
ENERGY LOSS OF HI GH —ENERGY PARTICLE PA I RS ~ ~ ~ 133

so that

f(g, Q) = dp pu(p t—a&p $—up&

where we have defined

1/2

p (&—&o—) ~(4'& (29)
$T

Ap= $5.

Thus, without doing any explicit calculations, we see
that for large $ we expect the distribution of energies of
particles emerging from a slab of thickness g to follow
a normal curve centered around 60.' In Fig. 3 we show

' It is amusing to note that if we were calculating the straggling
for a single particle, where co(e) =A/~', we would 6nd 60——g/6
and T=e, . For the case where e, is restricted only by the
classical upper bound discussed in Sec. II, the spread of energies
will be maximized, while for the case of the restricted energy-loss
problem considered in this paper, e, will be less than its highest
allowable value. This means that for the restricted problem, we
would expect a narrower spread of energies, a circumstance re-
marked upon in Ref. 3.

the results of explicit calculations of Eq. (27) for f(x,A),
and we see that for the two cases considered (j=6.75
&(10' eV, corresponding to a 10-cm track in hydrogen
at STP), this expectation is indeed realized.

We also note that the original problem which we

posed, the question of whether straggling might lead
a pair to produce a faint cloud-chamber track. , can now

be answered in the negative, since the probability of
finding 6&—,'60 is very small indeed, and, since high-

energy pairs are not produced often, we can rule out this
possibility.

V. CONCLUSION

The net result of the foregoing study of the ioniza-
tion loss of charged pairs in matter is that in future
quark searches, the production of faintly ionizing tracks
by such an effect can be safely ruled out, and that, in
the absence of other explanations of such tracks, they
will have to be interpreted as evidence for the existence
of fractionally charged particles.
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Recent experiments reporting the 27'- decay mode of the c0 meson and its interference with that mode of the
p meson are analyzed in terms of the propagator method for mixing of particle states. Both vector mixing
and mass mixing are included, and the energy dependence of the p width is explicitly taken into account.
It is shown that the ef'feet as observed in the reaction e+e —+ 7i-+7t- can be accounted for in terms of available
parameters. The consequent determination of the parameters makes possible an analysis of strong-inter-
action phenomena of the same type, giving information on the relative phases of c0 and p production ampli-
tudes. This is applied to the p-au interference observed in 71-+p —+ 7i-+7f. 5++. Other experiments are suggested.

I. INTRODUCTION

~DIRECT evidence for the 27r decay mode of the co

meson produced in the reaction

~+p ~ ~+~-3++. (2)
* Supported in part by the U. S. Atomic Energy Commission.
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has recently been reported. ' There are also reports of
evidence for this decay mode in other processes, in
particular, in the reaction'

In both cases, it is the interference between the 2~
mode of the p meson and the 2x mode of the co that is
observed. Therefore, the process is sensitive to the phase
of the mixing of the "bare" p and co states of definite
G parity.

Reaction (1) is particularly suitable for determining
the parameters of this mixing since, in addition to these
parameters, only known quantities are needed to de-
scribe the interference. This is a direct consequence of
the absence of any strong-interaction effect in reaction
(1) other than the coupling of p and cu to the 2~ state.
It lends a special significance to the reaction because,
once the mixing parameters are determined in this way,
they can be used to analyze other processes, such as
reaction (2), to obtain valuable information concerning
the phases of the amplitudes for production of the vector
mesons in strong interactions.
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Gourdin, Stodolsky, and Renard' have analyzed
reaction (1) on the basis of the phenomenological theory
of mixing4 and have noted that, to some extent, the
required phases are known ab initio just from a knowl-
edge of the ratio of the p width to the ~p mass difference.
They conclude that the phase of the mixing predicted
by the phenomenological theory is in strong disagree-
ment with the experimental phase reported in Ref. 1.

The experiments that have been reported probably
do not have the precision that would justify any such
definitive statement about agreement or disagreement
with theory. They do provide a strong indication of the
qualitative effects to be observed and they set the stage
for much more precise work in the near future. Because
of the potential value of these phenomena as a means for
measuring phases of vector-meson amplitudes, it is
informative to make use of the available data, crude as
they are, to demonstrate the relationship with general
theoretical considerations and to show how the different
phenomena may be interrelated.

