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Conservation of energy is well satisfied in our model
by having the mean multiplicity of pions as the ex-
ponent of the Poisson distribution. Compared with the
Fermi model,® the calculation presented here is much
simpler because no tedious phase-space integration is
involved. Our model is expected to work well at cosmic-

5 E. Fermi, Progr. Theoret. Phys. (Kyoto) 5, 570 (1950).
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ray energies too. Besides, one can use the model to
express all inelastic partial cross sections at various
multiplicities in terms of a single one. As the new high-
energy accelerators begin to accumulate data, our
proposal would provide a convenient way to systematize
high-energy data.

The authors would like to acknowledge many en-
lightening discussions held with Professor C. P. Wang.
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We present a treatment of K;; decays based on current commutators and using a covariant sum-rule
formulation. Working in a general kinematical configuration and dispersing on a line (in the plane of the
squared pion mass and of the momentum transfer) which belongs to a family of curves all parallel to the
“steepest’” (kaon rest frame) parabola, we write down definite expressions for the form factors £, and f-.
The relation of our procedure to other recently reported approaches is discussed.

I. INTRODUCTION

ECENTLY, Ademollo, Denardo, and Furlan,!
using the techniques of Ref. 2, gave a generali-
zation of the Callan-Treiman soft-pion relation?
between the K;3 form factors and those of the axial-
vector decays of the K and = mesons, in which the
pion mass was extrapolated to the physical value by
performing a saturation of certain commutators in the
kaon rest frame. In order to obtain expressions for the
K3 form factors as functions of the momentum trans-
fer, it is of course necessary to work in a more general
kinematical configuration. One possibility, actually used
by Denardo and Komen,* is to saturate the relevant
commutators by sandwiching them between the vacuum
and a K-meson state of arbitrary energy E. The inter-
gration path is then a curve in the plane of the squared
pion four-momentum (¢?) and of the momentum trans-
fer (k%), which belongs to a family of parabolas (labeled
by E) always passing through the Callan-Treiman point
[42=0, k2= (kaon mass)?]. In this paper, applying the
generalized sum-rule formalism given in Ref. 2, we
shall consider another possible way of getting the mo-
mentum-transfer dependence of the K;3 form factors.
In order to work covariantly, we shall disperse on a line
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belonging to a set of parabolas all parallel to the steepest
one (that corresponding to the kaon rest frame).

In Sec. II, we start from current- and field-algebra
commutators and we derive a set of sum rules, the
evaluation of which is treated in Sec. III, where we
find, in the one-particle saturation scheme, definite
expressions for the K3 form factors f,. An alternative
procedure, based on the use of dispersion relations for
f+ in &% at ¢®= (pion mass)?, together with a current-
algebra sum rule and a field-algebra (superconvergent-
type) relation, is developed in Sec. IV. The results of
this work, as well as its relation to Refs. 1 and 4, are
discussed in Sec. V.

II. GENERALIZED SUM RULES

In this section we use the procedure proposed by
Fubini and Furlan? to derive sum rules for the invariant
weak amplitudes related to the K;3 decays in the same
way as it was done for axial-vector-nucleon-scattering
amplitudes in Ref. 5. We start by defining the quantities

Tw= / d*z e220(z)
XO[[4.P (), V. ED(0)]| K=(p)), (2.1)

U, =i/d4z €*%0(3)
XO[D4® (@), V. ED(0)]| K~(p)), (2.2)
# M. Micu and E. E. Radescu, Nuovo Cimento 614, 737 (1969).
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with the corresponding absorptive parts

tuy

1
2 f d4z 69%(0| [4,(3),V, <D 0)]| K= (p)), (2.1)
1

1
W= / d*z ¢1*(0| [D4®@ (), V" (0) ]| K=(p)), (2.2)

where V, (4,) are the vector (axial-vector) weak cur-
rents labeled by the SU; superscripts. Equations (2.1)
and (2.2) reflect the transitions K—(p) — 4, (g
+ V., ED(k) and K—(p) — Da3(q)+V.%E(k), respec-
tively, with k= p—gq, p?=m?, and D,¥=9,4,®.

We introduce, as in Ref. 2, the variable x and the
four-vector ¢’ through the parametrization

g=xp+q, (¢-$)=0 (2.3)
k=1—x)p—¢ . (2.4)
Using the equal-time commutation relation
8(z0)[40® (@), VuED(0)]=34,5D(0)8%=), (2.5)
we have the following Ward identity:
GTw=U=5fxpy, Qubw=1s, (2.6)

where fx is defined by
O] A, "D K=(p))=i[xpa.
The Ward identity can be written as
2RAS,=U,—%fxpy, arts,=u,, (2.8)

where R,, S, and their corresponding absorptive parts
7y, sy have been defined as

(2.7)

RVEPIITW) SVEqM,TMl'y (293.)
9= Puluy, (2.9b)

Projecting on the basis ($,,q,’), we have the following
decompositions into invariant amplitudes:

5 =g,/ tw.

