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Canonical field theory predicts that a zero-mass scalar field theory with a A¢* interaction is scale invariant.
It is shown here that the renormalized perturbation expansion of the A¢* theory is not scale invariant in order
2. Matrix elements of the divergence of the dilation current D,(x) are computed in order A? using Ward
identities; it is found that V#D, (x) is proportional to M¢*(x). It is also shown that the dimension of the field
¢* differs from the canonical value in order A, and that this result leads one to expect a N2%* term in V#D,.
It is also found that matrix elements of the composite field ¢*(x) in perturbation theory have troublesome
singularities at short distances which force one to give careful definitions for equal-time commutators and
Fourier transforms of 7" products in the Ward identities involving this field.

I. INTRODUCTION

N a previous paper a new theory of the short-distance
behavior of strong interactions was proposed.! The
theory involved several unfamiliar ideas, in particular,
the idea of an ‘“operator-product expansion’ and the
idea that the dimensions of quantum fields are changed
by interactions between the fields. The present paper
is one of a series? designed to make these ideas come
alive. These papers concern nontrivial problems in
perturbation theory or soluble models; they show how
operator-product expansions or dimensions changing
with the coupling constant are involved in the solution
of these problems.

The purpose of this paper is to study a puzzle in
renormalization theory. The puzzle is as follows. Nor-
mally, when the unrenormalized Lagrangian is in-
variant to a symmetry, the renormalized perturbation
expansion for the Lagrangian is also invariant to the
symmetry. This is true for internal symmetries such
as isotopic spin; it is also true of Lorentz invariance.
However, there is an exception, the exception being
scale invariance.® For example, the unrenormalized
Lagrangian for the electrodynamics of zero-mass elec-
trons is scale invariant (because the only parameter in
the zero-mass Lagrangian is the bare coupling constant
eo, which is dimensionless). However, the renormalized
perturbation expansion for zero-mass electrodynamics
is not scale invariant. The renormalized zero-mass per-
turbation expansion was defined by Gell-Mann and
Low.* The photon propagator in the zero-mass theory
has the approximate form?

D(k)= (¥)7[1—(e/12a%)n(&*/x)) I,  (1.1)

* Work supported by the U. S. Atomic Energy Commission.

1 Permanent address.

LK. Wilson, Phys. Rev. 179, 1499 (1969).

2 The other paper in the series is K. Wilson, Phys. Rev. D 2,
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8 N. N. Bogoliubov and D. V. Shirkov, Introduction to the
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where « is a reference momentum that is introduced as
part of the Gell-Mann-Low renormalization procedure,
and e, is a renormalized coupling constant defined rela-
tive to the reference momentum. The reference momen-
tum is necessary, for without it the renormalization
procedure would replace ultraviolet divergences by
infrared divergences. The form (1.1) is a sum of lead-
ing logarithms for each order in e,. In contrast, if the
renormalized perturbation expansion were scale in-
variant, the leading logarithms would be required to
sum to a power of k2

A tentative explanation will be proposed here for this
puzzle. To simplify matters, the A¢* interaction of a
scalar field ¢ with zero mass will be discussed instead of
zero-mass electrodynamics. At the heart of the explana-
tion is the result (to be derived in Sec. III) that when a
renormalized Heisenberg composite field is defined start-
ing from the product ¢*(x), the resulting field changes its
dimension in the presence of interaction. However, the
dimension of the Lagrangian cannot change, so A must
acquire compensating dimensions. Then A ceases to be
a dimensionless constant, and there is no longer any
reason to expect the theory to be scale invariant. This
is the essence of the explanation given in Sec. III. What
is meant by a change of dimension for ¢* will also be
explained precisely. The idea of the constant A changing
dimensions, however, will not be discussed in detail;
instead it will be argued that the change of dimension of
¢* leads to a term proportional to M¢* appearing in the
divergence of the dilation current, thereby spoiling
scale invariance.

In this paper the scaling properties of the A* theory
will be inferred from Ward identities involving vacuum
expectation values of the fields ¢(x), ¢*(x), and the
divergence of the dilation current, called S(x). These
Ward identities will be used to calculate matrix elements
of the divergence S(x), given matrix elements involving
only ¢(x) and ¢*(x). It is possible to calculate matrix
elements of .S directly without using the Ward identi-

Theory of Quantized Fields (Interscience, New York, 1959),
Chap. VIIL.
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2 ANOMALOUS DIMENSIONS AND THE BREAKDOWN OF SCALE-.-

ties; doing so would provide a check on the calculations
of this paper. A start on such calculations has been
made by Callan, Coleman, and Jackiw.® Direct calcula-
tions of the matrix elements of S are not made in this
paper because there are many problems involved with
such calculations which do not appear in the calculation
of matrix elements of ¢ alone. Some of these problems do
appear in the calculation of matrix elements of ¢*(x)
and will be discussed later. But as far as possible this
paper relies on uncontroversial Feynman-diagram for-
mulas; this is for simplicity and to make clear that the
breakdown of scale invariance is an inevitable conse-
quence of these formulas.

In calculating matrix elements of the operator ¢*(x)
and in checking Ward identities involving these matrix
elements, problems arise which can be traced to an
age-old problem: What does a 7" product of operators
such as T¢(x)¢*(y) mean when x=y? Axiomatic field
theorists answer that it is arbitrary in the sense that
one is free to add any term proportional to 8*(x—y) or
derivatives of §*(x—y) to the 7" product.” Other field
theorists take it for granted that the 7' product is
uniquely defined, without making clear what that defi-
nition is. In order to get consistent results in this paper,
it will be necessary to specify a definition of the T
product which eliminates the arbitrariness. There will
be a corresponding, precise definition of the equal-time
commutators which occur in Ward identities. It will
be shown that under normal circumstances the defini-
tion of equal-time commutators given in this paper
agrees with the customary one, but in abnormal cases
(one of which occurs later in this paper) the two defini-
tions do not agree. There will also be circumstances
where the definition of the 7 product given here has to
be modified to include subtractions; an example of this
also occurs later in this paper. The definition of the T°
product given in this paper may or may not be one that
field theorists can agree upon; what is essential is that
in all future discussions of Ward identities the definition
of the 7" product be stated, so that one can handle more
easily the kind of problem that arises later in this paper.

In Sec. II the problem of defining 7" products is
analyzed, with examples showing the problems that
can arise. In Sec. ITI, which is the heart of this paper,
the Ward identities and explicit formulas for vacuum
expectation values of ¢ and ¢* are written down. These
formulas are used to show that scale invariance holds
in order A and breaks down in order A%, to compute the
dimension of ¢* in order A, and to infer that S(x) in
order A? is proportional to ¢ In Sec. IV the operator-
product expansion for ¢ (x)¢*(y) is discussed; also, the
dimensions of the composite field ¢;(x)¢;(x) in an iso-
spin-1 ¢* theory are computed and shown to be different
for the isospin-0 and isospin-2 components.

6 C. G. Callan, S. Coleman, and R. Jackiw, Ann. Phys. (N. Y.)
50, 42 (1970).

7 An excellent discussion of the ambiguity in 7 products is
given in Ref. 5, pp. 144-145 and 168-191.
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II. DEFINITIONS OF T PRODUCTS

The problem of defining 7 products will be discussed
primarily in terms of an example, the example being
the T product of two currents.® Consider in particular
the propagator

Dyw(p) = / e "Dyu(x) 2.1)

D (%) = (@ Tju(x)5(0)| @), (2.2)

where j, is a conserved current in an unspecified field
theory and /', means f'd*. The problem to be dis-
cussed here is this: How is the integral in Eq. (2.1) to
be calculated, assuming the function D,,(x) is known?
This is a question which does not arise much in practice
since one is more likely to have an explicit formula for
D,,(p) (via Feynman graphs, or whatever) than for
D,,(x). However, Ward identities are derived in x space
and then Fourier-transformed to momentum space; if
one is deriving a Ward identity for D,,(p), then D,.(p)
is defined by Eq. (2.1) and it becomes a legitimate ques-
tion to ask whether ambiguities arise in computing the
integral, and how to avoid them if they do occur.

The reason that the integral in Eq. (2.1) can cause
difficulties is that D,,(x) is singular at x=0; the singu-
larity at #=0 is such that the integral may be condi-
tionally convergent or divergent at x=0. If the integral
is conditionally convergent, it can be defined by specify-
ing an order of integration for the four integrations (over
the components of x), but the result may depend on
which order is chosen. If the integral is divergent then
it can only be defined by subtracting the divergent
terms.

An example of conditional convergence is provided
by a free vector-meson propagator. In this case it will
be shown below that the integral in Eq. (2.1) gives
different answers depending on whether the X integral
or the wx, integral is solved first. It will also be shown
that the usual noncovariant form of D,,(p) is obtained
by solving the x integral first. These results will be shown
by using one of the standard derivations of the non-
covariant propagator and being careful when the order
of integration is changed. The standard derivation will
first be stated without being careful; the careful deriva-
tion will be given afterwards.

The non-time-ordered matrix element

P (%) = (@] (%) 7,(0) | @)

8 The “noncovariance’ of the propagator of a free vector-meson
field is discussed in Ref. 5, pp. 141-142. For .more general cur-
rents, the problem is discussed in K. Johnson, Nucl. Phys. 25,
431 (1961) For more recent discussions of the “noncovariance”
of T products, see R. F. Dashen and S. Y. Lee, Phys. Rev. 187,
2017 (1969), and references cited therein; D. Gross and R. Jacklw,
Nucl. Phys. B14, 269 (1969).

