2 SOME PROPERTIES OF A HAMILTONIAN MODEL- - -

The solutions (B21) lead to the following relations
between (7,3) and (7,s):

2—r 1—2¢r—s
7 (—r+s) e
1+4r —14-2r—2s
= ) ) . (B22)
3s 3(1+7)
5 1(B3r+s) —_— e
1447 1—2r+42s

We have already discussed the numerical results that
follow from Eq. (B22) in Sec. IV in the text.

Finally, we give the transformation properties of the
SU(@3)XSU(3) generators under Eq. (B21). For W,
this was already done in Sec. III. It is easy to verify
that the second transformation in Eq. (B21) corre-
sponds to exp(iwFy), which is the finite rotation in
SU(3) space that carries the isospin into the ¥V spin.
This shows very clearly how the relative weights of Us
and Usin Eq. (B1) get changed. Note that, in this case,
the Cabibbo -angle undergoes the transformation:
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6 — 37+0. We emphasize that an “intrinsic” tadpole
model at the SU(3) level, if it contains a “small”
isospin-breaking term, is rendered ambiguous by this
transformation. Physically, this says that if Fy 4,5 are
not conserved, then the statement that F, 5 are “less”
conserved than Fq,; does not have an invariant meaning.
Lastly, under X, the generators transform according to

b'q
(F3,8,4,5; F3,8,4,55) i (F3,8,4,5; F3,8,4,55) )

x
(F1,2,6,7; F1,2,6,7°) = (—F2® F1%, F75, —F¢’,

—Fs, Fy, F17, —Fs). (B23)
This means that if 71 and F, are not conserved, then
we may yet construct a third SU(3) group with the
generators (—Fy% F1% F3, Fy, F5, F75, —F¢5, Fg). In the
framework in which only the U(1) X U(1) symmetry is
preserved, this SU(3) is not distinguishable from the
“ordinary” SU(3).
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A method for considering the spontaneous breakdown of chiral symmetry without recourse to a particular
Lagrangian model is presented. The physical or asymptotic fields are assigned to linear representations of
chiral SU3;XSUjs together with appropriate ¢-number addition to the scalar fields. This c-number addition
manifests the spontaneous breakdown of the symmetry. Expansion of the interpolating fields in terms of
asymptotic fields is introduced, which, together with the spontaneously broken chiral symmetry and the
arbitrariness in the choice of interpolating fields, produces sum rules relating leptonic, semileptonic, and
strong-coupling constants of 0+ and 1* mesons. Results similar to those of current algebra are obtained with
some notable differences. Among the most important is the appearance of the soft-meson amplitude as a con-
sequence of our mechanism of spontaneous breakdown. We are thereby led, in an exceedingly simple way,
to generalized soft-meson sum rules. In particular, new results are given for the semileptonic decays of the
K meson, and generalized relations among strong-coupling constants and leptonic decays of 1* mesons are

derived.

I. INTRODUCTION

T is widely recognized that any local operator having
the same quantum numbers as an asymptotic field
can be chosen as an interpolating, Heisenberg field for
that asymptotic field.! Although the transition matrix
may take different forms off the mass shell (depending
upon the choice of the interpolating field), it is unique

* Permanent address: Department of Physics, Kyoto Uni-
versity, Japan.

1K. Nishijima, Phys. Rev. 133, B204 (1964), and references
therein; see also K. Nishijima, High Energy Physics and Ele-
mentary Particles (International Atomic Energy Agency, Vienna,
1965), p. 137.

on the mass shell. Thus, for example, any isovector,
pseudoscalar, local operator can be used as an inter-
polating field for the pion. Specifically, one may choose
the divergence of the axial-vector current as its inter-
polating field. This so-called partially conserved axial-
vector current (PCAC) condition? has been extensively
employed in the current-algebra approach?® to chiral

2 M. Gell-Mann and M. Lévy, Nuovo Cimento 16, 705 (1960);
Y. Nambu, Phys. Rev. Letters 4, 380 (1960).

38S. L. Adler and R. F. Dashen, Current Algebras and A pplica-
tions to Particle Physics (Benjamin, New York, 1968) ; B. Renner,
Current Algebras and Their Applications (Pergamon, Oxford,
England, 1968).
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symmetry. The current-algebra approach has presented
an efficient way of deriving sum rules for the soft-pion
amplitudes by making use only of the asymptotic con-
dition (the PCAC assumption) and algebraic properties
of currents. :

