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We present the results of an experiment to study the reactions x P —+ xmN at incident momenta of 456,
505, and 552 M Ve/c in a hydrogen bubble chamber. The most prominent features of the data in the e.+x n
final state are a high-mass peak in the M'(sr+ad ) spectrum (which moves upward in mass and becomes less
significant as the incident momentum increases), and tt production. We show that the v+sr enhancement
can be explained by the introduction of an I=J=O m21 interaction, and investigate two forms for this
interaction. Within the framework of an isobar model, we derive values of the xN partial-wave inelasticities
and compare these with the predictions of ~N elastic phase-shift analyses. lt is shown that the branching
ratio xN:~h:0N of the P» partial wave depends strongly on the assumed form of ~~ 6nal-state interaction.

I. INTRODUCTION

'HIS paper describes the analysis of new data on
the reactions sr p+sr p and sr p~srsrX (chief

sr+sr n) at incident mornenta of 456, 505, and 552
MeV/c.

In previous studies of these reactions at similar
energies, " a broad enhancement was observed, at
about 400 MeV/c', in the sr+sr mass spectrum which
was absent in the m m' distribution. It has been a
principal purpose of this experiment to obtain sufficient
statistical accuracy to enable a detailed analysis of
these 6nal states to be made and to find an explanation
of this effect. At the same time the analysis provides
information, which was previously lacking, on the
partial-wave inelasticities and branching ratios of the
sr' system in the mass range 1338—1402 MeV/c'. (Work
in progress will extend the range to 1300-1520 MeV/c'. )
At these energies the only inelastic channels are to three-
body final states, with consequent uncertainties in
interpretation, owing to the need for a model if useful
information is to be obtained. Pion-nucleon s-channel
processes are expected to dominate at these low energies;
there is no evidence of the presence of exchange mech-
anisms, and so they have not been considered in the
analysis. The so-called "isobar model"' is used here.

1' Work supported in part by the United Kingdom Science Re-
search Council and in part by U. S. Atomic Energy Commis-
sion.
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In the model, coherent production of m.d, and Eo. is
assumed, where 0- is an I=J=0 state of two pions. The
formulation of this model and its inherent difficulties
are discussed in Sec. IV. The data are described in
Sec. II; the elastic differential cross-section and in-
elastic cross-section determination are dealt with in
Sec. II 3. Section III gives the results of a model-
independent moments analysis. The isobar model is
fitted to the data in Sec. V. In Sec. VI predictions are
made of xS partial-wave inelasticities and compared
with those of elastic phase-shift analyses' and in Sec.
VII the F11 branching ratio is calculated. Section VIII
summarizes the conclusions of this work.

II. EXPERIMENTAL DETAILS AND DATA

A. Experiment

The Saclay 180-liter (80-crn) hydrogen bubble cham-
ber was exposed to incident negative pions at the
NIMROD accelerator of the Rutherford High Energy
Laboratory. In the exposure j.45000 pictures were
taken at 456 MeV/c, 85 000 at 505 MeV/c, and 45 000
at 552 MeV/c.
,"-~Especially at the lowest momentum, contamination
of the beam with electrons and muons was a serious
problem and to eliminate electrons in the run at 456
MeV/c, a st-in. Pb foil was put in the beam at an inter-
mediate focus. A bending magnet removed degraded
electrons from the beam before it entered the bubble
chamber.

Scanning and measuring of the lower-momenta film
were done at Oxford University Nuclear Physics
Laboratory; the 552-MeV/c exposure was processed
at the Lawrence Radiation Laboratory. Measurements
at both laboratories were made with image plane
digitizers having setting accuracy about 7 p on film.

4 R. Piano, in Proceedings of the Land International Conference
oN ElerrIerrtary Particles, 1960, edited by G. von Dardel
(Berlingska, Lund, Sweden, 1969).
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The reactions giving rise to two-prong events are

s. +P-+sr +P (I)

(2)

499 MeV/c mp wp

TABLE I. Numbers of events.

Momentum (MeV/c)
Central Limits
value accepted

No. of events after cuts
m p m.+~e X p~0

456~
499b
505
552

440—470
482-516
490-520
536-566

1386

6503

2591
298

1965
2241

47

a Film taken with a $-in. lead sheet at a double focus of the beam to re-
duce electron contamination.

& Film taken with $-in. lead sheet in the beam. The 298 ~+~ n events are
included within the 1965 ~+~ n events having 505 Mevjc average mo-
mentum.

Of these the elastic scattering (1) is most common and
reaction (2) is the rarest, having only about one-fifth
the number of events of reaction (3). The cross section
for four-prong events is very small (less than ten events
seen), and contamination of reaction (2) by cases of
s. ps.ss.s is entirely negligible.

The 61m with the lower-momenta incident pions was
prescanned to select examples of the reaction s. p —+

m x+n among the much more numerous elastic scatter-
ings; criteria based on bubble density and curvature of
the positive tracks readily permitted elimination of
events with proton rather than x+ tracks. In case of
doubt the event was measured. In all such situations,
kinematic identification of the tracks provided an un-
ambiguous selection. Since it is not possible to select
examples of s. p —+ s s.sp using only visual criteria and
it was not feasible to measure all events ( 20000 at
505 MeV/c, 35 000 at 456 MeV/c), the data at these
two momenta are restricted to the x ~+n channel and,
in the 505-MeV/c data, a sample of other events
randomly selected from a subset of events obtained
with the 8-in. Pb foil in the beam. The mean incident
momentum for these events was 499 MeV/c. This group
includes elastic scatters and a small number of x'
production events.

All events were measured in the film with 552-MeV/c
incident pions. Those data contain events in both in-
elastic channels, as well as elastic scatters. Part of the
film was scanned twice to provide a measure of the
scanning eKciency for diferent classes of events. After
eliminating events not satisfying incident track mo-
mentum and entrance-angle criteria, those outside
the chosen Mucial volume and with confidence level
(1'Po, there resulted the numbers of events, in the
various Anal states, listed in Table I. The 528 examples
of s s'p, at the highest momentum, were selected using
the standard techniques of selection based on con-
sistency of the measured quantities with the appropriate

100—

I

0

Pro. 1. Elastic c.m. scattering angular distribution at 499
MeV/c incident s momentum. The upper histogram gives the
data after corrections for scanning losses; the lower shows raw
data.

kinematical constraints. In cases where the identikca-
tion was ambiguous between an inelastic mode and an
elastic, the event was assigned to the elastic category.
These were small enough in number so that there is no

significant contamination, or loss, of events in the
sxsP data. ' No physically significant biases were
discovered, in a thorough search, except in the elastic
scattering data, in which extreme forward and back-
ward scatters are sometimes dificult to see. The elastic
scattering data in Sec. II 8 are given after correction
for scanning losses. The correction is reliable except
for cos8)0.9 (() is the scattering angle in the c.m.
system). A fuller account of the experimental details
is given elsewhere. '

B. Elastic Scattering and Cross-Section Normalization

In Figs. 1 and 2 the distributions in cosa for elastic
scatters at the two higher momenta are shown. 7'
Both the raw data (lower histogram) and that corrected
for scanning losses (upper histogram) are presented.

