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Assuming the anomalous axial-vector Ward identity for the iVVAl three-point functions, we calculate
the p-co-m and p-q-x vertex functions and the oft-mass-shell 7f yy form factor in the framework of Schnitzer
and Weinberg's hard-meson calculations. The mass-shell value of the form factor reduces to a result of
Adler; and its oG-mass-shell values are used to predict certain electron-positron annihilation cross sections.
We compare the results of the present model with those of the conventional vector-meson-dominance model.

I. INTRODUCTION

EACTIONS involving low-energy pions have been,
for the most part, successfully accounted for in

current-algebra calculations with the partially conserved
axial-vector current (PCAC) hypothesis. One difficulty,
however, arises in processes involving second-order
electromagnetic interaction. It has been shown by
Sutherland' that PCAC leads to a vanishing amplitude
for the decay x'~ 2p, in the limit of zero pion mass.
Recently, Bell and Jackiw' and Adler' found that in
the 0- model and in spinor electrodynamics, the PCAC
equation

ci"A„s(X)=fs'f.g.o(X),

where p is the mass of the pion, is incompatible with the
gauge invariance as applied to the reaction x' —+ 2y,
and therefore that the naive manipulations of Geld

equations must be misleading. To resolve this dilemma,
Adler' has given a modiffcation of (I) which is consistent
with gauge invariance and which also results in a suc-
cessful prediction of the x —+ 2y width. Subsequent
field-theoretical calculations have substantiated Adler's
modiGcation. 4

Taking this result as a cue, model calculations have
been used to demonstrate that anomalous terms are
also present in other axial-vector-current Ward identi-
ties (WI's). Explicit expressions for all of the possible
anomalies of rr-point function WI's for the SU(3) cur-
rents evaluated in a free-quark model have been listed
by Brown, Shih, and Young. '

Except for the prediction on the m —+ 2y width' and
applications to ep scattering in a certain high-energy
limit, the aforementioned work as well as the related

*Work performed under the auspices of U. S. Atomic Energy
Commission.' D. G. Sutherland, Nucl, Phys. B2, 433 (1967).

~ J. S. Bell and R. Jackiw, Nuovo Cimento 60A, 47 (1969).
3 S. Adler, Phys. Rev. 177, 2426 (1969).
4 C. R. Hagen, Phys. Rev. 17'7, 2622 (1969);R. Jackiw and K.

Johnson, ibid. 182, 1459 (1969); R. A. Brandt, ibid. 180, 1490
(1969); B. Zumino, in Proceedings of the Topical Conference on
Weak Interactions, CERN, 1969 (unpublished).' K. Wilson, Phys. Rev. 181, 1909 (1969); I. Gerstein and R.
Jackiw, ibid. 181, 1955 (1969);W. Bardeen, ibid. 184, 1848 (1969);
R. W. Brown, C.-C. Shih, and B.-L. Young, ibid. 186, 1491 (1969);
D. Amati, C. Bouchiat, and J.-L. Gervais, Nuovo Cimento 6SA,
55 (1970).

'R. Jackiw and G. Preparata, Phys. Rev. Letters 22, 975
(1969).
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research into anomalous commutator, etc. ,~ are mainly
concerned with the structure of model Geld theory which
possesses internal symmetry. Since we are primarily
dealing with strong interacting particles, it is not
obvious that arguments of perturbation theory and
field-theoretical calculations are really relevant. Hence,
additional experimental tests of the existence of WI
anomalies and related phenomena are desirable. Very
recently, Glashow, Jackiw, and Sheis and Gounaris'
have examined the electromagnetic decays of neutral
pseudoscalar mesons in the context of broken SU(3)
XSU(3) and modiffed PCAC. Predictions of the widths
of the decays X ~ 2y and q

—+ 2y and other measura-
ble quantities have been obtained.

In this article we have investigated, in the framework
of hard-meson calculations' and the meson-dominance
model (MD), other consequences of the WI anomalies.
We have calculated the p-co-s and p-q-rr (proper) vertex
functions and the off-mass-shell x'pp form factor. By
measuring the electron-positron annihilation cross
sections for certain Gnal states, tests for the predictions
of this form factor can be made.