U=Up+Usqg, w=mps+usyg’, (2.10)
Ry=Rip,+Reg/, r=np+ryg, (2.11)
Sy=51pv+s2q/, Sy=81py+S2Qy,. (212)

The arguments of all the invariant functions above are
taken to be x and ¢2. [Ui= Uy(x,q’?), etc.] In terms of
invariant functions, the Ward identity, Eq. (2.8), can
be split into the following relations:

xR+ S1= U1*%fK,
sz‘l'Sz: Uz,

(2.13)
(2.14)

xrits1=u1,
XrotSa=1us.

Supposing now that Ry, S1, Ui, Rs, S, and U, satisfy
unsubtracted dispersion relations in the variable x at
fixed ¢'2, the following sum rules are obtained from
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Eqgs. (2.13) and (2.14) by the usual procedure:

1 pt»
- / r(x,g'?) dv=3fx,

™

(2.15)

00
[ r2(w,q'%) dx=0. (2.16)

Defining now
RMEPvTuvzﬁlpn‘l_RZQu,; 7uEPutu"=71Pu+72gnI; (2.17)
and using the Ward identity

kquvz Vu+ %fKP# ) (2' 18)
where
Ve=—1 / d*z e=**0(z,)
X{(0|[4,(0),0,V, K0 (—2) ]| K=(p))
=Viput V29ul , (2.192)

W= / iz =0 [4,(0),8,V, <O (=2) ]| K~(p))

=v1putoags’, (2.19b)

under the hypothesis of unsubtracted dispersion re-
lations in « at fixed ¢'2 for the relevant amplitudes, we
obtain the following sum rules:

1
- / Fi(,g") dr=} 5 (2.20)

™

/72(x,q12) dx=0, (2.21)

We shall now consider the Ward identity obtained
with a double contraction

Qb= =W =% fx(k- p)+S.

Here we have denoted

(2.22)

W= [ at coate) 01040 @Dy O K
(DyEH=9,V,ED), (2.23)

“g” term

and S is the

S= j d*z €4%8(20)

XO[[Da® (), V"D (0) ]| K~(p)). (2.24)
Equation (2.22) can be written as
q“kyT;p:x(l -—x)c—xD-[—E, (225)
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where
C=pupsTyy, D= (PuQu/—l"quyl) Ty,

, 2.26)
E=(q/p»—9/0") T, (

and we shall denote everywhere (as before) by small
letters the corresponding absorptive parts of the quan-
tities W, C, D, and E (i.e., by w, ¢, d, and ¢). With the
same procedure, we get from Eq. (2.22) the following
sum rules:

™

1
_ / c(x,g”?) du=3fxm*,  (2.27)

1
- /[d(x,q’2) Fxc(x,q'?)] dv=S. (2.28)

Equations (2.15), (2.16), (2.20), (2.21), (2.27), and
(2.28) are consequences of the algebra of current
densities and the hypothesis of unsubtracted dispersion
relations in the variable x at fixed ¢'%, made for certain
weak amplitudes. Of course, not all these sum rules are
independent. For instance, it is immediately seen that,
in fact, Egs. (2.15), (2.20), and (2.24) are all equivalent.

Further, we shall make use of the following set of
sum rules of superconvergent type:

00
/ us(2,q'%) dx=0, (2.29)
-+o0
/ 92(%,¢’%) dx=0, (2.30)
00
f w(x,q'?) dx=0. (2.31)

We are postulating these sum rules, taking as a guide
the Bjorken procedure to find the asymptotic behavior
of Us, Vs, and W for x — o, controlled, respectively,
by the equal-time commutators [8,4,®,V;&"7]
[4:®,9,V,5N7](1=1,2,3) and [8,4,®,d,V, & 7. (This
can easily be seen by specializing the considerations to
the rest frame of the kaon, when p=0, ¢/’ =0,q=q’, and
go=xm.) The Bjorken procedure, if these commutators
are taken to be 0 or ¢ numbers (as will indeed be the
case, for example, in field-algebra models with partial
conservation of 4, or V,, when the divergences can be
viewed as pseudoscalar or scalar fields), would predict
that Us, Vs, and W vanish, when x —, faster than
1/x, implying then the superconvergent relations
(2.29)-(2.31).