(2.3)
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(where 7, is now the vector-meson field) is

Pul'(x)_—_/ e (p), (2.4)

Pur() =2m8(p0)8(p* —m*) (—gutpupn/m*) ,  (2.5)

where m is the vector-meson mass, f, means
(2m)~ S d*p, and 6(xo) is the usual 6 function.® The T
product Dy, (x) =p,,(x) when x0>0; for x¢<0, D,,(x)
=p,u(—x). The propagator D, (p) is

Dou(p) = f dxo f @5y orivs ] e i7,0(g)
0 q
0
+/“Jmmvémm@<m>
. q

Exchanging the order of integration so that the x inte-
gration is done first, one gets a § function [either
8(p—q) or &(p+aq)]. Doing the q integration next
eliminates the 6 function; then one does the x, integra-
tion, leaving

1 il 1
mm=f/d4~—fwmm
2t J qo—po—1ie

1
+—~——m,—m}(m>
ot prtil

Using the explicit form for p,,(p) gives

DW(P) = (—guv+PuPV/m2)i(P2_m2+ie)_l*i5u06v0/m2;
(2.8)

where 6,0 is the Kronecker §; the 8,08,0 term is the non-
covariant piece.

The integrals in Eq. (2.6) can be evaluated more care-
fully using convergence factors to make all integrals
absolutely convergent. The orders of integration can
then be exchanged legitimately. With convergence
factors, one has

D,w(p)=/ dxo/ r%ir/d&)/ (etr— 024 g—ilrto) z)
7 6 q

Xpw(q) eXP(—Ofxo—a’—GIQOI —elal), (29

where the x integral has been written in terms of polar
coordinates (d€ is the solid angle differential). The con-
stants @ and e (which must be positive) make the in-
tegrals absolutely convergent. By putting lower limits
n and 6 on the xp and X integrations one can study differ-
ent orders of integration for the x integral. Thus to find
the result of performing the x integration before the
%o integration in Eq. (2.1), one takes the following
limits in Eq. (2.9): e — 0 first (to get the ¢ integration

9 The metric of this paper is (1, —1, —1, —1).
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correctly before taking any other limits), @ — 0 second,
6 — 0 third, and » — 0 last. To do the x integration
last, one takes the limits in the order e — 0 first, then
n— 0, then « — 0, then § — 0.

The integral with convergence factors present can be
computed explicitly when «, € 7, and 6 are small,
neglecting small terms. The result is

Duv(P) = Ds,w(p) + (7r’m2)‘1( _%guv+%5u05v0)

n+0 276
x%[ ]+ },@m
n—0—1e 02 —n%+ie

where Dg,,(p) is the standard form for D,,(p) given by
Eq. (2.8). If n and 6 are both small but of the same
order, the second term is of order 1; terms of order 7,
6, etc. have been dropped. If § — 0 keeping 7 fixed, the
second term vanishes, leaving the standard form; but
if » — 0 keeping 6 fixed, one gets

DI-‘V(P) =DSMV(P)+ (im—Z) (—%gnu—!'%ﬁuotsyo) .

Hence the order of integration in Eq. (2.1) is significant;
to get the standard form for D,,(p), one must write

D,w(p)=1in& l/ dxo—i—/ dxoll

X/d% e *D,(x). (2.12)

(2.11)

For any finite 5 the point #=0 is excluded from the
integral. However, except for this point the function
D,,(x) is covariant [the Fourier transform of the non-
covariant piece of D, (p) is proportional to 8*(x) and
vanishes if #7£0]. So the noncovariance in D,,(p) is
entirely due to the noncovariant definition of the inte-
gral in Eq. (2.12). This result can be shown directly. If
D,,(p) is computed in a Lorentz frame moving in the
z direction with velocity v, using Eq. (2.12) in the mov-
ing frame, and then Lorentz-transformed back to the
fixed frame, one gets [by transforming Eq. (2.8)] a
function D,,(p,9):

DW@@=Kﬁ_mLH@4(1M+pM9

m?

.(5;‘0—,‘2)6,43) (6v0+v5v3)

(1—o?)m?

(2.13)

The function D,,(p,v) must also result if one transforms
the integral of Eq. (2.12) from the moving frame to the
fixed frame. Since D,,(x) is covariant, the only change
is in the boundary of integration; one gets

Do) =lim (= 0)

X/ 0| o—vas| —n(1—2v2)"/De*Dyu(x), (2.14)
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ie., the region |xo—ovxs| <n(1—1?)!2 is excluded from
the range of integration. Since the scale of » does not
matter one can also specify the excluded region as
|wo—vx3| <. The difference between D,,(p,») and
D,,(p) must come from the difference in the excluded

regions. That is,
(/ —/ )d“x e’ =D, (x), (2.15)
Ry R

Dy(pyv) —Dyu(p)
=lim
7->0
where Ry is the region |xo| <7, |xo—vx3| >n, and R, is
the region |xo| >, |vo—vis] <n.

The regions R; and R both collapse in the limit  — 0,
so for the limit 7 — 0 to be nonzero, D,,(x) has to be
singular within these regions. Both regions are spacelike
relative to the origin except for a region of linear size 7.
The function D,,(x) is singular only on the light cone
and at x=0; these singularities lie in the region of linear
size 1, and must be strong enough to overcome the
small volume of integration. It is worth showing ex-
plicitly how the singularity of D,,(x) at =0 results in
a nonzero limit, for in doing so one can deduce a general
rule for when the integral of a 7" product may be
noncovariant.

The explicit form of D,,(x) is known; it is'

Dy(x)= [_gnv_ (1/m2)V,.V,,]Do(x) ’

where Do(x) is the free propagator in x space for a scalar
particle:

(2.16)

Dy(x) =/ e T (p2—mA i) L. 2.17)

»

For small x, one has
Do(x)=— (4701 (x®—1e)7 . (2.18)

The most singular term in D,,(x) for small x is
D, (2)~(2rm?) 1 (—gu2*+da,n,) (2 —ie)=3.  (2.19)

Without affecting the limit (2.15), the regions R; and R,
can be redefined to lie within the region | xo| <fo, | x| <7y,
where #o and 7o are small but held fixed as n — 0. Within
this region, both D,,(x) and e??°* can be approximated
by small-x expansions; as will be shown later, only the
leading terms from these expansions contribute to the
limit (2.15). Only the leading terms will be discussed
explicitly. Also, for simplicity only the 00 component
of D,,(0) will be discussed. Approximating Dg(0) by
Eq. (2.19) gives

A =D00(0,7)) —Doo(o)

=1ir% [/ —/ I»d4x(21r2m2)”1(—x2+4x02)
S X (2t —X2—ie)=3. (2.20)

10 Equations (2.16) and (2.18) can be derived from formulas in
Appendix I of Ref. 5 (the equations at the top of p. 652 of Ref. 5
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The regions R; and R are now
R1I lxo,<’l7, ]xo—'ux3]>77, Ixol<to, and le<1’o,
Ro: x>, |xo—vas| <n, |wo| <to, and [x]|<r,.

The x integrations can be done explicitly; it is easily
seen that terms depending on 7o will not contribute in
the limit 7 — 0. With such terms dropped, the inte-
grals have the explicit form

" 1 1
A=—(2rm?)~? / dxo(«ﬁw— 4+ —_
0 [7al Fx0  |7a) —a0tie

1 1 t 1
+ + >+(21rm2)’1 / dxg<
ryta0  ro—xotie 7 740
1 1 1
ro—%XoFie  rytxo  re—xotie
where
Vo= (370“77)/7) ) (2'22)
7o= (xo+n)/v (2.23)

[the symmetry for xo— —x of Eq. (2.20) was used to
eliminate integrals with x¢<<07]. The %, integrations can
also be done explicitly; the result is independent of £
when 7 is small and gives

A= (—1/m?)?(1—1)71, (2.24)
which agrees with Eq. (2.13).

The reason one can generalize the above calculation
easily is that its qualitative features can all be deter-
mined by scaling arguments. The terms in A which re-
main finite for n — 0 are unaffected by # and 7o, and
in the leading approximation D,,(x) depends only on x
not on m?2, except as an over-all factor. Hence » becomes
the only dimensional parameter in the integrals. Thus
to get qualitatively the dependence of the integrals on
7, one can replace o and x by the dimensionless vari-
ables yo=1x0/n, y=x%/5, and collect factors of 7. When
yo and y are of order 1, the limits defining R; and R, do
not depend on 7. So in Eq. (2.20) the substitution gives

a={[ = [ ntavsmtmy =iz
Ry Re
Xy

~{ [ [ Jas@rmryran
R1 B2

X@y*—y*—ie~*, (2.25)
which is independent of #; the regions R; and R»

are incorrect by a minus sign and there are factors of 7 relating
the propagators of this paper to those of Ref. 5),
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arel!
Ry: ]y0|<1;

Re: |30 >1,

[yo—vys| >1,
| yo—vys| <1.

Thus from a scaling argument one sees that A will be a
constant for n — 0 (however, only an explicit calculation
can show that the constant does not vanish). One might
worry about the effects of the light-cone singularity
(v0=]y| but y050) on the scaling analysis, but one can
see by tracing through the detailed calculation that the
i€ in 22—7e makes the light-cone singularity integrable
and does not destroy the scaling arguments (provided
one does not choose #p and 7o so that {2—7?=0).

The importance of the scaling argument is that if one
had extra powers of X or xo in the numerator of Eq.
(2.20), the scaling argument shows that A would vanish.
This can be verified by explicit calculation. This means
that A does not change if one puts €??'* in the integral,
since the terms p-x, (p-x)? etc. in the expansion of
e’?'* do not contribute in the limit n — 0. Likewise, less
singular terms in D,,(x) do not contribute to the limit.
Hence, the explicit calculation gives the more general

result,
Doo(p,0) —Doo(p) = (—i/m*)v?/ (1—1?)

in agreement with Eq. (2.13).