We begin in Sec. II to derive expressions for the p-M-x'

and p-p-x vertex functions and obtain the x' —+ 2y
amplitude in the limit of zero pion mass. In Sec. III,
we use the experimental data on co ~ 3~ and the radi-

ative decays of the vector mesons to determine the
parameters entering these vertex functions. This
enables us to determine the x'yy form factor for low-

mass virtual photons. Using this predicted form of the
form factor, we discuss in Sec. IV the processes e++e
s +y and e++e ~ws+e++e . The experimental cross
sections of these two reactions give direct check on the
form factor. A comparison of the results of Secs. III
and IV with those predicted in the conventional vector-
meson-dominance (VMD) model is given in Sec. V.
Section VI is devoted to a discussion.

~ The literature on the related problems is by now abundant.
We apologize for not listing any here, but only refer to the follow-
ing review article for a summary and for the references cited there-
in: R. Jackiw, CERN Report No. TH 1065, 1969 (unpublished).

SS. L. Glashow, R. Jackiw, and S.-S. Shei, Phys. Rev. 187,
1916 (1969); G. Gounaris, Phys. Rev. D 1, 1426 (1970).' H. Schnitzer and S. Weinberg, Phys. Rev. 164, 1828 (1969).
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II. WARD-IDENTITY ANOMALIES AND
~0~~ FORM FACTOR

In this section we shall apply the technique of hard-
meson calculatIons ln order to obtMn thc p-co-m' and
p-y-x vertex functions and the o6-mass-shell roy' form
factor. Consider the following three-point functions':

or nonet) vector mesons and the fundamental con-
stituents of currents, e.g. , the quarks. In a renormaliz-
able-field-theory model, the (octet or nonet) vector
mesons, through which the spin-1 components of the
currents are dominated, should be considered as
"composite, "" and therefore they Inake no direct
contribution to the %I anomalies. Accordingly, the
anomalous term appearing in (4a) is

X&T(~:(*)~'()~."(0)))., (2 )

T.&"(q,p) = if'xd'y e" s'~"

X&T(~. (*)~"(»~.(0)».. (2b)

Here V~~(Aq~) is a vector (axial-vector) current with
an SU(3) index d; I'~ is a pseudoscalar density which,
in the context of PCAC, is the term on the right-hand
side of (1).We shall restrict ourselves to a=8 or 0. To
introduce the e-y mixing we follow the procedure of
Ref. 11, which gives the results of the current-mixing
model. "%C can write

T pox(q p) id g
—ig —lg v~v(p)Q~vx

XLg., '~. ""'(q)I''"'"(q p)
+g--'~-""'(q)p. "~ "(q,p)j
+ d. Lf-&"/(&' I")jg. '~.—""'(p)

&& Lg" '~"""'(q)I'"""(qtp)
+g- '~"""'(q)r'""(qp)j, (3a)

T.""(q p) = d.»Lf-I '—/(I ' I ')jgr'~—.""'(p)

xLg. ~..-'(q)p.""(q,p)
+g- '~-""'(q)I''""(q p)3 (3b)

where k=p+q and 6;""(p), i=p, co, y, or A, has the
standard form

,u'(~') p"p"
a;"(p) = d~' — g~"—

p2 0.2 0'

&'(p)g"" ~'(p)—p"p".

The quantities gg~, etc., enter the spectral functions

pay(o ), etc. ) lil tile foiTll gyp 8(0' —tsar )i etc.
According to Refs. 3 and 3, the vector WI of (2a) and.

(2b) need not be modified if the axial-vector WI of

(2a) contains an anomalous term:

k&T:""(q,p) = —iT:"(q,p)+d.»x»" 4.&„q p, (4a)

qTg~x 0 pTlwk —0 (4b)

q„T,""=0) p„T ""=0. (4)
The second term on the right-hand side of (4a) is the

anomaly. Here, the form of X"" & depends on whether

or not there are direct interactions between the (octet

'0%e use the metric u„b~=a0bo —8. b."C.-S. Lai and Q.-L. Young, Phys. Rev. 169, 1241 (1968).
"S.Coleman and H. J. Schnitzer, Phys. Rev. 134, 8863 (1964);

N. M. Kroll, T. D. Lee, and B.Zumino, zbjd. 157, 1376 (1967).

The constant X @ril be 6xed later.
From (4b) and (4c) we obtain

[g„' '& „(0)&o (0)—„'g„'R „(0)R„(0)$
Xq"I'"~""(q,p) =0, (6)

v3
0y

— gay S1n8jg~

92f~

where fr and fg are defmed in terms of the couplings
of the hyperchargc current J„&~&, and the baryon cur-
rent J&( )& to thc 6clds of co and p&

Jpi i =fr (cos8r Blp pp —sin8p tg~~&o~) i

J„~e&=
flag

—'(sin8g m„'q „+costi m„'co„) .
Using MD and the above-de6ned couplings g„, etc. )
wc have

g„—'0„-'Es,(0)Rg„(0)—0„'g„-'Ro,(0)88„(0)
= (3/2 fsfr)vs~'m„' cos8(8r —8~)&0.