It was nevertheless tempting to construct a Lagran-
gian which satisfies the PCAC condition and manifests
chiral symmetry. This approach is used in chiral dy-
namics. As a simple example, consider the chiral
SU>;XSU; symmetry of the m-o system. If the = and
o fields are assigned to the basic (quartet) represen-
tation of SU,X.SUs, then w2402 is an invariant. An
interesting situation develops in the case where this
invariant acts as a ¢ number: The ¢ field is not indepen-
dent of the w field and can be eliminated from the
Lagrangian. When derivatives are excluded from the
interaction term, the Lagrangian invariant under
chiral SU3XSUs, is unique in the sense that all the pos-
sible invariant interaction terms are c-number constants
of the form (=?+o?)%, with N=2, 3, ... . The only
meaningful interaction term comes from the kinetic-
energy part of the Lagrangian when we replace the o
field by (const—=?)'/2. Then the Lagrangian becomes
nonlinear in the = field:

 e=(8um)H (= 9m)Y/ (R2—=) ],

where R?=n2+¢. This Lagrangian is nothing but the
m-meson part of the invariant nonlinear o model of
Gell-Mann and Lévy,? which reproduces many of the
current-algebra results when a certain symmetry-
breaking term is introduced. Weinberg*® and others®
have developed a general method of constructing non-
linear Lagrangians. The invariant Lagrangians for =
mesons so obtained are all equivalent to the nonlinear
o model in the sense that they reduce to it by suitable
redefinitions of the 7 field. Now, if two Lagrangians are
related by field redefinition, they give the same physical
results,” although this redefinition does change the
chiral transformation property of the field. Thus the
nonlinear ¢ model is the most general Lagrangian
for the pion system which reproduces current-algebra
results.

What we have learned from the Lagrangian version
of current algebra, then, is that what is important is not
the specific form of the Lagrangian, but rather its
physical uniqueness. In other words, it is not the
transformation property of the interpolating field but
that of the asymptotic field which plays an essential
role. We are thus faced with the important question as
to how the asymptotic fields behave under the chiral
transformation. The transformation of the asymptotic

48. Weinberg, Phys. Rev. Letters 18, 188 (1967); J. Schwinger,
Phys. Letters 24B, 473 (1967).

& S. Weinberg, Phys. Rev. 166, 1568 (1968).

6S. Coleman, J. Wess, and B. Zumino, Phys. Rev. 177, 2239
(1969); C. G. Callan, Jr., S. Coleman, J. Wess, and B. Zumino,
ibid. 177, 2247 (1969).

7S. Kamefuchi, L. O’Raifeartaigh, and A. Salam, Nucl. Phys,
28, 529 (1961); see also L. Bessler, Phys. Rev. 184, 1523 (1969).
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fields in the mass symmetry limit must be one which
keeps their free-field equations invariant. Now a non-
linear transformation generates higher powers of the
fields, but none of the powers of the asymptotic fields
can satisfy the free-field equations. So the possibility
of nonlinear transformations of the asymptotic fields is
highly implausible.® In the following we shall require
that the asymptotic fields transform linearly under the
chiral transformation in the invariant limit. We note
that, in the case of SU:X.SU, chiral dynamics men-
tioned above, we eliminated the o field from the
Lagrangian. We see now, however, that it should re-
appear to complete the chiral SU.X.SU; quartet for the
asymptotic fields. Hence the o particle should appear as
a bound state of the pions in the invariant limit.® The
o could, however, become highly unstable as the break-
ing mechanism is turned on.

In this paper we shall assign, in the mass symmetry
limit, all the physical (asymptotic) fields to linear
representations of the chiral SUsX.SUs algebra. It is
important to observe that we can freely add ¢c-number
constants to the scalar physical fields without changing
the canonical commutation relations. However, if the
free-field equations are to remain invariant under the
c-number transformation, then the masses of such fields
must vanish in this invariant limit. But actually the
physical particles have nonvanishing masses, and one
might think that the mass breaking may cancel out the
effects coming from the ¢-number addition. We, how-
ever, assume that the ¢ number remains even when the
explicit mass-breaking mechanism is turned on. Hence
to complete the SU3XSU;s multiplet of scalar fields we
include the possible addition of ¢ numbers.® This ad-
dition of ¢ numbers to the scalar multiplet is the mani-
festation of the spontaneous breakdown!® of chiral
SU3XSU3 symmetry. In particular, we shall add ¢
numbers only to the /=Y =0 members of the physical
scalar multiplet; we shall add no ¢ numbers which would
prevent the conservation of isospin and hypercharge.
It should be remarked that the addition of ¢ numbers to

8H. Umezawa, University of Wisconsin-Milwaukee Report
No. UWM-4867-68-6, 1968 (unpublished).

