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Study of the Reaction es+P ~ x+X+ between 1850- and 2090-MeV c.m. Energy*
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Angular distributions and polarization measurements (obtained from bubble-chamber data) are presented
at seven incident 7r+ momenta in the reaction 7r+p ~ Z+E+. Results of a partial-wave analysis as well as an
s-, t , and I--channel analysis are presented. The branching fraction of the A(1950) ~ Z+E+ was found to
be (2.0+0.4)%.

I. INTRODUCTION

HE aim of the experiment was to determine the
branching fraction of the 5(1950)—+ Z+E+. To

achieve this, we report on data taken at seven incident
~+ momenta between 1.34 and 1.84 GeV/c, using the
72- and 25-in. hydrogen bubble chambers at Lawrence
Radiation Laboratory, Berkeley. The data have been
analyzed by use of two approaches: (i) an s-channel
partial-wave analysis, and (ii) an analysis using reso-
nances in the s channel and exchanges in the t and I
channels to account for the nonresonant "background"
amplitudes. This second method is similar to that used
by Evans and Knight' and by Holladay. '

Preliminary data on three of these energies were
presented at Vienna. '

II. EXPERIMENTAL DETAILS

A. Exposure

B. Scanning and Measuring

The entire film was scanned twice for two-prong
events in which one or both of the prongs had a kink,
but in which no recoil at the kink was visible. The
combined scanning efFiciency was found to be 99%%u~ for
events that were eventually accepted as

The events were measured by using the coBwEB on-line
Franckenstein system' and put through the Poc-
cLQUDY-FAIR system for reconstruction, constraining,
and plotting. Events that either failed the geometry
program or did not satisfy (with a reasonable X') any
of the hypotheses

s.+p —+ Z+E+ with Z+ —+ Pz' or ~+tt
—+ Z+E+X0
—+ X+X+%0

Table I summarizes the data taken. This doubles the
world's data in this energy region; the largest previous
sample is from the experiment by Pan and Forman at
a single momentum (1.7 GeV/c). e

were remeasured, and then measured a third time if
they failed again. Events that still failed were then
examined by a physicist. It was found that most
of these events were two-prongs (s-+p, z-+p7r', or ~+s.+tt),
where one of the prongs scattered slightly but left no
visible recoil. Others could have been Z+E+(7r') or
Z+vr+(E'), but the decay angle of the Z+ —+ 7r+n was so
small as to be impossible to measure in all views. These
events were in any case rejected by our acceptance
criteria (see Sec. III). It was found that about another
4/o of these events appeared to be genuine on the scan
table, were within the acceptance criteria, but had no
acceptable output. The reason for this was usually
obvious, such as one of the origins being obscured by
other tracks in one of the views. This loss was taken into
account in computing the cross sections.

The events were constrained in the following way.
(a) If i),p/p (measured) for the Z+ was (0.5, then a

standard two-vertex fit was performed for both
Z+ ~ P~o and Z+ —+ vr+tt hypotheses.

(b) If Ap/p for the Z+ was )0.5, the measured
momentum of the Z+ was ignored and it was calculated
from the decay vertex. This in general gave two values

TAsI.E I. Summary of 61m used in this experiment.

Number of
pictures
(1000)

pb
equivalent

(approx)
w+ momentum

(GeV/c)

1.34
1.43
1.55
1.63
1.68
1.77
1.84

52b
41b

121'
164c
47b

122c
119c

0.4
0.5
0.8
0.5
0.5
0.7
0.9

Cross section for one event.
b 72-in. chamber.
o 25-in. chamber.

~ Work done under the auspices of the U. S. Atomic Energy
Commission.

(Present address: Istituto di Fisica dell'Universita, Torino,
Italy.

$ Present address: Brooirhaven National Laboratory, Upton,
N. Y. 11973.

r I . E. Evans and J. M. Knight, Phys. Rev. 137, 81232 (1965).' W. G. Holladay, Phys. Rev. 139, 81348 (1965).
' G. Borreani and G. E. Kalmus (unpublished).
4 Y. L. Pan and F. L. Forman, Nucl. Phys. B16, 61 (1970).

5 H. C. Albrecht, E. P. Binnall, R. W. Birge, M. H. Myers, and
P. W. Weber, Lawrence Raditation Laboratory Report No.
UCRL-18528 Rev. , 1968 (unpublished).
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TABLF .II. Summary of data and cross sections for ~+p —+ Z+E+.

Momentum
of x+

(GeV/c)

1.34
1.43
1.55
1.63
1.68
1.77
1.84

Energy, c.m.
(GeV/c)

1.851
1.896
1.955
1.992
2.016
2.057
2.089

+~ pm. 0

(unweighted)

249
222
142
255
197
129
102

Number of events
Z+~ +n

(unweighted)

290
293
219
299
299
209
158

Z+ ~ ~+n,
(weighted)

367
374
279
375
377
265
201

Cross section
~+p ~ z+K+

(ub)

400&35
510&40
530&50
470a40
505w40
415+50
405W50

for each hypothesis (p7rs, s-+ti), since it is a zero-
constraint fit. These values were then used as starting
values in the two-vertex simultaneous fit.