We conclude from (6) that

q"P~ &"'"(qP) =0.
A sllTlllal argument gives

p"p"i"'(q p) =o

q"p "'(q p) =o p"p ""(qp) =o

(7a)

(7b)

(g)

» ~e mean the vector mesons as "composite" in the following
sense: Qfe consider the vector mesons which dominate the spin-1
channel of the vector currents as generated through a set of ladder
diagrams {with strong-interaction gluons) in the channel of the
currents. It follows, therefore, from S. Adler and . Pardeen
I phys, Rev. 182 1517 (1969)1 that only the tr1angular graphs g1ve
rise to axial-vector KI anomalies for the vertex function (2a).
The calculation of the anomalies follows directly from, e.g., R. W.
Brown eI, a/. , Ref. 5.

14 R.. J. Oal4:es and J. J. Sakurai, Phys. Rev. Letters 19, 1266
(1968). The current-mixing model predicts 81~47,2', /~~32. 7';
or gy 35', g@ 22.5'. The mass-mixing model predicts 81 =gg
~390

gi=gssy Os= gNy ~ pP

%C can express g„, etc., in terms of the couplings of +
and cp to the hypercharge and baryon currents'4:
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From (4a) and (5) we obtain In the soft-pion limit, the mo —+ 2y amplitude is

F(0,0,0) = —sxe'(~/f. ) . (14)

&I' ~"(qp) I' '{qp)

fp
g-~s. '(q)-

+&g~&~ '{0)
fQ7

g,~s, '{q)„
Lfqp fg

&&g.~. '(q)- "'""'q.P, (~)

where r„=o„/g and r„=o„/g„.We can write"

Isqx (qpp) stay~(At q +As p )+(Blqs+B2 py. )4)~~q p
+(C'r'q, +Cs'p, )e,x.,q p' (1o)

for s =co,y. Using P) and (8) to eliminate Ar' and As',
we derive from (9)

X=3/8a',

which is also a result of Adlers ls:

{15)

'CX P
/ F(0,0,0) )

= ——=0.46~,

while the sign of F(0,0,0) is the negative of the sign of f .
Equation (16) agrees very well with the experimental

data, "
( F, sg(0,0,ps) (~0 45rr.

If the axial-vector WI (4a) is the naive one, i.e., X=O,
(14) clearly reduces to the result of Sutherland:
F(0,0,0)=0. In the Han-Nambu or the Maki-Hari
model, "'~

I'""(q,p) =— (n„As+p.q'+y p')
m.~A

x r~ —1 q 'jt1,~ p ——sip

f r„—r„

The sign of F(0,0,0) also agrees with what is derived
from the present experimental information. " Let us
remark that in the (fractionally charged) quark model,

X= 1/8s. ;

then ~F(0,0,0) ) is only one-third of the experimental

ga
value.

I',."(q,p) = —— —,(,~'+P,q')t.'v,p')
IG. g-u-~ AND g-q-~ VERTEX FUNCTIONS

X 1—r„q'—m, sP' —mp'

f rv r~ g» gn

&&e„„.,q p, (11b)

where n, , etc. , are linear combinations of Bl,2' and Cl, 2'.