9 The present paper is mainly a generalization to SUsX.SUj of
our previous paper: T. Muta and H. Umezawa, University of
Wisconsin-Milwaukee Report No. UWM-4867-69-4, 1969 (un-
published). We would also like to point out that the ¢ numbers
considered here as a manifestation of spontaneous breakdown have
some similarity to the ¢ number which measures the explicit sym-
metry breaking in the model of M. Gell-Mann, R. J. Oakes, and
B. Renner, Phys. Rev. 175, 2195 (1968). See also S. L. Glashow
and S. Weinberg, Phys. Rev. Letters 20, 224 (1968).

1 See, e.g., G. S. Guralnik, C. R. Hagen, and T. W. B. Kibble,
in Advances in Particle Physics, edited by P. L. Cool and R. E.
Marshak (Interscience, New York, 1968), Vol. 2. The possibility
of the spontaneous breakdown of the chiral SU;XSU, symmetry
has already been suggested by P. B. Kantor and J. L. Pientenpol,
Phys. Rev. Letters 21, 241 (1968); A. Salam and J. Strathdee,
International Center for Theoretical Physics Report No. IC/68/
109, 1968 (unpublished). Certain models exhibiting the spon-
taneous breakdown of chiral SU3X.SU; symmetry have been dis-
cussed by G. Cicogna, F. Strocchi, and R. Vergara Caffarelli,
Phys. Rev. Letters 22, 497 (1969), and by J. Honerkamp, Uni-
versitit Bonn Report, 1969 (unpublished).
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any fields other than the scalar field would spontane-
ously break parity conservation, Lorentz invariance,
etc. The ¢ numbers added to the scalar fields are funda-
mental constants in our theory and will be determined
in terms of the leptonic decay constants of the pseudo-
scalar mesons.

We shall use the technique of expanding Heisenberg
operators in terms of the physical fields!! and shall
apply the transformation rules of chiral SU3;X.SU3 to the
expansions in order to derive soft-meson sum rules.
We shall derive sum rules on the leptonic and semi-
leptonic decays of mesons. By taking advantage of the
freedom of choice of interpolating fields, we shall also
obtain the generalized Adler consistency condition!? and
relations involving the strong coupling constants of
mesons. We consider mesons only, but it is not difficult
to introduce baryons into our scheme.

In Sec. IT we present the formulation of the theory
and determine the constants Cp and Cs in terms of the
leptonic decays of spinless mesons. Particular results are
given in Sec. III. In Sec. IV we make some concluding
remarks about the nature of the spontaneous breakdown
of chiral symmetry and illustrate the difference between
this approach and current algebra.

II. THEORY
A. Commutation Relations

As was mentioned, we shall be concerned with 0+ and
1+ spin-parity physical (asymptotic) fields, together
with appropriate ¢ numbers, assigned to linear repre-
sentations of the chiral SUsX.SUs algebra in the invari-
ant limit. This algebra is defined by the 16 generators

Qar=3(Ta%X4) (n
(4=1,...,8) with nonvanishing commutation relations
[Q4%,05%]=1ifa5cQc*, 2

where the fapc are the structure constants of SU;. The
action of the parity operator P is

PTAP—1=+TA, (33.)
PX 4P l=—Xy4. (3b)

The T4 and X4 are the space-integrated charge densi-
ties of the vector V,, 4 and axial-vector 4, 4 currents,
respectively:

T = / P Voaw), (4a)

XA=/d3x A(]‘A(x). (4b)

1 R. Hagedorn, Iniroduction to Field Theory and Dispersion
Relations (Pergamon, Oxford, England, 1964), p. 27; see also
L. Leplae, R. N. Sen, and H. Umezawa, Progr. Theoret. Phys.
(Kyoto) Suppl. Extra No., 637 (1965).

2S. L. Adler, Phys. Rev. 137, B1022 (1965).

351

The local commutation relations are
[T4, V() ]=ifancVuc(x), (5a)
[T4,4u5(@)]=ifancdy,c(x), (Sb)
[X4,Vus®)]=1fapcdpuc(x), (5¢)
[(Xa,4up(®)]=ifancVuc(®). (5d)

We shall choose the (3,3)-+(3,3) representation for
the 18 0F, 0~ mesons S;, P;, where 7, =0, ..., 8. The
appropriate transformation properties for the asymptotic
fields are then given by

[T 4,Ss(®)]=1fai[ Si(x)+Cil, (62)
[T4,Pi(x)]=1fai;Pi(x), (6b)
[X4,Si(x)]= —idai;Pj(x), (6¢)
[X4,Pi(x) ]=1das; Si(x)+C;], (6d)

where, following the argument in the Introduction, we
have added ¢ numbers to .S; without violating isospin
or hypercharge conservation; that is,

C;=0;0Co+6;5Cs,

with Cyp and Cg to be determined. The nonvanishing of
Cy and C; produces the spontaneous breakdown of
chiral symmetry and SU; symmetry, respectively. It is
interesting to note that if the linear representation
(1,8)+(8,1)+(1,1) had been chosen instead of (3,3)
+(3,3), the pion would not decay. Indeed, in that
case, (0]|[X4,Pi(x)]]0)=1f4:C;=0, for i=1, 2, 3.

