PHYSICAL REVIEW D

VOLUME 2,

NUMBER 1 1 JULY 1970

Large-Angle Scattering by Optical Potentials*{

DoN WEINGARTEN]
Department of Physics, Columbia Unzversity, New York, New York 10027
(Received 9 February 1970)

The qualitative behavior of large-angle scattering by a rotationally invariant optical potential is investi-
gated using the WKB approximation. It is shown that the strong s dependence exhibited by elastic proton-
proton scattering requires an energy-dependent potential. The source of the inaccuracy of the eikonal
approximation, at large angles, is found by comparing eikonal phase shifts with those given by the WKB

approximation.

I. INTRODUCTION

T high energy, near-forward elastic proton-proton
scattering shows the characteristics of diffraction
by a smooth absorber: Ref(0)/Imf(0) and oe1/ow0; are
both much less than 1, and do/dQ(s,t) is a strongly de-
creasing function of |¢|. The optical model proposed by
Serber! incorporates these properties in a natural way
and provides a qualitative explanation of the ¢ depen-
dence of large-angle proton-proton scattering. The s
dependence of do/dQ(s,f) remains somewhat mysterious.
If the observed large-angle cross section is reproduced
with a symmetric version of the amplitude:

Asv2(—f)w2= 4 (2k)"+(sini6)
we find (see Sec. VII)
y=—5.75, w=-—225.

In other words, at large angles the s dependence is
actually more significant than the ¢ dependence. But if
Serber’s model is solved by the eikonal approximation
(using an energy-independent potential), » automati-
cally becomes 0.5, which seems to imply that to repro-
duce (1.1), Serber’s potential must be made a function
of s, so that, in effect, the s dependence of large-angle
scattering is assigned to some unknown dynamic
mechanism.

Recently, however, it has been shown that the eikonal
approximation is extremely inaccurate at large angles.
For a particular potential studied by Avison,? the
eikonal differential cross section is small by asmuch as a
factor of 1000. It is conceivable, therefore, that some
energy-independent potential, if solved accurately,
might produce a cross section which does exhibit the
energy dependence required.

Serber’s optical model interprets the ¢ dependence of
the differential cross section as the result of a spatial
distribution of absorber; perhaps the s dependence of
the differential cross section may also be interpreted in

(1.1)
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this way, rather than as a result of the energy depen-
dence of the absorber itself.

In order to explore this possibility, we will reconsider
Serber’s optical model using a number of techniques
based on the WKB approximation. Unfortunately, it is
quite difficult to produce a rigorous bound on the accu-
racy of these procedures, and therefore they will be
tested by comparison with Avison’s numbers and by
comparison with each other. In the process we will find
the source of inaccuracy of the eikonal approximation at
large angle.

The final result of all this will be that Serber’s
equation cannot account for (1.1) using any “reasonably
smooth” potential of the form

[iﬂp(af)/ﬂ(),oyo:]

unless 7 and « themselves depend on s. In a subsequent
paper, however, we will show that optical potentials of
a different sort (“Lorentz contracted”) do provide an
explanation of (1.1). In addition, once the range and
amplitude of the contracted potentials are chosen to
reproduce the line do/d2(k,90°), a pair of ripples
automatically appears, in agreement with the observa-
tions of Allaby et al.3* (ky~1.1 GeV/c, 1.9 GeV/c).

II. SERBER MODEL

Serber’s optical model is governed by the c.m.

equation
{P2+m2—[E-+inV (r)2]} ¥ =0, (2.1)

which describes the scattering of a single Klein-Gordon
particle by a spherically symmetric absorber, introduced
as the time component of a four-vector to ensure

;'im O'tot(E) > 0 .

Since large-angle proton-proton scattering occurs at a
much greater rate than similar two-body reactions not
involving protons, or involving only one proton, it

8J. V. Allaby, A. N. Diddens, A. Klovning, E. Lillethun,
E. J. Sacharidis, K. Schliipmann, and A. M. Wetherell, European
Organization for Nuclear Research, Nuclear Physics Division
Internal Report No. 68-7, 1968 (unpublished).