In (11a) and (11b), the vector-current propagators are

approximated by the corresponding vector-meson

pl opagators.
Let us write

s d4«' *(0~ r{f™(~)f„™(O)))~wo, u)

"-.P'q'F(P q)/—I (»)

Then, using reduction formulas to de6ne the oG-mass-

shell s-spy form factor F(P,q) —=F(Ps,qs, ks), we arrive at
the following expression:

2+8 8 gg 1
F(Ps,qs, k') = — p+-

3f 3mgsfls

g~
(rr ks+p. q'+y p')+re —& q

p' —ass q' —m '

+ &P~ qj {13)
g

—5$p

"Yn addition to the six tensors used in (10), there are two more,

From (11) we obtain the p-ro-s and p-ip-s. (proper)
vertex functions2':

q' —m 'P' —ms r„1—
p

t/3f m gm g p re r(g—(17a)

q) ~»«q p' and p) ~»«q'p, which can be expressed in terms of the
SlK ln (10) due tO the fOllOWlng ldentlty: gyp'~„r~+g), q„~~ +g~gr~
+gp~6rrp»+g p rr6&»~ 0.

"M. V. Han and Y. Nambu, Phys. Rev. 139, 31006 (1965);
Y. Hara, ibid. 134, 3701 (1964); Z. Maki, Progr. Theoret. Phys.
(Kyoto) 31, 331 (1964).

17 There is some controversy as to whether or not g will be
modified by the effects of strong and high-order electromagnetic
interactions Le in (14) is, of course, the physical charge). We refer
to a detailed calculation on the renormalization e8ects by S.
Adler and W. Bardeen, Ref. 13; and to the controversy raised by
R. Jackiw, Ref. 7'.

's Here, we use I f I 93 MeV, which corresponds to the experi-
mentai charged pion decay constant I f ~I 132 MeV.

'~ N. Sarash-Schmidt, A. Barbaro-Galtieri, L. R, Price, A. H.
Rosenfeld, P. Siding, C. G. Wohl, M. Roos, and G. Conforto,
Rev. Mod. Phys. 41, 109 (1969).

20 S. Qkubo, Phys. Rev. 1V'9, 1629 (1969); F. J. Gilman, ibid.
184, 1964 (1969)."We use the following definitions for the p~qi- and ~qi-y couplings:

(p p el J~ I~H&s ) =gp ss~~~s"s "q P'lp
(»Peel J&I~H~e )=f~~ve~»«"e "q P 'fp.

The couplings pqnr, @nrem, and pry are similarly defined.
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f-.(q,p) =L~g./(P' m')]—g"-(q,p),

f„„,(q,p) =Leg p/(p' m—p')]g p„.(q,p), (18)

e g„f" (q,p) = — g".(q,p)+
v3 q2 —m„'

g.-(qp) .
q' —m„'

The quantities n„etc., are, in general, functions of p
and q. Since we shall only consider cases of

i
p2i and

iqi2&-4, mr2, and k2&p2, we can invoke the smoothness
assumption~ and approximate them by real constants.

In the following, we shall concern ourselves mainly
with the Han-Nambu or the Maki-Hari model, but
shall briefly discuss the results of the quark model at
the end of this section. From the discussion of the
last section, where we have arrived at the result
iF(0,0,p2)

i iF(0,0,0) i, barring an unforeseen cancel-
lation, we see immediately that

and
—gag-.(q P)=, (~.&'+p.q'+v. p')

%3f.mg'I4

q' —m„' p' m—p2 1 r„—
(17b)

&3fm gr gp ry r—m

where p, q, and k are the rnornenta of p, ~(()2), and 2r.

The off-mass-shell vector-meson —pion —photon couplings
are given by

iP„i 0.98(1&0.07), iP„i &0.04.

y„ is calculated from" I'„„:
(19')

i~„i&0.18, ~„/P„)0
&0.06, q„/P„&0. (19")

y„can be calculated from co~3m in the Gell-Mann—
Sharp —Wagner model. '4 To be consistent, we take the
pxm coupling from Ref. 9,

g.-(P') = (m./~2f-) L1 —-'(1+6)p'/m, '],

the other set is given by Oakes and Sakurai (OS),'4

3m, '(m„' —m ')—m„'(m '—m, ')(m
gp

mp

0.23g,', (20b)

3m, '(mK*' m—')+m 2(mK*2 m—,') m„'2~ 2gq- gp
mKm2(m 2 m 2) mp

~1.39g p

The relative sign of gp and g„ is taken to be positive,
while that of g, and g„ is not determined. However, as
we shall see later, this undetermined relative sign does
not give rise to further ambiguities, since the signs of
p„, etc. , are now known.