Ionization was used to resolve the Z+~ p7r' or
Z+ ~ x+e ambiguity.

In order to obtain cross sections, the beam tracks
were counted on about every hundredth frame in the
film, and from this the total m+ path length in the
experiment was computed.

III. DATA

Table II shows the number of events found at each
energy that satisfies the following cuts.

(a) The beam track is within the acceptable angular
and momentum limits.

(b) Z+ is )0.3 cm long and. lives less than three
lifetimes.

(c) The Z+ decay angle (lab) is )5' ()10' for
72-in. chamber film).

(d) The event is within the fiducial volume.
Since cuts (b) and (c) are Z+-momentum-dependent,

each event was weighted to take into account these two
cuts as well as the possibility that the Z+ left the
chamber". before decaying. The values of cuts (b) and
(c) were determined experimentally. For (b) we used
the Bartlett s-function method to determine the Z
lifetime. The lifetime was calculated as a function of
Z+ cutoff length and was found to become stable at a
length of 0.3 cm. Cut (c) was determined using the
following iterative procedure. From the measured Z+
momentum spectrum, we generated by Monte Carlo
methods the expected Z+ decay angular distribution in
the laboratory and compared it to the measured one.
From this we determined a first approximation to the
cut. We then corrected accordingly the Z+ momentum
spectrum and repeated the procedure. Convergence was
essentially obtained in a single step for the Z+ —+ m.+e
mode. It should be noted that these cuts are critical
only for the Z+ —+ x+e decay mode, since the angular
distributions and cross sections have been determined
by use of this mode only. For the polarization measure-
ment using the Z+ -+ ps. mode, unweighted events were
used, since the polarization measurement is not affected
by any bias in the decay angular distribution.

B. Angular Distributions

The angular distributions at the seven momenta for
both the weighted and unweighted w+p —+ Z+E+,
Z+ —+ x+e events are shown in Fig. 2. The production
cosine, cos(I, used is the cosine of the angle (c.m. )
between the incident w+ and outgoing E+, i.e., (s+ E+)
(c.m.). The average weight per event is about 1.25, and
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Baltay et al. , ref. 6
Foelsche et af. , ref. 7
Pan and Forman, ref. A
Daronian et al. , ref. 8
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Fro. 1. Cross section for ~+p -+ Z+IC+.

' C. Baltay, H. Courant, W. J. Fickinger, E. C. Fowler, H. L.
Kraybill, J.Sandweiss, J.R. Sanford, D. V. Stonehill, and H. Taft,
Rev. Mod. Phys. 33, 374 (1961).

~ H. W. J. Foelsche, A. Lopez-Cepero, C. Y. Chien, and H. L.
Kraybill (unpublished).

8 P. Daronian, A. Daudin, M. A. Jabiol, C. Lewin, C. Kochow-
ski, B.Ghidini, S. Mongelli, and V. Picciarelli, Nuovo Cimento 41,
771 (1966).' Particle Data Group, Rev. Mod. Phys. 41, 109 (1969).

A. Cross Sections

Figure 1 and Table II show the cross sections for
w+p ~ Z+E+.' 'Thes—e were obtained by using the
weighted number of Z+ —& m-+e events and multiplying
by 2.12 to'take into account the 2+~ per' decay mode. '
The error/bars shown contain both statistical and
systematic'-. 'effects. The other data points on the plot
have been obtained from the literature.
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Figures 3 and 4 show rrPq as a function of the c.m.
production angle; the events at each energy were
divided into bins in cos8 having =30 events per bin.
For each bin the Z polarization was calculated from
the observed Z-decay asymmetry relative to the pro-
duction normal 8, according to the formula

Ng
ozP= —Q cos8sz;

(~)s- i/2

h(nP) =

O
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FIG. 5. Plots of Az/Ap —Az/Ap at each of the seven momenta.
The A's were calculated by Qtting the weighted angular distribu-
tions (Fig. 2) with the Legendre series (see Sec. IV) np to the
seventh order. The sixth order was the maximum necessary to
obtain a good 6t at all momenta.

(when
I
nPI was )1, InPI =1 was used in the error

formula). Err is the number of events in each bin.
The maximum-likelihood method was also used to

obtain rrP, and the two methods were found to be in
excellent agreement.

p'

1.84 GeV/c

I

0

D. Legendre Expansions

Figure 5 shows the values of A /As of the Legendre
polynomials 6tted to the distributions shown in Fig. 2,
where the expression

do m maw—=)I,s P A P (cosg)
dQ m-0

E'IG. 4. Plot of aPq versus cos8, at the seven momenta, for
Z+ —+ m.+e events (n=0).

has been used. Figure 6 shows the values of the expan-
sion coefficients 8„/A s of the first associated Legendre
series when 6tted to the polarization distributions
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amplitudes. We are aware of the dangers of double
counting in this latter approach, but believe the results
show that this is not serious in this case.

A. Partial-Wave Analysis

A comprehensive discussion of the theory of partial-
wave analysis in formation experiments can be found
in Tripp, ' so only a brief discussion is given here.

