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Spin-Two Mesons, the Stress Tensor, and a Field-Source Identity. I*
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It is suggested that the hypothesis that the matrix elements of the stress tensor are dominated by the
neutral isoscalar spin-two mesons may be expressed by a field-source identity. This states that, to the
lowest order in the gravitational constant I(:, the traceless part of the complete stress-energy tensor is pro-
portional to a linear combination of the renormalized field operators of the neutral, isoscalar spin-two
mesons. It is shown how this identity may be realized in a Lagrangian field theory, in a manner analogous
to the work of Kroll, Lee, and Zumino for the vector-meson dominance of the electromagnetic current. The
conditions imposed by Lorentz covariance are discussed. The field-source identity determines the parts of
the singular terms in the stress-tensor commutation relations which are the most singular in the coupling
strength.

I. INTRODUCTION

HE hypothesis of a universal conserved vector
current and the vector-meson dominance of the

electromagnetic current has been very fruitful in the
theory of the electromagnetic and weak interactions of
the hadrons. "This idea was expressed by Kroll, Lee,
and Zumino' in terms of a Lagrangian field theory;
they exhibited a Lagrangian Geld theory in which the
total electromagnetic current operator for the hadrons
was, to a good approximation, identical with a linear
combination of the renormalized Geld operators for
the neutral vector mesons.

Since the discovery of spin-two mesons, it has been
of interest to examine the parallel hypothesis that the
matrix elements of the traceless part of the stress tensor
are dominated by spin-two (tensor) mesons. ' An ad-
ditional hypothesis that led to interesting results was
that the matrix elements of the trace of the energy-
momentum tensor were dominated by scalar mesons. '

In this paper, we show how the idea of tensor-meson
dominance of the matrix elements of the stress tensor
can be expressed in terms of a Lagrangian Geld theory
with a "Geld-source identity. " Our work is carried out
in a manner similar to that of Kroll, Lee, and Zumino. '

Just as the response of a system to an external
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University of North Carolina report (unpublished). Related ideas
have been discussed by R. Delbourgo, A. Salam, and J. Strathdee,
ICTP Report No. IC/66/15, Trieste (unpublished); and by W.
Krolikowski, Phys. Letters 24B, 305 (1967}. These authors
discuss results obtained from a postulated relation between the
matrix elements of the stress tensor and those of the 2+ meson
fields. In connection with the idea of the universality of the
coupling to the Pomeranchuk pole, the matrix elements of the
stress tensor were considered by P. G. O. Freund, ibid. 2, 136
(1962).' Recently P. G. O. Freund and Y. Namhu LPhys. Rev. 1'N,
1741 (1968)) have shown how the coupling of a scalar 6eld to
the trace of the stress tensor can be formulated in a Lagrangian
theory with a nonpolynomial interaction Lagrangian.
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electromagnetic Geld measures the electromagnetic
current for the system, the response to an external
gravitational Geld can be used for measuring the stress
tensor of the system. ' We therefore introduce the cou-

pling of the gravitational field with the hadrons.
As is well known, a theory of the gravitational field

is essentially nonlinear and must be described by a
transcendental Lagrangian density, in order that it
give the gravitational field equation with the stress
tensor as source. ~ However, the small magnitude of the
gravitational constant f( makes it meaningful to consider
an expansion in I(. In this paper we shall make the ap-
proximation of treating the gravitational interaction
to the lowest order in ~. To this order in ~, the free
(linearized) gravitational field will be treated as a,

zero-mass spin-two Geld. For convenience, we shall
often refer to this as the "graviton" field.

We now suggest that tensor-meson dominance may
be expressed by the hypothesis, that to the lowest order
in the gravitational constant I(, the irreducible spin-two
part O~„„of the complete stress-tensor operator of the
hadrons is identical to a linear combination of the irre-
ducible spin-two parts U„„of the (renormahzed) field

operators of the neutral isoscalar spin-two mesons, ' and
that similarly, the trace of the (divergenceless) stress-
tensor operator is a linear combination of the traces of
the spin-two meson field operators. The complete

' See, e.g., J. Schwinger, Phys. Rev. 130, 406 (1962).The stress
tensor 0+„„can be defined in terms of the response of the system
to an external gravitational field through the yariational equation
8,W= ',J'd'x( g)"O„„bg„„,—where —g„„ is the metric tensor and
g=detg„„. 8' is the action integral and the variation b~S' is
induced by an infinitesimal coordinate transformation. Thus the
stress tensor O~„„is proportional to the functional derivative of the
action integral with respect to the metric: 0„„=2(—g) '"BlV/bg„„.

'See, for instance, S. N. Gupta, Rev. Mod. Phys. 29, 334
(1957); Phys. Rev. 96, 1682 (1954); P. G. 0. Preund and Y.
Nambu, ibid. 174, 1741 {1968).