The magnitudes of p„and p„can be calculated from
the experimental widths of ~ 2 2r+y and ()2

—+ 2ry '2:

G(y Qrp—0 ~ with i9= —1/V2. 24 Here, the pions are on mass shell and
the p, with 4-rnornenturn p, is oR mass shell. Using the
above-mentioned p2r2r coupling together with (17a) to
fit the width of co ~ 3m. , we obtain

From now on, we can drop the pion momentum de-
pendence in (13), (17a), and (17b). This is an explicit
construction of amplitudes, which satisfy the soft-
pion hypothesis. The remaining four constants can be
determined from the various vector-meson decay widths.
Notice that the anomalous term does not contribute to
the decay amplitudes of the vector mesons.

To determine the rest of the parameters, we shall
22

y = (0.08&0.14)P„, (19/(()

which predicts that

I'p 2 =0.3 keV, DMO
=02 keV OS .

m '(3m '+m(, 2 —4mK")
gp —043gp ~

3m '(m '—mm2) 24M. Gell-Mann, D. Sharp, and W. G. Wagner, Phys. Rev.
Letters 8, 261 (1962).

"The p-m.-~ vertex function derived in Ref. 9 is still applicable,
since the three-point function (AA V) does not need modi6cation
in any of its WI's. See K. Wilson, Ref, 5."In Ref. 9, 8= —2 is used. It turns out that if the value
8 = —1/v2 is used, equally acceptable 6ts for the p and A& widths
can be obtained. The latter value also predicts the ratio of the
axial-vector form factor to the vector form factor for ~ —+ l+v+y
to be 0.4, which agrees excellently with the experimental data
tP. Depommier, J. Heintze, C. Rubbia, and V. Soergel, Phys.
Letters 1, 285 (1963)j. The corresponding number for 8= —

~ is
0.2.

(20a)
m„2(4mK*2 mp2 3m—')—

g~
—

gp —1.03gp
3m, '(m, ' —m ')

22 S. Weinberg, Phys. Rev. Letters 18, 507 (1967).We are aware
of the controversy of the values of g„etc. For a review, see E.
Lohrmann, in Proceedings of the Lund International Conference of
Elementary Particle Physics, 1969 PDKSY report (unpublished) j."T.Das, V. S. Mathur, and S. Okubo, Phys. Rev. Letters 19,
470 (1967).

use the results of the spectral function sum rules as
part of the input. g, and gz are given by We have rejected another solution of y„, p„=(—5.2

~0.26)P„. It gives a p~2r+y width of 3.3 Mev for
gp2 g„'=2m, 'f ——'. DMO and 1.5 MeV for OS; both are much too large in

comparison with the experimental upper limit 0.5&0.1There are two sets oi values for g and g„:One is given

by Das, Mathur, and Okubo DMO, "
Now that we have determined the parameters, we

can proceed to make predictions with the ~'yy form
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(
—a.(l /~. )'+p. (

=0.96(1~0.07)

(0.08~0.12)t
—~„(u/m. )'+p„j.

factor. We can immediately calculate the ss Dalitz Equations (19') and (19'") are replaced by
decay (s."—& ye+e ) form factor, which is defined as

F(psy, o) =F(0,0,0)(1+a.y), (21)

for y&(1. From (13), we have

g„/m„' (p„+&~)
X 1+ +

p g./tie. ' p

which gives the following results:

0.013& ia. i&0.032, DMO

0.010& (a o~ &0.022, OS

sgna o= —sgn(p„g ).
Experimentally, there are the following pieces of
formation:

Equation (23) indicates that at least one of n„and n„
is of the order of 10. This will give rise to a large vari-
ation in g,„,f », etc., when the pion momenum k is

(22)
extrapolated from k'=p, ' to k'=0.

IV. MEASUREMENT OF ~o&& FORM FACTOR IN
COLLIDING-BEAM EXPERIMENTS

The Dalitz decay of rr', s' —& y+e++e, provides
information on the s.spy form factor for small (timelike)
photon masses. A measurement of its behavior for large
photon masses can be achieved in colliding-beam
experiments such as

a o=0.01&0.11 (Ref. 27) and —0.25&0.15 (Ref. 28) .
1++1--+ 7rs+y (24)

G p 28 gg p g(a gy
F(0, 0, k'=p') = ———+ —a —-+a,

n f 3 m~'f. m„' m, '

Taking the sign determination of Ref. 20, i.e., F(0, 0,
ks=as) and the anomalous term have the same sign,
we get

g /gi g~/gs
0!ta +CLy

m. '/m p' rm„'/m p'
(23)= —9.61'.