The sum rules derived or postulated in this section
represent a generalization to the general kinematical
situation of the results found in the collinear configu-
ration (¢’=0) in Ref. 1. To visualize this better, we
rewrite, for instance, Eqs. (2.27), (2.28), and (2.15)

RADESCU

in the equivalent form

1 e wte—xd
~/ - — da=% fxm?, (2.27)
TJ_w x(x—1)
1 rtew+te
——/ ——dx=—%fxkm?*+S, (2.28)
TJow X
1 o U1—3S1
—/ ——dx=1fk, (2.15")
TJw X

the arguments of the integrands being (x,¢’?). For ¢'=0
we have automatically s;=0, e=0, and d=0, and our
sum rules (2.15), (2.27), (2.28'), and (2.29) become in
this (“collinear”) case, respectively, Egs. (31), (34),
(32), and (38) of Ref. 1.

The sum rules (2.15), (2.16), (2.21), and (2.29)-(2.31)
represent the basis of our further discussion. By picking
up the relevant one-particle contributions, we shall be
able to write down definite expressions for the physical
K5 form factors.

III. EVALUATION OF SUM RULES

To obtain an insight into the ¢’ dependence of the
sum rules derived in Sec. I, we shall now start to study
the kinematics of the x integration at fixed ¢’2. The dis-
persion path is a parabola in the ¢2, %2 plane, dependent
on the parameter ¢’? and given by the equation

(B*—g*—m?)*=4m*(¢>—¢") CRY)

which can be obtained immediately by eliminating «
between the expressions of g2 and k2= (p—q)? with ¢
and % parametrized as in Egs. (2.3) and (2.4). In the
plane v, %, where

v=Fk>q% wu=ki—¢? (3.2)
Eq. (3.1) takes on the form
v=u?/2m*+3m?*+2¢"2. 3.3

When ¢’2 varies, we have a family of parallel parabolas
whose common symmetry axis is the line #=0. For
q'?=0 we get the parabola corresponding to the (kaon)
rest-frame saturation. This was the dispersive path
used in Ref. 1, and it passes through the Callan-Treiman
point [¢?=0, k*=m? or, equivalently, u=v=m? in
the (u,v) plane]. As shown in Ref. 1, where a full dis-
cussion concerning the frame dependence of the satu-
ration of an equal-time commutator in the case of three-
point functions has been given, the most general
dispersion path is a parabola in the (¢2%%?%) plane de-
pending on the external kinematical variables. The
parabola has a maximum curvature in the case of the
(kaon) rest frame and becomes a straight line (¢>=0)
in the infinite-momentum system. Dispersing on the
steepest (rest-frame) parabola in Ref. 1, relations have
been obtained for the K5 form factorsatthemomentum-
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transfer value k%= (m—u)?. To find the momentum-
transfer dependence of the form factors, it is necessary
to work in a more general kinematical situation. Our
procedure will consist in dispersing on a parabola
belonging to the family (3.3), depending parametrically
on ¢'% This will allow us to obtain expressions for the
K3 form factors working covariantly. Another way to
generalize the collinear configuration (¢= xp) considered
in Ref. 1 has been used in Ref. 4, by particularizing the
considerations to the case q=0, when one has a set of
parabolas tangent to the infinite-momentum line (#=2)
in the Callan-Treiman point k2=m?, ¢*?=0 (u=v=m?)
and dependent on the parameter E, the energy of the
kaon.
The equation of this family of curves is

v=u2/2E*+m*/2E*+u(E*—m?)/E*. (3.4)

Our set of parabolas [Eq. (3.3)] and that given by
the above formula have in common only the steepest
parabola [obtained for ¢’?=0 from Eq. (3.3) and for
E=m from Eq. (3.4)]:
v=u2/2m>+3m?. 3.5)

From this point of view, our approach and that fol-
lowed in Ref. 4 are two different possible generalizations
of the results found in Ref. 1.

We shall now discuss the contributions to the inte-
grands in our sum rules. Following the results of Ref. 1,
the general structure of £,, can be shown to be

b= lnvI +tuvn )
(2m)*

21
X |V, ED(0)| K=(p))—2 8(g+2a)

I
by =

> B(Q_Pn)«)[ A,®(0)|n)

X[V, =D (0) |n,K=(p))(n| 4,®(0)[0)], (3.6)

(2m )
Lp'l= __2;—[—2 6(k—Pm)<O| v, & )Im>

X(m| 4,® | K=(p))+2 8(k+pm)

X{0] 4, |m, K=(p))m| V,<D[0)].

The contributions to the sum rules can be computed
using the above decomposition as well as the relations
between the respective absorptive parts and ;.