To obtain total cross sections for inelastic reactions,
we normalize to the elastic scattering differential cross

s s p/n pm~ ambiguities arise chie6y in backwards elastic scat-
ters, the number of which is not large. The effect of the scanning
loss of short-protori events on the m x mass spectrum has been
calculated and shown to be spread over a range of masses and al-
ways less than the statistical error. The loss is typically (3+I)%
in the mass range 280-300 MeV/c'.

6D. H. Saxon, Rutherford High Energy Laboratory Report
No. HGP/T/6, 1970 (unpublished).

7 Within the errors they are consistent with interpolations of
the CERN "theoretical" phase shifts; see Ref. 8.

A. Donnachie, R. G. Kirsopp, and C. Lovelace, CERN Re-
port No. CERN/TH 838, addendum (unpublished).
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552. MeV/c Irp--Ir p

momenta of the nucleon and ~+, in x.+x n, or x—,in
2r

—2r'p.
Five independent variables are: s'~', the c.m. energy;

m~2, the invariant mass of particles 1 and 2; m23, the
invariant mass of particles 2 and 3; cosO", where O~ is
the polar angle of the incident x with respect to the
axes described above; C, the azimuthal angle of the
incident x . The angles have been used by previous
authors. " "

Other variables may also be dered, viz. , m», the
invariant mass of particles I and 3, with

2N12 +2823 +1%13 =S+2NI +2132 +2233

200-

FIG 2. Elastic c.m. scattering angle distribution at 552 MeV/c
incident ~ momentum. The upper histogram gives the data
after corrections for scanning losses; the lower shows raw data.

sections of Ogden et al. ' This procedure is more reliable
than incident beam track counting, first because of the
unknown contamination of electrons and muons in the
beam and second the relative scanning ef6ciencies can
be evaluated better than the absolute.

The cross section in the range —0.9(cos8(0.5,
which is least affected by scanning losses and varies
slowly with incident momentum, was interpolated be-
tween the Ogden et al. data. The results are given in
Table II. For information, we include the 456-MeV/c
inelastic cross sections from the compilation of Olsson
and Yodh. ' Our values at the higher momenta are in
excellent agreement with the data of this compilation.

D,fB—
456 MeV/c

and cos0~, cos82, and cos83 the cosines of the pro-
duction angles of the three final-state particles. Sy
production angle we mean the angle, in the c.m. system,
between the directions of the incident m and the out-
going particle.

Figures 3—5 show the Dalitz plots for the x x+n state
at each of the three energies. At all energies a strong
concentration is seen at large m. x+ effective mass and
large m. n effective mass. Projections on the Dalitz-plot
azeS, the 2r+2r and 2r n (maSS)' diStributiOnS, and, fOr

completeness, the 2r+n (mass)' distributions are shown
in Figs. 7 and 8 for the 552-MeV/c data, while Figs. 11
and 12 show these mass distributions for the 505- and
456-MeV/c data, respectively. The peaking at high 2r 2r+

mass is evident at all three energies. The x n distribu-

C. Three-Body Final States

A two-to-three-body reaction is described in its
c.rn. system by five kinematic variables (ignoring spin).
We choose a right-handed axis system in the anal state,
with the x axis along the outgoing nucleon, and the s
axis along y~&(y~„where y~ and y, are the outgoing

TABLE II. Total cross sections (mb). 1.2
l

g,4

Momentum
(MeV/c)

456
499
552

1.0 +0.2
2.40+0.16
3.84+0.16

0.17&0.05
0.32+0.05
0.87W0.05

9 P. M. Ogden, D. E. Hagge, J. K. Helland, M. Banner, J-I'
Deteouf, and J. Teiger, Phys. Rev. 137, B1115 (1965).

'3 M. G. Olsson and G. 3. Yodh, Phys. Rev. 145, 1309 (1966).

M (vr n) (Gev/c )

FIG. 3. Dalitz plot for 2. p-+ 2-+v I at 456 MeV/c.

' $. M. Berman and M. Jacob, Phys. Rev. 139, B1023 (1965).
"D. Branson, P. V. Landshoff, and J. C. Taylor, Phys. Rev.

132, 902 (1963)."R.C. Arnold and J. L. Uretsky, Phys. Rev. 153, 1443 (1967).
'4 D. Morgan, Phys. Rev. 166, 1731 (1968)."B.Deler and G. Valladas, Nuovo Cimento 4SA, 559 (1966).
~~ M. G. Bowler and R. J. Cashmore, Nuc]. . Phys. B17, 331

(1970).
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tion shifts toward high masses at the higher momenta.
These features of the mass spectra were already promi-
nent in the early results of Kirz, Schwartz, and Tripp'
and led to speculation about a possible I=0, J=0 pion-
pion resonant Anal-state intera. ction. A difhculty with
this simple interpretation is that no clearly de6ned peak
above a continuous background appears in the mass dis-
tributions. Indeed the maximum in the m x+ mass
spectrum moves with incident energy so that it is not
possible to deine a mass for the conjectured resonance.
A more sophisticated formalism, including effects of
both mm and ~E 6nal-state interactions, is required for
a satisfactory interpretation of the data.

Figures 6—8 show the 552-MeV/c z. z'p Dalitz plot
and effective-mass distributions. Compared to the
m x+n data, there appears considerably less evidence for
final-state interactions. Neither the ~x or mE mass
distributions show strong peaking. This indicates that
any strong xx interaction must be in the isotopic spin-0
state. Differences among the pion-nucleon mass spectra
in the two Gnal states can be simply understood as a
feature of the production of the A(1236) resonance.
Isotopic spin conservation selection rules strongly
favor production of the negatively charged isobar and
so strongest peaking in the m n mass spectrum, as
observed.

The distributions in the angles O~ and C, th ' angles
of-'. the incident pion direction with respect to the
"body-6xed" axes dered above, and the production
angles, are shown in Figs. 9-12. Both the m x+n and
z. z'p data are presented. No strong departures from
isotropy in the cosO~ distributions are noted. However,
the azimuthal angular distributions are strongly non-

552 MeV/c m+m

Al

o.a.—

QJ

O.iB—

0.ii—

0.% I

1.4

M' (~-n) ( GeV/c')'
FIG. 5. Dalitz for z p ~ z'+z n at 552JMeV/c.

isotropic and unsymmetric, even at the lowest energy
of the m m+n state. This anisotropy is also present in
the C distribution for the z. z.op data but is perhaps
not as clearly established because of the severe statisti-
cal uncertainties. An immediate conclusion is that at
least two angular momentum states of opposite parity
contribute to the pion production.

The production angle distributions show no strong
forward or backward peaking. This suggests that an

505 MeV/c. 7r+m n 552 M eV/c 7r 7r p

Cd

Cd

o.m—

~ \ ~

~ ~ ~

CU

0.2f. —

CD

0 iB—

O.U—

I

i.3 f,.5
M' ( ~-n) (Gev/c') '

Fro. 4. Dalitz plot for z p ~ z+z. e at 505 MeV/c.

0, X ——-!
; 1.2

M'( ~ p) ( GeV/c )

FIG. 6. Dalitz plot for z. p -+ z z'p at 552 MeV/c.