In a reaction of spin 0+spin s ~ spin 0+spin $',the
transition operator 3f is given by

M=a(8)+b(8)rr 8. (1)

In this formula, a and b are the non-spin-Qip and the
spin-Qip amplitudes, respectively. The production angle
tI and production normal 8 have been de6ned earlier
(Secs. III Il and III C) and a is the Pauli spin operator.
The relationships between a(8) and b(8) and the com-
plex partial-wave amplitudes Tq+ (/ is the final orbital
angular momentum) are

Energy, c.rn. (MeV)

FIG. 6. Plots of B /Ao at each of the seven moments. These
were calculated by fitting the eLPx plots (Z+ -+ Ps.o) (Fig. 3) with
the fLrst associated Legendre series (see Sec. IV) up to the maxi-
mum order allowed by the number of boxes in the data (m=num-
ber of boxes —1).It should be noted that in most cases this order
was not sufhcient to give a good 6t.

shown in Fig. 3, where the expression

dr n max,—P=flks P 8 I' '(cos8)
dQ n=l

was used. .
For the A /As distributions, the coefficients from

the seventh-order fit were plotted. At all momenta the
sixth-order 6t was found to be satisfactory. For the
8„/As distributions the maximum order allowed by
the number of experimental bins was plotted (where
we de6ne the maximum order to be the number of bins
minus one)—this did not give a satisfactory fit at most
momenta. It should be noted that the fits of the models
to the data do not depend on a knowledge of the A and
8 coefficients (see Sec. V).

IV. THEORY

When one examines the cross sections and angular
distributions (Figs. 1 and 2) of x+p ~ Z+E+, it is clear
that in this energy region s-channel effects are large
and, in particular, the bump in the cross section at a
mass of = 1950 MeU is very suggestive of an s-channel
resonance. Ke have therefore used two approaches to
the analysis of the data: (a) an s-channel energy-
dependent partial-wave analysis, in which both reso-
nant and nonresonant amplitudes are present, and
(b) an s-, f , and u-channel anal-ysis in which we have
resonances in the s channel and E* and A exchange in
the t and I channels to account for the background

a(8) =X P $(l+ 1)Tg++/Tt ]I'~(cos8),

b(8) =iX P (T)+—Tg-)P('(cos8),
(2)

where X, is the m+ wavelength in the c.m. system divided
by 2m. , superscripts ~ refer to J=l~-,', P& is the lth-
order Legendre polynomial, and P~' is the 3th-order
first associated Legendre polynomial.

The differential cross section I and polarization P
are given by

and

I (=do/dn)= ~a['+ ~b['

IP= 2 Re(a*b)A',

IP=AV P B„P„'(cos8).
n=l

The relationship between the A and 8 coeScients
and the partial-wave amplitudes T+ is well known, and
is given (for example) in Ref. 10.

The amplitudes T+ (and A and 8 ) are, in general,
functions of the c.m. energy. The variation of T+ with
energy is in most cases unknown; the exception is for a
resonant amplitude when this energy dependence is
assumed to be given by the Breit-Wigner formula

T=-:(~.1.)"'/I (&.—&)-'I/2j,
R. D. Tripp, in International School of Physics "Enrico

Ferngi" (Academic, New York, 1966), Course 33, p. 70.

where the polarization is limited to being along the
production normal by parity conservation of the strong
interaction.

A more direct relationship between the measured
distributions I and Ip and the partial-wave amplitudes
is obtained by making the expansions

I=V P A~ (cos8)
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where E is the c rn. .energy, Err is the energy of the
resonance, I', is the partial width into the elastic
channel, I'„is the width into the final (reaction) channel,
and 1' is the total width =Q; I';, where i are all the
decay channels.

The partial widths F; are also, in general, energy
dependent. This energy dependence has been approxi-
mated by Glashow and Rosenfeld" by

g.s ) lg q.

q;s+X'1 E
where q; and 1; are the momentum and orbital angular
momentum of the decay products of the resonance into
the ith channel, and X is a parameter related to the
radius of the interactions and has the dimensions of
mass. Blatt and Weisskopf have also derived non-
relativistically an expression for the energy dependence
of I';, which is identical to the above for /&1 and
differs only slightly for higher values of l."

The problem is to solve Eqs. (2) and (3) for the T&+

given the experimental distributions I and IP. This
requires nonlinear least-squares minimization, and we
use the computer program vwAVE to solve it."

In this program the inputs are the I and IP distri-
butions and the total channel cross section at each
energy. A set of starting values for each amplitude T&+

is then chosen. These could be either of the resonant
form with an energy-dependent width, or background
amplitudes with an energy dependence of the form
(A+Bh)e'i + "l where h is the incident c.m. mo-
mentum. There were, therefore, four parameters for
each partial wave (or eight if a resonant and a back-
ground amplitude were postulated for any partial
wave). For the background amplitudes these are
clearly A, 8, C, and D; for a resonance these are
magnitude l(F,F„)'lsl, mass En, half-width —'F, and
phase Q (at resonance).