We use the term "irreducible" in the group-theoretic sense.
By the irreducible spin-two part of a symmetric tensor operator
we mean the traceless, divergenceless part of this operator.
Note that a symmetric tensor operator which has a nonzero trace
and divergence is the sum of an irreducible spin-two operator,
a part involving an irreducible (divergenceless) spin-one operator,
and a part involving two scalar operators. For a symmetric,
divergenceless operator such as the stress tensor, the spin-one
part is absent, and the two scalar operators reduce to one.
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stress-tensor operator 0"„„is a linear combination of the
divergenceless operators (U„„—ri„„Vm) for the neutral
spin-two mesons fields. These relations will be referred
to collectively as the "field-source identity. "

In this paper, we show how the tensor-meson domi-
nance hypothesis can be formulated as a field-source
identity in a Lagrangian theory; in this theory, the lin-
earized gravitational equation (in an arbitrary gauge)
is of the form

x)i(r"„.) = —~[O„,+0„,"'j,
where

and C)„„is found to be of the form

0~ =pr[U (f) ~ gg&f)'j+pf [V (f')
~ +(f')j (1 3)

with u=—U, .
Here, I""„„is the amenity (for the gravita, tional field),

H„„('~ is the leptonic contribution to the stress tensor,
and O~„„gives the hadronic contribution. U„„&~' and
U„„(f' are the field operators for the neutral spin-two
mesons f and f' 'rj„„is th. e pseudo-Euclidean (Minkow-
ski) metric.

Here we do not explore the consequences of the ad-
ditional hypothesis that the matrix elements of the trace
of the stress tensor may be dominated by scalar mesons.
We hope to discuss elsewhere a theory with both tensor-
meson dominance and scalar-meson dominance.

In Sec. II, we outline the description we use for the
massive neutral spin-two meson fields and for the gravi-
tational field. In Sec. III we formulate the condition on
the (gauge-invariant) interaction Lagrangian that
would lead to a field-source identity; this is done without
examining the detailed structure of the strong-inter-
action Lagrangian. We brieRy discuss the relations be-
tween the matrix elements of the stress tensor 0„.and
the source tensors J„„for the neutral tensor mesons, that
follow from the field-source identity. In Sec. IV we
discuss the question of the renormalization of a single
neutral tensor meson, considering only its strong
interactions. We also briefly discuss the propagator of
the unmixed tensor meson. In Sec. V we discuss the
constraints imposed by Lorentz covariance on a theory
with a field-source identity. In particular, we point
out that the 6eld-source identity determines the parts
of the singular terms in the stress-tensor equal-time
commutation relations which are the most singular in
the coupling strength g. It further requires that some of
the singular terms be q numbers.

In subsequent papers we shall discuss applications
and further questions relating to the tensor-meson
dominance hypothesis.

9 We recall that the observed tensor mesons are the A~(1300),
Ep(1420), f(1260), and f'(1515), where the numbers give the
approximate masses in MeV.

U Pr (2.2)

and we have used the notation

(2.3)

'o J. Schwinger, Phys. Rev. 82, 914 (1951);91, 713 (1953)."E. Schrodinger, Space-Time Structure (Cambridge U. P.,
Cambridge, England, 1963), p. 107.

'~ R. Arnowitt and S. Deser, Phys. Rev. 113, 745 (1959).
"Such a Lagrangian theory of the massive spin-two meson

field has been studied by S.J. Chang, Phys. Rev. 148, 1259 (1966},
and by S. Deser, J. Trubatch, and S. Trubatch, Can. J. Phys.
44, 1715 (1968).

'4The free Lagrangian go leads to a positive-definite energy
(although not a positive-de6nite energy density), as shown by
S. J. Chang (see Ref. 13).

'~ If grJ„„—=gg/bV» were independent of V„„, then g would be
Just ggJpgUi'".

II. NEUTRAL MASSIVE SPIN-TWO MESON FIELD
AND LINEARIZED GRAVITATIONAL FIELD

In this section we brieRy outline the description we
shall use of the massive spin-two meson Geld and the
massless "graviton" field, i.e., the gravitational field
in the linear approximation. The derivation of the field-
source identity can be carried out in a class of theories
of the spin-two meson interacting with the gravitational
field.

In choosing a description of the free spin-two meson
field, we shall impose the following requirements.

(a,) The energy of the field should be positive
definite.

(b) The canonical va, ria, bles and the commutation
relations should follow in a simple way from the
Lagrangian. This will be true if the Lagrangian density
is of the first order in the time derivative of the field
variables; the action principle then allows a simple
determination of a set of canonical variables. "

(c) It is convenient and elegant to use a theory of the
massive spin-two meson field which goes over to a simple
gauge-invariant theory of the linearized gravitational
field in the limit of zero mass.

For this, we shall describe the gravitational field by
the affinity and the metric tensor, and use the linearized
form of the Palatini Lagrangian density. ""For the
massive spin-two meson field, we shall use a similar
Lagrangian density, with a mass term added. "In this
paper we shall treat the gravitational integraction to
the lowest order in the gravitational constant I(.

The part of the Lagrangian density describing a
neutral massive spin-two meson, interacting strongly
with the hadrons, wil1. be taken to be the following":

(2.1a)

Z, = (U "—-', ri "u)(2cj„li „.—B„II.—B.II„)
+2(qs"Iis II &

—II.II.) ——,'m'(U~" U —u') (2.1b)

where rI(U"") describes the strong interaction of the
spin-two mesons. "Here
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In (2.1), the terms arising from the gravitational
interaction of the spin-two rnesons have been omitted,
so that (2.1) is correct to the zeroth order in the gravi-
tational constant ~. g&' is the pseudo-Euclidean
(Minkowski) metric (1, —1, —1, —1).