In this connection, we wish to show that one cannot
establish the disagreement between theory and experi-
ment claimed in Rcf. 3 even if one takes the experi-
mental results to have a precision comparable to the
stated errors. Our purpose in showing this in not only to
do away with the specter of the failure of the phenomen-
ological theory but also to introduce some improvements
in the method of Ref. 4 which will provide a better
method for analysis of the more precise experiments
anticipated for the future.

Our disagreement with the conclusions of Ref. 3
arises from several causes.

(a) There is a discrepancy' between the phase con-
ventions of Ref. 1 and Ref. 3. The experimental result
in the more conventional phase would be o.= 1.64'%28'
(rather than —164') which is to be compared to the
two alternatives of Ref. 3, o, =—112' or a = —89'. Because
of the change of sign (from n= —164' to n=+164') it
is the first rather than the second that is to be compared
and the discrepancy is reduced from a difference of 75'
to a difference of 52, which is hardly significant.

(b) The relatively large width of the p resonance
implies that a more careful treatment of the energy
dependence of the width is required.

(c) Since the p' and co' are vector mesons, there are
in principle two complex mixing parameters at our
disposal rather than just the one assumed in the method
of Ref. 4.

The changes wrought in the analysis by points (b)
and (c), while small, manage to accumulate in such a
way as to allow for a possible shift in the theoretical
value of o.=I12' to a maximum of e= j.32', which

' M. Gourdin, L. Stodolsky, and I'. M. Renard, Phys. Letters
30B, 347 (1969).

4 J. Harte and R. G. Sachs, Phys. Rev, 135, 8459 (1964).' We are indebted to Dr. Perez-y-Jorba for confirmation of the
fact that the phase convention in the analysis of Ref. 1 had the
opposite sign from the usual convention.

serves to reduce even further any discrepancy between
theory and experiment. The limitations on the small
corrections are based on estima, tes of the contributions
to the mixing parameters. A much more precise ex-
perirnental value of e may make it possible to turn the
argument around and obtain the values of the real and
imaginary parts of the mixing parameters.

Specific information concerning the mixing parame-
ters is needed to make a precise analysis of strong-
interaction phenomena such as described by Eq. (2).
The required relationships and the present limitations
on them are set forth for reactions of this kind in Sec. V.

The processes in which we are interested may be
described in terms of the diagrams shown in Fig. 1.The
double line is symbolic for the arp propagator matrix4

[6/, "(k)$„„where p and v are the space-time labels for
the 4-vector hclds describing the p and ~. It is well
known' that a spectral representation of the propagator
of a vector meson leads to

P /, "(0)j,„= lim (G(s)//„. +s 'LG(s) —G(0)]&„k,),

where G(s) has the torm

G(s) = (sE'—F02)
—'.

The quantities E2, 350', and G are symmetric4 2+2
matrices with matrix elements given in terms of the
"unmixed" states, i.e., states of definite G parity,

~

p') and tco'). (ft is assumed that ~P mi~ing has been
taken into account in ~co').) The fact that G(s) is de-

termined by two matrices, E' and Mo', means that two
kinds of mixing must bc considered: vector Dllxlng

(or "current mixing"), ' due to off-diagonal elements in

E2, and "mass mixing", due to off-diagonal elements in
iVO'. In effect, only mass mixing was considered in
Refs. 3 and, 4.

The form of G(s), Eq. (3), also serves to include the
energy dependence of the widths of the states ~p')
and

~

co'). Since these are vector-meson states, the partis. l

widths contain the kinematic factors

($2 Q 2) 3/2(P2) —I/2 —$2(] $ 2/$2) 3/2

where t|:]is the threshold for the decay mode contributing
to the width. For values of k' near the resonance value

m, ', the variation in the second factor is small and the
widths may be taken to be proportional to h'.