The starting values were used to calculate the cross
sections, angular distributions, and polarizations. The
calculated quantities X,' were compared with the
observed data X and their errors AX; to find the X:

»=p L(x' —x p)/ax, ]',

where i runs over all the experimental points.
The X' function was then minimized with respect to

all the parameters by the variable metric method by
using the Lawrence Radiation Laboratory program
vARMIT. Af ter a satisf actory minimum is ob tained,
the values of the parameters are randomly displaced
from their minimum values and the minimization is

"S.L. Glashow and A. H. Rosenfeld, Phys. Rev. Letters 10,
192 (1963).

'~ J. M. Blatt and V. F. Weisskopf, Theoreticc/ Nuclear I'hysjcs
(Wiley, New York, 1966), p. 389."W. M. Smart, thesis, Lawrence Radiation Laboratory Report
No. UCRL-17712, 1967 (unpublished).

'4K. R. Seals, Program vARMzr Write-Up, Lawrence Radia-
tion Laboratory Computer Library Note (unpublished).

repeated. This was repeated twice; and the lowest X'
solution was printed out. This method helps to ensure
that the program does not stop at a shallow local
minimum.

In our search for minima we have started at more
than 200 sets of initial conditions. We have also used
the program MTNzUN" in its search mode, which explores
the valleys in the X' hypersurface, to try to establish the
uniqueness of the best solution found. It should be noted
that the confidence in the results of the fit depends to a
certain extent on whether the parametrization of the
background amplitudes is realistic.

where nz is the proton mass and nz' is the Z mass. In
terms of Pauli spinors and matrices, T~;——X~ MX;,
where the transition operator is

Iir=g+h(~ p')(~ p).
The amplitudes g and h are related to A and 8 by

g =CpLA+-,'B(2E—m —tN') j

where
h=C

l
—A+ —,'B(2Z+m+m')3,

cy=l —
l L(pp™)(pp~~)3

s~z
Here pp is the c.m. energy of the proton, pp' of the Z.
In terms of the more familiar non-spin-Qip and spin-Qip
amplitudes u and b, the transition operator M may be
expressed as in Eq. (1), where a and b are related to
g and h by a=g+h cos8 and b= sh sint). T—he dif-
ferential cross section and Z polarization are now given
as before [Eq. (3)].

'«W. E. Humphrey, Program IDUN Write-Up, Lawrence
Radiation Laboratory Computer Library Note (unpublished).

"G. F. Chew, M. L. Goldberger, F. K. Low, and Y. Nambu,
Phys. Rev. 106, 1337 (1957).

B. s-, t-, and u-Channel Analysis

This analysis assumes s-channel resonances and t-
and I-channel exchanges comprising the nonresonant
"backgrounds. " As noted earlier, similar approaches
have been made, ' ' but to establish conventions we will
write the relevant equations in some detail.

In terms of the Dirac matrices y„and spinors N„and
nz, the Feynman amplitude for the reaction m+p-+
Z+E+ may be written, in general, "

Pg; ug(p')——fA+ ',By„(h+-h') „)u„(p),
where h, h', p, and p' are the four-momenta of the m, IC,

p, and Z, respectively, and A and B are functions of
the total c.m. energy E and the cosine of the c.m.
production angle 8 as defined earlier.

The production amplitude is related to Fy; by
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l. ResorIarIt Terms

The s-channel resonant contributions a, and b, to
the amplitudes a and b have the same expansions as
Eq. (2), where the partial-wave amplitudes T) are
approximated by the Breit-Wigner form and the partial
widths are also parametrized as before. For each reso-
nant partial wave, four variable parameters are possible,
as in the s-channel analysis: magnitude ~(I',F„)~'t',

mass Eg, and width srl', and a relative phase P.

&vugh

~&~zB')(Gvv. +~' —, l~.(a)~,',
m+m'

and the vector-meson propagator

(—g, .+V.V./M')/(V' —M')

The constant V2 is an isospin factor, gK*K is the cou-
pling constant at the meson vertex, and Gy is the vector
(and GT the tensor) coupling constant at the baryon
vertex. The metric is g» ——(1, —1, —1, —1), and q„ is
the four-momentum transferred between the initial
and final mesons. By comparing the amplitude thus
constructed and the general Feynman amplitude, one
finds the identities

2
A] ——

2kk'(s, —cos8)

()a"—p') (m' —m)
gz*z Gv

2E' m' m—" 2—k pk p'+—2kk' cos8
gK*KmGF

m+m'

28)= (gK K+Gv —gK*KwGT),
2kk'(s( —cos8)

where k and k' are now the magnitudes of the momenta
of the initial and Anal mesons, ko and ko' are their c.m.
energies, and p and p' are their masses. The kinematical
factor is

s~= (M'+2koko' —p' —p")/2kk',

and is approximately equal to 2 for the energies in this
experiment. Once A& and 8& are known, g& and h&—

' J.D. Bjorken and S.D. Drell, Relativistic QNaetlm Mechmsics
(McGraw-Hill, New York, 1964).

Z. Exchange Terms

We assume that the exchange contributions to a and
b come from terms representing E~ exchange in the t
channel and A exchange in the n channel.

t charmer. For the exchange of a vector meson E*
with mass 3f and unit polarization vector e„, the in-
variant amplitude may be constructed'~ from the meson
vertex factor

v2gK K.(k+k')„e„,

the baryon vertex factor

and therefore at and b&—may be calculated from

ag ——gg+h( cos8

bg ———ihg sin8.