*]. V. Allaby, F. Binon, A. N. Diddens, P. Duteil, A. Klovning,
R. Meunier, J. P. Peigneux, E. J. Sacharidis, K. Schliipmann,
M. Spighel, J. P. Stroot, A. M. Thorndike, and A. M. Wetherell,
European Organization for Nuclear Research report (unpublished).
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seems reasonable to suppose the proton has a hard core
of some sort. Serber therefore chooses ¥ singular at the
origin:

V({r)=e/r.

We will restrict ourselves to Eq. (2.1) for spherically
symmetric potentials which go as 1/7 near the origin and
are of finite range. The coupling constant 7 is assumed
real, and V (r) is assumed real when 7 is on the real axis.
If we write

V(n=P()/r, (2.2)

P(0) can be nominally set equal to 1. We will also
assume P(r) has neither cuts nor poles which influence
the scattering.

III. WKB APPROXIMATION

From the partial-wave equation

92 1(1+1
[5—2—+(E+inV)2—m2—( )}¢z(r)=0, @1

r2

we extract the WKB phase shift®

z G+
8= lim (E4inV)2—m?— dr
row | [fo 2

R J4-1)2y 1/2
[ty
70 7

[E+inV (7o) —m?~(+3)Y/ 72 =0,
= (+3)/r*=0.

The function #¢(f) is considered in Appendix A. Its
analytic properties are studied in detail for the case
P(r)y=e. If 9V (rp) is small, we expect 7p~ro. The
analytic character of §; is carried largely by #,(1), since
6; will be analytic at any point / at which V[#,(1)] is
finite and 74(/) is analytic.

(3.2)

Im

-ia
F1c. 1. Contour C.

6 R, E. Langer, Phys. Rev. 51, 669 (1937).
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Four different techniques will be considered.

(1) The WKB approximation without any simpli-
fying assumptions.

(2) An asymptotic form of the WKB approximation,
correct when £ is large (fixed 6).

(3) A crude form of (1) correct when 7 is small.
£7(4) An asymptotic form of (3).

Approximations (1) and (2) will be developed for all
potentials of form (2.2), and (3) and (4) will only be
considered for the choices P(7)=e~", e,

IV. ASYMPTOTIC FORM

By use of the Watson-Sommerfeld transform, we will
be able to show that when % is large, we need consider
only a simplified version of (3.2). The scattering ampli-
tude may be written

1 PA._l/z(-—COSO)
0= — 1 —e2i0p-1/2)
16) Zk/c( e )

coswA

The contour C circles each positive real pole of 1/cosrA
once in the clockwise direction and does not include
singularities carried by the phase shift. If we assume
6a—1/2 to be an analytic function of A in a strip which
includes the real A axis and P(r) to be bounded in a
strip which includes the real » axis, we can then deform
C as shown in Fig. 1. But as b —o, #o(1) — r,() = A/F;
thus, if we allow « to grow as ap/k, for large % the
horizontal contours will still be in the region in which
P(r) is bounded. It is reasonable to assume that 65_1s is
also bounded in this region, and therefore using the

relation
PA_1/2(—C050)
_— Ae-GImA ,

cosmA

we see that the contribution of the horizontal contours
will go to zero as e~%«0V*, TIf the vertical contour con-
tributes a power law in %, the horizontal contours can be
ignored. As & becomes large, however, A/E— 0 uni-
formly on the vertical contour; therefore, we need only
determine the behavior of §5—y, in the limit A/%— 0.

We define the variable A=!4-} and decompose 6 into

three parts:
6=201+02103,

S

(kz ANYZE - (inE/k)P(r)
) (r2—A2/k2)1/2

}dr, (4.1)
2

mE * P(r)—er
52=‘—“

——r
k Ju (2—AYER)2

nE e inE A
L — )
k J (A=A A 2
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Re

F16. 2. Contour D.

and then decomposes §; again:

01= 04105,

1 1177 2 A2 1/2
(o
2 D r 1’2
A2 1/2 " E k
—(k“’— _) __ﬁ_/.____]d,’
b2 (r2—A2/k2)1/2
1 P (r)\? A2L/2
oot [ 2]
2Jp 7 r?
i\ AZU/2
(5w
7 72

(inE/R)[P(r)—1] ]
- 1dr.
(r2—A2/ k)12

D is the contour shown in Fig. 2.