Since s=k' in Eq. (3), we see that the energy de-

pendence of the widths, which normally would appear
as imaginary terms ln 3f0', can be included by shifting
thc imaginary contllbutlons to E ~

' K. Joh~so~, Nucl. Phys. 25, 435 (1961}.' S. Coleman and H. J. Schnitzer, Phys. Rev. 134, 8863 (1964}.
'N. M. Kroll, T. D. Lee, and B. Zumino, Phys. Rev. 157',

1376 {1967}.
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Assuming now that there is no other energy depen-
dence in E2 and 3/I02 in the neighborhood of the reso-
nances, we take them to have the following form:

1+iI',/m, 2X)E2=
2X

{a)

+

p p~D
VA:

(b)

(5)

with
G(s)=E'—'(s —8') 'E ', (6)

where I'p is the total width of the p at resonance and the
width of the cg has been neglected. The small parame-
ters X and g are of the order of the G-viola. ting (electro-
magnetic) interactions and they determine the mixing.
Since all absorptive terms are included in E2, g is real
but X will have imaginary contributions.

The solution of the mixing problem may now be
carried out in terms of these parameters by means of
methods analogous to those developed in Ref. 4.
Equation (3} is rewritten in the form

FIG. l. Schematic diagrams of the processes leading to Kq. (15).
The double line is symbolic for the propagator matrix.

insertion of the expression for the propagator leads to
the matrix element

Tpr(k') =P P Dp; &ilG(k') lj)I';r, (15)

where Ii), I j)= lp') or I~') P,r" is the production
amphtude for the vector-meson state

I j) of polarization
p and B~;I" is the corresponding decay amplitude into
the final mode Ii, which in our case will be the 2m

mode. The meaning of G(k') is

G(k') = hm G(s),
g~k2+s8

t/t/"=E '3l 2E ' (P) and k' is the square of the effective mass of the 6nal
state Ii.

Ily try~ting the factor (s—W) ' by the method of Ref. Ily, nsert, ng Fq (g) for G(s);„to Eq (15)
4, we are led to the result

2'»(k') =Z (Z f.-"g..")(k' s.)-', —(16)I)&l
G(s) =2

where the effective coupling for production of the mixed

wllere the two mixed states
I p) and Iu) are denoted by state l~) ls given by vlr««f Eq. (1 ) as

In) a.nd are given by g-r"=2 (jl~)~,'",

with In') the solution of

Wl~')=s. l~'),

S&e bei1lg Qle rootS Of

(10)

and the CGectivc coupling for decay is

f1.~= Q D&;~(i
I n) (18)

det (W —s, )=0.
The states (6I are simply the transpose of In):

(~lj)= &jl~)

and the normalization of the states is

In order to determine the coefficients &il~), we con-
sider only 6rst-order terms in X and y and make use of

(12) the fact that r,/m, is small, as in Eq. (14). Then lF,
given by Eq. (7) and determined from Eqs. (4) and (5),
becomes

(-IIf"l~)=~.e. (13)

Fol all pl'actlcal plllposes, tile 1'oots of Eq. (11) lllay be
taken to be with

(1+irp/ni p)5'=m p'p2

~

P P
~I

g ni„'/mp')

Sp flap ZfSpr p p

2

S~ tgris HSQpi y
2

where the distinction from the masses and widths of
the unmixed states

I
p') and lco') is negligible.

Wc arc now ln a posltlon to cxpI'css thc matrix ele-
ment for a physical process, such as one of those de-
scribed by I'ig. j., in terms of the mixed states. If the
vector 6elds are always coupled to conserved currents,

q= (g-2ze-")e-" (20)

serving as the CBcctive mixing parameter. We have
introduced

e—=r,/2~„ (21)

and will use 1+i'=e"whenever the second- and higher-
order terms make no significant difference, i.e., where
it appears as a factor of the small mixing parameter
P org.
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f...~= (1+iI',/ m)-'i'D„, ,~,

f„,.~= (s+a+7)e —"'D,.,~. — (25)

Similarly, from Eqs. (17) and (22),

~„~=(1+ir,/m„) 'i'P, r~+—(s Xe '")I'.—r",
(26)

g„r&=I'„r" (s+h)e ' I'pr-"~

Use of Fq. (14) now leads to the following expression

for the amplitude, Eq. (I&):

T2. , r(k')

a„(I)
+—— -, (2&)

k' m, '+i—k'I' p/m, k' —m„'+im„i'.

where To is a constant,

The solutions of Eqs. (9) and (10) then lead to the
following values of the coefFicients (j l n) '.