We shall begin by taking into account the pion state
contribution (in class I). With Eq. (3.6), we have

t,,,yI (m) = %Wﬁ(qz —#2)e(x)f1r (xPu+ q:tl)
X{f+E)LA+a) Pt

+/-EL[A-x)p—g ]}, B.7)
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where we used the notations

0] 4,®@|7%(g))=(f+/V2)qu, (3.8)
(@ | Vu "D E=(p))= AN /1L — 9T+
+/ L= -0} (3.9)

In connection with this pion contribution, we intro-
duce the following kinematical relations:
8(¢*—p?) = (1/2x,m*) [6(x—xx)+ 6(x—Fx) ]
(u=rpion mass),
re= =g/ mtT = =3,
ko= (1—u,)m?+q'% k2= (1—Z,)m?*+q'%
It will be particularly convenient to keep for further
discussion  the sum rules (2.29) and (2.31), and the

following combinations of the sum rules (2.16), (2.21)
and (2.27), (2.29):

(3.10)

/ [eg®) —Faleg)]de=0,  (3.1)

1 Xn2mt
/ [C(x,q'z)— —T%z(x,q"")] de=%fgm?. (3.12)

T u

(The other independent sum rules could provide some
helpful constraints, e.g., on the continuum contributions
to our relations.)

Picking up the pion contributions to Egs. (2.29),
(2.31), (3.11), and (3.12), we obtain the following ex-
pressions involving fy(k,2) and fy(k.2), respectively:

LS or®) = f-(br®) = [ (Br?) 4 - (k)]

20.m?

- pre /uz(x,q’2) dx, (3.13)

3L 0m* —u®) f1 (ke®) Fle® f(Rx*)

— (2 —p®) fr- (") —F*f-(k+%)]

2u.m? !
- [wenas, G
/“‘2f7r7r
3 fo (k) + f-(fn®) = fr () — f— (%) ]
2%, [
= [7’2(96)9,2) —72(90;912)] d.’XI, (315)
S (o) + f-(lu?) - f1 (r®) + f-(kx?) ]
K 2 !
= % - ;}; c(w,g'H)dx
2 1‘_2 2 /
;f:: / u2(x,q'?) dx. (3.16)

The prime on the integration signs in the right-hand
side of the above equations indicates that the pion con-
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tributions have already been taken off. The occurrence
of the form factors evaluated at two different points
results from the contributions of connected and semi-
disconnected diagrams to the absorptive parts (Ref.1).

Solving the system (3.13)-(3.16), we get the following
expressions for the K5 form factors as functions of the
momentum transfer &,2:

Sl f"+2/'d {1 o i
(k)= — + — % w(x,q'?) —
f 2u? !

T )= 2

Xl:n(x)glz) _?2(90)9/2)]_ (l/mz)c(x,qu)

1
Sl Yret=hi—ine) |, BT
u

2/ 1 142,
Sty =— / d’“{"iw(x,q%— [rs(s)

Tir 2u 2
w2+
—7a(2,¢'%) ]+ ——2—2——1!2(90,9”)} . (3.18)
u

Up to this point, our equations are exact. Equations
(3.17) and (3.18) allow, in principle, the determination
of the K3 form factors in terms of the contributions of
different intermediate states to the integrals. From now
on, we shall adopt the procedure of one-particle satu-
ration. Besides the pion, the other one-particle states
contributing to our sum rules are the x and K* mesons
[in class II, according to the deomposition given in
Eq. (3.6)] and the A4; meson (in class I). The contri-
butions of these states to f,, are, respectively,

11O = —r5(R2—m2)e(1—x) ks
X [g+(¢) 2pu—qu)+9:8-(g9],
1T ED = —8(k2—my?) e(1—2) f1{H1(q%)
X (_guv"l‘ kykﬂ/m*2)+ [—Pv"" (k ‘ p/m*2)kl']
X[H(¢®) Cpu—qw)+Hs(gDg.]}, (3.20)

(3.19)

E. E. RADESCU 2

where the following definitions have been used:
(OI V#(K+) ’K(k)>= S,
(k(k)| 4| K=(p))
=i[ () (Putku)+8-(¢") (Pu—kw) 1,
O VKD | K*=(k))= fxe*(k),
(K*(k)| 4@ [k=(p))
=i{H1(g*) e+ (" p)LH (") (put-kn)
+Hs(g") (pu—k) 1},
0]4,9]4:(9))= fa,ex(9) 5
(A22()| V&P [K=(p))
=i{e,AG1(k?)+ (e*- p)[Ga(k?) (putqu)
+Gs(k*) (pu—qu) 1} -
In connection with the one-particle contributions

written above, we shall, further, need the following
kinematical relations:

(3.22)

1

(my=kmass), (3.23)

1—x,=[(m2—q'%)/m*]'?=7,—1,

QK2=xx2m2+q/2, qx2=d';x2m2+g/2.
Concerning the 4; and K* poles, we introduce the
variables x4, k42 k4% and x4, g4 4% in analogy with
Egs. (3.10) and (3.23), respectively, with the obvious
replacements u— m4 (m4 is the 4; meson mass) and
M —> My (my is the mass of the K* meson). With the
aid of Eqgs. (3.19)-(3.21), we have immediately the one-
particle contributions to all our sum rules, by contract-
ing #,, with the relevant momenta and projecting the
results on the basis p,, ¢.’. So we can now write down,
using the sum rules (3.17) and (3.18) (in the one-
particle saturation scheme), the following expressions
for the K;; form factors f; and f_:

Fread)= fx/fat Dy @+Ag EO+A @, (3.24)

bl A0 =78(g* —ma®)e(x) fa{G1(k?) .
X(=gurt gugp/ma) A [=put-(@-p/ma%a]  FED=A0OTFA0E A, (3.25)
X[Go(®?) (Pt )+ Gs(k*) (pr—g») 1}, (3.21)  where
Ay = I« /mn2—p,2 +m2a2— mzx,,)< 8:(0) — g,((q,?))_ i’f 1—#
mVI(1—2)\ 2 2 MNp—ge w—g2 fil-u
X[g+(gH)+8-(g) — €735 — 8- ]
+(f/ g+ (aD) 2 —x) e (0D + g+ @D 2 —) (2T ],  (3.26)
AgyED = — }:& EI:—‘Hz((]*Z)<— _1_ — fn_2>+[{3(q*2)(__ 1 + _m_2)+H2(q*2)<_ ,._1E + _m_z)
' 2 fa 1—x, my? 1—x, my? 1—x,  my?®
_, 1 m? S« , m?
R G b | iy ]
X {H1(q:2) +m[ (2 =) Ho(gs) +o4H 3(9%) 1= H1(34?) —m*[(2— @) H2(3?) +2H 5(3:) 1}
+(m2xn2—%uz-%mzx,r)m;;_[j:(_qz*z j:(_g;;]’ (3.27)
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2

Agsy 0= 1";“" f}‘i[c;?(kA?)(—m—: + i>+(—m% - i)cs(zeA2)+a2(zzA2>(~m—2 - —1—) +Ga(zeA2)(£: + i)]

ma XA ma X4

™

ma XA ma XA

Sa ( x4*m? _
- -1+ )[Gl(kAz)+m2(1+xA)Gz(kA2)+m2(1_xA)G3(kA2)_G1(kA2)‘_m2
fx xAmZ\ My _ _
XA =24)Go(ka®) —m*(1+x4)Gs(ka%)], (3.28)
A (K) — f" rg“(qk2) _ g(qx2) :l( —mn2+ﬂ2+m2xw>
\/Emz(l—xx)l-ﬂz_qxz =gl 2
ke e - @ - @D, 629)
2 fol—m) 8+gx 84« 8+ 9« —\d«x”) 15 .
1+x fx 1 m? 1 m? 1 m?
se= T g - —— = e =+ ) - )
2 fx — Xy ME —Xy M2 —Xy  My?
2 M2 25(g42) .
—Ha(q*ﬁ)(— _ _’t‘_):‘_i_ fx Xwtp |—g (g« g*(Q*_)]’ (3.30)
L=y my? myV2 2 I—#Z_Q*z W =Gyt
14+x, 2 1 m 1
A(_) 41) = — _+_i_ E[Gz(kﬁ)(ln— + —)-{—Gs(kAZ)( — __)
2 fx ma? x4 ma? x4
_ m? 1 _ m? 1
+Gz(kA2>(‘— - ——>+63(ch2)(— + —)] (3.31)
ma® XA ma? XA

The form factors g(¢?) and g.«(¢?), which appear in the
above relations, are defined as follows:

(k(k) [ 0,4 @ | K=(p)) = [g+(¢*) (m*—m,*)+¢°¢(¢*) ]

5“2 wgn(q2)/\/z(l‘2_q2)) (332)
(K*(k) | 944, @[ K=(p))
= (" p)LH1(g")+ (m*—ms?) H (") +¢*H 5(¢*) ]
= (e* P)u’frg:(g®)/V2(u*—g) . (3.33)

For ¢?=pu? g.(¢%) and g«(¢?) become, respectively, the
physical gex» and gx* g -, coupling constants

gxr=gW?) and grrrr=g«?).  (3.34)

Noting the kinematical relations
(kx—my?) (ke —my?) = (g2 —p?) (G2 — 1), (3.35)
(kx?—m®) (ka2 —m) = (g2 —p)@F—p?),  (3.36)

(ka2—m2) (ka2 —m2) = (g2 —ma®) (@ —ma®), (3.37)
(ka2 —ms?) (ka?—ms2) = (g2 —ma®) (G2 —ma®), (3.38)

we see that the poles of fi and f_ at k,%=m,2 are given
by the explicit factors 1/(¢gx>—u?) and by the pole of
Hs(gs?) at gs2=p? in Egs. (3.27) and (3.30). Also, the
pole of f_ at k,2=m,? is given by the factor 1/(u2—q,?)
and by the pole of g_(gs*) at ¢>=pu2 The A4, poles ap-
pearing at ¢,>=m4® in g, and g and at gu2=m,? in
Hj,,3, of course, are exactly canceled by the poles of
Gi,2,3 at ka?=m,? and ko 2=m,2

