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Assuming the anomalous axial-vector Ward identity for the (V' VA4) three-point functions, we calculate
the p-w-m and p-e-7 vertex functions and the off-mass-shell 7%y~ form factor in the framework of Schnitzer
and Weinberg’s hard-meson calculations. The mass-shell value of the form factor reduces to a result of
Adler; and its off-mass-shell values are used to predict certain electron-positron annihilation cross sections.
We compare the results of the present model with those of the conventional vector-meson-dominance model.

I. INTRODUCTION

EACTIONS involving low-energy pions have been,
for the most part, successfully accounted for in
current-algebra calculations with the partially conserved
axial-vector current (PCAC) hypothesis. One difficulty,
however, arises in processes involving second-order
electromagnetic interaction. It has been shown by
Sutherland! that PCAC leads to a vanishing amplitude
for the decay w°— 2y, in the limit of zero pion mass.
Recently, Bell and Jackiw? and Adler? found that in
the ¢ model and in spinor electrodynamics, the PCAC
equation

a”Au3(x) =”'2f1r¢1r°(x) ) (1)

where u is the mass of the pion, is incompatible with the
gauge invariance as applied to the reaction m°— 2y,
and therefore that the naive manipulations of field
equations must be misleading. To resolve this dilemma,
Adler? has given a modification of (1) which is consistent
with gauge invariance and which also results in a suc-
cessful prediction of the 7°— 2y width. Subsequent
field-theoretical calculations have substantiated Adler’s
modification.*

Taking this result as a cue, model calculations have
been used to demonstrate that anomalous terms are
also present in other axial-vector-current Ward identi-
ties (WI’s). Explicit expressions for all of the possible
anomalies of 7z-point function WI’s for the SU(3) cur-
rents evaluated in a free-quark model have been listed
by Brown, Shih, and Young.®

Except for the prediction on the 7% — 2y width? and
applications to ep scattering in a certain high-energy
limit,® the aforementioned work as well as the related

* Work performed under the auspices of U. S. Atomic Energy
Commission.

1D. G. Sutherland, Nucl. Phys. B2, 433 (1967).

2 J. S. Bell and R. Jackiw, Nuovo Cimento 604, 47 (1969).

3S. Adler, Phys. Rev. 177, 2426 (1969).

4 C. R. Hagen, Phys. Rev. 177, 2622 (1969); R. Jackiw and K.
Johnson, zbid. 182, 1459 (1969); R. A. Brandt, :bid. 180, 1490
(1969) ; B. Zumino, in Proceedings of the Topical Conference on
Weak Interactions, CERN, 1969 (unpublished).

8 K. Wilson, Phys. Rev. 181, 1909 (1969); I. Gerstein and R.
Jackiw, bid. 181, 1955 (1969) ; W. Bardeen, sbid. 184, 1848 (1969) ;
R. W. Brown, C.-C. Shih, and B.-L. Young, 7b:d. 186, 1491 (1969);
D. Amati, C. Bouchiat, and J.-L. Gervais, Nuovo Cimento 65A,
55 (1970).

(166R.) Jackiw and G. Preparata, Phys. Rev. Letters 22, 975

969).

research into anomalous commutator, etc.,” are mainly
concerned with the structure of model field theory which
possesses internal symmetry. Since we are primarily
dealing with strong interacting particles, it is not
obvious that arguments of perturbation theory and
field-theoretical calculations are really relevant. Hence,
additional experimental tests of the existence of WI
anomalies and related phenomena are desirable. Very
recently, Glashow, Jackiw, and Shei® and Gounaris®
have examined the electromagnetic decays of neutral
pseudoscalar mesons in the context of broken SU(3)
X SU(3) and modified PCAC. Predictions of the widths
of the decays X?— 2y and n — 2y and other measura-
ble quantities have been obtained.

In this article we have investigated, in the framework
of hard-meson calculations® and the meson-dominance
model (MD), other consequences of the WI anomalies.
We have calculated the p-w-r and p-¢-7 (proper) vertex
functions and the off-mass-shell %y form factor. By
measuring the electron-positron annihilation cross
sections for certain final states, tests for the predictions
of this form factor can be made.