The square roots are given positive real part above
the cuts, which extend from the two branch points
to .

The limit of 65 as A/k— 0 is finite. The limit of the
first derivative of 8, with respect to A/k is also finite:

52(0) = —inf[ /0 i P'(r) Iny dr—'y:l ,

5,/(0)=0.

Therefore, by Taylor’s theorem, for every ¢>0, there
exists a neighborhood N of 0, such that

|82(A)—62(0)| <e|A|/|k| if A/EEN.

Using the expansion of Ky(x) near x=0, we have

(4.2)

Esr A
52+ 53'\’ —in—(ln—- +M) 5
B\ 2k

u=/ P'(r) Inr dr.
0

85, on the other hand, can be neglected entirely for
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large values of E. The substitution r=y/E gives

A (CHC)RORCIN
{007
(inE/k)[P(y/E)—1]
B (y?—AZ)L2 }d ’

which must approach 0 as £ — since P(0)=:1.
d4 is given exactly by the formula

o= 3 A— (A7) ]+ (inE/B) (14 InA)
~ (LA 1)+ 02/ In[ (A1) P+ 0/ ]
— LA +n") 2= nE/k ] In[ (A4-5?)2—nE/k T} .

The preceding results combined yield the following
expression for the WKB phase shift:

E
) =iﬂ;(1 —u+1In2k)+2a[A—(A2H12) V7]

nkE m?
S
2k k?

(A24-2) Y2n /o
(A2 —E/k)

This formula includes all terms which do not approach
zero as k approaches infinity and A/k approaches 0.

The phase shift has branch points at A=4in and
A= =nm/k so that the contour of Fig. 1 should actually
be the path shown in Fig. 3. This modification does not
make expression (4.3) any the less useful, however,
since as k — o, nm/k — 0, and the entire contour enters
the region in which (4.3) applies. In fact, as £ — o the
contribution of the cut approaches zero faster (by one
power of &) than does the total amplitude.

—Li(AZy2) 12 ln( (4.3)

Im

Re

X

A

F16. 3. Modified contour C,
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The validity of (4.3) depends only on the smoothness
of the function P(r). The value of & at which the
scattering amplitude given by (4.3) reproduces the
WKB approximation to within a few percent will be
controlled by quantities of the form

VP (0) /R,

where NV is a positive integer.

The scattering amplitude given by (4.3) depends on
only two free parameters, n and «. It will therefore be
possible to determine all the information we need by
evaluating the Watson-Sommerfeld integral numeri-
cally. It remains worthwhile, however, to consider a less
accurate form of the WKB approximation, which leads
to closed expressions for the phase shift and scattering
amplitude. Along the way we will obtain a clearer
picture of why the eikonal approximation fails at large

angles.
V. POWER SERIES

Expression (3.2) can be expanded to produce a power
series in 7:
Bin) = 5 () + 39O (B
The first two coefficients are

11 rV?
§OA)=— ——/ I — (/4
2k Jg (rP—AY/R2)V?

E? r3V?
+— | —dr. (5.1)
283 J g (r2—A2/B2)312

Contour E is shown in Fig. 4. If V is a Yukawa potential
(energy unit =a), we find

E A
5w =i—K0(—> ,
k \n
(5.2)

1 r 2E%*  72A
8@ =— — / Ko(u)du— —-——K0<———>
A Joask k3 k

The linear term 76® is just the phase shift given by the
eikonal approximation. The quadratic term, however, is

Im

F16. 4. Contour E.
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not included in the eikonal phase shift, and for a po-
tential singular at the origin, this term contributes a
singularity at A=0 which has a drastic effect on the
large-angle scattering amplitude.