We shall now consider the poles at k,2=m,2 and k2
=my? of the different terms appearing in the expressions

of the form factors fi and f_. We shall write, for
instance,

I gg?)
()= — — 47 (g2 3.3
)= T, 6)
S g(g® .
Hiy(()= ——— +H3(¢?), 3.4
(¢ \/fu2——g2+ (¢ (3.40)

where the new defined quantities g_ and H; have no
poles at ¢g?=p?% We shall also make use of the following
convenient expressions:

fr ge(g®) 1
D2 —x) 42 (gD x = — S
g+ (@A 2—x)+g- (g R

+m,

X {ﬂ2+ z [(m—mx)z—QfJ] +q,26{) (341)
m

m+mn (m—'mx)z_QKz

2m?

¢*®=z-(¢.
m—Mmy

Mk

m—+
+g+(qx2)(2—xx—" )’ (342)
m
S g3 1
7:2)(2—Z, (g2 = — N
g+ (@A (2—z)+¢- (@)% V2 12— m(mtmy)

m—"my
X {u"’-l— —2——[<m+mx>2—qu} R, (341)
m
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m—my (m=4-m,)?—q,*

2m?

{*RD=g (3
m—-nmy
+2+@AO[2—F—(m—my)/m]. (3.42')

¢*® (¢*®?), defined above, have no pole at k.?=m,?

(k-2=m,?) and vanish at ¢’2=0.

In the absence of any information on the momentum-

transfer dependence of g«(¢%) and g«(¢?), we shall
make the approximation of taking them as constants:

gk(ql(2) = gk(q'(z) =gx(ﬂ2) :gKK'lrng,

3.43)
8:(95?) = g+(7+®) = gx(1?) = Rk x= G- (

Using Egs. (3.39)-(3.42") and the approximations
(3.43), we finally obtain after some work the following
expressions for fy and f_:

V2g.f« kor?
o) = Jr V2, &l
fr ml—m?  V2m2(ka?—m,?)
+AS(ke?), (3.44)
V2g. f. me— 2
)= — gufe  Jugu(mi—p?)
ke2—m?  V2Zm2(k2—m,?)
FAS (k) (345)
where
~ K 1—x1r
Afp (k) =2 @O+ KD — ———
f1r 1_xx
X[g+(9)+2-(9%) — (@5 —2-(37) ]
+(f/ f2)dH(R+RD),  (3.40)
Af (k 2)'—A (A1)+5 (K*)+ fx 1+x7r
—(fx") =0 ) 21—
X[g+(g)+2-(¢2) — g+ @A —2-@], (3.47)

and by Ay, & we have denoted exactly A,y &
given in Egs. (3.27) and (3.30), with H; replaced by H;
and with the last terms containing g«(¢s+2)/(u®—gs2),
£(7+%)/ (4*—§+*) omitted.

Equations (3.44) and (3.45) represent the result of
the generalized sum-rule formulation in the one-
particle saturation procedure and, using the approxi-
mation of taking some couplings (which, anyway, are
expected to have a smooth variation with the momen-
tum transfer) as purely constants [Eqgs. (3.43)],
Afi(k.?) and Af_(ks?) (which, in general, are non-
vanishing even for ¢’=0) have no poles and are ex-
pected to be smooth functions of %,2

Since we have

Afy(ke®)+ —
m

2
T

Af_(ks?)=0
u?

2__
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for
q*=0 [ke?=(m—p)*],

we obtain from Egs. (3.44) and (3.45) the relation

m—u
film—p)* ]+ ——f [(m—p)?*]
mtpu

fK \/ngfx#[zmxz-l_ﬂ(m_“):]

. (3.48)
fr (m2—m®) (mAp)[(m—p):—m,]

which is the last equation of Ref. 4 or essentially
Eq. (47) of Ref. 1. The point is that, unlike the case of
Ref. 1, we obtain it without any use of fixed-¢? (¢>=u?)
dispersion relations in the momentum-transfer variable
k2.

1V. DISPERSION RELATIONS IN &* AT ¢?=y?

We present in this section another way of deriving
formulas for the K;3 form factors, based on the use of
once-subtracted dispersion relations for fi in the mo-
mentum-transfer variable %2 along the line ¢?=p?
This procedure, which makes it possible to connect
fo(ks?) with f.(k,?), provides two supplementary
relations which, together with the current-algebra sum
rule (2.27) and Eq. (2.31) (of superconvergent type),
will again allow us to solve the system for f,(k.2?) and
fu(k.?). As we shall see below, this treatment limits
somewhat the model dependence of the results, in the
sense that the contributions related to the 4; meson
will vanish now, unlike the case of Sec. III for ¢’2=0.