(p'lp)=(1+i I,/m, ) "' (M'lp)=s —Xe "
(22)

(p'l~) = —(s+x)e-*', (~ol~)=l,

where
s—= gm—p'e"'/(m '—m '+im I' ) (23)

and we have set m„=m, in factors of F,.
Ke are now in a position to write down the two-pion

amplitude in resonance form. Since co —+ 2' is forbidden

by the G-parity selection rule, D2 „must arise from
electromagnetic or other isospin-violating effects.
Hence it is expected to be small, of the same order as

g or A. For convenience, we define a small parameter
A, ', of this order of magnitude, by"

L4. „~=—A.'e-"D&.
, ,~.

Then from Eqs. (18) and (22) we have, to erst order in

mixing, '»

pendence at this point, without explicit justification. )
This change arises from the difference between (p'lp)
given in Eq. (22) and the value (p'lp)=1 associated
with the other treatment.

The other changes are buried in a„(I).The addition
of XAO due to vector mixing aRects Eqs. (28) and (29)
explicitly as does the appearance of the phase 8, which
is another consequence of the energy dependence of the
width. These changes also affect quite directly the value
of s through Eqs. (20) and (23). We note, however, that
in the absence of vector mixing P.=O), an imaginary
contribution to q in Eq. (20) would be required to take
account of the absorptive mixing effects that we have
been including in an energy-dependent form by inserting
them in A. .

Clearly, these many changes could have a substantial
e&ect on predictions concerning the phase of a (I), and
we shall find that they are numerically significant but
not large.

IV. ANALYSIS OF e++e——& ~++~—

The determination of b(I) depends on the initiating
mechanism and it will vary from one process to another
both in magnitude and phase. For this reason, the rela-
tive amplitude a„(I) will vary markedly with the re-
action considered, as already noted in Ref. 4. We
consider first the case of electron-positron annihilation
in order to make an analysis of the results reported in
Ref. 1. The production of the vector mesons is assumed
to take place through an intermediary photon and, in
the spirit of vector dominance, the photon —vector-
meson couplings f» and f7 are taken to be real.
Then y(e+e ) = f7„/f» and this ratio may be taken
from experiment" to be

y (e+e-) =—', .

with
a„(I)=- b(I) (s+X+)—.') e ",

b(I)—=y(I) —(s+X)e—*'—y'(I)(se "—X)

v(I) =E D2-, .'I'-, r"/Z D~. ,"I',
, r". (30)

b(e+e )=i3 se"—
whence (28) becomes

(32)

28
Since lsl will turn out to be small and lpl even

smaller, Eq. (29) may be put in the form

At this point, we compare these results to those

obtained by the method of Ref. 4. In. the first term of

Eq. (27), the energy dependence of the width appears

explicitly while the corresponding term would have a
constant width in the approximation of Ref. 4. (How-

ever, it has been customary to insert the energy de-

The normalization condition, Eq. (13), has been ignored here

since it leads to a common factor which will not be of interest."Since only one 4-vector is available in the 2'. state to give the
dependence on polarization, X' is independent of p, .

» In Ref. 3 it is noted that the unitarity relation 2Im4&sp'
=gg Dp~*D„~ leads to a relationship between Im), and ) ' which

happens to lead to a cancellation of X' in s+X' by virtue of the
connection between s and X given by Eqs. (20) and (23). Thus,
in their case s+X' can be replaced by a "mutilated" version of s,
but this procedure offers no advantage here.

a„(e+e—) = —(-', —se—")(s+X+Y)e
—*'. (33)

This may now be compared with the amplitude ex-
tracted from Ref. 1:

with"
a„(e+e ) =0.02e'~

n= $64'&28'.

(34)

12 J.E. Augustin, D. Benaksas, J. C. Bizot, J.Buon, B.Delcourt,
V. Gracco, J. Haissinski, J. Jeanjean, D. Lalanne, F. Laplanche,
J. Lefrancois, P. Lehmann, P. Marin, H. Nguyen Xgoc, J. Perez-
y-Jorba, F. Richard, F. Rumpf, E. Silva, S. Tavernier, and D.
Treille, Phys. Letters 283, 503 (1969).