The 1+, 1~ mesons @, ;, v,,; are chosen to belong to
the (1,8)4(8,1)+(1,1) representation of SU;3;XSUs.
This representation is chosen so that opposite charge
parity is guaranteed for v,,3 and @, ;. Here we have

LT a0u,:(0) 1= fa500,4() , (7a)
[T 4,0u,:(2) 1= faii0u,5(x) , (7b)
(X 4,00,i(2) 1= 3 faij0u,5(x) , (70)
(X 4,04,:(x) J=1if ai00,4() , (7d)

where 4, =0, ..., 8 and where v,;(x) and a,,(x) are
asymptotic fields.
B. Determination of Cy, and Cy

The fundamental constants in our theory, Co and
Cs, will be determined in terms of the pure leptonic
decays of the pseudoscalar and scalar mesons.

Consider P;— leptons. We obtain, using (6d),

(O][X 4,Pi(x)]]0)=1d4:iC;,
and, using (4b) and the fact that P;(x) is a physical

(8a)
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field,

(0] [X 4,P:(x)]]0)
={(0] A0,4(0) | Pi(k))[ (2m)2k0]"/*/ko} k=0, (8D)

where k is the three-momentum.

Thus,
id44iCi= {{0] A0,4(0) | Ps(k))L(2m)*2k0 1'%/ Ro}rm0- (9)

Similarly, for .S; — leptons, we employ (6a) and (4a)
to obtain

if44;C5= {{0| Vo,4(0) | Ss(k) )L (2m)*2ko/ ko ]2} o -

It should be noted that, because of the f-type com-
bination in (10), only strangeness-changing decays
through the vector current are allowed.

Relations (9) and (10) then enable us to express the
C; in terms of F,, Fg, and Fy, the pion, kaon, and «

(10)
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leptonic decay constants. We define

FV2(0[ A4,2(0) [t (k) = ikl /[ (27) 2k ]2, (11a)
3V2(0[ 4,475(0) | K+ (k)= tkuF /[ (27)°2k0 ]2, (11D)
FV2(0[ VA7 5(0) [kt (k) = Fhul'/ (2m)*2k0 ]2, (110)

where A,72(0)=A4,,1(0)—:4,,(0), etc. Substitution
of (9) and (10) into (11) yields

Fr=(V2Co+Cs)/V3, (12a)
Fo=13Cs=F,—Fx. (12¢)

The experimental values for Fx and F, imply that
neither Cy nor Cs can vanish, but that Cs is rather

small |Cs/Co|=0.20.
C. Currents in Terms of Asymptotic Fields

We now construct the expansions of the currents in
terms of the asymptotic fields (see Hagedorn'!):

1 1
Voal®)=Jamea(®) ~farCadSala+ o / R / Ay B e ® (92)So(0)Sul2)

+/dydz F,,,,,Abc(s)(xyz)a”,b(y)Pc(z)+/dydz Foup, a6e P @y2)v u(y)Sc@)+- -, (13)

A, 4(3) = g4, 4() — danaCad Po()+ / Ayd5 Gy, 41 (x92)S3(9) Pole) / Ay G 1 (w920 1(3)Po()

1
n / 430 G0V (23102080 F

where the products of asymptotic fields are understood
to be normal ordered. In order to demonstrate how the
coefficients F,, 4.V (xy2), etc., are identified, we take
the matrix element of V, 4(x) between the pseudo-
scalar-meson states and use the reduction formula®® to
obtain
FuapeD(ayz) =120y +m?) (0.4 m.2)

X <O[ T[Vu,A(x)Pb(y)Pc(z):]]()) s

where Py(y) and P,(3) are interpolating fields. The
coefficients are, in general, vacuum expectation values
of the retarded (or advanced) products of the relevant
Heisenberg operators. However, up to the term of
third order in the asymptotic fields, these coefficients
can be rewritten in the form of the 7" product. In writing
down the second terms in (13) and (14), use was made of
the relations (9) and (10).

The constants f4 and g4 which appear in Egs. (13)
and (14) are determined experimentally from the decays
v — leptons and @ — leptons. Since isospin and hyper-

3 H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo
Cimento 1, 205 (1955).

l /dydzdw Gu,16ca® (xyzw) Po(y) Pe(2)Pa(w)+- -+, (14)
charge are conserved, we must have
f1=f2=f3Efﬂ’
fo=Js= fo= fr= fx~, (15)
fs=f, etc.