SAXON, M ULVE Y, AN D CH I NO&SKY

—'Q' solution
---C55 or C vr'

—C solution
C55 o'r C~e

C

0+9
I

QJ

-50

0.21 1.17
I I 117 . 145

7T P n
0 -50 J

0.09 0.21 q 117 1.45 ' 1,17 &.cs h
Cos OH

1 0

Cos 8„ Cos 8~ Cos 8~2

( Mass) {GeV/c )

FIG. 9. Angular distributions at 552
MeV/c with "cube" Gts.

FIG. 7. {Mass)s spectra at 552 MeV/c. Fitted distributions ob-
tained with the "cube" form of ww phase shift are superimposed on
the experimental histograms. W(O", C',m, m w)

s-channel model will be particularly simple and involve
only a few partial waves. There is no reason to consider
t-channel models.

III. MODEL-INDEPENDENT ANALYSIS

Some indication of the magnitude of the various
initial-state angular momentum waves present may be
inferred, independently of any dynamical assumptions,
from the coe%cients in an expansion of the production
intensity in a series of spherical harmonics. Kith the
variables O~, C, m, and m ~ used here, this is

—1st' sol uti on
--- V55 or V 7T'

2E+1
Inc~(m .,m ~) Yzm*(O, @') .

z,u 4~

The expansion coeScients. ,B'~~ are functions of posi-
tion in the Dalitz plot. In principle, a good representa-
tion of the experimental results is provided by the de-
pendence of these coeScients upon position in the
Dalitz plot. Also, differences in partial-wave contribu-
tions to o. production and 5 production may be noted by
the variation of these parameters~from, for instance,
large ~m mass to large xE mass. Unfortunately, the
statistical uncertainties in restricted groupings of the
data are too severe to permit conclusions, and so we only
give the coe6icients for the complete samples of data.

Table III gives the values of the 8'~~ and their
errors for E~&5. All higher moments are, within the
errors, consistent with;"zero. Those moments not given

—V' solution

V55 or V~

Vl

CP
0'

LLI

0P 117

Qvr 7r'

O

009 agq ux ys g sp.

(Mass) ( GeV/c )
X BL?03-254 t

Cos OH Cos H„Co's 877.
I

Cos 877-
2

Fro. 8. (Mass)~ spectra at 552 MeV/c. Fitted distributions ob-
tained with the "Veneziano" form of m.x phase shifts are superim-
posed on the experimental histograms.

FIG. 10. Angular distributions at 552
MeV/c with "Veneziano" Gts.
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TABLE III. IVz~ moments, integrated over the Dalitz plot.

1795

456 MeV/c ~+~-~

—0.066 &0.008 +i(—0.066&0.008)
0.020+0.012

0.0062~0.0061+j( 0.018+0.006)
—0.009 &0.005 +i(—0.003+0.005)

0.010 &0.005 +i(—0.001+0.005)
—0.014&0.007

—o.oo7 ao.oos +i(—o.ooswo. oos)
—0.002 &0.005 +i( 0.010+0.005)

0.003 %0.004 +i(—0.003&0.004)
0.005 &0.004 +i( 0.003+0.004)
0.002 &0.004 +i(—0.003+0.004)

552 MeV/c m+s o

505 MeV/c ~+s- n

—0.055&0.009+j(—0.079&0.009)
0.023&0.010

—0.006&0.006+i(—0.008+0.006)
0.001&0.006+i(—0.013&0.006)
0.004&0.006+i(—0.008+0.006)

—0.019&0.008
—0.002&0.005+i( 0.004+0.005)
—0.004+0.005+i( 0.004&0.005)

0.008+0.005+i( 0.007&0.005)
0.001+0.005+i( 0.001+0.005)

—0.009+0.005+i(—0.003&0.005)

552 MeV/c s sop

—0.070

0.012
—0.014

0.009

0.004
0.004
0.007

—0.008
—0.001

&0.009 +i(—0.080+0.008)
—0.001&0.009

&0.007 +i( 0.031&0.007)
&0.006 +i(—0.003+0.006)
+0.005 +i(—0.006+0.006)

0.009~0.007
ao.oos +i( 0.006~0.005)
+0.005 +i( 0.011+0.005)
&0.005 +i( 0.001&0.005)
ao.oo4 +i(—0.001ao.oos)
+0.005 +i(—0.008+0.005)

—0.035&0.019+i( 0.038&0.017)
—0.019&0.019

0.037&0.014+i( 0.015&0.014)
0.004%0.011+i( 0.001&0.012)
0.005&0.012+i( 0.037&0.012)

—0.013+0.014
—0.015+0.011+i( 0.002+0.010)

0.009+0.010+i(—0.006+0.010)
0 004%0.009+i.( 0.008&0.009)
0 005—+ .010+0i.( 0 010—+0.009).
0.010+0.009+i( 0.000+0.009)

may be determined from the relations

3E (
—I)—Ivy' 3l+

Wrc~-—-0 if (E+3I) is odd.

The relationship between these coefFicients and the
partial-wave amplitudes is not very transparent. " "
Only qualitative conclusions about the contributing
angular momentum amplitudes Inay be inferred from
the values of these coe%cients. It can be seen from
Table IV, giving the confidence levels that particular

C 5Q solution

V5Q solution

moments are zero, that all 8'~ with E'= j., 2 are
nonzero. The 8'i' coe%cient is a sum of products of
initial-state angular momentum wave amplitudes, with
each term a product of opposite-parity amplitudes.
Thus the inelastic reactions proceed from at least two
initial-state states of opposite parity. '~ Only angular
momentum, states with J&I,+ s contribute to the
lV2z, ~ moments. The maximum total angular mo-
mentum with significant amplitude may be obtained

—C45 solution
--- V45 solution

—250

(m'rt ) 1,17
N( (TC ii)

I I

-250

Cos QH

10 2rt -1

Cos ep Cos e~+ Cos e~-

Cos OH C&
"

Cos 8„Cos e~+ Cos g~-

FIG. 12. Angular distributions and (mass)s spectra for s' p ~
s+s e at 456 MeV/c with "cube" and "Venesiano" fits.

FIG. 11. Angular distributions and (mass)' spectra for m p —+
x+m eat 505 MeV/c with "cube" and "Veneziano" 6ts.

"It is not possible to determine the parity of a particular wave
without polarization information or the use of a dynamical
model. This point has sometimes been neglected.
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FIG. 13. Expansion of a 2 -+ 3 body amplitude into isobar terms
and triangle graphs.

directly from the knowledge of the maximum value of
E in the spherical harmonic series. As can be seen from
Tables III and IV, only those moments with IV~& 4 are
signi6cantly diferent from zero. There is therefore no
need for both D&g2 and Ii5~2 waves. In subsequent analy-
sis we have considered only waves of J~&-,'.

have 6tted the data of Batusov et al."with a series of
terms, which include a mw rescattering vertex but not
~x isobar production. In this paper we 6t the data using
only the first-order (isobar) terms. Any residual dis-
crepancies between the isobar model predictions and
the data may be due to the rescattering terms.

In the formulation of the model used here, all angular
momentum, isospin, and interference sects are taken
into account. Such models have been described by
Olsson and Yodh ' Deler and Valladas, " and Namy-
slowski, Razmi, and Roberts. " The formalism used
here is conceptually similar to that of Deler and
Valladas, and so details of the derivation are not given.