We begin in Sec. IT to derive expressions for the p-w-m
and p-¢-r vertex functions and obtain the x%— 2y
amplitude in the limit of zero pion mass. In Sec. III,
we use the experimental data on w— 3= and the radi-
ative decays of the vector mesons to determine the
parameters entering these vertex functions. This
enables us to determine the 7%y form factor for low-
mass virtual photons. Using this predicted form of the
form factor, we discuss in Sec. IV the processes et+4-¢~—
w0+ and et+4-¢~— %+t -+e. The experimental cross
sections of these two reactions give direct check on the
form factor. A comparison of the results of Secs. III
and IV with those predicted in the conventional vector-
meson-dominance (VMD) model is given in Sec. V.
Section VI is devoted to a discussion.

7 The literature on the related problems is by now abundant.
We apologize for not listing any here, but only refer to the follow-
ing review article for a summary and for the references cited there-
in: R. Jackiw, CERN Report No. TH 1065, 1969 (unpublished).

8S. L. Glashow, R. Jackiw, and S.-S. Shei, Phys. Rev. 187,
1916 (1969) ; G. Gounaris, Phys. Rev. D 1, 1426 (1970).

9 H. Schnitzer and S. Weinberg, Phys. Rev. 164, 1828 (1969).

2 606



2 ANOMALOUS WARD IDENTITIES. ..

II. WARD-IDENTITY ANOMALIES AND
=%yy FORM FACTOR

In this section we shall apply the technique of hard-
meson calculations® in order to obtain the p-w-r and
p-o-m vertex functions and the off-mass-shell 7%y form
factor. Consider the following three-point functions!®:

Tam)‘(q,P)=/d4xd4y e'iqxeipy

X (T @V 0NN, (20)
Lr(a)= [ty cwem
XAT(W @)V GIPsO))o- (20)

Here V4#(A44*) is a vector (axial-vector) current with
an SU(3) index d; Pg is a pseudoscalar density which,
in the context of PCAC, is the term on the right-hand
side of (1). We shall restrict ourselves to a=8 or 0. To
introduce the w-¢ mixing we follow the procedure of
Ref. 11, which gives the results of the current-mixing
model.? We can write

To#Mg,p) =idassga™'g, A7 " (p) AL

X [gag g™ (@) Tworns “(g,p)

+8ao A0 (Q)Twwn(g:) ]

Fidass[ f kY (R2—u?)Jgs A" (p)

X[gagAue" (@) T #(g,p)
+gaw_lAa¢”“'(q) rﬂ'v'w(%P)] )

T o (g,p) = —dass| f-n*/ (k* —ud) g A (p)

X[gagAue" (@QTw»?(g,p)

+gam_‘Aaw""' (Q) I‘u’v'w(q,P)] , (3b)

where k=p-+q and A#(p), i=p, w, @, or A, has the
standard form

, Py

— -

i(0?)
Ar(p)= f do?? (g“
=Ri(p)g”—Si(p)p -

?2__0.2
The quantities ga,, etc., enter the spectral functions
pao(0?), etc., in the form gq,28(c2—m,?), etc.
According to Refs. 3 and 5, the vector WI of (2a) and
(2b) need not be modified if the axial-vector WI of
(2a) contains an anomalous term:

k)\Ta,m')‘(q,P> = —'iTaw (q,?) +da33x‘w aﬁeaﬁﬂrqdp T ’ (43')
q;‘Taw)‘ =0, PvTa”y)\ =0, (4b)
q;l.Taw = 07 PVTH,‘W =0. (4(‘,)

The second term on the right-hand side of (4a) is the
anomaly. Here, the form of X*%# depends on whether
or not there are direct interactions between the (octet

(3a)

10 We use the metric a,b*=adbs—a-b.

1 C.-S. Lai and B.-L. Young, Phys. Rev. 169, 1241 (1968).

2§ Coleman and H. J. Schnitzer, Phys. Rev. 134, B863 (1964);
N. M. Kroll, T. D. Lee, and B. Zumino, bid. 157, 1376 (1967).
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or nonet) vector mesons and the fundamental con-
stituents of currents, e.g., the quarks. In a renormaliz-
able-field-theory model, the (octet or nonet) vector
mesons, through which the spin-1 components of the
currents are dominated, should be considered as
“composite,”® and therefore they make no direct
contribution to the WI anomalies. Accordingly, the
anomalous term appearing in (4a) is

xuvaﬁ=xgnagrﬁ_ (5)
The constant X will be fixed later.
From (4b) and (4c) we obtain
(g, 0w Rsp(0) R0 (0) —0 ¢ 80" Ro,(0)Rs,(0) ]

X g Tun*#(g,p)=0, (6)
where

Ei=gsir Ti=goi, 1=w,0.