D. Derivation of Sum Rules

We first impose the commutation relations (5)-(7)
on the expansions (13) and (14) to obtain, for example,

faedy,c(®)=—i[X4,V,5®)]
= fBfaBc@u,o(®)Fdasef30aCad,Po(x)

+dAchd/dde F“,Bbc(l)(xyZ)Pb(y)

e / dyds Fy 5ea®(2y2)@ o(3)4- -+ (16)

We then take various matrix elements of (16).
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Consider, e.g.,

Fasc{0| Ay, c(x) | Pa(k))
= —i0|[X4,V,.5(x)]| Pulk))
= —ikudavafBoaCae™ /[ (21)*2k '/

e tky

+dAch(l/dydz Fﬂ,Bac(l)(xyz)_ (17)

[(2m)32k ]t

We immediately notice that the last term on the right-
hand side of Eq. (17) is nothing but the soft-meson
amplitude, i.e.,

{L@2m)*2k 1P o(R) | Vo, 5(2) | Pa(R))} 1 =0
e—ilcy

= [ dydz Fy oV (xys)———. (18)
/ R S R VRE TR

The soft-meson limit oblained here is a natural consequence
of the addition of ¢ numbers to the physical scalar-meson
fields. Whenever we use the reduction technique, we are
assuming the symmetric mass for each chiral multiplet.
We will break the mass symmetry only in the final
stages of our calculation.

Thus we are led to

fapc(O| Ay, c(x)| Pa(k))
= —ikydavafraCae™ /[ (2m)*2ko ]!/
+dAchd{[(27[')32k0/]1/2<Pc(k,) ] Vu,B(x) l Pa(k)>}k’=0 )
(19)
or
dAcdcd{[(277)64k0k0’]1/2<Pc(k’)l Vu,B(O)lPa(k)>}k’=0
= iku(fancdcarCrtdasafpsaCa) .

We have, finally,
<Pa(0) [ VB| Pa(k)>= ikufaBa y
where, for convenience, we have used

{[(2m)*4koky X P (k') | V ,5(0) | Pa(k))} =0
=(P:(0)| V5| Pa(k)).
We note that the ¢ numbers on both sides of (21a)

canceled out. By the same procedure, we can also
obtain

(20)

(21a)

(Sa(0)| V| Sc(k))=1ikyfape, (21b)
(Sa(0) [ 4| P o(k))=1ikyudase, (21¢)
(P.(0)[Ap|Sc(k))= —ikudape, (21¢")
F4asCs(Sa(0)| V| v (k))=0, (21d)
J44sCs(Sa(0) | 45| a.(k))=0, (21e)

(P4(0)| Aplvc(k))= eu(k) fanc(fe—gn)/Fa, (21f)
(P4(0)| Vs|ac(k))=eu(k) fanc(ge— f)/F 4, (21g)
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(Pa(0)Pu(k")| Ap| Po(k)y=[fanc(Pu(k))| V| Pu(k))
+dAca<SC(k/) ] AB I Pb(k)>
+dac(Pa(k) | A5| Se(k)))/Fa, (21h)
where in the last three equations we have used the fact
that, when d#0,
daalCe=F4d4a,
with
Fi=F;=F;=F,,
F4=F5=F5=F7=FK,
Fy=3(4Fk—F.).

E. Spinless Heisenberg Operators

So far we have employed the expansions of the vector
and axial-vector currents in terms of asymptotic fields.
In general we can expand any local Heisenberg operator
in terms of asymptotic fields. Here we shall make use
of the expansion of the interpolating field of the 0~
meson,

P,(x) =Pa(x)+[dydz Rave P (xy2)Ss(y)Po(2)

1
+ ; / dydzdw Rapea® (xyzw)

XPy(y)Po(z)Pa(w)+---, (22)

where the coefficients R.».(xyz), etc., are identified by
taking suitable matrix elements of P.(x) between rele-
vant states. Applying the commutation relation, we
have

[X 4,Pu(%)]=1d4asCor—1id ava

X / dydz Rape P (xyz)Pa(y)Po(2)

1
+ ;idAdeCe/dydzdw Rapea® (xyzw)

XPy(y)Pe(z)+---. (23)

We again use our basic requirement that any local
operator which has the same quantum numbers as the
asymptotic field can be taken to be its interpolating
field. Thus we make the identification

So(x)=iNyaaf{[X 4,La(x) ]—idaaCe} , (24)

where Njyaq is a suitable renormalization constant.
Inserting Eq. (23) into Eq. (24) and taking a matrix
element, we get

(Pu(®')|S5(0)| Po()) =N baaf{daca(Se(k')| Pa(0) | Po(k))
+dAec<Pa(k,) Ipd(o)lS€(k)>
—daesCr{(Pu(k)P (k)| Pa(0)| Pelk))

X[(2m)2ke 12} o). (25)
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III. RESULTS
A. Semileptonic Decays of 1+ Mesons

The immediate consequence of Egs. (21d) and (21e)
is that the vector and axial-vector meson decays into
x mesons and leptons are forbidden in the soft-x-meson
limit.