Even more generally one deduces the following gen-
eral rule. Let 701(x)02(0) be a T product of two arbi-
trary local operators O1(x) and 02(0). It does not matter
whether these operators are scalars, spinors, tensors, or
whatever. Let

(2.26)

M(p)= / v 4| TO(R00)|B)  (227)

be the Fourier transform of an arbitrary matrix element
of the T product. If the matrix element itself scales as
¥+ as x — 0, with >0, then M (p) is covariant and
independent of the order of integration. The hypothesis
of operator-product expansions! predicts that no matter
what matrix element is considered, the leading short-
distance behavior of the matrix element will be a func-
tion of « only, except for an over-all factor [as was the
case for D,,(x)], so that the scaling analysis applies.
The conventional integral for D, (p) can be divergent.
The current of a free Dirac field gives a simple example
of this. The divergence is simply the well-known diver-
gence in the lowest-order vacuum polarization diagram
for electrodynamics. However, we are not calculating

U The original limits |xo| <fo, |X|<ro become |yo| <fo/n,
|y| <7o/n. In the integrals of Eq. (2.25) these upper limits can
be replaced by « without changing A, when 7 is small. In scaling
analyses of more general problems [discussed after Eq. (2.26)],
replacing fo/9, 7o/n by « may lead to divergent integrals. Then
one must make a more sophisticated analysis, using the scaling
argument only for values of y~1 and computing explicitly the
integral for y large, i.e., for y<n~1. However, the large-y region
will only give terms of order 5 since this region is away from the
singularity of D,,; hence the scaling analysis will still determine
whether A can be nonzero for n — 0.
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vacuum polarization here, so the divergences cannot be
removed by a renormalization. The calculation here is
of the Fourier transform of the propagator of the cur-
rent; to remove these divergences, the Fourier trans-
form integral must be subtracted. As usual with sub-
tractions, there is some arbitrariness in the exact form
of the subtracted integral. The calculation will be de-
scribed briefly. The current 7,(x) is

Ju@) =P @)y (@), (2.28)

where ¢ is a free Dirac field and :---: denotes Wick
ordering. The propagator D,,(x) is now

D,y (%) = —Try,uSo(x)v»Se(—x), (2.29)
where
So(x) =1 / e (yhpyut-m) (p—m eyt
»
= (iy*Vutm)Do(x). (2.30)
When «x is small, the most singular term in So(x) is
So(x) =1 (2n2)ykx, (x2—i€)~2, (2.31)
As a result,
Dy ()14 (g — 2x,x,) (62 —1e)~*  (2.32)

for small x. The integral S D,,(x)e’? *d3x diverges as
29— 0; from a scaling argument the divergence should
be proportional to x¢~3. The divergence can come only
from |x|~wxo in the integral, so it is legitimate to use
the approximation (2.32) in doing the calculation of the
divergence. The integration can now be done explicitly
and gives

/d3x €Dy ()= (i/6m2) | 20| ~3(— v+ u0do) . (2.33)

There can also be terms of order |xo]™2 |xo| ™, etc.
Thus computing the integral of Eq. (2.12) gives a diver-
gent result. The way to avoid this divergence is to sub-
tract the integral so that the scaling argument predicts
convergence. The simplest subtraction is to subtract a
Taylor’s series expansion of ¢??'%; one defines!

Dy(p)= / Le?—1—ip-a+3(p-2)*]1Dpw(x). (2.34)

The leading singularity of the integrand now scales as
x~% instead of 7% As a result, the scaling arguments
show that D,,(p) is finite and covariant. The terms
subtracted are a quadratic polynomial in p. In effect,
one has subtracted infinite constants multiplying p?% p,
and 1 from the old form of D, (p). As usual, one is

12 The subtraction 7p-x might seem unnecessary since the inte-
gral of xD,, (x) should vanish by Lorentz invariance. Unfortunately
one often has to use a noncovariant definition of the integral, as
in Eq. (2.12), in which case the integral of xD,,(¥) might not
vanish.
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always free to add finite constants times 2%, p, or 1 to
D,,(p); to keep D,,(p) covariant, the added terms must
also be covariant.

Even for cases like the free vector-meson propagator,
where the unsubtracted integral is finite, one is free to
use a subtracted integral to define D,,(p). One can make
as many subtractions as one likes, but one subtraction
is sufficient to define a covariant form for D,,(p).

Axiomatic field theorists have long asserted that the
Fourier transforms of 7" products are ambiguous. There
is an excellent discussion of the role of these ambiguities
in renormalization theory in Bogoliubov and Shirkov.5
Nevertheless the popular view is that a Fourier trans-
form such as D, (p) is a unique and even physical
quantity, at least relative to a given Lorentz frame. The
axiomatic view must in the end replace the popular view,
since the ambiguity in D,,(p) in examples like the Dirac
current of a free fermion field is beyond question. Un-
fortunately, much experience has been acquired with
the unsubtracted form of the definition of D, (p) and
more general -transforms like M (p) in Eq. (2.27). One
must now distinguish two problems. The first is, given
that the standard definition of the Fourier transform
exists, to show in practical situations that no physics
is changed by using a subtracted formula instead. This
may not be trivial to demonstrate but is not a very
rewarding subject to pursue. The second question is
what happens to the physics when subtractions are
necessary. There is already one example known where
the necessity for a subtraction changes a current-algebra
prediction, namely, the Adler-Bell-Jackiw-Schwinger
anomaly which changes the current-algebra prediction
of the #° lifetime.!® One must be prepared to find other
applications where subtractions have nontrivial effects.
It is certainly worth looking for such effects, especially
when the use of conventional Ward identities gives un-
satisfactory results, as in  decay.!

18 J, Schwinger, Phys. Rev. 82, 664 (1951); J. S. Bell and R.
Jackiw, Nuovo Cimento 604, 47 (1969); S. L. Adler, Phys. Rev.
177, 2426 (1969). For a discussion explicitly in terms of divergences
and subtractions in Fourier transforms of 7" products, see K. G.
Wilson, zbid. 181, 1909 (1969). For further references see R. W.
Brown, C-C. Shih, and B. L. Young, ibid. 186, 1491 (1969).

1 See Ref. 1 for a possible resolution of the #-decay problem and
further references. The explanation of 4 decay offered in Ref. 1
fails if all nine pseudoscalar fields are divergences of currents, as
in the quark model. The reason is as follows: According to Ref. 1,
the n-decay amplitude when the 7o four-momentum is zero is
given by a matrix element (y|[ fo3(0),Q4s]|x*7~), where fis a
coupling constant, o3 is the third component of the isovector o
field, and Qus is the third component of the axial charge. Since
the 7o has zero four-momentum, the full four-momentum of the
7 is carried by the n+ and n~. Hence the commutator must not
equal a divergence, for any divergence has a zero matrix element
between states of the same four-momentum. But in conventional
SU (3)XSU (3) the commutator is one of the pseudoscalar fields.
One can arrange that the commutator is not a divergence by
assuming that there are only eight axial-vector currents instead
of nine (this was done in Ref. 1), or by assuming that the field w
introduced in Ref. 1 does not commute with the ninth axial charge.
See S. Glashow, in Hadrons and Their Inleractions, edited by
A. Zichichi (Academic, New York, 1968); and M. Gell-Mann,
Hawaii Summer School lecture notes (Caltech report, 1970)
(unpublished). This difficulty in explaining 5 decay was pointed
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It may help in understanding the problem of the
ambiguity in D,,(p) if one can understand why it was
possible for nonaxiomaticists to conclude that D,,(p) is
unique. The reason lies, I believe, in a conscious or un-
conscious assumption that nonaxiomaticists make about
the nature of field theory. The assumption is this: Any
local operator, such as a current, becomes an observable
when averaged over a region of space, the time being
held fixed. By an “observable,” I mean an operator
which can be multiplied by itself or by other fields,
without producing singularities. The best way to show
that this assumption is made is to look at the popularly
accepted form for an equal-time commutator. The
equal-time commutator of two local fields O;(x) and
02(y) is expected to be a sum of § functions and deriva-
tives of & functions in the spatial variables x and y.
These & functions can be eliminated by averaging O:(x),
say, over a region of space; if p(X) is an averaging func-
tion, then [ fp(X)01(x0,X)d%:,02(x0,y)] is completely
free of singularities. Even more, one assumes that the
unequal-time commutator [/ p(x)01(x0,X)d%x,02(y0,¥) ]
is continuous and differentiable in y, for yo=xo. This
assumption is implicit in the equal-time commutator
formula

[01(0,%),02 (x0,y) ]=4[ 01 (w0,%),[ H,02(x0,5)]], (2.35)

where H is the Hamiltonian and the double commutator
is again expected to be a sum of & functions. If the
unequal-time commutator were not differentiable in yo
at yo=xo, then the equal-time commutator with O
would diverge.

Given the assumption that integration with x makes
operator products be smooth in time, it is easy to derive
the usual form of the Ward identity for D,,(p) from the
definition (2.12). One writes

PDo0) =l [ (=T D0l =) @30

Integrating by parts, one gets
PDup)=lim [ e LD (10 2l =)

—{»7,/ eip"”DOV(x)[(S(xo-‘n)—5(x0+77)]- (2.37)

Since 7, is assumed to be conserved, V#j,(x) is zero, and
since xoisnever zeroin the integral, V(@] T'7,(x)4,(0) |2)
=(Q|T'V*#,(x)7,(0) |2)=0. So the first term vanishes,
and one is left with the surface terms. These terms may
be written as follows. Let

O(p0) = / s %oy X) (2.38)

out by G. Preparata (private communication); see also R. Brandt
and G. Preparata (unpublished).
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Then
2*Dun(p) =lim i@ [e77Q(p,1) (0)
—e3,(0)Q(p, ~m]/9).