We can express g,, etc., in terms of the couplings of w
and ¢ to the hypercharge and baryon currents:

V3 V3
go= —m,? cosly, go=— —m,?sinfy,
Y Y
V3
Tp=——m,’sinfp, go=——m,?costp,
2fp B

where fy and fp are defined in terms of the couplings
of the hypercharge current J,¥, and the baryon cur-
rent J,®, to the fields of w and ¢,

J . = fyY(cosby m2p,—sinby m,2w,),

J B = f5Y(sinbp my2pu+coslp m,%w,).

.Using MD and the above-defined couplings g,, etc.,

we have

8¢ 205 Rsp(0) R0 (0) — 0, 7'g R0, (0) R, (0)
=(3/2fsfr)m2m,? cosf(fy—05) 0.

We conclude from (6) that

¢*Tun®*(q,p) =0. (7a)
A similar argument gives
PVI‘W)\WM(Q:P) =0, (7b)

¢Tw?(g:0)=0, p'Tw**(g:p)=0.  (8)

13 We mean the vector mesons as “composite” in the following
sense: We consider the vector mesons which dominate the spin-1
channel of the vector currents as generated through a set of ladder
diagrams (with strong-interaction gluons) in the channel of the
currents. It follows, therefore, from S. Adler and W. Bardeen
[Phys. Rev. 182, 1517 (1969)] that only the triangular graphs give
rise to axial-vector WI anomalies for the vertex function (2a).
The calculation of the anomalies follows directly from, e.g., R. W.
Brown ¢ al., Ref. 5.

4 R. J. Oakes and J. J. Sakurai, Phys. Rev. Letters 19, 1266
(1968). The current-mixing model predicts §y~=47.2°, §5~32.7°;
0r3097:.>‘35°, 0p~22.5°. The mass-mixing model predicts 8y =0z



608

From (4a) and (5) we obtain

PPN g ()

7o—1

Zolsg () uur
To—To

+XgaR47(0)

1—7,

A (1)

To—w
XgpAp—i({I)w'e“l’""%Pr, )

where 7,=0./g. and r,=0,/g,. We can write!®
Tuni(g,0) = euno(Ar'q"+A2°p7) +(Brigu+Bo'pu) energ7p”
+(Crig+Co'pr)emnerg’p™  (10)

for i=w,¢. Using (7) and (8) to eliminate 4,° and 4,
we derive from (9)

" (wkBug+red?)

x4
X 7,—1 ¢*—m.? pz—mﬁ:l
frte—70  go 14

Twe(g,0)= [ -

Xewerq'P", (113,)
A
I'w?(g,p)= l: - 2(a¢k2+ﬁ¢92><7¢?2)
M4
X 1-7, q —my® pr—m,’
7 ]

frre—70 Lo 8

Xewarg"p™, (11b)

where a;, etc., are linear combinations of By,»* and Cy,2"
In (11a) and (11b), the vector-current propagators are
approximated by the corresponding vector-meson

propagators.
Let us write

; f db 6750| T(T,om (&)1, (0))) | w0, )
= €worp’¢"F(p,q)/n.  (12)

Then, using reduction formulas to define the off-mass-
shell 7%~ form factor F(p,q)=F(p%g¢%k?), we arrive at
the following expression:

2Xe?
U
3 f,r

X
2 p

et ga 1

3 ma® fan

F(?z,‘] )k2) =

St Ao ¢]

+ [wqj} 13)

g*—ms’

15 Tn addition to the six tensors used in (10), there are two more,
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In the soft-pion limit, the 7% — 2y amplitude is
F(0,0,0)=—3xe*(u/fx) .-

If the axial-vector WI (4a) is the naive one, i.e., X=0,
(14) clearly reduces to the result of Sutherland:
F(0,0,0)=0. In the Han-Nambu or the Maki-Hari
model, 1617

(14)

x=3/8x2, (15)
which is also a result of Adler?18:
I
| F(0,0,0)| = |- —|~0.46a, (16)
T frx

while the sign of (0,0,0) is the negative of the sign of fr.
Equation (16) agrees very well with the experimental
data,®
| Fexpt(0,0,u2) [~20.45a .

The sign of F(0,0,0) also agrees with what is derived
from the present experimental information.?’ Let us
remark that in the (fractionally charged) quark model,

X=1/8r;

then |F(0,0,0)| is only one-third of the experimental
value.