(These purely Born exchange terms are real. ) Multi-
plying these by a phase factor e'«yields complex
amplitudes, in general, which express the relative
phase between the s and t channels. The parameters
for the t-channel exchange that can be varied are the
coupling-constant products g~*~ Gy and gE.*~ Gp, and
the arbitrary phase g, .

u charac/. For the exchange of a A. of mass M', the
invariant amplitude has the form

l+=ezB')(r.~zvs- vsgx~x l~,()),
»q„' —Ms

where g„' is the four-momentum transferred between the
initial x and final Z. Reducing and comparing this
expression with the general Feynman amplitude as
before, one finds

g Agog Nh. K —(2M' —m' —m)
2kk'(s„+coso) 2

g~xzgxaxlp
2 2kk'(s„+cos9)

with the kinematical factor

s„= (M"+2k pp p' —m" —)a')/2kk'

also approximately equal to 2. As in the t-channel
exchange, a„and b„may now be calculated. The param-
eters that may be varied are the coupling constant
product g erg)))qK and an arbitrary phase g„.

Form factors. The coupling "constant" products in
the exchange channels are, in general, dependent on
the square of the momentum transfer, and we have
allowed for this possibility by applying multiplicative
factors of the simple form'8: For the t channel,

n —M' (n —M')/2kk'
)

sg —cosO

and for the u channel,

P M" (P—M")/2kk'—

p —tr s„'+cos8

where n and p are additional parameters which can be
varied, and

sg' ——(n+ 2kpkp' —p,
'—tr")/2kk'

s„'= (p+ 2k pp p' —m" p,')/2kk'. —
G. Goldhaber, W. Chinowsky, S. Goldhaber, W. Lee, and T.

O'Halloran, Phys. Letters 6, 62 (1963).
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The effect of these form factors is to produce more
peaking in the forward and backward directions in the
angular distributions, and therefore to increase the
relative importance of the higher partial waves in the
exchange amplitudes.

Projection of exchagge aiNp/itgdes. To compare in the
complex T plane the s-channel resonant partial waves
with the partial waves due to the exchange amplitudes,
the latter, a,x,h and b,„,h, where a,x,q=a, +a„and
b. ,i,=b,+b„, are first expanded. in Eq. (2). The ex-
change partial-wave amplitudes T~ are then projected
out into the s channel by means of relations such as

F i(cos8)
-- -d cos8

s —coso
and

1
Qi'(&) = —— — Ei'(coso) d cos0,

2 (s' —1)'i' z —cosg

sin&

where Qi(s) is the lth-degree Legendre polynomial of
the second kind and Qii(z) is the first associated
Legendre function of the second kind.

Once a=a,+ai+a„and b=b,+bi+b„are known,
the differential cross sections and Z polarizations may
be calculated. The mechanics of the s-, t-, and u-channel
analysis are identical to that described in Sec. IV A;
inputs are the angular and Z polarization distributions
and total ZE cross sections at each energy, as well as a
set of starting values for the resonance parameters and
exchange parameters. A &' was formed from the calcu-
lated and observed distributions and cross sections,
and minimized with respect to all the parameters
allowed to vary. The number of variable parameters
was usually four for each resonant amplitude plus up
to a total of seven for the exchange amplitudes.

The exchange amplitudes were then projected into
the s channel to be compared directly with the reso-
nant-amplitude partial waves. The dominant partial
waves from the exchange amplitudes were S1, P1, P3,
and D3. Higher partial waves were in all cases very
small.

V. AMBIGUITIES

A study of Eqs. (2) and (3) shows that there are
several transformations that leave either I or IP or
both unchanged. These are as follows.

(i) Ti'+=e'&Ti+, where Ti'+ are the transformed

amplitudes; both I and IP are unchanged. This just
states that the absolute phase of the amplitudes is
arbitrary. It is usual to fix the phase of one amplitude,
e.g., the phase of a resonance at its resonant energy is
usually put to zero.

(ii) Ti'+=Ti+*. This is the complex conjugation

ambiguity, and I remains unchanged but P changes
sign.

(iii) Ti'+=T~+, and Ti' =Ti i+, i.e., changing the
parity of all amplitudes. This is the Minami ambiguity.

I remains unchanged and P changes sign. The ambi-
guity, keeps J fixed but changes l, e.g., P3 —+D3.

(iv) Ti'+=&(2l+1) '(Ti++2lTi ),
Ti' =a(2l+1) '$2(l+1)Ti+—Ti g.

This is the Yang transformation and leaves I unchanged
but changes the sign of P. This transformation does not
necessarily conserve unitarity, but for channels with
low branching fractions this is not likely to be a problem.
This transformation keeps l Axed and changes J; e.g. ,
P3 becomes a mixture of P3 and P1.