The field equations obtained from (2.1) are the follow-
ing:

In terms of k„„,the free-field equation may be written as

a)ia hip+ aiia ki)i —a)iapk — k)ii

(a"a h), — 'h) =0. (2.18)

So far the gauge has been left arbitrary. In the Hilbert
gauge i6 de6ned by

a, rr „„——,'(a„rr„+a„rr„)——,'&„„a,(il, —rr, )
,'~'(V„, &—„,I) ,'—g.-J„„(2.4)

(11")"—
z &),"ii")+(11"),"—z &),"ii") rl""I—r),

= a&W~" —-'a&, ~(a IV" )—-'a),"(a.iV"), (2.5)

where

a (h,.——,'g..h) =0,

the free-6eld equation takes the form

'(h„„——,'))„„h)=0,
which gives

'h„,= 0.

(2.19)

(2.20)

(2.21)

and

g-J"=ad(v"')/av"" (2.6a)
In this paper, however, we shall write all relations in a
gauge-independent form.

(2.6b)
III. INTERACTING FIELDSKe shall assume that the tensor current J&" describ-

ing the hadronic interaction of the spin-two mesons, to I'or simplicity we first consider one neutral spin-two
zeroth order in the gravitational constant ~, is diver- meson interacting with the gravitational 6eld. The
genceless to this order: Lagrangian for the system will be written as

8 J 0 (2 7) &= &griiv+ &r+&inz i (3.1)

a"(V„„rz„.zz)—0, =

)iv —,(a)iV)v+ avViv)i a)iV)iv)

zz= (—gr/3z)z') j, j=—J, ,

(2.8)

(2.9)

(2.10)

Equations (2.4)—(2.7) lead to the following equations: where Zg, the free Lagi.angian density for the spin-two
meson Geld, is given by (2.1b), and 2,„, , the free
Lagrangian density for the linearized gravitational
field, is given by (2.12). The interaction Lagrangian
density 2;„&will be written as

( '+zzz') V„, (a„a,+r)z'g—„,)zz= grJ„„. (2.11) 2;~z = rKh„,J""+2;nz, (3.2)

where h&" gives the deviation, to order ~, of the metric
tensor g&" in the gravitational equations from a Oat
(pseudo-Euclidean) metric z))'":

g'"= z)""+~h"" (2.13)

, and I'"„„is the affinity. I'„and I'„are defined in
terms of I'i„„ in a manner analogous to (2.3). ~ is the
gravitational constant. (2.12) gives the following free-
field equations:

a.I' „„——,'a„a.h —2)) (a"a'h), — 'h) = 0, (2.14)

I'"„„=—,'(a„h)„—a„h),„—aih„„) . (2.15)

The action integral and the 6eld equations are invari-
ant under the gauge transformation

For the linearized free gravitational 6eld, we shall
take the linear approximation to the Palatini La'grangian
density":

2„."'= (h""—-', rZ""h) {2a,r'„,—a„i",—a,I'„)
+2(g""I'z' „I' )),—I' I' ), (2.12)

where r is a parameter to be fixed later, and J&" is the
source tensor describing the strong interaction of the
neutral spin-two meson and is given by (2.6a). The part
2;„t,' of the interaction Lagrangian density does not
involve h„„, but involves derivatives of h„„' it is to be
determined by the requirement that 2; & be gauge
invariant and that it should lead to a 6eld-source
identity expressing the source of the gravitational 6eld
as a linear function of the spin-two field operator U„„.

These requirements do not specify 2; & uniquely;
they de6ne a class of theories of the neutral tensor meson
interacting with the gravitational field.

For simplicity, we shall 6rst express the field source
identity in terms of the tensor 6eld U„„and its trace,
rather than in terms of the irreducible part of U„,.
We denote the source of the gravitational field by 0„„
and identify it with the total stress-tensor density,
including that of the gravitational 6eld as well as that
of the matter fjelds. '~ Thus O~„„has zero divergence:

~„0„,=0.

h„„~h„,+ (a„A„+a„A„),

I' „„—+ I' „.+a„a„A~.

(2.16)

(2.17)

"See, e.g., W. Thirring, Ann. Phys. (N.Y.) 16, 96 (1961)."Note, however, that here we are considering O„„only to the
zeroth order in ~; to this order, the (divergenceless) stress tensor
does not involve the terms arising from the gravitational Geld.
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~~lnt, ~int,
K0pv bh„„Bh„„Bh„„,y

(3.5)

if we assume that, to lowest order in ~, we can obtain
the desired identity with a,n interaction Lagrangian
density that involves only the first time derivative of

h„„.
We thus look for Z;„& satisfying

BZ;„g &in~
——

B&,
—=P&r(U„„r&„„U:),—(3.6)bh„„cIh„„8h„„,),

where p is a constant to be determined.
From the equation of motion (2.4) for U„„, we may

write

LUu r)» U )= (—A'/m') J„„+m 'X)(IP„„), (3.7)
where

~(11"„,)= 2LB,II"„„—,'(B„II„+B„il„)
——',rl„,B„(fI&,—II&,)j, (3.8)

as on the left-hand side of (2.4).
From (3.6), (3.2), and (3.7), it now follows that. "

BZ;„t'- Pgp P
rJ~" z 'B„— —= ——J"+ —~(11&„„).

Bh„„,g m' m'

We look for a simple solution, such that

p= m' r/g g

(3.9)

(3.10)

This gives

~inC'
B&,

— — ———(~P/m') n(II"„„).
Bh„„,),

(3.11)

B&;- '/BI """=(—2~6/m') Ln "II'"—-'(~"11+~ ».)
——',n..(11&.—11&,)3+&~.&, (3 12)

where d„„~ is a function of. h„„),with the properties

~Plh. —~vs )l, ~ ~Pux —0 ~

As J is divcigcncclcss, 2; t, by itself Must bc gaUge

'8 Note that, to the lowest order in ~, the terms in BC/Bh„„ that
would arise from the dependence of J„,on the graviton 6eld h)„
(that is, the terms arising from BJ„„/She,~) do not contribute,

We shall here seek a field-source identity of the simplest
form, such that O~„„is a linear function of U„„alone and
does not depend on its derivatives. From (3.3) and (2.8)
it then follows that we must seek a, relation expressing
Q„„as a multiple of U„. rl„„—U, .