III. o-0-= AND p-¢-= VERTEX FUNCTIONS

From (11) we obtain the p-w-r and p-o-m (proper)
vertex functions?!:

pwm\Y)y wk2+ 2 w 2
grar(g,) = ﬁfﬂm #(a Bug*+vup?)

X @ —m,t pi—m,t r,—1
+——u ‘
V3fe  ga g  To—Te

(17a)

eworgpT and preweg°p7, which can be expressed in terms of the
six in (10) due to the following identity : gap€urotgrp€rroptEreropn
+ng€appr+gAv€purf 0.

16 M. Y. Han and Y. Nambu, Phys. Rev. 139, B1006 (1965);
Y. Hara, ibid. 134, B701 (1964) Z. Maki, Progr Theoret. Phys.
(Kyoto) 31 331 (1964)

17 There 1s some controversy as to whether or not x will be
modified by the effects of strong and high-order electromagnetic
interactions [e in (14) is, of course, the physical charge]. We refer
to a detailed calculation on the renormalization effects by S.
Adler and W. Bardeen, Ref. 13; and to the controversy raised by
R. Jackiw, Ref. 7.

18 Here, we use | fx|~<93 MeV, which corresponds to the experi-
mental charged pion decay constant | f2*|=~2132 MeV.

19 N, Barash-Schmidt, A. Barbaro-Galtieri, L. R. Price, A. H.
Rosenfeld, P. Soding, C. G. Wohl, M. Roos, and G. Conforto,
Rev. Mod. Phys. 41, 109 (1969).

2 S, Okubo, Phys. Rev. 179, 1629 (1969); F. J. Gilman, sbid.
184, 1964 (1969).

2 We use the following definitions for the pwr and wry couplings:

<P’P:e I J:’ Iwﬂ)é’) = gwﬂ,e‘wheﬂe’vqlpﬂ/y,
(’Y’Ple I ]' leqlel) =fm1'ye"y}¢€"€,’ )P’/l"
The couplings pem, ¢my, and pry are similarly defined.



2 ANOMALOUS WARD IDENTITIES- ..

and
—g4
Loor(0,0) = W("‘wkz'{"ﬁ«pqz'*"ycppz)
T A"
X @ =mt pP—m,? 1—r,
M‘Z o P P . (17b)
\/3—f1r 8o 8o Te— %o

where p, ¢, and % are the momenta of p, w(¢p), and =.
The off-mass-shell vector-meson—pion—photon couplings
are given by

Jorr(q,0) =Lego/ (p*—m,?) g pur(g,0)

Jory(@:0) =Lego/ (p*—m,?)Igoer(0,0) (18)
Fora)= =] P+ o) |
pry(Q, = q2_mw2gpw7r g, - ¢2gpvw g, .

The quantities «a,, etc., are, in general, functions of p
and g. Since we shall only consider cases of |p?| and
lq|2<im,?, and k2<u?, we can invoke the smoothness
assumption® and approximate them by real constants.

In the following, we shall concern ourselves mainly
with the Han-Nambu or the Maki-Hari model, but
shall briefly discuss the results of the quark model at
the end of this section. From the discussion of the
last section, where we have arrived at the result
| F(0,0,u%) |~| F(0,0,0)|, barring an unforeseen cancel-
lation, we see immediately that

ap=a, 0. (19)
From now on, we can drop the pion momentum de-
pendence in (13), (17a), and (17b). This is an explicit
construction of amplitudes, which satisfy the soft-
pion hypothesis. The remaining four constants can be
determined from the various vector-meson decay widths.
Notice that the anomalous term does not contribute to
the decay amplitudes of the vector mesons.

To determine the rest of the parameters, we shall
use the results of the spectral-function sum rules?? as
part of the input. g, and g4 are given by

goi=ga?=2my f.*.

There are two sets of values for g, and g,: One is given
by Das, Mathur, and Okubo (DMO),?*

mo?(3m 2 +m,2—4dmg+?)
goi~ T Z g,2>0.43g,2,
3m 2 (my2—m,?)

(20a)
\ my2(dmgr®—m o2 —3m,?)
8o

g,2~1.03g,%;
5 ’
3m,(my*—m.?) ’ ’

22 S, Weinberg, Phys. Rev. Letters 18, 507 (1967). We are aware
of the controversy of the values of g,, etc. For a review, see E.
Lohrmann, in Proceedings of the Lund International Conference of
Elementary Particle Physics, 1969 [DESY report (unpublished)].