According to the assumption stated above, the products

Q(p,m)7,(0) and 7,(0)Q(p, —n) should be free of any
singularity for  — 0, in which case the limit gives

#*Duw(p) =i [Q(9,0),7,(0)1|2),  (2.40)

which is the usual Ward identity relating p#D,,(p) to an
equal-time commutator. If the assumption that Q(p,n)
is an observable breaks down, the limit (2.39) may
not behave like a commutator, since the expression for
finite 7 is not a commutator. An example of this occurs
in Sec. III.

The assumption that integrating an operator over
space only gives an observable is a basic tenet of
canonical field theory, since one builds the Hamiltonian
of a canonical theory out of space-averaged operators,
and the Hamiltonian has to be an observable. The as-
sumption has been rejected by axiomatic field theory
from the beginning since the currents and other local
products in free-field theories violate this assumption
(as is shown by the example of a divergent propagator
discussed earlier). In axiomatic field theory one assumes
only that operators averaged over space and time give
observables; this hypothesis was formally stated by
Wightman, but the idea dates back to the discussion of
the measurability of fields by Bohr and Rosenfeld.!®
Unfortunately the assumption that space-time averages
give observables is not very helpful in dealing with the
specific problems posed by the singularities of T
products.

Some general conclusions of this section are as
follows.

(2.39)

(1) The precise definition for the Fourier transform
of a T product in common usage is exemplified by Eq.
(2.12).

(2) T products in x space are covariant; any non-
covariance in their Fourier transforms are entirely due
to the noncovariant » limit chosen to define the Fourier
integral.

(3) The definition (2.12) is capable of giving diver-
gent results, in which case a subtracted definition, as in
Eq. (2.34), will have to be used instead.

(4) If the integral of a 7" product is defined as in Eq.
(2.12), then the equal-time commutators appearing in

15 The operator Q(0,x¢) is independent of xo because j, is
conserved; therefore it automatically satisfies the smoothness
assumption. But Q(p,xo) need not be smooth in x, for nonzero
P. The problem of defining equal-time commutators within the
framework of axiomatic field theory is discussed in R. Schroer
and P. Stichel, Commun. Math. Phys. 3, 258 (1966) ; A. H. Volkel,
Phys. Rev. D 1, 3377 (1970); Free University of Berlin report
(unpublished).

16 See A. Wightman and L. Garding, Arkiv Fysik 28, 129
(}11965), especially pp. 131-133 and 153-154, and references cited
therein,
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Ward identities must be defined as a limit as in Eq.
(2.39).

III. SCALE INVARIANCE AND
PERTURBATION THEORY

To begin this section, the commutators of the gen-
erator of scale transformations will be derived. Ward
identities for the dilation current will then be written
for matrix elements involving the fields ¢ and ¢* of the
A\¢* theory. It will be assumed, to start with, that all
integrals of T products are conventionally defined and
all Ward identities have their customary form. The
exceptions will be discussed later.

If the field theory is scale invariant,!? then there exists
a set of unitary transformations U (s) with the property

UT()p (x) U (s) =s%(sx) .

The constant d is called the dimension of ¢. The unitary
transformations U(s) can be written in terms of an
infinitesimal generator D:

3.1)

U (s)=e—itmoD (3.2)

The logarithm of s appears in the exponent so that U (s)
will satisfy the composition law

U(s)U (s1)=U (ss1). (3.3)

Let s be 14 € with e small. Then from Eq. (3.1) one
derives

i[D,¢(x) 1= (d+x+V,)o ().

For each composite field in the theory there will be a
corresponding commutator. In particular,

iLD,¢*(x) ]= (dr+a+V,)¢* (x)

where d; is the dimension of ¢*(x). The generator D is
expected to be the integral of a local “dilation current”

D,(x):

(3.4)

3.5)

D=fﬂ@ﬂ%. (3.6)

The current D, must be conserved if scale invariance
holds, in which case D is time independent.

Now consider the Ward identities. To allow for the
breakdown of scale invariance, let D, have a diver-
gence .S,

VD, () =S (), 3.7

17 For more detailed discussions of scale invariance, see, for free-
field theories, J. Weiss, Nuovo Cimento 18, 1086 (1960); for
interacting-field theories (including Ward identities), G. Mack,
Nucl. Phys. B5, 499 (1968). See also Refs. 1, 3, and 6, and D.
Gross and J. Wess, Phys. Rev. D 2, 753 (1970). Some recent
papers are S. P. deAlwis and P. J. O’Donnell, Phys. Rev. D 2,
1023 (1970); L. N. Chang and P. G. O. Freund, Caltech report,
(1970) (unpublished); P. de Mottoni and H. Genz, Nuovo Ci-
mento 67B, 1 (1970); K. G. Wilson, SLAC Report No. SLAC-
PUB-737 (unpublished) ; M. Gell-Mann (Ref. 14),
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and consider the matrix element

where |Q) is the vacuum state. Substituting VD, for S
and integrating by parts, the conventional calculation
gives!®

Mo 0) = / V0] To(r)- - -0(en) DA() | )

+i(Q| TL(d+2x1 Vi) p(a1) Jp(w2) - - - () | Q)+ - -
+i(Q] Tp(x)p(x2) - - - [(d+xn- Va)op(2)]| Q). (3.9)

The integral of the gradient vanishes and one is left
with the commutators. It is convenient to bring the
derivatives Vy, etc., outside the 7" product, which results
in further equal-time commutator terms. However,
these further commutators cancel in pairs.’® Consider
the case n=2, for example. Then the result of moving
the gradients is

M (x1,%9) =1 (2d+wx1- Vitas Vo) (@ T (21) (2) | 2)
—1%x100 (xlo—xzo) <QI [45 (xl) P (x2)] l Q>
— 1200 (10— 220) (| [ (w2), (1) ]| 2.
The two commutator terms cancel. This is true for all
n; thus
M (w1 - xn) =i (nd+a1- Vit - -0 Vo) K (w10 %)
(3.11)

(3.10)

where

K@y wa) =@ T(x0) - ¢(x)[2).  (3.12)

The Ward identity (3.11) is the starting point of the
analysis of this section. If scale invariance is exact, M
must vanish. Therefore, we shall try to make the func-
tions M (x1---x,) vanish in perturbation theory. The
dimension d will be treated as a fudge factor chosen to
make M vanish if possible. This will be possible in order
A but not in order A\2. Having found that the functions M
cannot vanish in order A% they will be calculated ex-
plicitly and used to infer the form of V+D,.

Next some explicit perturbation formulas will
be written out for vacuum expectation values in-
volving ¢(x) and ¢*(x). Only connected graphs will
be considered (disconnected graphs will be discussed
later). Let K.(x1---x.) be the connected part of
QTp(x1) - -d(x,)|Q) and let W,(x:1::-xn,y) be the

connected part of the matrix element

(@ T (x1) - - -9 (xn) 94 () :| Q).

By :¢*(y): is meant a Heisenberg field that reduces to
the Wick product :¢*(x): in the free-field limit. In the

18 Surface terms at time yo+0 are neglected. In a zero-mass
theory this can be a mistake; it is assumed here that the neglect
is legitimate.

19D, Gross and J. Wess (Ref. 17).

1485

Fre. 1. (a) Feynman graph (a)
for self-energy function Z; (b)
Feynman graph for p.

interaction representation, one defines (before re-
normalization)

W (1 - 2n, ¥) = (@] Tpr(x1)er(w2) - - - br(acn) 1 prt(y) :
Xexp(*i)\/ :¢f‘(z):)]&2), (3.13)

where ¢r(x) is the scalar field in the interaction repre-
sentation. W, is the connected part of W. The matrix
elements K, will be quoted to order A2, the matrix ele-
ments W, to order A only. The vacuum expectation
value W.(y) will not be computed since it can be re-
normalized to zero by subtracting a ¢ number from the
Heisenberg field :¢*:. Matrix elements involving pro-
ducts of two or more Heisenberg fields :¢*: will not be
discussed ; hopefully the analysis of the W/, functions is
sufficient to determine the properties of :¢*:. The non-
zero, unrenormalized graphs for K, and W, (to order
A2 and ), respectively) are

Kc(xl"'xn)=/ / .../ e*}’l*(u—wn)...
p1 v P2 Pn-1

e ipn1 @ w) K (pye by 1), (3.14)
Ko(p)=D(p)=Do(p)
+96INDA(p)2(p2AY), (3.15)

where D(p) is the interacting-meson propagator, Do(p)
is the free meson propagator with zero mass, and
Z(p%A?) is the Feynman graph shown in Fig. 1(a) com-
puted with a cutoff A. Formulas are

Do(p) =i(p*+ie)~, (3.16)

2(p2AY) = / p(g5A%) Dalg—p), 3.47)

o(g AT =i / Do(E)Dolg—B)Dulk ) Dilg—E, A), (3.18)
k

Do(k,A) =A2(A2—k2—ie)1. (3.19)

p(¢%A?%) is the Feynman graph shown in Fig. 1(b), also
with a cutoff. Calculation of p and 2 in the limit of
large cutoff gives (see the Appendix)

p(g*A%) = — (167" In[(—¢°—ie)/A%], (3.20)

2 (4% = — (512n%)7'¢* N[ (— i)/ AT +eA*+aug?,
(3.21)
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where ¢ and ¢; are numerical constants; terms of order
¢*/A* or smaller for large A have been dropped. These

K. (p1,pa,ps) = —24iNDo(p1) Do(p2) Do(ps) Do(— p1—pa—ps)
X{1=120p[ (p1+p2)%AZ] =120 (p1-+1p35) % A2 ] — 1200 (potp3)%A%]}

KE'N'NETH G. WILSON 2

formulas are relatively simple because the mass of ¢
is zero. Further formulas are

(3.22)

It is a nuisance to write out terms which differ only by a permutation of the momenta, so in the following for-

mulas only the number of such terms will be given:

K (p1- - ps)=—5T6NDo(p1) + - - Do(p5)Do(—p1—+ - - — p5s){ Do(p1+p2+p3s)+ (9 permutations)},
I/Vc(xl' . .xn’ y) =/ . / 3“1'1)1'('13141/) .. .e‘iﬁn' (xn“y)I/Vc(pl. . .pn) s

W o(pryp2) = —96XDo(p1) Do(p2) [Z(p1%,A%) +Z(po%A%) ],
W o(pr,p2,p3,04) = 24Do(p1) Do(p2) Do(p3) Do(p4) {1—120p[ (p1+ p2)?, A*]+ (5 permutations of the A term)},
Wo(py- -+ - ps) = —ST6INDo(p1) - + - Do(pe){ Do(p1+pa-tp3)+ (19 permutations)} .