It should be noted that the application of trans-
formations (ii) and (iii), (ii) and (iv), or (iii) and (iv)
would result in both I and IP remaining unchanged.
Thus, solutions related by either the generalized Minarni
ambiguity or generalized Yang transformation are in-
distinguishable in a study of the angular distributions
and polarization. If, however, there is a known energy
dependence of one of the amplitudes present, such as
a resonance in which the Wigner condition speci6es the
direction in which the amplitude traverses the Argand
diagram, both the generalized Minami and the Yang
transformations reverse this direction and would there-
fore violate the Wigner condition. Performing both the
Minami and the Yang transformations results in a set
of amplitudes that gives the same angular distribu-
tions and polarizations and does not violate the signer
condition. It does, however, have the eQect of making
two resonant amplitudes (the same mass and. width)
out of one.

VI. RESULTS

A. s-Channel Analysis

The data were split up into 100 bins in the angular
distributions and 32 bins in the polarization distri-
butions. This together with the seven cross sections
gives a total of 139 data points. To obtain the degrees
of freedom, one has to subtract from this total seven
(because the program normalizes to the number of
events in each angular distribution) and also the number
of parameters to be varied. Typically the number of
degrees of freedom was 105 to 110.

On examining the A coefficients (Fig. 5) we note that
the highest order necessary to 6t the data is A6. We
take the usual approach and assume that this means
that there are no significant amplitudes present higher
than G7. The dangers of this approach are commented
on later.

Since the main purpose of the experiment was to
measure the branching fraction of F7 L5++(1950)j
resonance into the Z+E+ channel, we wanted to estab-
lish that the F7 amplitude was (a) present and (b)
resonant. To do this we started with many combinations
of 51, P1, P3, D3, D5, FS, and G7 amplitudes but with
no F7 present, and were unable to get a 6t with a
confidence level of greater than 10 '. When an energy-
dependent P7 background amplitude was substituted
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TABLE III. Characteristics of various fits to the data. B denotes a background partial wave of the form (A+Bk)e'&c+ i&, B~ denotes
a background partial wave of the form (A+Bk)e'c, R denotes a resonant partial wave, Ampl. is defined as (p,/I'„)'", and Width is full
width {F}.

SI
pj
P3
D3
DS
F5
F7
G7

Degrees of freedom
x'

Con6dence level
Resonance parameters

Part. wave
Amp'.

Mass (MeV)
Width (MeV)

Resonance parameters
Part. wave

Ampl.
Mass (MeV)
Width {MeV)

Resonance parameters
Part. wave

Ampl.
Mass (MeV)

Width (MeV)
Comments

217A 192A 194A

8 8 8
8 8 8
8 8 8
8 8 8
8 8 8
8 8 R
8 R R

~ ~ ~ ~ ~ ~ ~ ~ ~

104 105 105
138 129 129

0.012 0.051 0.050

FS
0.03
2058

144

F7 F7
0.092 0.083
1931 1918
294 314

a

I'"it number
211A 219A 218A

8
8
8
8
R
8
R

~ ~ ~

105
120

0.15

8 8
8 8
8 R
R 8
8 8
8 8
R R

~ ~ ~ 0 ~ ~

105 105
125 130

0.089 0.050

D5
0.06
1917

32

Dj
0.04
1900

40

pj
0.13
2386
1354

F7 F7 F7
0.088 0.092 0.087
1973 1967 1931
266 244 356
b c d

215A 209A 221A 200C

8
8
8
8
R
R
R

~ ~ ~

105
118

0.18

8
8
8
8
8
R
~ ~ 0

106
133

0.038

8 8
8 8
8 8
8 8
8 8
8 8
R R
8 ~ ~ ~

101 148
125 180

0.052 0.037

D5
0.06
1917

32

FS
0.04
2055

110

F7 F7 F7 F7
0.086 0.094 0.090 0.099
1974 1965 1929 1904
264 250 292 284
b e f g

Ii5 amplitude small.
b Width of DS small compared with energy separation of data points.
o Width of D3 small compared with energy separation of data points.
& Mass of P3 outside energy range of data.
4 Energy dependence of phase of S1 held at zero.
& GV amplitude small.
I Includes Purdue data at 1110, 1206, and 1265 MeV/c (Ref. 14).

for the G7 amplitude, the confidence level increased to
0.014. When the F7 amplitude was made to be of the
Breit-Wigner form, the confidence level rose to =0.05.
Table III gives a brief summary of the more probable
fits (confidence level )0.01) from the more than 200
trials. Figure 7 shows the Argand diagrams for these.
By examining Fig. 7(a) it can be seen that the P7
amplitude is large and is looped in the right direction
for a resonance even when treated as a background.
By parametrizing this as a resonance LFig. 7(b)j, the
confidence level is increased. The fact that the F5, D5,
and D3 amplitudes are small makes it rather unlikely
that there should be a large "background" F7
amplitude.

Ke therefore have established the presence, and
probable resonant character, of the F7 amplitude. We
then set out to establish the parameters of this ampli-
tude and in particular to 6nd its magnitude.

