A and (A%)T,
which arise naturally in our approach, do not have
simple commutation relations. They do not appear
to belong to an elementary Lie algebra of the sort
heretofore employed in the construction of gener-
alized coherent states. Nevertheless, we assume
that our method and the Lie-group methods are
related simply because of the connections of Lie-
group theory to the special functions of mathemat
ical physics.28 It would be interesting to see our
special case results obtained from the group-the-

ory point of view,

As mentioned in the Introduction, these results
have immediate interesting applications to coherent
quantum-mechanical systems.?'?® Moreover, with
the results of this series, one might be able to ex-
tend studies®26:2973¢ ¢ field-theoretic coherent
systems to general (nonharmonic-oscillator) back-
grounds. We have discussed this possibility with
many of our colleagues and hope such a study can
be implemented.
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APPENDIX A: MINIMUM-UNCERTAINTY STATES
As is well known, >'3'3¢ giyen two Hermitian op-
erators A and B, whose commutation relation is
given by

[A:B]=iG 3 (A1)
where G may also be an operator, there is an as-
sociated uncertainty relation

(AA)X(ABY/(GY= &, (A2)
(AA)=(AY - (A)°. (A3)

The three parameter set of states which minimize
Eq. (A2) is composed of the solutions to the eigen-
value equation

“G) _ i(G)

(2 +stamr2) =+ 57 @), @
If (G) is positive definite, Eq. (A4) can also be
written

A B (A @.) '
<AA+lAB>¢:<AA+ZAB¢' (45)
Note that the four parameters (4), (A%, (B), and
(B% are not independent because they satisfy the
equality in Eq. (A2). The remaining three indepen-
dent parameters may be reduced to two by impos-
ing another condition: that the set include the
ground state as a special case. This can be stated
as a restriction on (4A)2/(AB)?, leading to the min-
imum-uncertainty coherent states (MUCS).

APPENDIX B: CANONICAL TRANSFORMATION

The classical canonical transformation from the
variables x, p to the variables X, and P canon) iS
defined by the Poisson bracket relation
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[Xcipc(canon)]x,pzl M (Bl)

If X, is only a function of x,
Pc(cuon)zp/X’ (82)

(plus a constant which can be dropped). Then the
canonical quantum operator P ,,o, Will have the
form

Prason = o+ £ 1), (83)
giving

[X, P canom] =1 \ (B4)

(AX)(AP (capon)?= % - (B5)

Compare these expressions to the results in Sec.
IIl: P.,=pX, and see Egs. (3.9), (3.10), and (3.11),

A specific example shows that in general the
minimum-uncertainty states for the relation (B5)
do not contain the ground state as a special case.
For the symmetric Rosen-Morse potential

V(x)=8ys(s +1)tanh’z, z=ax, (B6)
and X, is
‘ X,=sinhz . (BT
Therefore, ’
X =sinhz , ' (B8)

AND L. M. SIMMONS, JR. 20

p 1( 1 d d 1)
teanon) =97\ Coshz dz - dz coshz

~ 1( 1 4 1 sinhz)
coshz dz 2 cosh’z)’

(B9)

and

[x,P, (B10)

canon) ] .

The defining equation for the minimum-uncertainty
states reduces to

. B B d’
[smhz(l ~ S coshis cosh2z>+ coshz dz]lpwws =C¥umus »

(B11)
Bz(AP(r:anon))-2 ’ (BIZ)
C =u+iv=(sinhz) +iB(Pcanon) (B13)

The solution is

1 C
- 1/2 _ L sinntz + &
Yyus=N(cosh'/*z) exp ( 55 sinh®z smhz)

(B14)

Clearly no choice of the three parameters B, u,
and v will reduce yys to the ground-state wave °
function which is proportional to (coshz)™® (see
paper III).
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