The decays v — P+leptons and ¢ — P--leptons are
described by Egs. (21f) and (21g). We list here the

predictions for two interesting v— P-leptons
processes!:

pt— 70y, :ti\/z(fp_glll)en/pw;

p~—= K%, +i(f,—gxie/Fx.

Let us consider the process p= — 7%+p. In order to
compare our result with experiment we must determine
f» and g4, which characterize the amplitudes for the
processes p—Illv and A,— Iy, respectively. The
decays p— ete” and p— utu~ have already been ob-
served, but there are no data on the decay 41— bv.

B. Semileptonic Decays of 0+ Mesons

The well-known result for K;3 decay derived from
current algebra®® is, in our notation,

(r%(0) | V45| K+(k))= —3V2(Fx/Fo)ku,  (26)
while our result from (21a) is
(r°(0) | V=35 K*(k))= —§V2k,. (27

The origin of this discrepancy is the presence of the
scalar nonet in our scheme. Indeed, if in (26) we replace
Fx by Fg+Fs and use (12¢), we obtain (27). (See
Sec. IV.)

In the case of the decay =t — 7%y, the scalar-meson
contribution vanishes in (21a) and we obtain exactly
the same result as in current algebra,

(@) | V=2 mH (k)= —V2ky. (28)

The relations (21b), (21c), and (21¢’) yield results
for the decays .S — S 4-leptons, P — .S+leptons, S — P
—+leptons. So far these processes have not been observed.

C. Decays P— PP Leptons

The K4 decays have also been analyzed by using the
current-algebra approach.® Our results for these proces-
ses, (21h), agree with those of current algebra except for
the scalar-meson contributions. In particular, we obtain

¥ Qur SU(3) classification of the mesons will be as follows.
0~:m, K, 7, X 0%: 9, k(~1100), 05(1070), 0¢(720). 17: 9, K*, ¢; 0.
17: Ay, K4, D; E.

15 C. G. Callan and S. B. Treiman, Phys. Rev. Letters 16, 153
§1966); V. S. Mathur, S. Okubo and L. K. Pandit, ¢bd. 16, 371

1966).

16 Callan and Treiman (Ref. 15); S. Weinberg, Phys. Rev.
Letters 17, 336 (1966).
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the following relations:
Fo(at(0)r(k') | A+ | K*+(k))
=(V3)(ook) [ A+ | K+ (k))
+ (VB os(k) | A+ KH(k))
+ (V@) [ A5k (k) ,
Fo(a=(0)a (k)| A+~ K+ (k))
=(V3)(oo(k") | A+ K (k))
(V3){os(k")| A+ K+ (k))
+i(vVH ()| VT KH(E)),
Fo(w(0)r (k") | A+ K*(k))
=(V3)(oo(k")| A5 KF ()
+(VE) (os(k) | A+ K*(k))
+3(a®(k") | A+ [k (k))
+3i(a (k)| VS| K (R)). (31)
It should be noted that (21h) is not symmetric with
respect to the two pseudoscalar mesons in the final
state and thus the conclusion depends on which meson
in the final state is taken to be soft.

We also remark that if we take an additional meson in
the final state to be soft, we obtain

(29)

(30)

(P4(0)Po(0)| Ap| Py)=0. (32)
If we define the K4 form factors by
(Pa(R")P (k)| As| Pu(k))
=R+ P+ (' —k")Fot-(k—k —F")F;5, (33)

then our result requires, with both final-state mesons
soft,

F3=0. (34)

D. Coupling Constants

Since any local operator which has the same quantum
numbers as an asymptotic field can be chosen as its
interpolating field, we can choose the vector and axial-
vector currents, V,,4(x) and A, 4(x), as interpolating
fields for the vector and axial-vector octets up to the

normalization!”
Via(®)= fadu,a(x), (35a)