It is clear that 2;„&' must be nonzero, in order that
such a relation follow from the Lagrangian (3.1). The
equations of motion for the linearized gravitational
field h„„with interaction, that follow from (3.1), are
(2.15) and the following:

B.r „, ;'B„B—„h-,'g„„&t—B"—B h&,. 'Is]—= ——',«0„„, (3.4)

where

invariant in the usual sense, that is, it must give a
gauge-invariant contribution to the action integral.
Equation (3.12) does not lead in a simple manner to a
gauge-invariant expression for 2; &'. We therefore use
the field. equation (2.9) for U„„and IP„„, and. obtain
from Eq. (3.12) the following:

BZ; r,'/Bh„„&,——(KP/m') t U " " U—' "—U""

y1~&vU a, p+t~xyU a, r

+~pv(U x, a U a, x)i+yyvx (3 14)

A simple gauge-invariant solution for 2;„t,' is

Z;.,'= (rK/g&)(h„„„U~"' 2h„., ,—U» "+Is„.'U ~ ~

+h, ~,,U",.—h„'~U.",,), (3.15)

to the first order in ~. This is, of course, not unique; for
instance, any term of the form h„„,zd&"~ may be added,
where 8&"" has the properties (3.13)

With 2;„t given by (3.2) and (3.15), we thus obtain

0„„=(rm'/gr) (U„,—r&„.U. ) . (3.16)

This may be checked directly using (3.5), which gives,
to the lowest order in ~,

0„,= r(J„„—gr '[ 'U„„B'B„U„—p B'B„U.—p
+B„B,U, '+r)„,(B'B'U,. 'U', ')]}. —(3.17)

On using Eqs. (2.8) and (2.11) for the massive spin-two
meson field, this gives (3.16).

Equation (3.16) implies the relations

0„.'"= (rm'/gp) U&.,&",

Qg
e y, (3ms/g ) U

(3.18)

(3.19)

where the transverse part U&j of UI,j,
UA, ;i"= (Us, —sos, U ), k, jm= 1,2,3 (3.20)

gives a set of independent dynamical variables for the
spin-two meson field, and U, ' is the scalar part of the
field U„„.Similarly, we have dehned

Q~s. (&&= Q~s. &ps. Q~ (3.21)

Note that for the free spin-two field U„„, the scalar
part U, ' is a redundant variable, while for the inter-
acting part, it is related to the trace of the source
tensor J„,. In the present work, we do not relate V, '
to a physical scalar field.

The above discussion applies to a system in which
there is just one neutral spin-two meson coupled to the
gravitational held, with the internal quantum numbers
of the vacuum. The normalization of J„,(x) may be
chosen by fixing the scale of the coupling constant gl
such that the constant r in (3.2) or (3.19) is unity. "

"C.A. Orzalesi, J. Sucher, and C. H. Woo I Phys. Rev. Letters
21, 1550 (1968)j have suggested that for a local Hermitian
operator G„„(x) obeying certain conditions, one must have
J'd'x G„o(x) =cI'~, where c is a constant and I'„ is the momentum
operator of the system. If J„,(x) is a local operator obeying these
conditions, then our normalization would correspond to choosing
J'd'x J„,(x) =I'o, or Jd' Px' &00' r(x&) coser+Joo &(x) aint&rg=P , 0

for a theory with two spin-two mesons which can mix.



SPIN —2 MESONS AND FIELD —SOURCE IDENTITY. I

o-..= (~'/g. )(U.,—..V:), (3 22)

which is the field-source identity for the tensor field
V„„.It is the analog of the field-current identity for the
vector field. Here we have derived the field-source
identity without reference to the detailed structure of
J„„or0„„,using the deGnition of O~„„ in terms of the
response of the system to an external gravitational field
and using the assumptions of a divergenceless source
tensor J„„for the massive spin-two meson field and a
gauge-invariant interaction Lagrangian density
satisfying the requirement (3.6).

We stress that the Geld-source identity (3.22) is a
relation involving the interacting spin-two field V&";

it can hold only when there is a nonzero coupling be-
tween the spin-two Geld and other matter Gelds (or a
self-interaction of the spin-two Geld with itself). One
cannot postulate a similar relation between the stress
tensor and the free spin-two field, as this would be in-
consistent with Poincare invariance. This may be seen
from the equal-time commutation relations (ETCR).
Thus, Lorentz invariance requires the ETCR

iLOpp(x), Opo(y)g„=p, = LOp&(x) 8&

+Ooi(y) 8&fb(x —y), (3 23)

while the canonical ETCR of the free spin-two fields
leads to the ETCR

iP Voo(x) —»op+(x), Uoo(y) —»opl (y)j*,=,= 0 ~ (3.24)

That one cannot postulate an identity between 0~»
and a combination of the free spin-two field operators
is also evident from the way the identity was derived;
it was necessary to have an additional term 2;„t' in
the Lagrangian, proportional to gy ', which gave rise
to the factor g&

' in the field source identity. The iden-
tity cannot be derived when go=0. The field-source
identity thus expresses a property of a particular kind
of interacting spin-two field theory.