IV. ISOBAR MODEL

A. General Remarks

Because of the low c.m. energy, the natural formalism
to consider is an s-channel partial-wave analysis. The
(mass)' spectra suggest that the s.+z n final state is
dominated by d resonance production, and perhaps a
xvr interaction. This situation suggests application of an
"isobar model. " If the two-particle to two-particle
amplitude is dominated by resonances (this is referred to
as the "separable" approximation, since the transition
amplitudes separate into a factor depending on the
initial state only and one depending on the 6nal state
only), then the two-to-three-particle amplitude can be
expanded in a series, which can be written diagram-
matically as in Fig. 13. If one curtails the series at the
6rst term, one has the "isobar model. """

The second-order "rescattering" graphs are usually
small, ~' except at low energies. Anisovich and Dakhno"
have suggested that the high-mass m+m peak in x+x n
is due to destructive interference of the rescattering
and isobar terms at low m+x masses. Anisovich et a/. '4

TAsrK IV. Confidence levels for the hypothesis that all 8'~~
moments of a given E are zero within

the statistics.

B. Formulation of Isobar Model

7rÃ —& m2hg, hg —+ mgE;

xS—+ So-, 0- —+ zvr.

mS ~ xy62) A2 —& z23T)

Including all kinematic factors within the de6nition of
the matrix element, the differential cross section is

8 0
=z Z, I 2 L&r"'(w~i)

Bmrs Bmss'8 cosO BC' sr~a

The production of an isobar of particles 1 and 2,
with spin j» and orbital angular momentum /~2, is
described in an angular momentum basis j (12)3).ss'r

%e quantize l», the relative angular momentum of 1
and 2, j», the total angular momentum of 1 and 2,
L,', the relative angular momentum of 3 and the (12)
system in the over-all c.m. system, and J, the total
angular momentum. "

The matrix element for production of a (12) isobar
involves only one value of j» and l».

Production of a (13) isobar is described in terms of
j&3l»L&'J. This basis is not orthogonal to j»l»LS'J.
We are therefore "double counting" to some extent.
The advantage of this scheme is that we simply make
use of the isotopic spin relations between 5 production
in the J(7r n)s.+) basis and d+ production in the
l(z-+n)s. ) basis. The three-body production ampli-
tude is then a sum of amplitudes for the three processes

7|+m e 456
505
552

m x'p 552

&0.0001
&0.0001
&0.0001

0.015

0.006
0.04

&0.0001
0.02

0.12 0.08 0.60
0.15 0.15 0.40
0.20 0.10 0.35
0.03 0.50 0.75

+ T,»~'(~g, )]+ p T~~~'(~~)
~

s

JLl '

~8 L. D. Faddeev, Zh. Eksperim. i Teor. Fiz. 39, 1459 (1960)
t'Soviet Phys. JETP 12, 1014 {1961)g.

'9 M. Froissart and R. Omnes, in IJigh Energy Physics, edited
by C. De Witt and M. Jacob (Gordon and Breach, New York,
1966), pp. 177 fF.

2{) C. Lovelace, Phys. Rev. 135, 81225 {1964).
2'D. Z. Freedman, C. Lovelace, and J. M. Namyslowski,

Nuovo Cimento 53, 258 {1966).
~~ I. J. R. Aitchison, Nuovo Cimento 51A, 249 {1967);51A,

272 (1967); I. J. R. Aitchison, Phys. Rev. 133, B1257 (1964).
~ V. V. Anisovich and L. G. Dakhno, Phys. Letters 10, 221

(1964).
~ V. V. Anisovich, E. M. Levin, A. K. Likhoded, and Y. G.

Stroganov, Yadern. Fiz. 8, 583 (1969) /Soviet J. Nucl. Phys.
8, 339 (1969)).

where the sum over 6nal nucleon spin SI, and average
over initial spin 3E are indicated. The axis of quantiza-
tion in each case is the s axis defined in Sec. II C. Each

'~ Yu. A. Batusov et gI. Zh. Eksperim. i Teor. Fiz. 43, 2015
(1962) (Soviet Phys. JETP 16, 1422 (1963)g.

2' J. M. Namyslowski, M. S. K. Razmi, and R. G. Roberts,
Imperial College, London, Report No. ICTP/65/20 (unpub-
lished); Phys. Rev. 15'7, 1328 (1967).

s' G. Wick, Ann. Phys. (N. Y.) 18, 65 (1962).
~8 This base is not Lorentz invariant. However, H. P. Stapp

t Phys. Rev. 103, 425 {1956)ghas shown that the most important
relativistic effect is a rotation of the polarization of the isobar
when a Lorentz transformation is made from the c.m. frame for
production to the c.m. frame for decay. This angle is typically less
than 3' at these energies. One therefore neglects the eBect.
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amplitude is to be understood as dependent upon M
and 3/I„ though not explicitly indicated by the notation.
Here TIJ~~' are the partial-wave projections of the T
matrix for 0 production in the state with total isotropic
spin I.J and L' have the meanings above and L is the
relative angular momentum in the initial state. TJ~~'
are the amplitudes for production of an I=O, J=O
dipion isobar, o (see Sec. IU D) in the I= —,'state only.

Wave Ma

SD1

PPj

Amplitude

0
——,'vTFoaee'»(2 cosge i —sing* )

—,aa +6F14'(2 cosg'+a sing* )
,V3F1 1*(2cosg* i s—ing )

T&sLE V. 6 production from 3f=q. The arguments of the
spherical harmonic are 0, C throughout.

C. ~A Channel

We write the isospin decomposition of II P ~ar&1

TIILL'(arha)

prpIIIa
*

Coaxer'oa'

Coapa'Ia TI (IIA) a

where q, q~, q~', and q~' are the third components of
isotopic spin of the incident x, initial and final nucleons
and A~,. q~ and q2 are the charges of final-state pions 1
and 2, and Ai is made of ari and 1V, with qi'= q(+q3I.
The constants C ~, ~ are Clebsch-Gordan coefficients.

Factors containing the angular dependence of the
TIILL'(II/3) are separated„out as follows:

TIMM ILL'(mA) = TIILL-'(s'(a II33)fMM ILL'(O~ C y, g*)

where the suffices M and SI, have been reinserted.
TIILL'(s"a, Iaaf) is a reduced matrix element of the
Breit-Wigner form for 6 final-state interaction together
with an angular momentum barrier for 6 production
at total c.m. energy s'".

The form used here is""

PP3

DS3

DD3

1
2

1
2
1
2

1
2

(1/2VI30) Yaoe(cosg'+Si sing' )
(1/4/15) f3 Faa*e 4«(cosge+a sing* )

+Fa 1*(Sisinge —cosg )g

,'(V'sa—)PFaa~e'»(cosg*+a singe)

+Fa a*e 4»(a singe —cosge)g

,'(v'—a)f(v' a, ) Ya-o*e'"(cosg +i sine' )
+2Fa a*e @1(—i sing* —cosg )g

-', (,') (—Faa*-cosg*+ Fa a*e 4»$2a sing*+cosgej}
—',p (g—,', ) Faoee'4&( co'sg—*+24 singe)

+h/4) Fa a' cosgee 4»g-

(I/2V'35) p —Yaa*e(»(cosge+Sa sing*}

+Fa a*e '»(24 sing*+cosg')]

(1/4/35) p Fa ace-'» (Sa sing* —cosg")
—5 Faaepa'» (cosg*+i sing" )
+ (g6) Fao*e4» (cosg* 24 sin—g*)]

—,'(+3/7) LFaa*e'*»(cosg*+a sing* )
+Ya a*e a4»(cosg* aping—*}$

(1/aav'70) Fao* cosge
aa (+3/70—)$Faa*e"»(a sing*+ cosge)

—2Fa 1 cosg g
+-,', (V'2/7) Fa a*e a4»(cosg* i sing* )—

(opl'p(q/qp)
T ILI '(31/2 a)a ) ot. pL'

o)a o)pa+i o)—oi'o(q/qo) 3

where p is the momentum of the A in the c.m. system
and q is the momentum of the final m and Ã in the 4
rest frame.