An examination. of Table III shows that although
the mass and width of the A(1950) seem to vary some-

what, the amplitude is remarkably constant and seems
to depend very little on the exact nature of the higher-
order background amplitudes (D3, D5, F5, and G7).
This characteristic would appear to be general, and
applies to all solutions which have a reasonable con-

fidence level. The Wigner condition was not used as a
constraint on the energy-dependent behavior on the
background amplitudes. It can be seen, for example,
that in 6ts 1923 and 1943 the S1 amplitude is moving
quite rapidly in the clockwise direction; this would

appear to violate the Wigner condition. In Qt 2092 the
energy-dependent part of the phase of Si was held at
zero (parameter D), and a good fit was obtained which
clearly does not violate the signer condition. The
characteristics of the F7 resonance are little changed;
the general features of the other background amplitudes
are also little changed. In any fit that has a probability
of &10 ', we have observed the following general
characteristics: a large F7 amplitude moving from the
first to the second quadrants, consistent in behavior
with a resonance; a large 51 amplitude in the erst
quadrant, decreasing somewhat with energy; a slowly

varying rather small I'i amplitude also in the Q.rst
quadrant; and a large I'3 amplitud. e in the third
quadrant. The presence of D3, D5, and F5 amplitudes
increases the probability of the fit from about 1% to

18%, but all these amplitudes are small and do little
to change the general features of the larger amplitudes.

When the G7 background amplitude was added, the
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Mass of I/7 resonance (ER)

Width (I'~,t)

Amplitude (I',I'„)"'
Branching ratio (I'/I'~, ~)

1950&30 MeV

300~60 MeV

0.090~0.007

(2 o ~0 4)%

best fits make it very small, consistent with zero t see,
for example, fit 221A, Fig. 7(i)].

We obtain the following parameters from this
analysis (assuming I',=0.40 and. I'&,t,

——210 MeV, Ref.9:

LThe values from Ref. 9 of the mass and width for the
/) (1950) are 1940 MeV and 210 MeV, respectively. g
The errors quoted are estimated from the variation of
values of these parameters in the various Qts.

Sy examining Table III it can be seen that the 6t
can sometimes be improved by making some of the
lower partial waves resonant rather than of the back-
ground form. For the I'3 resonant amplitude, the mass
is far from the experimental region, and clearly the
energy dependence of the amplitude is being approxi-
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TABLE IV. Exchange-amplitude parameters.

Evans and
Knight
(Ref. 1)

Dagan
{Ref.20)

Holladay'
(Ref. 2) Fit 112 Fit 142 Fit 168

This analysis

Fit 182

gx'z Gv
gx x~GT
y, (rad)
g~azgxxz'
y„(rad)

p

—0.722
0
0

10.8

—0.81
0
0—9.73

—079
0
0.8—13.8

2.7—6.4
0.74—23.4
0.8

53.9
110

—3.8—30.3
0.63—339.0
1.0
1.1
1.3

—3.0

0.72—24.8
0.8

100
100

—9.8—36.4
0.77—19.6
0.9
1.1

67.2

' The entries for g~*~ G~ and g &&g~~~ are found by multiplying Holladay's G' 0.063 and G =0.779 by —47r and —41'~, resp«t«eiy ~

mated by the tail of the resonance. In the D3 and D5
amplitudes, the fitted widths are narrower than the
spacing between experimental points, so that some of
the experimental points lie on the tail on the low side
and others on the high side. This somewhat erratic
behavior (of these rather small amplitudes) increases
the confidence level of the Gts. The reason for this type
of behavior, if rea1, is not clear, but cannot be well

approximated by our usual background paramet-
rization. Only for the resonant FS amplitude are the
mass and width reasonable.

Should the FS amplitude be resonant in character, we
are able to put the following upper limit on its mag-
nitude:

(I',P„)'is(0.04.

It should be emphasized that we do not believe that
the data require the presence of any but the F7
resonance.

Since our lowest energy (1850 MeV) is not very
close to threshold, we decided to check that our partial-
wave analysis solutions were consistent with published.
lower-energy data and, in particular, we used the data
of the Purdue group" at 1730, 1783, and 1813 MeV.
They had performed a single-energy 6t at each of their
energies. At 1730 MeV only a second-order fit in cos8
(or a second-order term in the Legendre polynomials)
was necessary, and they assumed only S and I' waves
were present. At the two higher energies a fourth-order
term in the Legendre expansion was needed, and they
therefore included 5, I', and D waves in their analysis.
When we compared their solutions with ours we found
that they were not qualitatively similar to an extrap-
olation of our amplitudes. Ke therefore incorporated
their data with ours and despite the very large energy
range covered, fitted it with our usual parametrization.
The 6t we obtained, 200C, using as starting values the
partial-wave amplitudes of solution 1922, is shown in
Fig. 8 and in Table III. The solution has an over-all
confidence level of 3.7% and, as can be seen, is very
similar to our solution 1922. (The fit to the three
Purdue energies is extremely good. ) The point to note
is that despite the lack of significant A coeKcients (Sec.
IV A) higher than A4 at any of the Purdue energies, the

' N. L. Carayannopoulos, G. %.Tautfest, and R. 8, Willmann,
Phys. Rev. 138, 3433 (1965).

F7 amplitude is large, and in fact dominates at the two

higher energies. This large "unsuspected" E7 amplitude
naturally greatly modi6ed the 5, I', and D amplitudes.
The contribution of this F7 amplitude to the sixth-order
term is small enough to be covered by the experimental
error.