The nature of the interaction J„„is constrained by
the requirement of Lorentz covariance. The explicit
nature of these constraints will be briefly discussed in
Sec. V of the paper. These constraints must be satisfied
in order that a theory with a 6eld-source identity be
I-orentz covariant.

So far we have not considered the internal symmetry
properties of U„„(x),J„„(x),and 0„„(x).The discussion
given above can be directly extended to take these into
account and to include the interaction of more than one
neutral spin-two meson with the gravitational field.

For simplicity we consider here a theory in which
0„„is a singlet under SV3, it then must be proportional
to a linear combination of spin-two meson field operators
which transforms as a singlet under SV3.""We write

2' In general, in the presence of SU'3 and 5U2 symmetry break-
ing, the stress tensor can have parts that transform like the
hypercharge component of an octet or like the third component

( '+ r»,') U„„=grJ„„ (3.27)

for the f and the f' The Geld-so. urce identity now takes
the simple form

0„„=(r&ig'/gr) (cos8r) U„„&J'

+ (mg'/gr) (sin8r) U„.'r& . (3.28)

In this case we have the following relation between the
matrix elements of O~„„and J„„:
(8( 0„„(x)iA)

= $r&or'/(mr' q') j cos8r (8—
~

J„„o'&(x)
~
A)

+Lr&p&'/(r&p&' —q')$ sin8p (8
~

J»'r&(x)
~
A), (3.29)

where q= (p» —p~) is the four-momentum transfer
between the states A and S. Expanding the matrix
elements of 0„., J»'r&, and J„„&r'& in terms of a set of
covariants, we can obtain relations analogous to (3.29)
for the corresponding invariant form factors. For in-
stance, when A and 8 are spin-zero mesons of equal

of isospin. We shall discuss this elsewhere, while discussing
applications of the 6eld-source identity."It is also of interest to consider the results obtained for an
octet or a nonet generalization of the stress tensor, such as that
suggested by H. Pagels (Ref. 4).

equations of motion analogous to (2.4) and (2.5) for
the f and f' mesons, with source terms grJ„„~r& and
gz J»~~'~, which we assume to be divergenceless. We take
into account f f—mixing by taking the interaction
Lagrangian to be

Z;„t=rL~h„„(J„„'~'&cos8i+ J„„i~&sin8r)7+2;„t, ', (3.25)

where 2;„~' is obtained from (3.15) by replacing U„„by
V»~r'& cos8r+ V„„~r& sin8r. This combination trans-
forms as a singlet under SVS. Again we may normalize
J„„(x)by choosing r= 1."

We now obtain the equation of motion for h„„ to be
(3.4), where 0„„is determined, using the equations of
motion for V„„(~' and V„„&~', to be

0~»= (gr) 'frrlf ttU»&~' r&»U, —«' ]&c os 8r
+mr'fV &~& r&„„U,—'& &7 sin8r} . (3.26)

The relation (3.26) is the field-source identity; it
expresses the stress tensor as a linear combination of the
renormalized Geld operators of the f and f' mesons.

With this identity, the matrix element of O„„between
two physical states A and 8 is related to the matrix
elements of J„„&~)and J„,&~'& between the same states.
This relation is, in general, more complicated than the
corresponding one for the vector mesons and the electro-
magnetic current, because the field operators V„,' '

and V„„&~') are, in general, neither traceless or diver-
genceless. This gives rise to additional terms, depending
on the trace of V„„&~'~ and V„„(~', like those occurring
on the left-hand side of (2.11).

When the source tensors J„„(~)and J„,'~') have zero
trace as well as zero divergence, then N(f) = V, |&'&=0,

u(~ ) =0, and the equations of motion give
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mft
0(q ) cosei' +(f'&(q )

mft —
g

mf
+ —sin8r sir& (q'), (3.31)

mf' —q'

where P ir & (q') and 5' it. & (q') are related to the matrix
elements of J„„it&(x) and J„„0'&(x) in a manner analo-
gous to (3.30).

When J„,(f& and J„„(f'& are divergenceless but not
traceless, we have the equation

( ~+tl&)l U ifi
&&

ii(f&j
=g~L~u "' (1/3tt—if')(~p~. ~p. ')j "'j (332)

and a similar equation for the f'. Here j&r&= J '&r&.

These give the relation

mf t cosHy
(~IO„„(x)l~)= &aI J„„'(*)I~)

mft

mf slnez
&al J„„«&(x)I~), (3.33)

mf —
g

~here

J„,(x) = J„„(x)—(1/3i&i')(8„B,—»„. ')j
=J,.(x) —~.J. (x) (3 34)

J„,(x)= ( '+tN') U„,(x) . (3.35)

mass, we write

&&I o'"(0) l~)
=L(q„q,—q'„„„)—(3q/F 9„P„jO(q'), (3.30)

where i"= ,'(pal+pi&), and obtain

J"=J" 3I:n"—~.~.( ') ']J. ,

Qs&
—

QN
i

L&& g g ( 2)
—

1/0&s
o.