2T, Das, V. S. Mathur, and S. Okubo, Phys. Rev. Letters 19,
470 (1967).
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the other set is given by Oakes and Sakurai (OS),

go2

3mﬂ2(m¢2_mK*2)_'m¢2(mK*2_mp2)/mw ¢ ,
\— 8»
mp

~0.23g,2,

3mrxt(my?—m,?)

(20b)

. Smpz(MK*Z"'mw2)+mw2(mK*2—mP2)/mq’ 4 2
8o 143

\m,

~1.39g,%.

3mrrt(my—m,?)

The relative sign of g, and g, is taken to be positive,
while that of g, and g, is not determined. However, as
we shall see later, this undetermined relative sign does
not give rise to further ambiguities, since the signs of
Bs, etc., are now known.

The magnitudes of 8, and 3, can be calculated from
the experimental widths of w — 7++v and ¢ — 7y 19:

|B.]==0.98(140.07), |B,]|0.04. 19)
v, is calculated from® T',_, 5r:
I‘Y‘PISO‘IS’ ’Y¢/ﬂ¢>0
<0.06, v,/B,<0. 19"

Y. can be calculated from w-— 37 in the Gell-Mann—
Sharp-Wagner model.?* To be consistent, we take the
prw coupling from Ref. 9,25

gpmr(P2) = (m,,/\/?f,r) [1 _%(1‘*‘6)?2/"%2] s

with é=~ —1/v2.26 Here, the pions are on mass shell and
the p, with 4-momentum p, is off mass shell. Using the
above-mentioned prr coupling together with (17a) to
fit the width of w— 3, we obtain

Y= (0.0840.14)8.,,
which predicts that

T'pa2r=0.3 keV, DMO
=0.2keV, OS.

We have rejected another solution of v, v,=(—5.2
+0.26)B,. It gives a p— w4y width of 3.3 MeV for
DMO and 1.5 MeV for OS; both are much too large in
comparison with the experimental upper limit 0.540.1
MeV.

Now that we have determined the parameters, we
can proceed to make predictions with the 7%y form

(19///)

# M. Gell-Mann, D. Sharp, and W. G. Wagner, Phys. Rev.
Letters 8, 261 (1962).

% The p-w-m vertex function derived in Ref. 9 is still applicable,
since the three-point function (44 V) does not need modification
in any of its WI’s. See K. Wilson, Ref. 5.

26 Jn Ref. 9, §=—% is used. It turns out that if the value
5= —1/v2 is used, equally acceptable fits for the p and 4, widths
can be obtained. The latter value also predicts the ratio of the
axial-vector form factor to the vector form factor for = — I4+v-4v
to be 0.4, which agrees excellently with the experimental data
[P. Depommier, J. Heintze, C. Rubbia, and V. Soergel, Phys.
{_).eztters 7, 285 (1963)]. The corresponding number for 6= —3 is
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factor. We can immediately calculate the #° Dalitz
decay (7°— yete™) form factor, which is defined as

F(u®y,0)~F(0,0,0)(14axy) , (21)
for y<1. From (13), we have
41r2< f,,)2 Lo
ay— —(— | —B,
3 \u/ m,?
o (Bot
[1+ o ) e B Wi)], (22)
Bo  gu/mS* B

which gives the following results:
0.0135 | a,0| $0.032, DMO
0.0105 | x| $0.022, OS
sgna o= —sgn(B.go) -

Experimentally, there are the following pieces of in-
formation:

a72=0.0120.11 (Ref. 27) and —0.25+0.15 (Ref. 28).

Unlike the usual practice which assumes that g,,-
is always small and, therefore, that ¢ does not contribute
to the decay #°— 2y, (17b) hints of an appreciable ¢
contribution to 7% — 2. Similar conclusions have been
reached in Ref. 29 in a different approach. It is also
interesting to note that the off-mass-shell values of
goor and g,,r depend on the coupling strengths of w
and ¢ to the hypercharge current, g, and g,; and on
those to the baryon current, o, and o,. As has been
mentioned in Sec. II, ¢, and o, are functions of 5 and
f5. The quantity fp is not known unless additional
information on, for example, how the U(3) symmetry
is broken in the spectral functions of the vector currents.
Specially, the usual assumption that g,,»=~0 requires
that 7,~1 in the present model. This corresponds to a
particular U(3) symmetry-breaking effect.®