We begin by displaying the sum rules (2.27) and
(2.31) with all one-particle contributions explicitly
written down. We have, respectively,

3 (Ra?)+ f-Cla®)F fir (ba®) + f—(x?) ]
3wl 1 (ke?) — f-(e®) — fr- (ka®) +f-(k?) ]
= fx/ f=+(fo/ [r) g+ (q®) (2— ) +g-(g:*)
+4: (@) (2—T)+Tg—(37)]

/c“"‘(x,q”) dx, (4.1)

e -

m fr
FLom2—p?) f1 (kx®) +ln® - (kx?)
— (m2—p2) fo (ke?) —Fe22 [ (Fe?) ]
_ M [ rgx(qx2) _ gx(qx2)J

V(1 —w)lp—g2  ur—g?
2m%%,

BT fx

/w“""t(x,q'z) dx=0, (4.2)
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where £(¢'?) is defined by
fa 1
£(¢)= ————[Gi(ka®) +m*(1+x4)G2(k4?)
f,.- mzmﬁx,;
—I—m2(1 —xA)Gs(kA2) —GI(IEA2) —m2(1+93A)G2(75A2)
i} Ix
—m2(1—74)Gs(ks?)]— — ——
m*(1—4)Gs(ka?) ] PRI
X{H1(gs*) +m*[(2—2y) Ha(g4*) +2:H 5(g4%) |
—H(3s%) —m*[(2—Z4) Ha(3:) +T:H3(3:H) 1}, (4.3)

and the last integrals in Eqgs. (4.1) and (4.2) indicate
the continuum parts remaining after the one-particle
pieces have been taken off.

Writing now once-subtracted dispersion relations
for fy in k% along the line ¢?=u?,

ka2—k,? /‘
i

we have the following two additional relations:
fon?—Fka?
ﬁ(kfz_m*z)(;ffm*2)+0<+> , (4.5)
(lon?—Rx®)V2f g
(kx?—m®) (ks —m)
(2 =) 02 —) o
1 2VE (e —m2) (2 —m)

Tm fy(k?) dk?
(k2 —k?) (B2 —F,?)

Fellee?) = fulks?)+ (4.4)

f+ (]5"2) =f+(kr2) -

J- (k) = f(ks*)+

+Cewy. (4.6)

Again, by C() we have conventionally denoted the
remaining continuum contributions to the dispersive
integrals.

Using now the same approximation as in Sec. III
[Egs. (3.43)] of setting g.(¢?) and g«(¢® as constants
and taking also into account Egs. (3.41), (3.42),
(3.41), and (3.42"), we get from the system of equa-
tions (4.1), (4.2), (4.5), and (4.6) (in the one-particle
saturation scheme) the following expressions for the
form factors fy:

o) = E _ V28 fe ks f
fr mE—m?  mV2(kl—ml)
+ofi(ka?), (&7)
7kt =— fegeV2 (m*—p?) f18x . @.8)
ke2—m2  m2V2Z(m2—k.?)

The quantity 81, (k.?) appearing in Eq. (4.7) is defined
as
3f+(ka)=q"%p(k=*) = — (1/4m*)[kex*— (m—p)*]
X[ka*—(m+u)*Jo(ka?)
pkD) =L+ 1/ f)(B+RD).

(4.9)
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(By £" we denote £ [given by Eq. (4.3)] with H,
replaced by H; defined in Eq. (3.40).)

Looking at the above expressions, we see that, in the
one-particle approximation plus the assumptions (3.43),
the current-algebra sum rule (2.27) and the “field-
algebra” relation (2.31), supplemented by the usual
subtracted dispersion relations for fi(k?) (in %% at
¢?=pu?), provide us with formulas for K;; form factors
less affected by the A4; contributions than in the ap-
proach of Sec. ITI, which was based entirely on current-
and field-algebra sum rules, all written in the dispersion
variable #, at fixed ¢'%. Indeed, here f_ is completely
determined in terms of k and &* parameters only, while
f+ is affected by the axial-vector contributions through
the nonpolar and presumably smooth quantity é&fy,
which vanishes for ¢/2=0 [that is, for k2= (m—u)?,
the upper limit of the physical region].