KIT
O.l 0

0.04--

-0.08 -0.06

PIF5~
&p.—

-0.02 p6
0,02-0,02--

ReT
0.06

-0.04--

-0.06--

FIG. 8. Argand diagram for a Gt to the data at our seven mo-
menta and three lower momenta from the Purdue group I;Ref,
19). The initial conditions for the fit were the same as 6t 192'.
The Gtted parameters are summarized in Table III, fit 200C.
The con6dence level for the 6t is 0.037.

"S. Dagan, Z. Ming Ma, J. Vf. Chapman, L. R. Fortney, and
E. C. Foozler, Phys. Rev. 161, 1384 (1967).

B. 8-, t-, and u-Channel Analysis

The data were handled in the way described in Sec.
VI A. In this analysis, typically 14-18 varying param-
eters were required to produce reasonable Gts. The
exchange-amplitude parameters for the best solutions
are given in Table IV," along with previous deter-
minations using similar, but not identical, approaches.
(It should be noted that the parameters gx rr Gv,
gx'x Gr, n, and P are insensitive to the data and are
therefore not well determined. ) The resonant-amplitude
parameters for the best solutions are given in Table V.
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TAsLE V. Resonance parameters obtained from s-, t-, and I-channel analysis.

Fit
No.

113.
142
16'
182

Degrees of
freedom

117
117
113
113

Con Mence
level

0.00036
10 ~

0.028
0.035

0.057
0.056

1886
1883

DS
(I',I',)'" Zg

0.050 1879

45
46

0.055 2128
0.029 20/1
0.033 2099

53
67
98

Resonances
FS

(F.l',) '" Sit I' j2
Ii7

(I' 1' )"' Ez

0.99 1932
0.102 1905
0.091 1917
0.093 1912

rg2

147
150
130
132

These require an FS or DS resonant partial wave (or
both) along with the resonant F7. The amplitudes of
these lower partial waves are smaller than the P7
amplitude and provide some necessary total a,ngular
momentum 7= 2 amplitudes which cannot be supplied
by the exchange terms. Figure 9 shows the Argand plot
for two of these 6ts, where the t- and I-channel contri-
butions to the amplitude have been projected into the s
channel in the manner described in Sec. IV 8, and the
other parameters of the 6(1950) are quite consistent
with those given in Sec. V A. In comparing these param-
eters with those from the s-channel partial-wave analy-
sis, we see that the F2 amplitudes are virtually identical.
This is further evidence that the precise nature of the
other partial waves in the reaction seems not to affect
the magnitude of the principal Ii 7 partial wave.

The seriousness of double counting was studied by
not using any resonant amplitudes and trying to fit
the data with only exchange amplitudes. No satis-
factory fit was achieved, nor were there any significant
contributions to the l&3 partial waves from the ex-
change terms. We therefore believe that double
counting is not likely to be serious in this case.

It should be noted that although there are serious
theoretical objections to this model as it stands, for the
purpose of determining the branching fraction of the
A(1950) into the Z+E+ channel these are not very
relevant. The t- and u-channel exchange formalism
provides a parametrization of the "background" ampli-
tudes that is different from that used in the s-channel
approach. Good fits have been obtained by using a
significantly smaller number of parameters than for the
s channel.

In comparing the two analyses for the "background"
contributions to the amplitude, several points should be
made.

(i) In principle, in the exchange model, all partial
waves are present and are parametrized by seven
variables. LIn practice, only the first four partial waves
(51, j'1, P3, and D3) can be present in appreciable
quantities. ) In the s-channel analysis, four parameters
per partial wave are required.

(ii) The s-channel approach does not have the
objection of double counting which the other analysis
does have in principl- although not in practice.

(iii) In the exchange model, the parametrization is
such that the I'1 and higher partial-wave amplitudes
(when the exchange amplitude has been projected into
the s channel) increase monotonically with energy,
eventually violating unitarity. This consideration is
not important in our energy region. This problem is
not encountered in the s-channel analysis.

0.04-tp

j pt QD5
l

F5
D5 l

. t t Re 7
t I I I t

-O.OS -0.06 -0.04 jt-0.02 0.02 0.04 0.06
-0.02--

-0.04--

-0.06--

-0.08--

FlG. 9. Argand diagram for a Gt to our data using the s-, t-, and
e-channel approach, where the t- and I-channel amplitudes have
been projected into the s channel. The parameters of the fit are
given in Tables IV and V.

VII. DISCUSSION

Using both of our approaches, we have found sets of
partial waves which adequately fit all our data. These
fits, as can be seen from Tables III and V and Figs. 7
and 9, are very similar in general features and, in
particular, give consistent values for the parameters of
the 6(1950). We do not believe that we can establish
the character of the D3, Ds, and Ps amplitudes; they
could be either of a resonant or of a background nature.
However, they appear to be small and not important in
obtaining the parameters of the 6(1950). It should be
noted that other solutions tha, t give identical fits can
be manufactured by applying the Minami and Yang
transformation to our solutions. This will have the
effect of increasing the number of resonances. It should
also be pointed out that our not finding any other
solution that is radically diQerent from the ones pre-
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