(3.42)

(3.43)

The operation with the inverse d'Alembertian oper-
ator is defined as an integration over the appropriate
Green's function. " In terms of these new variables
(which are nonlocal in the way they are defined here),
the field equation (2.11) gives just

( '+m') U„,= grJ„., (3.44)

and we obtain the following relation between the
irreducible spin-two parts of 0"„„, U„„i&'&, and U„,iI':

mft mf
0„„= cos8 ii « &+ —sin&&c)„i&'„„«&. i3.4S&

gr gr

be regular at q'=mf' and q'= mf', respectively. Using
(3.39), we obtain relations of the form (3.31) between
the "energy-momentum structure form factors"" 0,(q')
and the form factors F.i~&(q') and F.i~'&(q') for the
vertex functions coupling the tensor mesons f and f'
to the particles A and B.

The complication in equations such as (2.11), (3.26),
and (3.22) arises because in order to write local equations
for fields with spin higher than 1, it is necessary to
introduce auxiliary variables, which become redundant
for the free 6eld, but are, in general, no longer so when
an interaction is introduced.

The relations involving the irreducible parts of U„„
J„„,and 0"„„aresimpler. These irreducible parts (which
are the traceless, divergenceless parts of these tensors)
are the following:

U"= U"—~.~~( ') 'U.'
= U„,+ (gr/3m') B„B„( ')—'J. , (3.41)

mft 8Zf
8,'= cosa V, '«'&+ —sinO )

U:«& (3.46&

gr gr&&I 0,.(0) l~)=&,,Oi(q')+&, ,82(q ) (331&)

Note that B„J&"(x)=0.As an example, we again con- Equation (3.45) and the relation
sider the matrix element between spin-zero (pseudo-
scalar) rnesons A and B. We write the decomposition

where

&"= (q.q. —~"q'),
are equivalent to the relation (3.26).

(3 37)
The relation between the matrix elements of 0„,

and J„„i&'&,J„„&~' is of the simple form (3.33).
F„F„(Fq)5„„= + I (F q)»„„—(F„q„+q„P„)].(3.38)

P qP
Note that g&E„„=O and q~5„„=0.

For the vertex function coupling a tensor meson f to
the pseudoscalar mesons 3 and 8, we similarly define
the form factors F it&(q') by

(& I
J""&(0)

I
~)

pi ir & (qi)+ g p2 (f & (q&) (3.39)

~ Lq.q Fi"'(q')+(~" 3P F./P')P "'(q')j—(3.4o)

when m~=m~. A similar decomposition is written for
&8 I J„.ir'&(0)

I 3).F, i~&(q2) and F,o'&(q') are assumed to

IV. RENORMALIZED SOURCE OPERATORS FOR
NEUTRAL TENSOR MESON; TENSOR

MESON PROPAGATOR

Ke first discuss the question of the renorlnalization
of the neutral tensor meson, considering only its strong
interactions. Ke assume that renorrnalization constants
can be defined for the neutral tensor meson'4; we make

2' H. Pagels, Phys. Rev. 144, 1250 (1966).
23 Thus (g,~) «P(x) = J'dg' D(g —g')P(g'), where D(x) is

defined by Q,~D(x) =b(g) and appropriate boundary conditions.
'4 For instance, we can define renormalization constants for the

neutral tensor meson in particular models like the chain model
(sum of bubble diagrams).
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no reference to perturbation theory or the electromag-
netic or gravitational interactions. For simplicity, we
consider here a problem with a one neutral tensor meson,
so that there is no mixing. This can be extended directly
to take into account f f'. -

The Lagrangian density for the spin-two meson and
its strong interaction will be taken to be of the form
(2.1), but in terms of the unrenorrnalized fields U„„'P&

and II"„„(), and the unrenormalized source J„„&'),with
the (unrenormalized) coupling gp. The unrenor'malized
mass will be denoted by mp. Ke shall assume that

B~J (p) —0 (4.1)

The Geld equations for the unrenormalized fields are
again of the form (2.4) and (2.5) or (2.8)—(2.11)."

We shall normalize J„„")in the same manner as J„„
was normalized in the previous section. Introducing a
wave-function renormalization constant Z, we define
the renorma, lized field operator U„„by

U Z 1/2U (P) (4 2)

Z 1&2g/gp 2222/2222——2,

g mp'

gp PE

1 nz2

J =J iP& —1 ——m(rr" )
g 8$p

In (4.6), X)(IP„,) denotes twice the expression within
square brackets in (4.4). The relation between IP„,iP'

and II~„„is the same as that between U„,(') and U„,.
This shows how the theory for the neutral tensor

meson may be written in a form similar to that given by
Kroll, Lee, and Zumino' for the neutra, l vector meson.
We here get the result

m2 m2

J .'"& = —(U,—2& .2l) —g
'- n(II"„.). (4.7)

1Ãp

' Here, we have assumed for simplicity that J»&0) does not
depend on U»(').

The Lagrangian density may be written in terms of
the renormalized field operators as follows:

Z= Zp(U~")

+ (Z—1){(U"" '2&l'"I) L2l&—qI-P„. B„II vBvI—Ivj

+2(~"112'.„11-,„—II.II.))
L(Z222 2 2222)(UlvvU 2l2)+g Zl/2Ulvvtipi (4 3)'

The renorrnalized fmld obeys Eq. (2.4), where

J =g kgp(222/mp) Z it J v& & —2g (1 222'/22—2 ')
&& La, II „„——,'(B„II,+B.II„)——,'2&„p&k(II) —IIk)g (4 4)

As we have normalized both the unrenormalized and
the renormalized source operators, we obtain the
relations

0,=- J„"'+g '(2&2'/mp') n(II" .) . (4 9)

We finally remark that, as with vector-meson domi-
nance, one may try an alternative hypothesis to express
tensor-meson dominance, namely, that the stress tensor
is proportional to the unrenormalized source operator
J„„(). ' With our normalization, this gives