When A is close to 0, (5.2) leads to the formula

p2idp =g(A/k) z+iyg—iz/A s

E 7* m? 1
i (el o (4 50) | ) o9

where x=29E/k, 2=34mn?, y=20*m2/k3, and v is Euler’s
constant.

It is worth noting that the pole which appears in the
phase shift given by (5.2) and (5.3) does not appear in
the exact WKB phase shift, nor in (4.3). Its source may
be found, however, by expanding (4.3) as a power
series. The term

$a[A— (A o))
becomes
—Lag/Af-

The pole at A=0 in (5.2) represents the weak-coupling
limit of the effect of the branch points at A= in.
These branch points must also be present in the exact
solution since the radial equation corresponding to (2.1),

pE L(IH1)Fn2e2r e
[d—; = —————— - 2illy ]Ul=o,
¥ v

r

if solved by a power series

0
Ui=r" Y ¢,

y==0

leads to the indicial equations
plp—1)=1(+1)+»,
p=3 (1],

with branch points at A=/+%= 4.
We now make the approximate substitution

2 1/2
(-——> cos(gA —3m) — Pi(cosf)g=2sinif (5.4)
wgA

(see Appendix B), replace the angular momentum sum
by an integral, and rotate contours across the complex
plane.® The scattering amplitude becomes

—ig 2\ (i) [243/4
7~ (kx+iv+1(27rg)1/2> (;)

X[ 2e@tivtDmiK 1 205(2(2g)1/2)

—mie” CHADTIRH® s 150(2(59) )] (5.5)

8 This is discussed by R. Serber, Proc. Natl. Acad. Sci. U. S.
54, 692 (1965).
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But since
2(2q)"*= 2n(x sin3f)"?,

if either 5 or sinf is small, the Bessel functions can be
conveniently expanded as power series. The leading
term of the series for 7®, added to the first term given
by K, duplicates Serber’s asymptotic form for the
eikonal approximation [actually there is a small differ-
ence caused by (5.4)7]. For weak coupling or small
angles, we expect the eikonal approximation to be fairly
accurate, as in fact is the case. At large angles for strong
coupling, however, higher terms in the power series of
the Bessel functions contribute and the eikonal ap-
proximation becomes inaccurate. These terms are the
result of the 5? coefficient of (5.1) which produces the
essential singularity in the partial-wave amplitude
of (5.3).

We note that if 921, the term H® dominates the
large-angle amplitude. If 6 is fixed,

| f] o< 1/k2H1, (5.6)
But at fixed &, if n> 1, then 8 In| H®| /9 Ing is small and

therefore
|f] e 1/qreeie. (5.7)
We have the approximate relationship
d1n| f| d1n|f|
( / ) 22( f ) "y 5.8)
dlnk /, dlng /%

These equations will turn out to be rather useful.

VI. COMPARISONS
As mentioned earlier, Serber’s proton-proton potential
7=1.0, «=0.2646 GeV,

has been solved exactly by Avison, whose results disa-
gree with the eikonal differential cross section, at large
angle, by as much as a factor of 1000.

Using the Watson-Sommerfeld contours shown in
Fig. 5, both the WKB amplitude (3.2) and its asymp-
totic form (4.3) reproduce Avison’s scattering amplitude

V=eo/r,

Alm

R

Fic. 5. Watson-Sommerfeld contour.
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TaBLE I. Scattering amplitudes for Serber’s
Yukawa potential. k=11 GeV/c.

0 < i
(deg) Avison WKB A ngg)txc

30 (0.62+4-1.85¢) X102 (0.551 +1.417) X102

50 (3.004-0.667) X103 (2.214-0.5484) X103 (2.03 —1.224) X103

70 (16,0 —1.62) X104 (9.00 —0.0857) X104  (7.66 —3.567) X104

90 9.7 —1.84) X104 (4.63—0.2917) X104  (3.92 —1.574) X104
110 (8.6 —0.707) X104  (2.88—-0.237) X10™% (2.45—0.897) X10~4
130 (8.00—1.27) X10™*  (2.08 —0.1867) X104 (1.77 —0.624) X104

quite reliably. In obtaining the large-angle scattering
corresponding to (3.2) we use the Watson-Sommerfeld
transform rather than a partial-wave summation, since
at large angles a partial-wave sum involves a great deal
of cancellation and is therefore quite sensitive to small
errors in the phase-shift integral.