Ap,a(%)=gadyu,a(x), (35h)

where 9,,4 and d,,4 denote the interpolating fields and

where f4 and g4 are the constants which have appeared

in Egs. (13) and (14) and characterize the leptonic

decay amplitudes of the vector and axial-vector mesons.
From (21a) we obtain

(Pa(0)| JuzV)O) | Pok))= (P a(k)| T 57 (0)| Pc(0))
=ikufapc(mzV?—k?)/fpr, (36)

where J,, 5" (x)= (O+mp "2, p(x). We define the

17 These field-current identities were originally obtained in a
Lagrangian field theory; see N. M. Kroll, T. D. Lee, and
B. Zumino, Phys. Rev. 157, 1376 (1967); T. D. Lee and
B. Zumino, ibid. 163, 1667 (1967),
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VPP form factors by
(Pa() [ JusT(0) | Po(k)y=1ifanc[(k+E)ugvspare™ (D)
+(k—k)ugverarc @)1, (37)

where t=(k—k’)? and where gvzrpe@()=0 for
B=1, 2, 3, and 8. If the form factors are smooth, e.g.,

Borr(Ma®) g pnr(M,")=gprr (38)

then we obtain
ToBorx=my*—ma*,  (39)
fogsrr=mg*—mg*,  (39b)
Tr(grrrs P+ g ®)=mgt—m,2,  (39c)
T (grrxs® —grr-®) =mg2—mg?.  (39d)

If in Eq. (392) we neglect m,2 which is small compared
to m,? then we obtain just the Gell-Mann—Zachariasen
relation.!8

Similarly, it follows from Egs. (21c) and (21¢’) that

(54(0)[ T, 5(0) | Pc(k))

=ikudapc(mpDi—Fk?)/gp, (40a)
(Sa(k)| T,z (0)| Pc(0))
=iky'dapc(mps@*—Fk'?)/gs. (40b)
Assuming smoothness for g4pgs, we obtain
g8(8appess P tgapres, @) =mp2—me P2, (41a)
88(8apPess® —gapposa®) =mpD2—m 2. (41b)
Using (21f) and (21g), we find that
(Pa(0)] 705D 0) | ac®))
= eu(k) fapc(ge/ fo—1)(mp V2 —mc @) /Fa, (42a)
(P4(0)| T4, @(0) | vp(k))
= Gy(k)fABC(fB/gc’“ 1)(mc(A)2—mB(V)2)/FA . (42b)

Expressing these matrix elements in terms of form
factors,
(Pa®)|J57(0)] ac(k))

=¢(k) fapclganc ™ (8)gutganc® (k)

+gac®(DkJSE], (43a)
(Pa(R")| T u,c@(0) | vp(k))
=¢(k) fapc[hascPO)guthacs®(D)k,k,
+hacs® (kSR ], (43b)
we find
ganc®(me@®?)
=(ge/ 3= (mp V2 —mc®?)/Fy, (44a)
Baos® (ms (772
= (f8/gc—1)(mc D2 —mp"?)/F4, (44b)

where ABC is such that fap¢#0. The acvpP4 coupling
constant is given by gapc®(mc ") =hacs® (mc?).

) 18 N)I Gell-Mann and F. Zachariasen, Phys. Rev. 124, 953
1961).
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Assuming smoothness of the form factors near the mass
shell, we are led to

(ge/ fe—1)(ms "2 —mc %)
~(fs/ge—1)(mc®*—mp?),  (45)
or simply
fs>~gc. (46)
In particular, thisincludes Weinberg’s relation f,~g4,,'°
If we now rewrite (44a) and (44b) in the form

Fagane® (me@2)
50 opq Y , (472)
fz mp (V2 — (D2
f Fahacs® (mp?)
2 , (47b)

gc Mo D2 — (N2

then (46) indicates that the smoothness assumption is
equivalent to requiring

FAgABC(l)(mc(A)Z)
«1 (48a)
mp (N2 (2
and
Fahacs® (mp?)
«1. (48b)
me@2— (V2

E. Generalized Adler Consistency Condition

If the scalar nonet were absent, we could still obtain
Eq. (25), but without the terms containing scalar
particles; i.e., we find

Noaadae/Cr{[(2m) 2k ]112
X(P (k)P o(k")| Pa(0) | Po(k))}1rrm0=0. (49)

If we restrict our argument to SU;XSU, then
Nyada@aesCp— 8caF - and

{L2m)%2ky" ¥ a(k ) ma(k") | 7a(0) | 7o(k) )} 11 ~0=0. (SO)

This is nothing but Adler’s'? consistency condition.