In the quark model, (19) is no longer true, and

ap 28 gaonf Lo g
T LU T )
T fr 3 ma® f=\ m,? My
Taking the sign determination of Ref. 20, i.e., F(0, 0,
k?=p?) and the anomalous term have the same sign,

we get

o /
N 8w/ 8o T 8o/ 8o ~—067.

w (4
ma*/m,* me’/my’

(23)

27 S, Devons, P. Némethy, C. Nissim-Sabat, E. Di Capua, and
A. Lanzara, Phys Rev. 184, 1356 (1969).

28 N. Samlos Phys. Rev. 121 275 (1961); H. Kobrak, Nuovo
Cimento 20, 1115 (1961).

% C. Cremmer and M. Gourdin, Nucl. Phys. B10, 179 (1969).

3 We can calculate fp by assummg that ¢ decouples from the
nucleons at small momentum transfers, i.e., (N,p’| 7,#(0) | ¥,p)~0
for (p—p')2>0. This gives 7,~~2/V3, 7. '\'—( /V3) tanfp tanfy.
Then we have g,ox(0,0)/gp0r (0, 0)~0 07 DMO, 0.08 OS. Indeed,
Zoor 1s small in companson with g,. and hence ts contribution to

w0 — 2y decay is negligible. In the present model the smallness
of Zo0n and gnn, are consistent with each other.
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Equations (19’) and (19’”) are replaced by

[ —aw(u/mo)?+B.| ~0.96(1£0.07)
and
Ye2(0.0840.12)[ —a, (u/m.)2+B, ] -

Equation (23) indicates that at least one of @, and «,
is of the order of 10. This will give rise to a large vari-
ation in gum, frpy, €tc., when the pion momenum # is
extrapolated from k?=pu? to k2=0.

IV. MEASUREMENT OF =yy FORM FACTOR IN
COLLIDING-BEAM EXPERIMENTS

The Dalitz decay of #° #%— y-+4et+e, provides
information on the m%yy form factor for small (timelike)
photon masses. A measurement of its behavior for large
photon masses can be achieved in colliding-beam
experiments such as

- — 104y (24)

and

- — a0+ (25)
where / and /’ are leptons. To lowest order in the electro-
magnetic interaction, their kinematics are illustrated
in the diagrams of Fig. 1. In both cases, the virtual
photon momentum can attain arbitrarily high (time-
like) values. Their scattering amplitudes are, respec-
tively,

T (%) =i (po)v*u(pr) eunoe’k g (P2u) 'F(P2,0) (26)

and
T(@U*'=) = e2(p2)v u(pr)a(q1)y"v(q2) uro PMQ°
XF(P2,Q%)/uP?Q%, (27)
where
P=pi1+ps, Q=qi+¢.

In the case that / and !’ are electrons, the total -Cross-
section formulas are given by

o(m'y) = (a/24u®) (1 —p?/5)?| F (5,0) | 2, (28)
£7a,
AN
o, N ,
\ Q ¢ f a,
P
£p, %o, &0, AR

(a) (b)

Fr6. 1. Kinematics for the reactions (a) It 41~ — 704

and (b) I* 41~ — #0441+ 40-,
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a(xl%te)

o redy 2m? dm?\1/2
= / —IF(s,sx)|2(1+ —)(1—- ———)
NrutJ. « $x sx

<[5 =5 -] e

where m is the electron mass,

s=P?, x=Q%s,
x1=4m?/s, x9=(1—pu/s12)2,

It is obvious from (28) that a measurement of the
energy spectrum of o(r%) gives | F(s,0) |2 directly.

A quantity similar to e, [see (21)] can be defined
here:

F(s,s2)=F(s,0)[14ax(s)x]
for #<1, where

Mp

€ g4 S [ & [ 58
FloOan() == = (e g S
3 ma® fruls—my*\m,* my’
8o 8o o[ S 8w
+ —B.+ ——B¢)+ *l:—( B
Me,? m,> mplm 2 \s —m,?
8o 8uYw 8oV
ey ) ik i | PGS
S—m S—me?  S—myt
10 | | T | I
3 9 o
S
= 8- ,
T VMD
Oh v 6 B
. _
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Fi16. 2. Predicted cross sections for the reaction et+e¢~ — 79+4~.
The areas bounded by the solid and broken lines are predicted in
the present model with, respectively, the OS and DMO values for
the vector-meson—photon couplings. The lines themselves are the
upper or lower bounds of the predictions. The single line is pre-
dicted by VMD with the OS value for the vector-meson—photon
couplings.
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F16. 3. Predicted cross sections for the reaction
et+e~ — m0+et e~ (see caption of Fig. 2).