0~ —J (o)

which leads to
(4.10)

m2 m2

0„,= —(U„,—»„„u)—g
' —X)(II"„„). (4.11)

erg SSp

The two alternatives coincide when the bare mass esp

is finite. If mp is 6nite, then the two alternatives lead
to different relations between the energy-momentum
structure form factors and the vertex functions for the
tensor mesons. Thus, instead of (3.31), we would obtain
the following relation, analogous to that for the vector
mesons':

m~' cose~
O(g') =—,1 — —, ~u &(V')

222'
'—q2 (222& 2)p

2Nr Sln82 ( g
~in (C') (4 12)

m, —
g & (m, ')p

with the assumption (4.10), so that in principle, the
two different hypotheses for tensor-meson dominance,
which lead to (4.9) and (4.10), may be distinguished
experimentally.

We anally briefly discuss the propagator for the tensor
meson. The canonical equal-time commutation relations
lead to the relation

LU-'(*,~), b, ~)j= —Z '~-, '~( —y), (4»)
where

Uuc'= U~~ —3~&.U~' (4.14a,)

qrki ———211pkl+ 2(V' —-222222) '

X (p&kp&i —-2'2&22»ki) Iip„„, (4.14b)
alld

~qvq, kl 2( gqvk gql+q&qBlqvl 2'212v'q'gkl) ~

'I' (4.15)

For the vacuum-expectation value of the commutator
LUk"(x), Uk (y)), we may write the spectral represen-

2'This would be analogous to the hypothesis made in Refs. 1
and 2 for vector-meson dominance. For a discussion of this for
the vector current, see Ref. 3.

If the bare mass mp of the tensor meson is infinite,
then the unrenormalized source operator becomes
proportional to the renormalized operator (U„,—2&„,N):

J„„iP&= (2222/g) (U„.—2&„„n) . (4.8)

If we assume the interaction Lagrangian density
given by (3.2) and (3.15), obtaining the field-source
identity (3.26), then we obtain the relation
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tation, in general, as

&0I I:U""( ),&'(y)710)

ds( S""" (r),s)ps(s)+'U'" "'(r),s)pi(s)

+-', d~"d' p„(s)+(1/24) l&"8'p„(s)

+ '(b'"d—'+d""P )po„(s))A(. x y, s)—, (4.16)

in an obvious notation. Making the further decompo-
sltlon

(p /rv, tra(p) v0/rv, ka(p) p (ps)+. . . (4 23)

analogous to the decomposition in (4.16), we define
the square of the renormalized mass m' as the value of

p, wliele

ReP, (~s)7-i =0. (4.24)

Proceeding as for the vector meson, ' we may obtain
the relations

()p()v 8"8"
~IJ'V 4 dPV —gPV

$ S
with

F (p') =Z Z '/(—m' p—' iy—//s), (4.25)

U/trv(rr) as) 1 (r)/r) rd a+vogvg d/o/rr ZZi ' ——— LRe(F,)
—'7

d 2

~1 —.(4.26)
pr//sZps(m')

+r)/rr)/dva+rg g/dv/ra) r(4 i 7)

When B„J&"=0,we have the relations

py= 0& poa= ygpob= Spoc= po ~ (4.18)

say. Equation (4.13) now leads to the spectral-function
sum l ules27

The possible choices of Z and the resulting normaliza-
tions of the matrix element (TI t/'„„(0) IO) between the
vacuum and a one-particle state may be discussed as
for the vector meson; we shall not give the details here.

This discussion may be extended to the problem with

f filllxlilg-.

m~2

ds p. (s) =Z—', (4.19a)
V. CONSTRAINTS IMPOSED BY

LORENTZ COVARIANCE

2mÃ

po(s) CZ '
dS —= —=mo

$ mo

d$—L»(s)+9po(s) 7

(4.19b)

where C is a positive constant, which depends, in general,
on the interaction. For the free field, C=1.

The lower limit of the spectral integrals is 4m ' when
we consider the spectral functions for the neutral iso-
scalar tensor meson. From (4.19a) and (4.19b), using the
positive-definiteness ot ps(s) and. pp(s), we obtain

mo2)4m '. (4.20)

For a stable neutral tensor meson, we thus obtain
mo2& m'.

For the renormalized propagator in momentum space,
we make the decomposition

(p/rv, /ra(p) 'D'" "'(P,s)»(s)$—
6P'P"P'P'

+ p„(s) (4.21)
$

—
(p /rv, t a(p)+(p /rv, tro(p) (4.22)

"The spectral-function sum rules for spin-two fields have been
discussed by the author in an earlier paper I see K. Raman,
Nuovo Cimento 55A, 650 {1968);and Erratum (to be published) J,
where these are given also for the more general possibility where
the source tensor J„„for the spin-two 6eld has nonzero divergence
and trace.