V. DISCUSSION OF RESULTS AND CONCLUSIONS

We have presented in this paper two possible sum-
rule formulations of K;3 decays, both of them furnishing
definite expressions for the form factors f, and f_ as
functions of the momentum transfer %2 Their results
are, of course, not identical, the hypotheses and the
methods used being different. In the first approach,
given in Sec. IIT and based entirely on current- and
field-algebra sum rules, we obtained expressions for
f+(k?) containing some contributions related to the 4,
meson which do not vanish in general, even if we put
¢'?=0 [k2=(m—u)?]. In the second approach (Sec.
IV), we wrote once-subtracted dispersion relations for
f+ and by combining them with a current-algebra
sum rule and a field-algebra relation involving, respec-
tively, the amplitudes ¢ and w, we succeeded in mini-
mizing the appearance of Aj-related contributions.
Indeed, this time, while f_ is not affected at all by such
contributions, f, is affected only by the piece &f,(k?)
which vanishes at ¢’2=0. Moreover, the derivative of
8. (k?) with respect to k? at k2= (m—u)? has in front a
factor u/m:

L om—w?]. 5.1)

m

(;l%[m(kz)]) -

T2=(m—p)?

The results of Ref. 4, in which another possible way
(based on somewhat different postulates) of generalizing
the collinear configuration is explored, differ from our
results only by the terms Afy in Egs. (3.44) and (3.45),
or 8fy in Eq. (4.7). Our Egs. (4.7) and (4.8) coincide
with the results of Ref. 4 for k2= (m—pu)? and are es-
sentially the same as Eqs. (26) and (27) of Ref. 4 for
k? very near the boundary value (m—u)? of the physical
region [in the sense that the derivative of 81, (k?) at
k? in k*= (m—pu)? can presumably be considered negli-
gible]. The procedure of Ref. 4, making use of quantities
involving only divergences of the axial-vector currents,
can avoid the consideration of 4; contributions to the
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sum rules, but one must then disperse noncovariantly.
The appearance of A, contributions (or, in general, the
consideration of matrix elements of the axial-vector
densities) seems to be a price to be paid if one wishes
to disperse on a parabola belonging to a family para-
metrized in terms of Lorentz invariants.

From Egs. (4.7) and (4.8) we can eliminate the con-
tributions of the K* mesons by considering the par-
ticular combination f(k2)-+ (k2/m?—u?) f_(k?). One can
further eliminate the product g.f, using the partially
conserved vector-current (PCVC) hypothesis

f (k2)+ k2 f (k2) fkgxmKZ\/—Z—
T et ) = k)

(5.2)

If this relation holds over a large k2 region, one arrives
at the conclusion that 81, (k%) and Af,+[k2%/(m>—u?)]
XAf_ are zero [because with Eq. (5.2) they must be
constants and they vanish at the point k2= (m—pu)?].
Thus one gets the formula

L2 fx  me(meE—m?)
- (p)="2 . (5.3)
_M2f ( ) fﬂ (mﬁ—ﬁ)(mf—kz) (

This relation is a generalization of Eq. (48) of Ref. 1
and coincides with it for k2= (m—pu)2

In our approach, without PCVC or further argu-
ments, 8/ (k% does not seem to be negligible. Perhaps
the best thing to do is to take into consideration Egs.
(4.7) and (4.8) (as well as their derivatives with respect
to k%) only for k2= (m—u)? when 6f (k*=(m—u)?)=0
and its derivative at that point can, hopefully, be
neglected. In the linear fit procedures, such relations
could be used in order to make a comparison with the
data. Also, one could try to fix some less-known
parameters by considering (for arbitrary ¢'%) other
sum rules which can be written down in connection,
for instance, with the additional vertex functions

(0][44(2),4 »(0)][«), (0|[4u(2), V,(0)]] ),

as has been done, in the collinear configuration, in
Ref. 6.

6 D. W. McKay, J. M. McKisic, and W. W. Wada, Phys. Rev.
184, 1609 (1969).

Jr(R?)+ —
m

2
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The experimental situation is also unclear. In this
respect, as pointed out in Ref. 7 [where a consistent
explanation is given of different £ measurements, using
a linear fit for £(k*)= f_(k?)/f,(k?)], a precise experi-
mental determination of the A, parameter (introduced
by the expansion f.(k%) = f; (0)[1+ (\;/u®k%]) is highly
desirable.

Setting k£2=0 in Eq. (5.3) and using the recently de-
termined number o= fx/f.f1(0)=1.23 (the wvalue
quoted in Ref. 8), one gets a value of the k-meson mass
me=[(em?*—u?) /(o —1)]/2~1150 MeV, in good agree-
ment with the experimental evidence (Ref. 9). Dividing
by f+(%?) in Eq. (5.3), taking the derivative with respect
to k% at k?=0, and using for m, the expression found
above, one obtains the following relation between
£(0) and A,:

(m*—p*)(e—1)  m?—p?

£0)=

+ .
oM —p? P

Taking A= 0.06, as suggested in Ref. 7 (this value of
A+ corresponds to a linear fit of the combined data with
a X2 probability of 989,), one finds £(0) = —0.56, which
agrees within 1-standard-deviation error with the results
of Ref. 7 for £(0).
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