IV. CONCLUSIONS

We have treated chiral dynamics by means of the
linear realization for the asymptotic (physical) fields.
Many relations were derived among form factors and
coupling constants by writing suitable interpolating
fields in terms of asymptotic fields and by applying the
chiral transformations. It is important to note, however,
that the intrinsic mass-breaking effects were taken into
account by considering the physical masses of the
particles only in the final sum rules. Independent of
intrinsic mass breaking, we are assuming a more funda-
mental breakdown of symmetry, viz., the linear reali-
zation of the spinless fields which carry the additional
¢ numbers (Co,Cs) so that their transformations are of
the form (6). Most of our results were due to the exis-
tence of these ¢ numbers which we interpret physically

Tws, Weinberg, Phys. Rev. Letters 18, 507 (1967).
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as the spontaneous breakdown of chiral symmetry.
Indeed, (6) implies that the vacuum is not a chiral-
invariant state, i.e., X|0)0, even when we ignore
intrinsic mass breaking. Thus, we interpret the spon-
taneous breakdown as the cause, e.g., of the leptonic
decay of the pion. This approach to chiral dynamics was
originally motivated by the spontaneous breakdown
which occurs in the chiral Lagrangian theory with
nonlinear realizations. In general,? when the spontane-
ous breakdown occurs, massless or Goldstone fields
appear carrying ¢ numbers and collectively complete
a linear representation. This suggests then that the
physical spinless particles are, in the mass-symmetry
limit, the Goldstone fields. Thus, instead of making use
of nonlinear realizations of interpolating fields, we have
used the linear representations for physical fields with
added ¢ numbers.

We have restricted these ¢ numbers by isospin and
strangeness conservation, thus leaving only Co and Cs
nonzero. It is possible that other ¢ numbers are ex-
tremely small but not zero, measuring such things as
the nonleptonic weak interactions. If. e.g., the physical
K field would carry a ¢ number, A7= % would be intro-
duced and parity would be violated.

We should also like to call attention to the results
which differed from those of current algebra. To see
how these differences arise, we consider the K;; decay
as an example. By using the current commutator, we
rewrite (11b) in the form

(0] 4,45(0) | K*(k))

—2 / a4 8(x0){0| (Ao 3(x), V,-5(0) ]| K+(k))

— 42 / 0t 0(x0) (0] (3 s a(x), V4 5(0) ]| KH(R))

Imposing our linear realization requirement and in-
cluding, in addition to the pion-pole terms, the x-pole
terms, we find

{L(2m)290 ] *x(q) | Vu+=3(0) | K+(k))} 4=0
1 Fx %y
_——
V2 Py [(27)32ke]V2 Fr
X{0[[X35,0,6+(0)]| K+(R)),

2 L. Leplae, R. N. Sen, and H. Umezawa, Nuovo Cimento 49,
1 (1967); R. N. Sen and H. Umezawa, ibid. 50, 53 (1967).
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where the second term is the x-pole term. Then, using
(6¢) and (12¢), we obtain (27).

Let us now consider the parallel argument in the
ordinary computation of current algebra. In this case
we obtain (26),

O] 4,45(0) | K+(®))
) / e 0(0) (O A, (), V- 5(0) ]| KH(8))

-2
= in% /d“x €177 (g2 —m %) 0 (x0)
pan

Ma®
X{0[[974, 3(x),V,=5(0)]| K*(k))
= —2iF{[(2m)*2q0]/*(x"(q) | V,.4=%5(0) | K+ (%))} 4=o-

In the last step, use was made of the reduction formula,
which can be justified only when q is on the mass shell.
Indeed, the matrix element is qualitatively of the form
La/(g?—m%)+b/(¢>—m?)], so that if the reduction
technique is applied consistently, the residue of the
pole at ¢*=m,? is just a. However, in the limit ¢— 0
we have a+ (m,2/m,?)b, and thus obtain the contribu-
tion from the x pole. Although these remarks may
serve us to understand the relation of our results to
current algebra, the interpolating expansion method to-
gether with spontaneous breakdown proposed here is
exceedingly simple and leads one directly to the soft-
meson relations.

The inclusion of baryons and photons and the con-
sideration of weak nonleptonic decays will be discussed
elsewhere.

Note added in manuscript. When (48a) is applied to the
Apw coupling, we find that g™ (ma, )<< (ma,2—m,?)/F -,
where g is related to the transverse Aipm coupling
constant by g®(m,?) =q’r, with q being the three-
momentum of p in the rest frame of 4,. This result
predicts g7<<K8/F,~0.08 MeV~. gz=0 has been derived
by the single-particle saturation of superconvergence
relations in p-m scattering [see, e.g., F. J. Gilman and
H. Harari, Phys. Rev. Letters 18, 1150 (1967)] and is
consistent with experiment [ J. Ballam et al., ibid. 21,
934 (1968)7]. We should also like to note that Eq. (12)
has been derived by other techniques [see, e.g., W. A.
Bardeen and B. W. Lee, Phys. Rev. 177, 2389 (1969)].
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