The invariance of a field theory under the Poincare
group imposes constraints on the theory, which may be
expressed in the form of the equal-time commutation
relations (ETCR) among the components of the stress
tensor. ""The general form of the stress-tensor ETCR
consistent with Poincare invariance and locality has
been discussed by Boulware and Deser, "who give the
following form:

rLOoo(x) Hoo(y)7'o= o

= LH»(x)+Oo/(y)7r)/(x —y)+o/oo, oo(x y) (5.1)

~I:Ooo(x),o»(y) 7.,=.o

= Leo/(x)+Ooo(y)r)s/7dA(x —y)+o/oo, oo(x,y), (5 2)

/LOpp(x) 0/r/(y)7
=

L
—&pe~/(x)+ Oo~(y) &/+ Oo/(y) d~7

+&(x—y)+o/pp, o/(xry) r (5 3)

/Lop/. -(x),oo/(y) 7.,=.,
=

I O~p/(x) 8/„.+ O~p/ (x ) r)/7l5(x —y)+ pr/p/;, o/(xry) r (5.4)

/I Oo/„(x), O,. (y. )7.,
=- Lo -(x)nH —O"-/(x) n»/'

—0 /(y) rj„,7r)///(x —y)+o/o/. ..„.(x,y) . (5.5)

Here, the operators Moo, oo etc. , are subject to the
constraints discussed in Ref. 28.

To find the implications of the Lorentz-covariance
conditions (5.1)—(5.5) on a, theory with a field-source

'8 P. A. M. Dirac, Rev. Mod. Phys. 34, 1 (1962); J. Schwinger,
Phys. Rev. 127, 324 (1962); 130, 406 (1963);130, 800 (1963)."D. G. Soulware and S. Deser, J. Math. Phys. 8, 1468 (1967).
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~oo, ok'(x, y) = (2/3g )& &A(x —y), (5.6)

took, „ '(x,y)
(r~k /g ) [2 (gkmt)n+ r)knr)m 3 r)nmC)k) ~(X y)

—(2/3'') 8 c).c)kb(x —y)$. (5.7)

Here we have used the notation

oooo, ok= g (g Moo, ok')+g oooo, ok

+ (tei'ills i.'egillai lii g) . (5.8)

Note tha, t (5.7) and (5.8) lead to the relation

~ok, mm (xyy) = oooo, ok'(x, y) ~ (5.9)

This is in agreement with the result noted by Houl-
ware and Deser, "that in the vacuum-expectation values
(oooo ok)o and (eiok, )o the parts proportional to the
third derivative of 5(x—y) are the same.

(2) The field-source identity and the stress-tensor
KTCR impose explicit constraints on the nature of the
field dependence of the source density J„„(x)in the field
equations for the neutral spin-two mesons. "

Details of these are given elsewhere. "Here we shall
merely quote two important qualitative results follow-
ing from these constraints:

(3) When we require the Jacobi identity to hold for
triple commutators involving a component of J„„and
the canonical variables UA, E and ~I,~, then the constraints
following from the field-source identity and the stress-

'0 This is analogous to the result that the 6eld-current identities
for the vector and axial-vector currents determine the singular
terms in the commutation relations for these currents. See T. D.
Lee, S. steinberg, and B, Zumino, Phys. Rev. Letters 18, 1029
{1967).

"When we write a spectral decomposition of the vacuum-
expectation value (0~LO„„(a),Ok, (y)]~0), then the results (5.6)
and {5.7) lead to sum rules for the spectral functions of the stress-
tensor two-point function. These will be discussed elsewhere.

32For a discussion of noncommutation and field-dependence
requirements on (divergenceless) sources of spin-two fields, see
K. Raman, J. Math. Phys. {tobe published).

33 K. Raman, Brown University report, 1969 {unpublished).

identity, we substitute the field-source identity into the
ETCR's (5.1)—(5.5) and reexpress the resulting equa-
tions in terms of the dynamical variables VI„.&~ and xI, &.

AVe then obtain the following results.

(1) The field-source identity determines the parts
of the singular terms in the stress-tensor ETCR which
are c numbers and which are the most singular in the
coupling constant g.ao These are the following":

tensor ETCR require that some of the singular terms in,
the stress-tensor ETCR must be q numbers.

(4) Also, as a consequence of some of these con-
straints, the interaction term gJ„„(x) for the spin-two
field must be nonlinear in the coupling strength g.

These results indicate in what way a field-source
identity restricts a Lorentz-invariant theory.

VI. CONCLUSIONS

In this paper, we have suggested that the hypothesis
of tensor-meson dominance of the stress tensor may be
expressed by the requirement that the irreducible spin-
two part of the complete stress-tensor operator of the
hadrons is identical to a linear combination of the ir-
reducible spin-two parts of the renormalized Geld oper-
ators for the neutral isoscalar spin-two mesons, and that
the trace of the stress tensor is, similarly, a linear
combination of the traces of these spin-two meson Geld
operators.

YVe have shown how this hypothesis may be realized
in a, class of Lagrangian Geld theories of neutral tensor
mesons with a gauge-invariant coupling to the gravi-
tational field. Ke have here treated the gravitational
interaction to lowest order; this has enabled us to pro-
ceed in a manner analogous to that used by Kroll,
Lee, and Zumino for the electromagnetic current.

Ke have also briefIy discussed here the constraints
imposed by Lorentz covariance on a theory with a
field-source identity. These are in the form of conditions
on the source J„„describing the strong interactions of the
spin-two mesons. We have not exhibited an explicit
model satisfying these constraints. However, we have
not found any inconsistency among these conditions,
and we take this to support the existence of nontrivial
theories with a field-source identity.

Some of the questions that arise in this work are
(a) the explicit construction of theories with a field-
source identity, (b) the extension of the results obtained
here to all orders of the gravitational interaction, and
(c) the formulation of a theory with tensor-meson domi-
nance of the traceless parts of the stress tensor and
scalar-meson, dominance of the trace.

These and other questions relating to the tensor-
meson dominance hypothesis will be discussed in subse-
quent work.
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