Using (13) and (19)-(19""), we have plotted o(x%),
o(m%*e™), and |ax(s)|, respectively, in Figs. 2-4. In the
energy range under consideration, F(s,0) is always
negative and therefore the sign of a.(s) is that of g8,/ fx-
In these figures, uncertainties in the magnitudes and
ambiguities in the signs of 8., etc., have been indicated
in the plots by marking with hatching.

The reactions which compete with and form back-
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F16. 4. Predicted values of |ax+(s)| (see caption of Fig. 2).
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TABLE I. Summary of the predictions of the anomalous WI and,VMD models. If available, the experimental data are also listed.
Anomalous WI VMD
g0 0S DMO 0os DMO Ezpt.
|F(0,0) | 0.460 0.490.(140.05) 0.68x(1+0.05) 0.45a(14-0.16)
<0.022 <0.032
= >0.01 >0.01 0.031 Refs. 28 and 29
(foma?/4r) X 102 £0.33a $0.4a 1.4a 2.6 <76a(140.2)
Tpury (keV) 50.22 £0.26 0.9 1.7 <5+1
a(ete — 7%) Tig. 2 Fig. 2 Fig. 2 cee cee
a(ete™ — ml%ete™) Fig. 3 Fig. 3 Fig. 3
lax(s)] Fig. 4 Fig. 4 Fig. 4

ground of (24) are the electromagnetic processes

ette— 2y (32)

and

et+e— 3y, (33)
where (32) is of order o~! larger than (24) and (33) is of
the same order of (24). Despite its larger rate, (32) can
be readily distinguished from (24) in experiments, even
though (33) may simulate reactions like (24). The
reactions (24) and (33) can also be distinguished by
means of their different distributions in the final (three)
photons. Furthermore, if (24) is observed in a selected
configuration, the partial rate of (24) is an order of
magnitude larger than that of (33), which can be
calculated exactly to the lowest order in a. We shall
discuss this briefly in the Appendix. '

V. COMPARISON WITH VECTOR-MESON-
DOMINANCE MODEL

In this section, we compare the results obtained in
VMD with those of the previous sections in order to
illustrate their differences.

Restricting ourselves to the cases where |¢?| and
| p2| are less than, say, im,?, the #%y form factor can
be written in VMD as

1
[(PZ —m,?) (g2 —ma*?)
1
+ , (34
(p*—m.’) (q2—-m,,2):'

e2

F(P2,92) = %gpgmgpwr

where p and ¢ are the momenta of the (off-mass-shell)
photons; eg, and eg./V3 are, respectively, the p- and
w-photon coupling constants. The magnitude of g,ur,
which is calculated from w— 37 in the Gell-Mann-
Sharp—Wagner model,®! is

€ pon?/Am0.51.

3 The value gous?/4n=0.51 is obtained in the original Gell-
Mann-Sharp-Wagner model (Ref. 24). The p-m-7 coupling con-
stant go»r is given by g,z.?/4r>22.4, corresponding to a p width of
125 MeV (see Ref. 18).

Then, we obtain

[F(0,0)| = (2¢%/V3) | g,8ugpwr| (m,2m,?)

=0.682(1+0.05), DMO
=0.49a(140.05), OS
Ard =%—mw02(mp_‘2—|—mw"2)l"0.031 ’
and
© s[mat(s—m,2)+m (s —ma?)] s
aro(s) = ~ .
Mp27ﬂw2|:mw2(s_mp2) +m,*(s _mfvz)] m,’

The prediction of OS for [F(0,0)| agrees with the ex-
perimental data. With OS, we also plot the predictions
of VMD for o(r%), o(n%et), and a.o(s), respectively,
in Figs. 2, 3, and 4. Notice that in VMD a,° and a,°(s)
are positive. In Table I, we summarize the predictions
of the present model and those of the VMD.

VI. DISCUSSION

We have used the anomalous WI evaluated in the
Han-Nambu or the Make-Hara model to derive an
expression for the 7%y form factor of low-mass (virtual)
photons. Even though only the upper bounds of the
values for some of the parameters in the model are
determined, the predictions are already different from
those of the conventional VMD model. By confron-
tation with experiments (i.e., the electron-positron
colliding-beam experiments discussed in Sec. IV), we
can further check the existence of the axial-vector WI
anomaly. To narrow down the values of the parameters,
and therefore to subject the present model to more
stringent tests, improved measurements of the radiative
decay modes of the vector mesons are required.