Unlike the usual practice which assumes that g,„
is always small and, therefore, that q does not contribute
to the decay rc' —& 2y, (17b) hints of an appreciable p
contribution to xo ~ 2y. Similar conclusions have been
reached in Ref. 29 in a different approach. It is also
interesting to note that the off-mass-shell values of
g„„and g,„depend on the coupling strengths of co

and p to the hypercharge current, g„and g„; and on
those to the baryon current, 0-„and r„. As has been
mentioned in Sec. II, ~„and o.„are functions of 0~ and

fn. The quantity fbi is not known unless additional
information on, for example, how the U(3) symmetry
is broken in the spectral functions of the vector currents.
Specially, the usual assumption that g,„„=0requires
that r =1 in the present model. This corresponds to a
particular U(3) symmetry-breaking effect."

In. the quark model, (19) is no longer true, and

1++| ~ 7rs+1'++l (25)

where l and l' are leptons. To lowest order in the electro-
magnetic interaction, their kinematics are illustrated
in the diagrams of Fig. 1. In both cases, the virtual
photon momentum can attain arbitrarily high (time-
like) values. Their scattering amplitudes are, respec-
tively,

T(s-'t'+l' ) =e'v(p, )y"e(pt)t7(rlt)y"n(g, )e„„i.piQ'
yF(Ps Qs)/pPsQ2 (27)

where

P=pi+ps, Q=qi+gs

In the case that l and l' are electrons, the total-cross-
section formulas are given by

~(~'y) =(a/24~')(1 —~'/~)'IF(~ 0) I', (28)

T(~'y) =e8(ps)y"u(pt) e„„i.ek"q'(P'lr) —'F(p' 0) (26)

and

2' S. Devons, P. Nemethy, C. Nissim-Sabat, E. Di Capua, and
A. I.anzara, Phys. Rev. 184, 1356 (1969).

» N. Samios, Phys. Rev. 121, 275 (1961);H. Kobrak, Nuovo
Cimento 20, 1115 (1961).

» C. Cremmer and M. Gourdin, Nucl. Phys. 810, 1/9 (1969).
30 We can calculate f& by assuming that p decouples from the

nucleons at small momentum transfers, l.e., (N, p' [ j„&l0)
~
N, p)~0

for (p —p')'~0. This gives r„~2/A, r,~—(2/V3) tan0& tangy.
Then we have g,„(0,0)/g, „(0,0}~0.07 DMO, 0.08 OS. Indeed,
g py is small in comparison with gin„and hence its contribution to
7l-' ~ 2y decay is negligible. In the present model the smallness
of g,„and g~~~ are consistent with each other.

g, p g+ p g, p, g, p

(a)

Fxo. 1. Kinematics for the reactions (a) l++l —+ 71-0+y
and (b) l++l —+ m'+l'++l' .
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0/ xg d

72, IF(s,sg) I2 1+
4212 i/2

x SX SX

2

1+
/2

2/2

s'
x j- x

s'

he electron mass,

(29)

F(s,sx)=F(s,0)L1+/2 s x

S=P
~

i ——m /s, x2 ——(1 /2/s'/—2 '

It~s ob t athvious from (28) that a rnt a measurement f h
ener ( /

'
I (s,0) I' directl .

i ar to u o
I see (21)g can be dered

I

6—+

o 5

+
+ 3—
b 2
O

t

I

3.8 4.6
I

5.4
S |,'rn'. )

I . II

70 7 8
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1l' f~ 3 5$& fg/2

g~ A
2 ~ 2

v.+
p f22 fg /p

+—— P~+
m. ' s —m. '

"

Using (13) and (19)—(19"', we

gMt ck (i

ions w Ich compete with and form borm Rck-

F{s,0)a.(s) = ——
3tn2 S 582 2

QGP

p 5$~

g2P+ P, +
P «Sg' P S 8$F22

gv+ /3~ +-
S—2/2 $25$Q2 S SZP

{31)

6.0—
4e0—

l.O ~
0.7—
0.5—

6.0—
4.0—

I I

9

8

+ 7o
g's—
I
42

+

b

O
Ic

2.0—

l.O

0.7
0.5

6.0—
4.0—

&gobi f1r~ Pal

3.8
I I

5.4 6.2
S (rn~)

I

7.0
I

7.8

reuicted cross sectionI'ro. 2. Pre
'

yt esoh dbo 4
spectlvel~ the OSo e mth re ', e and DMovaluesfor

of the pledlctl
or e vector-meson-photon

2.0—

I.O
0-7
0.5 ~gcu/ fm i Pcg

I

4.6
0.3

3.0 3.8 7.85.4 6.2 7.0
S(m )

Fxo. 4. Predicted vale v uesof Io +{2) sI {see caption of F' . ).lg.