The amplitudes given by the WKB approximation,
and its asymptotic form, are compared with Avison’s
result in Table I (k=11 GeV/c) and Table II
(k1ab=30 GeV/c). The disagreement between the WKB
amplitude and Avison’s is less than a factor of 4, which,
for a qualitative study of the sort intended here, is more
than sufficient. Even this error occurs only at backward
angles and is therefore masked by the forward amplitude
when the symmetrized cross section is determined. It is
worth noting that the energy dependence at fixed angle
of both the WKB approximation and its asymptotic
form reproduces Avison’s result to within .a small
factor:

do/dQ (11 GeV/6, 907 _ 52,
do/dQ (30 GeV/c, 90°) Javison

do/dQ (11 GeV/c, 90°) _iss,
do/d (30 GeV /¢, 90°) dwxs

do/dQ (11 GeV/¢, 90°)7]

do/d2 (30 GeV/c, 90°) Lsym. wics 16.-

Figure 6 compares the three differential cross sections
at 11 GeV/c. Figure 7, which corresponds to 30 GeV/c,
shows only two lines since at this energy the complete
WKB approximation is indistinguishable from its
asymptotic form. It is clear that the WKB approxima-
tion reproduces the angular dependence of the differ-
ential cross section quite reliably.

TasLE II. Scattering amplitude for Serber’s
Yukawa potential. k1ap,=30 GeV/c.

Avison

WKB

Asymptotic
WKB

(2.3+1.8)) X10-?
(6.24+0.67) X10~4
(4.4+0.0)) X104
(2.6—0.8)) X104
(2.240.08) X104
(2.1—0.0)) X107

(2.065 +1.727) X103
(5.23 +40.607) X104
(2.04 4-0.087) X10™
(1.07 +0.024) X104
(6.75 +40.094) X1075
(4.91 40.057) X105

(4.98 —1.047) X104
(1.95 —0.324) X104
(1.02 —0.157) X104
(6.50 —0.887) X105
(4.76 —0.624) X105
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klub =1l GeV/c

4 26 8 10
+(52)

Fic. 6. Differential cross section as a function of —#; kiap=11
GeV/c. The solid line is Avison’s result, the dashed line is the
scattering curve given by the WKB approximation, and the
dotted line is the asymptotic form of the WKB approximation.

If 7 and o are raised, we might expect the asymptotic
form to become less accurate. However, even for the
choice n=1.5 and @=0.467 GeV the scattering ampli-
tude given by (4.3) is within 159, of that given by (3.2)
at both k=11 GeV/c and k=30 GeV/c, for scat-
tering angles greater than 50°.

Expression (5.2) reproduces Avison’s results just as
dependably as does the WKB approximation. If 5 is
much larger than 1, however, (5.2) becomes inaccurate
since powers of 7 greater than 2 become significant. For
the choice =23.687 and #=—0.3853 (a Yukawa po-
tential with a=0.382 GeV assigns this value to # if the
units of %2 are GeV/c), (5.2) gives differential cross
sections larger than those of (4.3) by a factor of 10. A
partial-wave summation is convenient for calculating
the scattering amplitude corresponding to (5.2) since
the necessary Bessel functions can be rapidly evaluated
to great precision.

Expression (5.5), the asymptotic form of the scat-
tering given by (5.2), agrees with (5.2) itself fairly well.
Table IIT compares the two amplitudes for various
values of n and & at k1= 30 GeV/c, 6= 180°. For6=90°,
the agreement is only slightly worse.

TasrLe IIL. Scattering amplitudes given by (5.5) and (5.2) for
various Yukawa potentials. §=180°; k1ab=230 GeV /c.