The numerical factors are

~0= 1236 MeV,
Fo= 120 MeV,
qp= 225 MeV/c.

Only the proportionality sign was kept and kinematic
factors depending only on s., were not retained since
we made one-energy fits and normalization was taken
from experiment.

The angular dependence is in the term

fMM ' '(OC'() &")

where O~ and C are defined above. In this section the x
axis is arbitrary except that it must be in the. final-state
plane. Other angles occurring are the following: $1 is
the azimuthal angle of 6 in the c.m. system, and 8* is

"K.M. Watson, Phys. Rev. 85, 852 (1952}.' J. D. Jackson, CERN Report No. CERN//TH 416, j.964 (un-
published).

the angle of the pion in the 6 rest frame defined as
8*=0 with the two pions travelling in opposite direc-
tions in this frame. These variables depend on M „',
3E .', 0, and C.

Suppressing some coeKcients,

fMMe P CMsM(ML+M)
M1,3fg'm

XC(MI,+M—Mg') M8' (MI+ j/I) ~ (Mg' —Mg) MgMB'
L'$ Jf" ]13

X FLML*(e)@)~L'(ML+M Me') (a~A'1)—
X II (gac (})&md, l(1&)e(ea(Me' MB)—

In Table V the explicit forms for 31=~ for various
partial waves are given. The notation used in labelling
the partial waves is LL'(2J)(2I); if I= pa, the last term
is omitted. Waves permitted by angular momentum
and parity selection rules are then

SD1, I'I'1, I'P 3, DS3, DD3, DD5, PI'5

and higher waves, for I= ~ and I= 2. From this angle-
dependent formula, the following relations are deduced:

L'+ML+M —Ms'
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l.l7

/o

O~
0

0.15
7T+ n

0.2l

x SOl
0 PPl
o PP3
~ OS3
o OS33

Mn
0+

1,59

552 MeV/C m'n n

7T+7r
T
J I

x8~0 0
(

«0
0

below 500 MeV. Indeed, experimentally, xx phase
shifts can be measured only in situations with one or
both x's off the mass shell. The method of greatest
success has been the study of the reaction w

—
p +w-s-1V

and ~md, using Chew-I ow extrapolations to isolate the
one-pion-exchange contributions. "" This work has
indicated that 800 passes near 90' near 720 MeV total m.~
energy. It is a matter of interest to determine the ex-
plicit dependence on energy, "" particularly near
threshold where some theoretical calculations are
available. However, at low mw masses there are so few
data that no conclusions can be drawn. '4 The same
defect holds in the theoretically cleaner study of E,4

decay. "Other methods such as the study of E —+ 3x,"
and p

—+3m decay'~ and the rates for Em-2 decay, "
are of ambiguous interpretation.

Some direction provided by theoretical arguments
was followed. The work of Morgan and Shaw' is of
particular interest because it relates the mx phase shifts
below 500 MeV to the width of the resonance at 720
MeV. Two extreme cases are distinguished, viz. , a
resonance width of about 200 MeV gives bo() small

1,38

M (GeV/c )

1.59

FIG. 14. (Mass)"'spectra from s A production in pure angular
momentum waves for s+e e at 552 MeV/c.

is even,

Further, waves differing in total angular momentum or
parity do not interfere in the Dalitz plot or its pro-
jections. EGective-mass distributions depend strongly
on the form of the angular dependence of the decay
distribution. For instance, because of the (1+3 cos'0)
decay angular distribution of the isobar, the spin-2
waves give pr+w (mass)' spectra sharply peaked at
both high and low ends. In Fig. 14 the (mass)' spectra
due to various 6 production waves are shown for
552-MeV/c w+w N.

D. Ne Channel

1. ww S Wat) e Phase Shift Bpp-

The mx interaction, 0., is described in terms of the
I=J=O xm phase shift 500. There is, unfortunately, no
reliable experimental information on xx phase shifts

~' J. P. Baton, G. Laurens, and J.Reignier, Nucl. Phys. B3, 349
(1967)."L.J. Gutay, D. D. Carmony, P. L. Csonka, F.J.LoeBer, and
F. T. Meiere, Purdue University Report No. COO-1428-65 (un-
published); G. L. Kane and M. Ross, Phys. Rev. 1/'7, 2353 (1969);
P. B. Johnson, J. A. Poirier, N. N. Biswas, ¹ M. Cason, T. H.
Groves, V. P. Kenney, J. T. McGahan, W. D. Shephard, L. J.
Gutay, J. H. Campbell, R. L. Elsner, F. J. LoefQer, R. E. Peters,
R. J. Sahni, W. L. Yen, L. Derado, and Z. G. T. Guragossii, n,
ibid. 176, 1651 (1968);L. J. Gutay, in Proceedings of the Argonne
Conference on mm and ICm Interactions, 1969, p. 241 8 (unpub-
lished); E. Colton and P. E. Schlein, ibid. , p. 1 8; E. Malamud
and P. E. Schlein, ibid, , p. 93 ff; W. D. Walker, J. Carroll, A.
Garfinkel, and B. Y. Oh, Phys. Rev. Letters 18, 630 (1967).

» G. A. Smith and R. J. Manning, Phys. Rev. 1'7l, 1399 (1968);
I. F. Corbett, C. J. S. Damerell, N. Middlemas, D. Newton,
A. B. Clegg, W. S. C. Williams, and A. S. Carroll, Phys. Rev.
156, 1451 (1967).

34N. N. Biswas, N. M. Cason, P. B. Johnson, V. P. Kenney,
J. A. Poirier, W. D. Shephard, and R. Torgerson, Phys. Letters
2/B, 513 (1968).

» F. A. Berends, A. Donnachie, and G. C. Oades, Nucl. Phys.
B3, 569 (1967); R. P. Ely, G. Gidal, V. Hagopian, G. E. Kalmus,
K. Billing, F. W. Bullock, M. J. Esten, M. Govan, C. Henderson,
W. L. Knight, F. R. Stannard, O. Treutler, U. Camerini, D. Cline,
W. F. Fry, H. Haggerty, R. H. March, and W. J. Singleton, Phys.
Rev. 180, 1319 (1969);A. Pais and S. B.Treiman, ibid. 168, 1858
(1968);N. Cabibbo and A. Maksymowicz, ibid. 137, B438 (1965);
168, 1926(E) (1968).