The renormalized formulas for K, and W, are ob-
tained by modifying 2 and p and redefining the coupling
constant but otherwise using the formulas given above.
The renormalized 2 is obtained by dropping the con-
stants ¢ and ¢; and replacing A? by an arbitrarily chosen
but fixed “reference momentum” «2. Likewise, the re-
normalized p is obtained by replacing A? by «% The re-
normalized functions 2 and py are

Sr(@®)=— 120 '@ In[ (—g?—ie)/k*] (3.28)

pr(g®) =— (167 In[ (—¢*—ie)/k*].  (3.29)

The rationalization of these modifications is as follows.

The function 2 occurs in two different formulas; the
modifications have a different significance in the two
cases. This is also true of the function p. When 2 is a
correction to the propagator, the modifications amount
to a mass and wave-function renormalization. In par-
ticular, replacing ¢ by zero ensures that the renormalized
mass is zero through order \?; replacing ¢; by 0 and A?
by «* are both wave-function renormalizations. It is
necessary to introduce the arbitrary parameter « (which
has the dimensions of a mass) into the theory because
there is no naturally occurring parameter with the
dimensions of a mass to replace the cutoff inside the
logarithm. The value of  is unimportant since changing
 only changes the normalization of the field ¢, which is
arbitrary. Similarly, when p is a correction to K. (p,p1,p2)
the modification of p is a coupling-constant renormaliza-
tion; when p is replaced by pz one must also replace A
by a renormalized coupling constant \.. The renor-
malized coupling constant depends on « in the sense that
if x is changed to «’, one must change A, to A, with

e =het (ON2/472) In ('2/k?)+[order (A7, (3.30)

in order that K,(p1,ps,ps) be independent of the choice
of k.20

and

2 For further discussion of the dependence of the coupling con-
stant on the parameter «, see Ref. 4.

(3.23)
(3.24)

(3.25)
(3.26)
(3.27)

When 2 is a first order contribution to W.(p1,ps),
the modifications have a different interpretation. If the
unrenormalized formula for W, (p1,ps) is Fourier-trans-
formed to x space, one obtains (see the Appendix)

W o(21,%2,9) = (Lsm O Do(w2—y)[ (61 —)*—ie ]
+Do(x1—y)[ (xa—y)2—i€e 2} — 192\ (cA?)
X Do(x1—3)Do(x2—y) —96Nics[ Do(x2—7)6*(x1—7)
+Do(x1—9)8* (w2a—y)], (3.31)

where Dy(x) is the Fourier transform of Dy(p), and the
first term is correct only for x;—y and x;—y nonzero.
The term proportional to ¢ can be rewritten —96\cA?
XA{Q| Tor(x1)dr(xs) 92 (v):|Q):. Replacing ¢ by 0 is
equivalent to subtracting —96cAA?:¢%(x) : from the un-
renormalized operator :¢*(x):. This subtraction is one
of two needed to define a finite renormalized form of the
Heisenberg field :¢*(x):. The other subtraction needed
to define the renormalized form of :¢*(x): is a subtrac-
tion proportional to A, :¢*:. This subtraction is generated
when one replaces A by « in the function p, p being con-
sidered as a correction to the function W,(py,pe,ps,p4)-
Replacing ¢1 by 0 in W (p1,p2) is simply a redefinition
of the Fourier transform of W,(x1,xs,y). When
W, (x1,2,y) is Fourier transformed, the ¢; term in
W (x1,%2,y) will not contribute because by definition
the points x1=7 and xs =1 are excluded from the region
of integration (see Sec. IT). However, the unsubtracted
Fourier transform of W,.(x1,x2,y) diverges because of
the singularities [ (x1—v)?—ie]2 and [(xa—vy)2—i€ ]
in the first term of Eq. (3.31).2! This means that the
Fourier transform must be subtracted. The unsub-
tracted Fourier transform would be

I/VC(I)I;PZ) =/ / gipbmeipz.:cch(xl,xz’O) . (332)
xr1 2

2t These singularities cause a logarithmic divergence; this can
be shown using the methods of Sec. II.
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The singular term for x;— 0 in the integrand has the
form
e'r2 22 (Fer—)\ Dy (x02) (x2—1€) 72,

The singular term in x; is present for any x» so one
cannot approximate the x» dependence of the singular
term. One cannot subtract this term unchanged because
it does not go to zero fast enough when x; — . To avoid
an infrared divergence, one subtracts

gikT1gine a2 (1—3671’“6))\,00 (x2) (x12 —ie)“z y

where «, is any four-vector with magnitude xux* = —«2
Putting in the factor e**'#t does not change the depen-
dence of the subtraction on p; and ps, and so it is a
legitimate modification. The renormalized, subtracted
formula for W,(p1,p2) is

I‘{VC(PIy?2)=/ / [e”’l"”eim'"’2Wc(x1,x2,0)
z1 J 22

—_ (i%ﬂ-— 6))\,(6“' a:1eip2~a:zD0(x2) (36'12‘—‘ 1'6)—2

—(Fr— O\ et s2eirraDy(xy) (v —ie) %], (3.33)
with A replaced by A, in W, (x1,22,0) (and the ¢ and ¢;
terms dropped). This formula reproduces the renor-
malized form of W.(p1,p2) [given by Eq. (3.25) with A,
replacing A and 2 replacing 2.

The subtractions in Eq. (3.33) depend on p; and ps
in the form [Do(ps)+Do(p1)]; hence one is always free
to change the formula for W,(p1,p2) by adding a finite
constant times [Do(p1)+Do(p2)]. Changing Zr back
towards 2 by replacing « by A and adding the ¢; term
is exactly a change in W,(p1,p2) of this type. Hence ¢,
is a subtraction constant which one is free to set equal
to zero.

Now study the matrix elements of the divergence of
the dilation current, using the Ward identity (3.11).
First note that

(nd_|_xl. Vit +xn.vn)6~im-(mr—xn) .o g iPn10 (Tn—1—2a)
=md+p1 Vot Fpn1Vp, )

X e~ip1 (@1=za) . . . g=ipn=1 (Tn—1—an) |

(3.34)

Using Egs. (3.11) and (3.14) and an integration by
parts, one gets

M(xl. . xﬂ):/ .. / et (Ri—an) L.,
r1 Pn-1

eipn oM (py- - poy), (3.35)
with
M(p1- - pa1) =t(nd—4(n—1)
_Pl'vm"“ . —Pn—~1'Vpn_1)K(pl' . 'Pn-1) . (3.36)

The connected part of M is related to the connected

1487

part of K by the same equation. One can also define

V(ane 2, 9)
- / @I To()- 665 :SE| D) (3.37)

and obtain

V(xl. <X, y)_:/ .. f e~ (e1—y) . ..
p1 Pn

e GOV (pre - pa),  (3.38)

with

V(Pl . Pn) =i(nd+({l—4n—‘P1'Vpl_ v _pn'vmn)
XW(p1+ -+ pa). (3.39)

It is straightforward to obtain explicit formulas for the
connected parts of M to second order in A and the
connected parts of V to first order in A,. The dimensions
d and dr will be left as unknowns for the moment. For
example,

M.(p)=i(2d—4—p-V,)D(p)
=i(2d—4—p- V) Xi(p*+ie)™
X{1+ (3\2/167%) In[[(—p>—i€)/k*]} .
Separating the term where V, acts on (p>4ie)~! from
the term where V, acts on the logarithm, this becomes
M. (p)=i(2d—2)D(p)—i(6)>/1679)Do(p) . (3.41)

But to order A2, one can replace Do(p) by D(p) in the
second term. The resulting formula for M.(p) and
analogous formulas for other M, and V. functions are

(3.40)

M.(p)=1i[2d—2—3\2/87*]D(p), (3.42)
MC(P17P27P3) =7:(4d_"4_%>\x)Kc(P1:p2rp3) ) (343)
M (p1- - ps)=1(6d—6)Ko(p1-- - ps), (3.44)

Ve(prp2) =i (2d+dr—6)W . (p1,p2)
+3N (87 [Do(p1)+Do(p2)], (3.45)
Vc (Pl * P4) =1:(4d+d1—8-—9>\,(/7r2)
XWe(pr---pa), (3.46)
Vo(pr - pe) =i (6d+dr—10)W  (p1- - - pe) . (3.47)

Equation (3.45) for V,(p1,p2) is incorrect because its
derivation assumes that W,(p1,p2) is unsubtracted. The
correct formula will be derived later.