2 «(GeV) f—(5.5 (10%8cm) f—(5.2) (10738 cm)
1.0 0.10 0.570—0.5684 0.696—0.657;
2.0 0.23 0.168+4-0.237 0.105+0.2613
35 033  —0.016+0.168 —0.052+0.147;
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VII. CONCLUSION

We will now apply these methods to the problem of
proton-proton scattering.” It should certainly be pos-
sible to fit the scattering amplitude given by (4.3) to the
energy dependence of 90° scattering; the normalization
of the amplitude corresponding to (4.3) can be con-
trolled by choosing the quantity #, and the energy slope
fixed by choice of 7 (since most of the energy depen-
dence of the phase shift is carried by the term pro-
portional to nlnk). In fact, the 90° scattering® is
reproduced quite accurately on the internal 8<Ejup
<31 GeV/c by the constants

n=3.687, u=—0.3853, (7.1)

if % is measured in GeV/c. The angular slope given by
these parameters, however, is much greater than that
observed. At 60°, for example, the cross section pre-
dicted by (7.1) is greater than observation by a factor of
10. And if either 5 or # is altered to reproduce the cor-
rect angular dependence, the energy dependence be-
comes incorrect, since 9 In[do(k, 90°)/dQ]/dInk is a
monotonic function of 5 and do(k, 90°)/dQ is a mono-
tonic function of #.

We must conclude that no “reasonably smooth”
potential of the form

inP(ar)/r

can account for the observed scattering unless 7 and «
are themselves functions of s. By “reasonably smooth”
we mean a potential for which the quantities

a¥Pa (0)/kY

are small enough that the asymptotic form is reliable in
the region 8<%, <30 GeV/c.

By comparing (5.6) and (5.7) with the experimental
data, we can get some understanding of why energy-
independent potentials fail. If the observed data are
fitted to a symmetrized” differential cross section calcu-
lated from the amplitude

A(2k)"+ (sin)®,

we find
9=—5.75, w=-—2.25. (7.2)

The choice »+w= —8 requires y=3.5 [Eq. (5.6)], but
=—2.25 implies =1.0 [Eq. (5.7)]. In other words,
(7.2) violates (5.8).
If the scattering given by expression (5.1) is compared
with experiment, our conclusion remains the same. The

?We construct a spin-averaged differential cross section for
elastic p-p scattering by the formula do/dQ(t) =J f(0)]?
+| f(wr—6) |2>—Re[ f(6) f*(x—06)], which is symmetric under the
exchange 6 <> = —0, as must be the case since the two protons are
identical. For a more detailed discussion, see Ref. 2.

8 The experimental values referred to are taken from Refs. 3,
4, and the following: J. V. Allaby, G. Cocconi, A. N. Diddens,
A. Klovning, G. Matthiae, E. J. Sacharidis, and A. M. Wetherell,
Phys. Letters 25B, 156 (1967); G. Cocconi, V. T. Cocconi, A. D.
Krisch, J. Orear, R. Rubinstein, D. B. Scarl, and B. T. Ulrich,
Phys. Rev. 138, B165 (1965).
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0 T T T | T
. k|0b=30 GeV/c
~ =
NS
o
£
o
&
Fic. 7. Differential cross section as a ‘o ]
function of —#; k=30 GeV/c. The solid =
line is Avison’s result, and the dashed line
is the curve given by the WKB approxima- |
tion. At 30 GeV/c, the WKB approximation ©l©
and its asymptotic form are indistinguishable. >~
o -
o
o
A
30

cross section corresponding to (5.1) for either of the
potentials

Vi=e oy, Vy=e )y

(7.3)
invariably shows less energy slope than experimentally
observed whenever the observed angular slope is cor-
rectly reproduced.
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APPENDIX A
The function 7(A) defined by the equation
LE+inP(r)/r P—m?= A%/r?

can be evaluated by performing the iteration

(A1)

A2 2m2 1/2

LRG0T

E
N — —jp—P (yN—1 _—
7 mkzP(r )+{k2 P
r=A/k,
if 9 is sufficiently small and P(r) is well behaved (we

assume also that P is an entire function of 7), since

according to the contraction mapping fixed-point
theorem,® the equation

(A2)

x=F(x)
has a unique solution in any region Q such that
2, yEQ —|F(x)—F(y)|<alx—y|, 0<a<l (A4)
? An interesting discussion of various fixed-point theorems is

given by R. L. Warnock, Argonne National Laboratory High-
Energy Physics Division report, 1968 (unpublished).