3 D. Davison, R. Bacastow, W. H. Barkas, D. A. Evans, S.-Y.
Fong, L. E. Porter, R. T. Poe, and D. Greiner, Phys. Rev. 180,
1333 (1969); R. N. Chaudhuri, ibid 1'75, 2066 (1.968); L. M.
Brown and P. Singer, ibid 133, B812 (.1964); A. N. Mitra and S.
Ray, ibid. 135, B146 (1964);N. N. Khuri and S. B.Treiman, ibid.
119, 1115 (1960};V. ¹ Gribov, Zh. Kksperim. i Teor. Fiz. 41,
1221 (1961) LSoviet Phys. JETP 14, 871 (1962)g; V. V. Aniso-
vich, Zh. Eksperim. i Teor. Fiz. 17, 1072 (1963); 20, 161 (1965)
LSoviet Phys. JETP 44, 1593 (1963);4'7, 240 (1964)];M. Baldo-
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(1964).
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Price, and E. C. Fowler, Phys. Rev. Letters, 11, 564 (1963),"T.D. Lee and C. S. Wu, Ann. Rev. Nucl. Sci. 16, 528 (1966).

» D. Morgan and G. Shaw, Nucl. Phys. 810, 261 (1969).
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((&5') up to 500 MeV and a width about 800 MeV
gives 5pp rising smoothly from threshold up to 50' at
500 MeV. The results of a recent calculation by Love-
lace using an amplitude of the Veneziano type gives xm.

phase shifts of this second form (with scattering length
ape= 0.29M ').4' "

Tw'o forms of Bpo were used as ~x 6nal-state inter-
action factors in this work. First, a form having zero
scattering length, increasing approximately as q' from
threshold /called here the C (cube) form) and secondly
the Ueneziano-Lovelace'-', (V) form of Bpp. Both are
referred to as a 0- state without implying a low-mass
I=J=O resonance. Figure 15 shows the energy de-
pendence of the two forms used. p-meson production
(&=&= I s.vr pair) was not considered. At the s-s. masses
accessible in this experiment (&450 MeV/c'), it is now
believed" 4 that the p-wave phase shifts are small
(below 5' at 500 MeV). A second, post facto, justifica-
tion in ignoring p production is that one can 6t the
s. s'PP data, to which the o does not contribute, with
s.A production alone (see Sec. V).

The Watson anal-state interaction'0 factor in the
production matrix element was used. That is,

T~ p g (cotlpp —z)

where I.' is the relative angular momentum of 0. and
E, p is their relative momentum, and q is the s. mo-
mentum in the dipion rest frame.

V E NEZIANO

30

&00 500

Tr Tr Mass ( Meg/c ~ )

Fre, 15. Mass dependence of xm scattering phase shift boo for the
"cube" and "Ueneziano" forms.

m.echanism:

T z~'(oX) =T~~~'(s'I' m )f ~ '(O. C)

f~~ "'(o C') = Z C~s~~ '*'I'i~~*(e C)
3fy.

Z. Isobar FonmHsm for lVo.
with

cVr,
' 3IIg—His, 3Eg 3E——+Mr, . ——

In a manner similar to that for the s.A process (Sec.
IV C), we write the production amplitude for the

Wave Mg

SP1

Amplitude

PS1

PD3

I

2

—gv3 Fip'
—(b/6) Fi-i'
(hV'6) Fip*
-,'sVS(SF&r~- Fg g*)

k(v'x) (Fs-~*-F»')
k(v'k) E2Fs-s*—(v'4) Fsp*l

TABLE VI. 0' production from M =~. The arguments of the
spherical harmonics are 0~, C throughout. The x axis is along the
path of the outgoing nucleon.

The x axis in this equation is along the neutron
direction.

Table VI gives explicit forms for the allowed partial-
wave amplitudes, only from states of I= 2,

SP1, PS1, PD3, DP3, DF5, FDS.

V. DETERMINATION OF PARTIAL-WAVE
AMPLITUDES

A. Fitting Procedures

Distributions in eight variables, the three effective-
mass-squared combinations, cosO', 4, and three pro-
duction angles, were 6tted. Theoretical distributions in
these variables were obtained, using Monte Carlo
techniques, for particular values of the complex ampli-
tudes multiplying the factors discussed above, for the
following set of partial waves:

DES 2
1
2

k(v'k) (F»'—»-i')
ss(1/V'15)LF»*SV'6 —6Fsp*+(V'6) Fs p*g

SD1, PP1, PP3, DS3, and DS334';
037: SP1, PS1.

—s (V'5/14) (F»*+Fs-s')+&(V'5/&) Fsp*
—,'(I/v/&) L

—F,i*+2Fp i*—(v'1S) Fs 3*)

"C. Lovelace, in Proceedings of the Argonne Conference on 21-21-

and X2I Interactions, 1969, p. 562 (unpublished); CERN Report
No. CERN/TH 1041, 1969 (unpublished)."F.Wagner, Nuovo Cimento 64A, 189 (1969).

~ This I=~3 wave was included since the work of Bowler and
Cashmore (Ref. 16) on s+p inelastic reactions at 600—800 MeV/c
indicates that this is the dominant I=$ mN ~ mA wave and that
all others are smalL InI=) saproductionin s. pap, thews and
dP2FO amplitudes are equal and opposite, so that distributions
should be invariant under an interchange of m and ~', whereas
experimentally there are signilcant diBerences in 3P (21.p} and
cosg distributions. (See Figs. 8 and 9.)
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TAnLE VII. Predicted branching ratios o (s+s- I)/o (s- s OP)

at 552 MeV/o.

Partial wave

SD1
PP1
PP3
DS3
DS33

Experiment

Branching ratio

2.33
3.70
1.32
2.97
1.54

4.22~0.21

B. Results of Fit with ~A Channel Only

Both m-6 and o.lV channels were shown to be necessary
because of the poor 6ts with predictions of the isobar
model without the 0. intermediate state. A 6t with only
xA channel amplitudes was unsuccessful in two im-
portant respects. The high-mass x+x enhancement in
the x+x n anal state was not reproduced. Xo combina-
tion of partial waves yielded a high-mass peaking
without at the same time requiring a low-mass peak (see
Fig. 14 and the remarks at the close of Sec. IV C). The
absence of interference, in the mass spectra, between
waves of difIerent J or P enables one to make this
statement with con6dence. Further, the branching ratio
o(s.+s I)/o(rr sop) at 552 MeV/c is not given cor-
rectly. - The experimental ratio is significantly larger
than that obtainable from any partial wave, as shown

Best-6t values of the amplitudes and phases were
obtained by minimizing

~~expt ~ l theory

~~ I/ theory

with the sum taken over all bins of the eight histograms.
The theoretical distributions were normalized to the
total number of events so that absolute cross sections
were not included as data to be Gtted.

In making simultaneous fits to the s+vr n and 7r s.oP

distributions at 552 MeV/c, the number of s.-s'p
events was arbitrarily increased by a factor 4 to give
the two setsI of data approximately equal statistical
weight. 4'

in Table VII. No mixture of waves can produce the
observed cross sections' ratio.

It is clear that some mechanism other than xh pro-
duction contributes substantially to the ~+x n state
and causes the distribution in the x+x effective-mass
spectrum. Satisfactory fits were obtained to the s- ps-'

data, however, with the md mechanism alone. Thus it
is indicated that there is no significant effect due to
I= i, J=1 p-meson production, so that the significant
mw fjnal-state interaction is likely in the I=0 state.