612 B ING —LIN YOUNG

TAME I. Summary of the predictions of the anomalous WI and„VMD models. If available, the experimental data are also listed.

E~)fq

l~(o,o) I

Anomalous WI
OS DMQ

0.46a

OS

0.49n (1&0.05)

VMD
DMO

0.68~ (1+0.0S)

Expt.

0.4S (1~0.16)

(fp.,~/4 )X 102

Fp ~ (keV)
~(e+e—~ ~o&)

0 (e+e ~ q1.0e+e )
I o-(sl I

&0.022
&0.01
&0.33m

&0.22
Flg. 2

Fig. 3
Fig. 4

&0.032
&0.01
&0.4
&0.26
Flg. 2

Fig. 3
Fig. 4

1.40,

0.9
Flg. 2
Fig. 3
Fig. 4

0.031

2.6n
1.7

Refs. 28 and 29

&76 (1a0.2)
&5~1

ground of (24) are the electromagnetic processes

e++e —+ 2y

e++e- —& 3y,

(32)

(33)

Then, we obtain

le(0,0) I
=(2"/K3)

l g,g„g...l (m, m. )-
=0.68n(1&0.05), DMO
=0.49n(1&0.05), OS

a~o=-'m. o'(m '+m. ')~0.031
where (32) is of order n ' larger than (24) and (33) is of
the same order of (24). Despite its larger rate, (32) can
be readily distinguished from (24) in experiments, even
though (33) may simulate reactions like (24). The
reactions (24) and (33) can also be distinguished by
means of their different distributions in the final (three)
photons. Furthermore, if (24) is observed in a selected
configuration, the partial rate of (24) is an order of
magnitude larger than that of (33), which can be
calculated exactly to the lowest order in e. We shall
discuss this brieQy in the Appendix.

and

sl m '(s —m, ')+m, '(s —m ')j s
a.o(s) =

m ' m'L m'( smp')+mp'(s m~')—j m '

The prediction of OS for lF(0,0) l
agrees with the ex-

perimental data. With OS, we also plot the predictions
of VMD for o.(vr'p), o(7r'e e+), and a o(s), respectively,
in Figs. 2, 3, and 4. Notice that in VMD a ' and a '(s)
are positive. In Table I, we sulrunarize the predictions
of the present model and those of the VMD.

V. COMPARISON WITH VECTOR-MESON-
DOMINANCE MODEL

In this section, we compare the results obtained in
VMD wi. th those of the previous sections in order to
illustrate their differences.

Restricting ourselves to the cases where lq'l and
lp'l are less than, say, ~m, ', the ~'pp form factor can
be written in VMD as

g2

~(p &q ) = grg~gr»
~3 (p2 m 2) (q2 m 2)

+ (34)
(p2 m 2)(q2 m 2)

where p and q are the momenta of the (off-mass-shell)
photons; eg, and eg /V3 are, respectively, the p- and
co-photon coupling constants. The magnitude of g,„,
which is calculated from co —&3+ in the Gell-Mann—
Sharp —Wagner model, "is

g„'/4~~0. 51.
»The value gp /4' 0.51 is obtained in the original Gell-

Mann-Sharp-Wagner model (Ref. 24). The p-qi--m coupling con-
stant gp is given by gp '/4x 2.4, corresponding to a p width of
125 MeV (see Ref. 18).

VI. DISCUSSION

We have used the anomalous WI evaluated in the
Han-Nambu or the Make-Hara model to derive an
expression for the 7r'yy form factor of low-mass (virtual)
photons. Even though only the upper bounds of the
values for some of the parameters in the model are
determined, the predictions are already different from
those of the conventional VMD model. By confron-
tation with experiments (i.e., the electron-positron
colliding-beam experiments discussed in Sec. IV), we
can further check the existence of the axial-vector WI
anomaly. To narrow down the values of the parameters,
and therefore to subject the present model to more
stringent tests, improved measurements of the radiative
decay modes of the vector mesons are required.