The first application of Egs. (3.42)-(3.47) is to show
that scale invariance breaks down in order A2 To deter-
mine the validity of scale invariance the equations for
M, will be discussed order by order (the equations for
V. will be discussed later). In the free-field limit, the
only nonzero M, is M. (p) and it too is zero if d=1. This
agrees with the known result that the free-field theory
is scale invariant and ¢ has dimension 1. To first order
in Ay, Mo(p) and M (p1,ps2,ps) do not trivially vanish,
but by setting d=1, both are zero. So we infer that
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scale invariance holds to order A, and d is 1 to this order.
In order A2 the situation is as follows. M (p1-- - ps)
vanishes because K.(p1- - - p5) is already of order A2 and
6d—6 is zero to order 1. The function M,(p1,p2ps)
cannot vanish: K,(p1,ps,ps) is of order A\, and d is al-
ready determined to be 1 through order A,, so

M, (Pl,Pz,;%) =—q (%}\K)Kc (PI,PZ;Pa) . (348)
The function M.(p) vanishes to order N2 if d is
d=14372/(167%). (3.49)

The nonvanishing of M,(p1,ps,ps) in order A\ means
that S(x) is nonzero in order A2 so scale invariance
breaks down in this order. It does not help to change d
in order to make M (p1,ps,ps) vanish in order A,2; this
would require a change in d of order A\, which would
make M ,(p) nonzero in order A\, which would be even
worse. It will be assumed in what follows that d is
given by Eq. (3.49).%

It appears that scale invariance is exact through order
A« If so, the quantities V', must vanish to order . Con-
sider first Vo(p1,p2,ps,ps). Since We(p,pa,ps,ps) is of
order 1, V, vanishes only if

4d—4-d; =849\, /7. (3.50)
Since d is already known, this gives
dr=4-+9\, /7. (3.51)

Therefore, the dimension of :¢*(x): changes in order
M. To order A, V. (py,---ps) vanishes [note that
We(p1- - - ps) s itself of order A,].

Before examining V,(p1,p2), the correct Ward iden-
tity for V.(p1,p2) must be obtained. To do so requires
careful attention to the definition of Fourier trans-
forms.? For V,(p1,p2) we shall use the standard defini-
tion [ V(x1,20,y) will turn out to be zero, so the standard
definition exists |. Thus

Ve(p1,p2) =lim f d*x1 / d*xoeirr ™
>0 |z10]>9 | 20| >7

Xer2 22V (x1,%2,0). (3.52)

The region |x10—%20| <7 is also excluded from the
integral. By analogy with Eq. (3.11).

Vo (1,%2,0) =1(2d+dr+%1- Vitxs: Vo) W o(21,%2,0) .
(3.53)

When this is substituted in Eq. (3.52), one can inte-

2 Tt was suggested by S. Coleman (private communication via
R. Jackiw) that ¢ has a dimension in second order despite the
breakdown of scale invariance. See the end of Sec. III for further
discussion.

2 There are many aspects of the derivation of the Ward identity
for Ve(p1,p2) that should be examined carefully. In practice, only
one problem seems to cause difficulties, namely, the singularity
in the product T¢(x) :¢*(y): for x— v, and only this problem will
be discussed.
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grate by parts, getting
Vc(Pl,ﬁz) =11H(} 1(2d+dr—8—p1- Vp—pa- Vm)
n=>

Xf / et g2 22l (31,55,0)
nJu Him E(n,pr,p), (3.54)
0

where the integral over x; and . still excludes [w10]
<n, |%20| <n, and |®19—a20| <n. The term E(n,p1,p2) is
the sum of surface terms. It turns out that the surface
terms at |x10—220| =7 are negligible but the surface
terms at x10=-£79 or xyo=-n have to be computed
giving

E(ﬂaplaﬁ):i/ / [—-xmé(xm—n)+x106(x10+n)

— 2900 (20— 1) 2208 (29+7) Jeirt H1eire- 2

XW,,(xl,JCQ,O) , (355)

with the regions |x10] <7, etc., still excluded. Because
of the 6 functions, the factors x1p and g are of order
7, so only the singular part of W,(w1,x.,0) is impor-
tant in the integral; for example, the integrals with
%19==n come predominately from small #;. Hence, E
is approximately

E(ﬂ,?I:P2)= —“7/ / [6(9610—77)+6(x10+n):|ei“"“'2

X (3Ne/167%) Do(22) (212 —1€) >

_i”/ / [6(x20—n)+6(x20t7) Jeir

X (3)\K/161r6)D0(x1) (x22—ie)—2 . (356)

These integrals can be performed explicitly, giving

E(n,p1,p2) = — (3\/87*) [ Do(p1)+Do(p2) 1. (3.57)

To complete the construction of the Ward identity one
must replace the unsubtracted Fourier transform of W,
in Eq. (3.54) by its subtracted form. The result is

Ve(prp2) =i1(2d~+dr—8—p1-Vyp,— pa Vi, )Wo(p1,p2)
— (3\/81) [ Do(p1)+Do(ps) 14+-HmF (n,p1,p2) ,
70
(3.58)
with

F(n,p1,p2) =i(2d+dr—8—p1- Vypy—pa+ Vi)

X/ / (3N\/1678) {eix- #1eir2- 22D (x9) (212 —1€) 2
z1 J 22
+eixw2girt 1D (1) (w2 —1€)"2),  (3.59)

with |210| <7, etc., omitted from the integral. The inte-
grals give n-dependent constants multiplying the func-
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tions Do(p2) and Do(p1). Using the values d=1 and
dr=4 to lowest order, one finds that F(n,p1,p2)=0.
Using these values for d and dr in Eq. (3.58), one has
(correct through order A,)

Vo(pr,p2) =i(—2—p1- Vo, —p2- V) We(pr,p2)
— (3N\/87)[Do(p1)+Do(p2)]. (3.60)

This Ward identity has an extra term which does not
appear in the conventional form [Eq. (3.39)]. It
is not caused by the subtractions in W,(p1,p2). It came
from the surface terms E(n,p1,p2), arising when
%1 VW ;(%1,%2,0) and x5- VW, (21,%2,0) were integrated
by parts in the integral of Eq. (3.52). According to the
conventional analysis given earlier [cf. Eq. (3.10)],
these surface terms should have canceled. They would
have vanished had the assumption underlying the
conventional analysis been correct. Namely, if
S BPxiW (21,%2,0) were a smooth function of wxj, at
x10=0 [and likewise for S d@®xoW ;(x1,%2,0) at xe0=0],
then the integral (3.55) for E(n,p1,p2) would have been
of order 5. In practice, the integral J d3x1W o (%1,22,0) is
of order |x1|™! for x1p— 0 and cancels the explicit
factor x1o in Eq. (3.55); hence, E(n,p1,p2) has a finite,
nonzero limit for  — 0.

Using the explicit renormalized formula for W (p1,p2)
to order \,, one finds that Eq. (3.60) gives V.(p1,p2) =O0.
Thus all the functions V, vanish to order A,, as expected,
and the field :¢*(x): has a dimension d; given by
Eq. (3.51).

Since M .(p1,p2,p3) does not vanish, the operator S(x)
[the divergence of D,(x)] is nonzero. Can it be identi-
fied? It has been shown that all connected matrix ele-
ments of S(x) vanish in order \,2 except for M ,(p1,p2,p3),
and M, (p1,p2,ps) is proportional to K.(py,ps,ps), or, to
be precise, M, in order A2 is proportional to K, in order
A«. Transforming to x space, and using the perturbation
formula which defines K, in order A,, Eq. (3.48)
becomes

M nyeny ) = — (30e) / (@ o () be(as)

Xbr(xs)pr(xs) :ori(z): | Q). (3.61)
A comparison of this formula with Eq. (3.8) suggests
that

S(x)=—(9N32/2):9*():. (3.62)

This hypothesis gives back Eq. (3.61) and also makes
all other connected matrix elements M, vanish to
order A\ 2.

Can one understand how a term proportional to
:¢*(x) : appears in the divergence of D? It will be shown
that this is to be expected, given that the operator
:¢*(x) : changes its dimension in order A\.. To simplify
matters, consider not .S(x) but rather the integral
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The operator D must contain an explicit time depen-
dence proportional to x¢H, where H is the Hamil-
tonianl?; this is necessary to give the x,Vo¢(x) term in
the commutator of D with ¢. Therefore, let

D=xH-+D,. (3.64)
The formula for dD/dx, is
dD 4D
— = — —i[D,H]|=H—1[Ds,H]. (3.65)
dxe  0xg
The Hamiltonian contains the interaction term
H1=)\,‘/d3x 1pi(x): . (3.66)

The contribution of Hy to dD/dxois Hr—i[Da,Hr]. The
commutator of D4 with :¢*(x): is

[Da,:¢*(x) J=—i(dr+x- V) *(x):.

Integrating over x, and using an integration by parts on
the gradient term, one obtains

I:DA;HI:|= —1(d1—3)H[

Thus the contribution of the interaction to dD/dx, is
—(dr—4)H;, which is —\,(d;—4) S d*x :¢*(x): . Using
Eq. (3.51), thisis (—I\2/7?) S "d*x :¢*(x) : . According to
Eq. (3.62), the total dD/dx, is half of this, so there must
also be a contribution to dD/dx, from the unperturbed
part of the Hamiltonian. This analysis shows that a
term of order \2:¢*(x): is to be expected in V¢D,(x),
given that :¢*(x): changes its dimension in order \,.
To conclude this section, the various assumptions and
undiscussed problems will be listed. The above dis-
cussion concerned only connected graphs but it can
be shown that the conclusions are unchanged by the dis-
connected graphs (such as the products of two propa-
gators in the four-point function). The matrix elements
of two or more :¢*(x): fields were not computed (thus
avoiding the problems associated with the product
T :¢*(x) : :¢*(y) : when x=1). In deriving Ward identities,
the surface terms at time o= were assumed to vanish;
this should be checked by explicit calculation of the
matrix elements of D,(x), since one is dealing with a
zero-mass theory. In second order in A,, for which D, is
not conserved, it was assumed that the equal-time com-
mutator of D(x,) with ¢ could still be computed from
the matrix element M,(p) as if D were conserved; this
will have to be checked by explicit calculation.” How-
ever, even if this assumption were incorrect it will not
change the calculation of M. (p1,ps,ps) to order N2, since
this calculation involves the commutator of D with ¢
only to order A,. Thus whatever the commutator of D
with ¢ is in order .2, there will still be a A,2:¢*(x) : term
in S(x); there may be other terms also. The presence of
the A\2:¢*(x): term in S(x) makes it likely that the
equal-time commutator of D(x,) with ¢(x) will diverge

(3.67)

(3.68)
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in order A2 This is because the integral (3.8) which
defines M (x1,x2) diverges in order A3 if S(x) is A\, 2:¢4(x) :;
this in turn is a consequence of the nonintegrable sin-
gularity of W (x1,%s,y) for y — w1 or x, in order A,.