(A3)

and this solution is given by x®=limn.x", where

eN=F(@NY), o=z (AS5)
for any point z&Q.
The scattering problem studied by Serber is
P(r=e=r, a=0.20646 GeV, 7n=1.0. (A6)

If energy is measured in units of a at k=11 GeV/c,
then

£=8.33, E=9.05, m=3.55, P@)=e". (A7)

Using this collection of information, it can be shown
that a region Qu, A/kEQ,, exists, fulfilling condition
(A4) and so forcing the convergence of iteration (A2) if
A is contained in the territory

{AEC]||A|>0.74, ReA>0}
U{AEC|A=iu, ucR}. (A8)
The square root must be evaluated according to the
convention
(AZ/k2+x)1/2
= (A/k) (1+F%/A2)V2 Re(14-k%/A2)12>0  (A9)
unless A is very close to the imaginary axis, in which
case either choice of the sign of the square root, adhered
to consistently, will yield a convergent series.

The function 7 (A) is differentiable and hence analytic
if

)
—{[Er+inP(r) 2—m*?}5£0 at r=r(A), (A10)
or

which is true at all points in region (A8). We can also

prove that #(A) can be continued to almost every point
of the positive half-plane by considering the function

P(r,A)=N—[E+inP(r)F+m¥?,  (All)
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which yields the relation
F[r(A),A]=0. (A12)
If (A10) is fulfilled, we have
a
B;F(r,A)?fO at r=r(A); (A13)

and so, by a well-known theorem,® we have the result
that if 7(A) exists at Ao and if (A10) is fulfilled at this
point, then 7(A) exists and is analytic in an open region
of Ao. Thus all points on the frontier of the maximum
region to which #(A) can be extended violate (A10).
Equation (A10) must definitely be violated at least
once, since if A is carried along a closed loop through the
shaded region of (A8) beginning and ending at 0, the
function 7(A) does %ot return to its original value, and
so there must be at least one branch point somewhere in
the shaded region. By using the fixed-point theorem on
(A10) it can be shown, however, that there is exactly
one such point 7 violating (A10) and therefore at most
one A at which 7(A) cannot be defined. But of course for
this value of A we already have a »(A), namely, #; thus
7(A) is defined over the entire region ReA>0 and is
analytic at all points in this region except A.

To first order in 7, we have
A=ym/k. (A14)

1S, Bockner and W. T. Martin, Several Complex Variables
(Princeton U. P., Princeton, N. J., 1948), p. 39.

DON WEINGARTEN 2

APPENDIX B

The approximation

L S% AQ)Pi(cosd) (2I-+1)~ ik
2k =0

x f Altp—3)To((— 1)) dp  (B1)

has been studied in some detail.’ If 4 (kpo—3%) is analytic

in p at p=0, and the lead term in this power series has an

exponent less than 5, the error caused by (B1), for

large £, is less than a factor of 2. If the leading exponent

is 1, at large ¢, (B1) will introduce no errors at all.
The additional error caused by

Jo(gA)~ (2/mgA)V* cos(gA— i)

is a factor of V2 if the leading exponent is 1, 1.06 if the
leading exponent is 3, and correspondingly less if this
exponent is greater than 3.

Since the partial-wave amplitude given by (5.2) has
an essential singularity at p=0, the significant exponent
here, in effect, is negative. At 180°, the Watson-
Sommerfeld version of the asymptotic amplitude given
by (5.3) can be converted to a rapidly convergent series
of Bessel functions, the value of which differs from the
quantity found by combining approximations (B1) and
(B2) by less than a factor of 2, even when 5 is as large
as 4.

(B2)