C. Results of Fit with ~A and eN Channels

A sequence of 6ts to the data with the predictions of
the isobar model following the procedure outlined
above was made with both the C and V forms of xz
phase shifts. This included:

(a) a fit to both final states at 552 MeV/c;
(b) using the results of these fits as starting values,

a Gt to each data set individually.

This procedure should fLnd in case (b) a solution
similar to that in case (a), if it exists. Questions of
uniqueness have been evaded.

In Figs. 7-12 the theoretical predictions using best-fit
parameters are shown superimposed on the experimental
histograms and in Table VIII the partial-wave ampli-
tudes and &' per degree of freedom of the 6ts are given.

The normalization is to one event in m+x n at each
energy (i.e., u»=1 if the reaction proceeds entirely
through PP3, etc.).

Using the designation of a partial wave to denote
its amplitude, the parameters obtained in the 6ts are

aI 3
——I'I'3,

uns =DS3+DS33,
pDis =DS3/(DS3+ DS33),

est ——(SD1+SP1),
pant= SD1/(SD1+SP1),

upi= (PPl+PS1),
p ppi PP1/(PP1+PS1), ——

TABLE VIII. Partial-wave parameters and p' per degree of freedom.

C
C55
Cm'
V
V55
Vmo

C50
V50
C45
V45

x'/NDF

2.4
2.1
1.2
2.5
2.8
1.4
2.0
2.6
1.7
2.4

0.28+0.09
0.27&0.07
0.29&0.08
0.19&0.10
0.23&0.07
0.32+0.05
0.38&0.07
0.34a0.06
0.35%0.06
0.21&0.07

0.74+0.13
0.72+0.05
0.93+0.29
0.76&0.09
0.64&0.04
0.80&0.12
0.57+0.06
0.49+0.06
0.50+0.06
0.40+0.05

PD18

0.86+0.17
0.58&0.11
0.68+0.09
0.70a0.09
0.55~0.12
0.81&0.08
0.53&0.16
0.60+0.16
0.41&0.14
0.58&0.16

0.51&0.21
0.62~0.10
0.15&0.11
0.34+0.20
0.40+0.08
0.16a0.11
0.47&0.11
0.34+0.09
0.47&0.10
0.30&0.11.

Psal

0.36&0.16
0.28+0.10

1
0.35+0.36
0.22&0.15

1
0.21+0.13
0.25+0.20
0.23+0.10
0.39+0.17

0.71&0.12
0.76&0.04
0.32+0.19
1.00%0.10
1.01&0.05
0.02a0.01
0.78a0.05
1.03a0.04
0.84a0.04
1.12+0.04

PPP1

0.22&0.21
0.32*0.19

1
0.50&0.10
0.48&0.03

1
0.25~0.09
0.46+0.04
0.21a0.07
0.43+0.03

". This is not a true x' because we have taken eight projections of a four-dimensional space. (We make only one-energy Gts. )
However, there is clearly more information in a four-dimensional space than in four orthogonal projections of it, so that no serious
redundancy is introduced by attempting to fit all the distributions.
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FIG. 16. Incident momentum depend-
ence of the inelasticity (1—vp)& for STX,

Pjq, and E~B partial waves inferred from
this work and the elastic phase-shift
analyses of Refs. 8 and 47.
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together with the phases of the various waves. These
variables were chosen as they are substantially un-

correlated, so that a simple calculation of the errors
suffices. 44 Since the phases show very little energy de-

pendence, we do not quote them in the table.
The notation used is C and V for simultaneous fits to

pr+7r n and Tr Tr P at 552 MeV/c, and C55, C50, C45,
and Cx for fits to one data set only.

Examination of the graphs and X' per degree of
freedom shows that while all the principal features of
the data are accounted for by the model, there are some
residual discrepancies, particularly in the angular dis-
tributions. The sharp high m n mass peak in the theory,
but not in the data, is probably due to the neglect of
the spread in beam momentum in the Monte Carlo
calculation.

44 The error on a parameter is de6ned as the change in that
parameter from its value when x' has its minimum which makes
an increase in y~ to a value having a con6dence level one-third that
of the best 6t. (There is then some ambiguity in the 6ts to both
states simultaneously because the function minimized is not a pure
x'.) There are two ways of estimating this change. One can hold
all other parameters constant at their best values or can change
this parameter to a di6'erent value and reminimize x' as a function
of all the other parameters. The second scheme is more closely re-
lated to the experimental knowledge of the parameter. In this case
the two methods agree to within 15% of their estimates of the er-
rors, indicating that the parameters used are not severely corre-
lated. The errors quoted are calculated by the 6rst method.

In all cases the C 6ts are better, having smaller X'

per degree of freedom, than the V fits. On these grounds
one prefers variation of boo with xx mass below 500 MeV
which is more consistent with a "narrow" resonance
(about 200 MeV wide), or with a small scattering length
than with a broad one. However, this statement must
be taken with some caution. Since the best 6t is not a
good 6t, it is conceivable that a V-type solution with
some extra terms might prove superior. The its to
Tr esp alone have good I' per degree of freedom, justify-
ing the neglect of p production.

VI. PARTIAL-WAVE INELASTICITIES

Using the fitted amplitudes of Sec. V 8 and the cross
sections of Sec. II 8, one can predict the values of
(1—TP')'P' for the various s.lV partial waves. All. 'the

inelasticity is via the m-xsV channel" and predictions can
be made for the unobserved final states (7rsTC'n, s+Tr+n,
vr+m. sP) using the isobar model.

The inelastic scattering total cross section is given by

~ .T= —& (~+s)(&—~C~'),
k2Z, J

4' S. U. Chung et al., Phys. Rev. 165, 1491 (1968).
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TABLE IX. Values of (1—s')&.

C45
C50
C55
C
V45
V50
V55
V

Saclay (530 MeV/c)

0.14%0.03
0.24+0.05
0.41~0.07
0.35&0.13
0.09+0.03
0.19+0.05
0.31+0.03
0.24+0.14
0.17

~11

0.30&0.03
0.43+0.04
0.56+0.05
0.48+0.11
0.32+0.05
0.51&0.02
0.68&0.07
0.63+0.07
0.58

~13

0.13+0.03
0.23+0.04
0.21&0.06
0.23+0.09
0.08+0.02
0.22+0.03
0.19+0.06
0.13+0.08
0.08

0.07+0.01
0.18+0.04
0.27+0.05
0.59~0.11
0.08+0.02
0.16+0.04
0.30+0.06
0.39%0.05
0.22

0.14+0.03
0.21+0.05
0.32+0.05
0.09+0.09
0.08+0.02
0.15+0.03
0.31+0.06
0.21+0.03
0.36

where k= 4/p, p is the c.m. momentum, and r) is the
inelasticity parameter.

Table IX gives the values of (1—r)(j )'" for the
various partial waves, together with the 530-MeV/c
results of the Saclay group4' for comparison. Figures
16 and 17 show the energy dependence of (1—tifJ')"'
from this analysis and from the CERN' experimental
and theoretical and the Glasgow'~ A and 8 analyses.
These results show that inelasticity is not well deter-
mined by the elastic phase-shift analyses. In those com-
putational procedures g is sometimes either artificially
smoothed to 1, unphysically greater than 1, or dis-

connected. 4 The agreement of the predictions of this
work with the (independent) work at Saclay is good.
The elastic scattering data do not prefer one set of
values of g~g over another, and so are not useful in
determining the energy dependence of happ.