Given that the interaction :¢*(x): changes its dimen-
sion in order \,, why does not the free part of the
Hamiltonian also change its dimension in order \,? If
this were to happen, then scale invariance would break
down in order A, instead of A,2. This is another question
that will not be discussed here.

The analysis of this section has been carried through
for the zero-mass \¢* theory. One may ask: Why not
work with the finite-mass theory instead? The reason
for not using the nonzero-mass theory is that when the
mass is nonzero the divergence S(x) contains a term
proportional to :¢?(x): which is nonzero in the free-
field limit. This means that the matrix elements
M (%1 - -x,) will be nonzero in the free-field limit. To
show that S(x) contains a term proportional to A\, 2 :¢*(x) :
in addition, one must calculate matrix elements of
:9*(x): to order \2; one must also argue that terms
proportional to :¢*(x): are not permitted to occur as
part of the renormalization of :¢?(x): The argument
cannot be rigorous, for if one is flexible enough about
how one renormalizes, there is no argument that forbids
the use of finite :¢*(x): counterterms in renormalizing
:¢?(x) ;. Furthermore, the zero-mass case is discussed
because it is only for the zero-mass case that the can-
onical Lagrangian formulation of the A¢* theory predicts
scale invariance, and, therefore, it is only for the zero-
mass case that there is a contradiction between the pre-
diction and perturbation-theory calculations.

In the renormalization of W.(py,p2), the constant ¢,
was interpreted as a subtraction constant. It is possible
to give the constant ¢; a different interpretation. If one
defines the renormalized form of :¢*(x): to include a
subtraction proportional to ¢1:¢V,V,.¢:, this will also
eliminate the ¢; term from W,.(py,ps). This is because
the matrix element

//eif’l'“ei“'“(ﬂlT¢z(x1)¢1(x2)
e X :1(0)V, V1 (0) : | ),

computed by Feynman rules, is (—pi2—ps?)Do(pr)
XDo(ps2). This is proportional to [Do(pr)+Do(p2)],
which is exactly the form of the ¢; term in Eq. (3.25)
[using Eq. (3.21) for Z7. This procedure for eliminating
the ¢; term is more conventional than to interpret ¢; as a
subtraction in a Fourier integral. Unfortunately, the
procedure is nonsensical. The field :¢:V,V#¢r: vanishes
because ¢r(x) satisfies the free-field equation V,V#¢r(x)
=0. This means that :¢V,V*¢: also vanishes in lowest
order, so subtracting it from :¢*(x): does not change
«¢*(x): in order A,. Furthermore, the integral in Eq.
(3.69) should vanish since the integrand vanishes. How-
ever, the Feynman rules give a nonzero result for this
integral. There is nothing wrong with this; the term

(3.69)
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given by the Feynman rules is a term which in « space
involves & functions of x; or x», which one is always
allowed to add to a T product, even if one of the opera-
tors in the T product vanishes. While there is nothing
wrong with adding & functions to the 7' product, it is
not a sensible thing to do. In any case, ¢, is a subtraction
constant in a Fourier integral. It does not matter
whether it is recognized as such or sneaked in by the
device of subtracting :¢V,V¥¢: from :¢*(x): and using
the Feynman rules to introduce a subtraction in the
definition of integrals of T" products involving :¢V,V#¢:.

IV. MISCELLANY

In Sec. III, it was necessary to know the behavior of
the matrix element Q| T (x1)p(x2) :9* () :|Q) for x1—
or x2— y. This behavior was determined by explicit
calculation. This is a problem which can be understood
in general in terms of operator-product expansions.*
In this section, the operator-product expansion for
To(x):¢*(y): will be discussed through order A, using
the matrix element W (xy,x,y) of :¢*(y):. At the end of
this section, the dimension of the field :¢%(x): will be
calculated through order A\, for the case of an isospin-1
field ¢: it will be shown that the isospin-2 component
of :¢?: has a different dimension (in order \,) than the
isospin-0 component of :¢?*(x):. A similar isospin split-
ting was postulated in a previous paper! to explain the
Al =1 rule in weak interactions.

In the free-field theory the operator-product expan-
sion for the product T¢(x):¢*(y): is derived from the
Wick expansion of this product:

To(x) ¢ (y) :=4Do(x—7y) :¢* () i+ @ (x)* () :
=4Do(x—y) :¢*(y) :+:¢° (y) -+ (x# —y¥)
X (y)Vup(y):+---. (4.1)

In the final form of this formula, functions of (x—y)
multiply local operators at the point y; any such for-
mula is called an operator-product expansion. The ex-
pansion is an expansion in terms of x—y and makes
sense when x—vy is small. In perturbation theory, one
looks for a generalization of Eq. (4.1) in the form

Té(x):¢*(): =2 Cu(x—=3)0a(), (4.2)

where the C,(x—7y) are functions of x—y and O, (y) are
local fields at y. The functions C,(x—v) may be sin-
gular as x— y. The operators O,(y) are Heisenberg
operators whose matrix elements will be functions of
\¢; the functions C,(x—y) can also change with A,. One
can separate the two dependencies because only
C,(x—y) can depend on % and because the same func-
tions C,(x—y) must occur no matter which matrix

% For background, see Refs. 1 and 2, and references cited
therein. Ideas completely analogous to operator-product expan-
sions and scale invariance have been developed independently
for ‘classical statistical mechanics by L. Kadanoff, Phys. Rev.
Letters 23, 1430 (1969), and references cited therein.
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element of T¢(x):¢*(y): one studies. To first order in
A, perturbation theory is scale invariant, which restricts
the behavior of the functions C,(x—%). As shown in a
previous paper,! Cz(x) must scale as

Co(sx) =sd=d=d1C, (%),
where d, is the dimension of the operator O, (x). If

dnzdno_i“)\xdnl (44)

Ca(®) =Co(®) +MCri(x) (4.5)

then the expansion of Eq. (4.2) to order A, gives
Cro(sx) =5%75C (%) (4.6)
Cr1(sx) =575 (dyy— N /1) Cro(x) Ins+C1(x)]. (4.7)

[The dimensions d and d; are taken from Eqs. (3.49)
and (3.51).]

To learn something about the functions C, (x—7y) and
the operators O,(y) in order A, we study the matrix
element W (x4,x,y) for x near y. The function W (x1,x,y)
has no disconnected diagrams [given that the vacuum
expectation value (Q]:¢*(y):|Q) is renormalized to
zero, so W (x1,%x,y) =W (x1,%,y) which is given by the
renormalized form of Eq. (3.31):

W (21,%,5) = (Fer )N { Do (21— ) [ (x— )2 —ie]?
+Do(x—y)[(x1—y)*—ie]2}.
In terms of z=x—y, this is*
W (1,,y) = (/TN (22— i€) Do (x1—y)
— @) (2 =i [(x1—y)*—ie[?}. (4.9)

There are only two terms when W (xy,x,y) is expanded
in z. Comparing with the operator-product expansion,
one should have

W (1,2,3) =22 Ca(2)(Q] Top(21)0a(»)[ Q). (4.10)

(4.3)

and

(4.8)

From the scaling law (4.6) the term proportional to
(2*—1¢)™2 must involve an operator O, of dimension
dno=1, while the term proportional to (22—ie)™! must
involve an operator O, of dimension 3. There is only
one operator of dimension 1, namely, ¢ itself. The co-
efficient (22—ie)™! is a Lorentz scalar so it must in-
volve a scalar field O,,. O, must be odd in ¢ since ¢ :¢*:
is odd. The only possibilities are V,V*#¢(x) and :¢*(x):.
These are not linearly independent because they are
related by the field equation of the ¢* theory; it is con-
venient to regard V,V#¢ as the dependent field, so the
only field left is :¢%:. Therefore, the expansion for
W (x1,2,y) should be?®

W (x1,20,9) =C1(2) (@] T (1) () | 2)
+Ca(2)(Q] T (1) :0°(y) :|2).

25 The zero-mass propagator Do(z) behaves as (22)~1 for all z.

%6 It seems a bit strange that other local fields such as V,V#:¢3 (y) :
do not occur in this expansion; presumably they will be involved
in higher orders in A.

(4.11)
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The first matrix element is in lowest order the free
propagator ; comparing with Eq. (4.9) gives

C1(2) = (B0 (Z2—ie) 2. (4.12)

The matrix element {(Q|7¢(x1) :¢*(y):|Q2) vanishes in
order 1 and has not been computed here to order Aq;
the function Cs(2) is known in order 1 from Eq. (4.1)
to be 4Dy (z). Comparison of Egs. (4.8) and (4.11) gives

Q| T (x1) % (y) :|Q)
= (3/64m )\ [ (x1—y)*—ie]2.

The most singular term in the operator-product ex-
pansion of T¢(x):¢*(y): is the term Ci(x—7v)p(y) be-
cause ¢(y) is the field of lowest dimension in the expan-
sion. It is this term that has caused all the troubles with
subtractions and breakdown of conventional Ward
identities in Sec. III. To order A, this term does not
affect the other connected functions W, (x1,%2,%s,%,y),
etc., because C1(z) is of order A, and the connected parts
of {Q]Té(x1)p(x2)¢ (x3)d(y) |Q), etc., vanish in order 1.