We have noted that the vertex functions g,u-(g,p)
and g,,+(g,p) are not very smooth. In particular, g,,~
may not always be small.?® In order to know the off-
mass-shell values of gy, and g,,», we need to determine
the baryon current coupling strengths to the vector
mesons or vice versa.

Since with the quark-model prediction one loses the
smoothness extrapolation of the pion mass, we have
considered only the value of X obtained in the Han-
Nambu or the Maki-Hara model. However, on the
ground of the smoothness assumption alone, we cannot
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rule out the quark model. It will be interesting to carry
out the same calculation of Sec. IV, with X calculated
in the quark model. This will enable us to see whether
or not the study of reactions (24) and (25) will lead to
a distinction of the charges of the quarks, integral or
fractional. However, the nonvanishing of @, and «,
makes it impossible to determine all the parameters
@, Ba, etc., with the present experimental information.
Should the experimental data, for example, of a0 be
much improved, such a calculation will be desirable.

The program presented here can, in principle, be
applied to the case of the n meson. Its Dalitz decay
mode, n— y-4et-4e~, serves as an ideal test of models
for the electromagnetic interactions of hadrons.
However, one is beset here by the present experimental
uncertainties; the #-X° mixing and the validity of the
assumption of soft » are further problems in the model.
When suitable experimental data, e.g., the widths of
X0 — 2v, V(vector meson) — 7y, etc., are available, we
shall be able to investigate this problem in the present
model.
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APPENDIX

In this appendix we shall discuss briefly the process
et+e — 3y (33)

for the situation which may simulate the reaction (24).
The cross-section formula has been given in Jauch and
Rohrlich.32 We shall follow their notation. Let ki, ks,
and k; be the momenta of the photons and p; and p,
those of leptons. Averaging (summing) over the leptons
(photon) spins, we obtain

ad

" 2t (p, o) —mA 2
58 (ki2) 84 (fe?) 84 (k)54 H-Fs-F s — pr— p) X . (A1)

«(3y) f A*F1d*Ead*Es

Denoting
mK ;= piki, mK=poki, =123

we can write

X =2(ab—c)[8+ab—c—(a+b)(x+2)]
+2x(a?+02)+8c+(4X/AB){x*(z—1)—2z
+(aA+bB)[2+42(1/x—1) ]—(4+B)(x+1)}

+2pLab+c(1—x)],

2 J, M. Jauch and F. Rohrlich, The Theory of Photons and Elec-
trons (Addison-Wesley, Reading, Mass., 1955), p. 270.
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where
3 1 3 1 3 1
a= J— b: —_—, =
Zl ; ¥Ki, ;KiKi,’

3 /K; K/
A=K,K,K;, B=K/K,)K, P=Z<—+ )
1 \K/ K;

Let us choose p; along the z direction, k; in the zx plane.
We can perform several of the integrations and obtain

wl(s—Zle)
d*e(3y)=
8wm?s [W —wi(1—cosbfyz) J?
X Xdwid cos61dQs, (A2)

where s is the total energy, W=s/2, w, is the energy of
the first photon, and 6, is the angle between k; and k.
In (A2), w; and w; are evaluated at

s—2Ww;
W= N
2[W—-w1(1 —COS@,\z):]
§— 2w1(W—w1) (1 —C05012)
2[W —wi(1—cosfy2)]

Since the energy of the photon in (24) is
wo=(s—p?)/2W,

then (33) will simulate (24) when one of the photons has
approximately the energy wo. The main contribution to
(A1) comes from the configuration that two of the pho-
tons lie close to the beam direction and the third photon
is soft. Hence, the partial rate of (33) will be minimum
when all the photons are in the plane perpendicular to
the beam directions. Let us calculate the partial rate
of (33) for, say,
1r<604,0,<4r, 0< <27

wo—Aw<Sw1<we+Aw,
e

L.,
2 wo+Aw 1/V2

Ac(3y)= f des / dwy / d cosfy
0 wo—Aw -1

P d%o
X / d cosfp————,
—1/V8 dw1d cosf1dQs

Taking Aw=20 MeV, we have
Ac(37)$0.25X10-5 ub

for 3m2<s<8m,2