We have noted that the vertex functions g~ (q,p)
and g,„(q,p) are not very smooth. In particular, g«
may not always be small. " In order to know the off-
mass-shell values of g,„and g,„,we need to determine
the baryon current coupling strengths to the vector
mesons or vice versa.

Since with the quark-model prediction one loses the
smoothness extrapolation of the pion mass, we have
considered only the value of X obtained in the Han-
Nambu or the Maki-Hara model. However, on the
ground of the smoothness assumption alone, we cannot
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rule out the quark model. It will be interesting to carry
out the same calculation of Sec. IV, with X calculated
in the quark model. This will enable us to see whether
or not the study of reactions (24) and (25) will lead to
a distinction of the charges of the quarks, integral or
fractional. However, the nonvanishing of O.„and o,„
makes it impossible to determine all the parameters
o„,P„, etc., with the present experimental informa'tion.
Should the experimental data, for example, of u o be
much improved, such a calculation will be desirable.

The program presented here can, in principle, be
applied to the case of the g meson. Its Dalitz decay
mode, g ~y+c++c, serves as an ideal test of models
for the electromagn, etic interactions of hadrons.
However, one is beset here by the present experimental
uncertainties; the q-X' mixing and the validity of the
assumption of soft g are further problems in the model.
%hen suitable experimental data, e.g. , the widths of
XP -+ 2y, V(vector meson) ~ qy, etc., are available, we
shaB be able to investigate this problem in the present
model.

3

u=P —,
Es

3 1 3 1b=g, c=giX ~EX
3 3 3

x=Q K,=Q K, »=Q E;K,
1 1

E; E
2 =KgKpKp, B=K Kg'Kg', p=Q +

Let us choose y~ along the s direction, k~ in the sx plane.
Ke can perform several of the integrations and obtain

cL cog(s —2Wppg)
d'o (3y) =

Ss m's [W—(vg(1 —cos8gp) $'

)&Xc4~d cos8~dQ», (A2)

where s is the total energy, 8'=s112, ~& is the energy of
the first photon, and 812 is the angle between k~ and k2.
In (A2), orp and ppp are evaluated at
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G)2 = )
2[W—s&~(1—cos8~p)]

s 2ppl(W My) (1—cos8gp)

2 — 1—APPENDIX [W &oi( cos8ip) 1
In this appendix we shall discuss brieRy the process

(33)

for the situation which may simulate the reaction (24).
The cross-section formula has been given in Jauch and
Rohrlich. "Ke shaB foBow their notation. Let k, , k, ,
and kp be the momenta of the photons and pq and p&

those of leptons. Averaging (summing) over the leptons
(photon) spins, we obtain

~(3v) = d'kid'k2d'k3
2~'~'[(p„P,)'—~'j"'

&(8+(kg) 8+(kp») 8+(kp') 8'(kg+k p+k p Pg Pp)X. (A—1)—

Denoting

m'K;=P;k;, m'K =Ppk;, i =1,2,3

we can write

~p ——(s—v')/2W,

then (33) will simulate (24) when one of the photons has
approximately the energy coo. The main contribution to
(A1) comes from the configuration that two of the pho-
tons lie dose to the beam direction and the third photon
is soft. Hence, the partial rate of (33) will be minimum
when aB the photons are in the plane perpendicular to
the beam directions. Let us calculate the partial rate
of (33) for, say,

~~+ &8g, 8g& ~~m, 0& yg& 2g

Mp App(coy(ppp+AM
~

1.e.)

A~(3v) = dp p

X=2(ub c)[S+cb c—(a+b) (x—+2—)]
+2x(a'+b')+Sc+(4X/AB) (x'(» —1)—2»

+(aA+bB) [2+»(1/x —1)j—(A+B)(x+1))
+2p[ob+c(1 —x)g,

X d eos82
-I/R &yd cos8gf02

Taking do]=20 MeV, we have

5(r(3y)(0.25X10 P ssb
ss I M IaIIcg and F. Rohl&jch, pfgg 74of y of I'hotoes md E/ec-

Agng (Addison-Wesley, Reading, Mass. , j.955), p. 270. for 3' 2&s&syg '.