The analysis of the other connected matrix elements
W o (1,%9,23,%,y), etc., for small x—y is complicated and
will not be given.

In a previous paper! it was postulated that there
would be specific local fields of isospin % and § involved
in nonleptonic weak interactions, and that these fields
have different dimensions, the isospin-% field being of
lower dimension than the isospin-3 field. If this is true,
it was shown that the A7=% rule is universal, with all
AI'=% decays being suppressed by a power of (m/mw),
where m is a strong interaction mass (~1 BeV) and
mw is the weak boson mass or the equivalent. The
assumption is not true of the free-quark model. In the
free-quark model, the relevant local fields are the iso-
spin-1 and £ parts of the Wick product :juq(x)7.s" (%) :
with 7..(x) being the chiral SU(3) currents of the
model; both AI=% and AT=$% components of the Wick
product have dimension 6. So it is worthwhile to con-
sider how perturbation theory changes the dimensions
of such a Wick product. To simplify the calculation, a
simple Wick product :¢;(x)¢;(x): is discussed, where
¢i(x) (=1, 2, or 3) are the components of an isospin-1
scalar field. The interaction Lagrangian density will be
—A[>_:¢:2(x) 2. Consider the matrix element

Nim(,9,2) = (@] T ()5 () 0 (2)1(3) :|2) .

To order \, this matrix element (before renormalization)
is given by

(4.13)

(4.14)

*\rijkl(%y,Z)://e*ip'(x‘Z)e_iq'(y‘z).N,'jkl(lb,q), (4.15)
pYaq

Vii(p,9) =Do(p) Do(){ 8irdj1+ 6:20 6+ N/ 27?)
X (8¢;0k040u 0504 881)p (p+¢)% AZ]}, (4.16)

where p is defined by Eq. (3.18). The field :¢;(x)¢;(x) :
has isospin-0 and isospin-2 components. The isospin-0
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component is )_;:¢;*:; the isospin-2 components can be
written as the traceless tensor :p;—38:2 k:0s2:.
There is a corresponding decomposition of N (p,q):

N (9,9) = 061N o(p,9) + (8irdj1+ 04185k
—3%0:0:)Na(p,9)

where NV is the isospin-0 component of Nk, and N the
isospin-2 component. Using Eq. (4.16) and using the
renormalized form of p [Eq. (3.29)7, one gets

No(p,9) =3Do(p)Do(g)

(4.17)

X{1+(ONe/4n?) In[ (= (p+q)*—ie)/x*]}, (4.18)
N2 (p,9) =Do(p)Do(q)
X1+ (\/20%) In[(— (p+g)*—ie)/k2]}. (4.19)

The renormalization is a wave-function renormalization
(with different renormalization constants for the iso-
spin-0 and isospin-2 components of :¢:¢;:). Let do and
d» be the dimensions of the isospin-0 and isospin-2 com-
ponents, respectively, of :¢.¢;:. The Ward identities
which scale invariance imposes on Ny and N are

1(2d+do—8—p-V,—q-Vo)No(p,q) =0,
1(2d+d2—8—p-V,—q- Vo) Na(p,9) =0.

(4.20)
(4.21)

As in the case of the neutral field theory of Sec. III,
d is 1 through order A,. Explicit calculation using Eqs.
(4.18) and (4.19) gives

do=242.5(\/7%)
dy=24\ /7,

(4.22)
(4.23)

so in order A\, the dimensions dy and d-» indeed differ.

Note added in procf. Other discussions of the break-
down of scale invariance in perturbation theory have
been given by Callen,? Coleman and Jackiw,*® and
Symanzik .2
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APPENDIX

In this appendix the calculation of p(p*,A%) and
2(p%A?) [Egs. (3.17) and (3.18)] will be described
briefly. Then the calculation of the Fourier transform
of We(p1,p2) [Eqgs. (3.25) and (3.21)] will be discussed.
The calculation of p(p?A?) is a standard Feynman-
diagram calculation, The answer for finite A can be ob-

# C, Callen, Phys. Rev. D 2, 1541 (1970).
28 S. Coleman and R. Jackiw, MIT report (unpublisbed).
2 K. Symanzik, DESY Report 70/20 (unpublished).
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tained exactly in closed form, the result being
p(gh4%) = (1/16x) { (2-20%/¢%) In(1—q¥/A%)

—In(—q2/A%)+(1—4A2/g2)1/2
1—4A2/g?)1/2—1-
T
(1—4A2/¢%) 241

with ¢2 being replaced by ¢*+ie if necessary. For ¢*<A?,
this reduces to

p (¢ A== — (Fer %) In(—¢/A%),

giving Eq. (3.20). For ¢=>A? p is proportional to
A (M2 In(¢?/A?). The formula for Z(p2,A?) is

(A2)

(A7) =i / (A= p)ticl . (A3)

The function p drops off rapidly enough at large ¢* so
that the integral for £ converges (for finite A). The
function 2 will be calculated first for spacelike p, and
then determined for timelike p through analytic con-
tinuation. For spacelike p, one can choose a Lorentz
frame in which po is 0. In this frame the integral over g,
can be rotated from the real axis to the imaginary axis
(counterclockwise). The result can be written in terms
of Euclidean four-vectors:

(= phAY) = f o~ ADL—pHT,  (Ad)

where ¢ is the four-vector (¢1,92,q3,9s) (and similarly for
p) and ¢ is g*4¢2*+-¢:*+-¢4* (and similarly for ¢-p and
$%). The integral over ¢ can be performed in hyper-
spherical coordinates:

q1=q cosb, (AS)
g2=g sinf cos¢, (A6)
gs=q sinf sing cosy, (AT)
ga=¢ sind sin¢ siny, (A8)

. %o T T 27
/ =(27r)"’4/ q%q/ sin?¢ dﬂ/ sing d¢/ dy. (A9)
a 0 0 0 Jo

Performing the angular integrations gives

Z(—p%A%) = (8mp)~ / ¢*p(—¢*A%)dg

0

1
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When #? is small compared to A%, the integrals can be
computed using the approximate form for p [Eq. (A2)]
except in a constant term (the second integral with p
replaced by 0). The result is Eq. (3.21) with

c= (8#21\2)‘1/ go(—q*A*)dy (A11)
0

and ¢;=3(10247*)~1. The constant ¢ is independent of
A because p depends only on the ratio (¢%/A%).

In Fourier-transforming W.(p1,p2), the only integral
which is not already known is an integral of the form

u(x)=/e‘“"*ln[(—pz—ie)/Az]. (A12)

For =0 this is highly divergent, but for x>0 the ex-
ponent serves as a convergence factor. If one wishes to
be careful one can insert an explicit convergence factor,
for example, exp(—|po|n—|p1|n—[pa|n—|ps|n), with
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7>0, po, ..., p3 being the components of p. Then one
writes
—p—ie]_ s
lnl:—————a]= / w (e ieAR —piw (PPHi)) ey (A13)
A? Jo

After substituting this formula in Eq. (A12), the p
integration can be done explicitly, leaving

1¢(x):(i,/'167r2)/ w b exp(—in*/4dw)dw. (Al4)
0

[If the convergence factor is inserted in Eq. (A12), the
result is to cutoff the integral (A14) for w<<72.] One can
change variables to »=w™ and then compute the inte-
gral, obtaining

u(x) = (1/in?) (x> —1ie)~2.

The i€ is present because #? needs an imaginary part

(A15)

~—ie to ensure that the integral (A14) converges.
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A method is presented for obtaining an asymptotic series, for large values of the energy, of a four-dimen-
sional Fourier transform, using only one analyticity assumption. It is shown that this method implies (1)
asymptotic constancy of hadron total cross sections, as an ‘“‘upper bound,” and (2) the Pomeranchuk
theorem. A consistency check, which lends some plausibility to our assumption, is made. The calculations
are done within the context of frame-dependent cutoff quantum field theory.

L INTRODUCTION

I__ Y wusing the Lehmann-Symanzik-Zimmermann

(LSZ) reduction formalism, one can express a
great many physically interesting quantities in terms of
a Fourier transform,

I= /d“x exivep(x) (1)

where F is typically a matrix element of a (possibly
retarded) commutator or anticommutator, and the four-
momentum ¢ is on some mass shell. We shall describe
herein a very simple method for obtaining an asymptotic
expansion of such a quantity, for large values (this
will be made more precise below) of the energy ¢4 and
shall apply this method to the problem of hadron total
cross sections.

* Present address: School of Theoretical Physics, Dublin
Institute for Advanced Studies, Dublin 2, Ireland.

The method requires only one assumption, which is,
however, rather strong!: It is that certain “light-plane
integrals” fi(¥) admit power-series representations
about £=0 which are valid in the interval £=[0, «).
At present, we cannot either prove or disprove this
assumption on theoretical grounds, although some in-
dications of its plausibility are available (see below).
Its implications are, however, in good agreement with
experiment, at least for the processes that we have
treated thus far.

Assuming that the leading term in our asymptotic
expansion is nonzero, we obtain, in a model-independent
fashion, asymptotic constancy of total cross sections.

! The same asymptotic expansion can be obtained also from
the considerably weaker assumption that f, (£) admit power series
in some interval £=[0,a), for some >0, and independent of how
small ¢ may be, by the use of Watson’s lemma [E. T. Copson,
Theory of Functions of @ Complex Variable (Oxford U. P., Oxford,
1935), p. 218]. However, if one uses this method, the physical
amplitudes must be defined by a different limit than the one used

in the present paper [see Eq. (5)]. The limit defined by Eq. (5)
reduces to the conventional one for local field theory.