TABLE X. P» branching ratios calculated
from the fIts to the data.

"C" solutions
(MeV)

1340
1370
1400
1400

(both states 6tted)

"V" solutions
1340
1370
1400
1400

(both states Gtted)

0.43&0.05 0.03+0.05 0.54&0.05
0.60+0.10 0.04&0.12 0.36+0.12
0.63&0.07 0.09&0.10 0.28&0.10
0.67a0.18 0.03~0.20 0.30&0.20

0.42~0.17 0.22&0.17 0.36~0.17
0.50~0.16 0.23+0.16 0.27~0.16
0.54~0.10 0.23&0.10 0.23~0.10
0.58~0.09 0.22%0.12 0.20~0.12

"M. de Beer, B. Deler, J. Dolbeau, M. Neveu, Nguyen Thuc
Diem, G. Smadja, and G. Valladas Nucl. Phys. 812, 599 (1969).

"A. T. Davies, Glasgow report, 1969 (unpublished).

VII. Pgg BRANCHING RATIO

Assuming that xE, ~A, and aE are the only open
channels, total amplitudes for decay of the P~~ inter-
mediate state can be determined from these fits to the
model. Since the inelastic processes are coherent,
individual rates for the xA and OX decays cannot be
inferred. The relative magnitudes of the various decay
amplitudes provide a measure of the coupling of the P~~

isobar to the xd and o-Ã even though the interpretation

as decay branching ratios is tenuous at best. Further,
even ignoring the interference term in the decay in-

tensity, there is still uncertainty in the interpretation
of the relative magnitudes of the mA and |TED ampli-
tudes, since the maximum c.m. energy in this work does
not reach the resonance maximum. Also, no attempt has
been rn.ade to separate resonance from possible back-
ground amplitudes.

Using the fitted I'I'1 and I'51 amplitudes, ignoring
the interference between xA and OS, together with the
CERN theoretical values of the mS elastic scattering
phase shift 8~~, one obtains the branching ratios given
in Table X.The "cross" terms in the square of the sum
of amplitudes is approximately 20'%%uq of the diagonal
terms for the V solutions, and consistent with zero for
the C solutions. The relative couplings to mA and rE
deduced from the fits depend strongly on the character
of the object called 0-. In the C solutions, the m-5 coupl-
ing is very small, whereas in the V solution the ~A mode
is comparable in strength with a.S, becoming relatively
more irn. portant as the energy increases.

VIII. SUMMARY OF CONCLUSIONS

The "Kirz anomaly, "' that is, the high-mass peak in
the s.+s. spectrum in s. p ~ s.+s. n, has been explained
over a range of incident x momenta by the introduc-
tion of an I=J=O mw interaction. All the features of
s- P —+7r P7ro have been fitted without any I=7=1
xx interaction. There is a discrepancy of marginal
statistical signi6cance between theory and experiment
in the shape of the s. s' (mass)' spectrum, the experi-
mental spectrum being more sharply peaked. The data
of the Saclay group4' at 530 MeV/c show the same
effect.

Two types of energy dependence of happ have been
considered (Fig. 15). In the Veneziano-Lovelace4' form,

happ rises approximately linearly from threshold, passing
through 90' near 720 MeV: The other form has happ

rising from threshoM as q' for energies less than 450
Mev and would give a narrower resonance tha, n the
6rst form. It has not been necessary to invoke a reso-
nance with peak in the mass range investigated. The
results favor the q' form since the X' are consistently
better.

However, some rnodilcations retaining the basic
Veneziano-type x7t. interaction might give a better fit.
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The Veneziano 6t, including the m.A mechanism, is far
better than that of Roberts and Wagner4' to fewer
data.

There is substantial 6 production at incident mo-
menta as low as 456 MCV/c (1339-MeV c.m.) rather
far below the threshold for production of a 6 of mass
1236 MeV.

Kith the results of the Qt to "isobar" model predic-
tions, we have calculated partial-wave inelasticities in
the Spy, Pyy, Pya, Dya, and D33 partial waves, as a func-
tion of energy.

These results are only qualitatively in agreement
with those following from the CERN elastic phase-shift
analysis. We 6nd inelasticity in the S~~, P~3, and D~3

48R. G. Roberts and F. Wagner, Nuovo Cimento 64A, 206
(1969).

waves at lower energies than that anlysis. The in-
creasing inelasticities obtained here are consistent with
the interpretation that P~~ and a~3 waves resonate at
energies higher than those available in the present
experiment.

The results of our analysis and that of the Saclay
group" from 530 to 760 MeV/c are compatible.

Ke have derived values of the P~~ branching ratios
into mX, xA, and O.S where 0 is an I=J=0 interacting
IrIr pair. The IrX branChing ratiO iS betWeen 43%%u~ at
1339 MeV and 60% at 1402 MeV. The branching ratio
between m.d and OLV depends, not surprisingly, on the
form of 0- used. In the preferred form the inelasticity is
almost entirely through 0Ã: With the Veneziano-
Lovelace form of boo the ratio of xd, to 0N couplings is
about unity and increases with energy.
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Measurement of the X Cascade Time in Liquid Helium*
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The average cascade time of E' mesons has been measured in a helium bubble chamber. In a sample of
about 36000 stopped E, 44 r decays at rest were found, corresponding to a cascade time of (3.2+0.5)
&(10 '0 sec. This result agrees with a previous measurement.

INTRODUCTION

KX a negative meson stops in a material
medium, it forms a mesonic atom with a con-

stituent nucleus by replacing an electron. The meson,
initially in a highly excited level, cascades down through
the lower levels accessible to it until it decays or under-
goes a nuclear reaction. It is sometimes important to
know the atomic state from which nuclear capture
occurs. For this reason, studies of the cascade process
are necessary.

The erst detailed attempt to understand the cascade
process in liquid helium was made in a theoretical
study by Day. ' One might expect naively that in

*Work performed under the auspices of the U. S. Atomic
Energy Commission.

$ Now at University College, London, England.
f Now at Stanford Linear Accelerator Center, Stanford, Calif.

94305.
f Now at University Libre de Bruxelles, Bruxelles, Belgium.' T. B.Day, Nuovo Cimento 18, 381 (1960).

helium both electrons are rapidly ejected by internal
Auger transitions, and then the E-mesonic ion further
deexcites by electromagnetic transitions. If so, the
cascade would go through circular orbits, and nuclear
interactions might be expected to proceed mainly from
the 3d and 2p states. Day showed that collisional eRects
might be important enough to considerably modify
that expectation. In particular, he concluded that
because of collisional Stark. -effect mixing of orbital
angular momentum states, most m and K would
undergo nuclear capture from relatively high s states.

It is possible also to study the cascade process experi-
mentally. The easiest parameter to measure is the
average cascade time. The two measurements ' of the

' J. G. Fetkovich and K. G. Pewitt, Phys. Rev. Letters 11, 290
(1963).

3 M. M. Block, T. Kikuchi, D. Koetke, J. B. Kopelman, C. R.
Sun, R. Walker, G. Culligan, V. L. Telegdi, and R. Winston, Phys.
Rev. Letters 11, 301 (1963).The 6nal result of the experiment is
given in Ref. 4.