"Note that the sign convention for the phase in Ref. 1 is
opposite to ours. See Ref. 5.
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Comparison of Eq. (33) with Kq. (34) yields

lsl =o.o6. (36)

The parameters describing the resonances may be
taken directly from experiment and, for purposes of
direct comparison, we shall use the values given in
Ref. 1:

mp= 773 MeV) j. p= 111MeV,

m„= 783 MeV, F„=12 MeV.

Then we 6nd
s=(lql/0. 15)e '&» & 'i

(37)

(39)

%e have set
(40)

(41)

in place of Eq. (20), and the phase P is thereby defined

by
(42)sing=2(ImX —8 Re7)/l ql

ill =9xlo-p, (44)

which follows from Eqs. (36) and (38), and the upper
limit on

l
Im&l given by Eq. (7) of Ref. 3,

2lIm~l &2xfo-p, (45)

to obtain conditions on P. From Eq. (42) it follows that

—13'&P& 13

—167'&p& 193'. (46b)

Since lsl is small compared to y=-', , we 6nd from
Eq. (33)

a=~—yp+y+qs'+3
l
s

l
cosy, (47)

where use has been made of the approximation

s+X+V =se'«', (48)

which follows from the s~all size of l~l/Isl i~plied
by Eqs. (38) and (20). In fact, we have

2lxi/lsi &o.15, (49)

and if the same condition applies to X',

cosy= (2 Rex —i1)/l pl . (43)

More information about the mechanism of mixing
would be needed to make a theoretical determination of
p. However, we may use the result

This is clearly not excluded by the experimental value
n= 1 64'+ 28' [Eq. (35)j. The comparison between the
two does suggest that n lies in the upper half of the
range given by Eq. (51), but a more precise experiment
will be required to allow a more definite statement.

The difference between our result, Kq. (51), and the
result of Gourdin, Stodolsky, and Renard' (who only
wrote down their estimate of the upper limit on n) is
due to an accumulation of small eRects which may be
understood explicitly from Eq. (47). In both treatments,
the dominant phase is po. Our term p depends on both
the vector-mixing and mass-mixing parameters X and g
as shown by Eqs. (42) and (43), but the basis of the
estimate is the same although we obtain a somewhat
larger range of @. The meaning of @' is shown by Eq.
(48); the con.tribution of the Ji' term is common to
both treatments" but the additional term X is new here
and alters the result appreciably. It is due to the fact
that vector mixing requires the manipulation indicated
by Kq. (7). Finally, the addition of the 3l sl cosP term
lii Eq. (47), wlllcll appal'eilfly corresponds to y„& iil
the other treatment, arises from the fact that the physi-
cal la&) state may be produced through the mechanism
of

l
pP) production, as indicated in Eq. (26).

It is worth noting that an accurate determination of
e will make it possible to be more specific about @ and
p'. In general, one cannot hope to determine them se-
parately unless it happens that the measured value of n
lies at one end of the range (51).The ends of the range
correspond, of course, to the extreme values of p and
&' allowed by Eqs. (46a) and (50).

Since, in the amplitude for strong-interaction processes
P and g' appear in combinations other than Eq. (47),
as we shall see in Sec. V, it is necessary to have as much
independent information about them as possible in
order to give a precise interpretation to the strong-
interaction data.

Tp. ,r(m„') =Tp
1+i(m /I' ) l g l b(I) e' «+~'&

m ' mp'+impI'p—
(52)

V. ANALYSIS OF pp++P —+ pp++pp +A++

The mixing parameters that have been determined
from the e+e experiment may now be used to analyze
the reaction (2) using the data of Ref. 2. The important
feature of the data is that destructive interference
between the co and p resonances appears to occur at
k'= m„'. For this value of the energy, Kq. (27) may be
simplified by using Eqs. (28), (23), and (41), with the
result

go+a/~90 (5o)

Clearly the choice allowed by Eq. (46b) for p is
excluded by the experimental result Kq. (35). Hence we
use Eqs. (46a), (50), and the values of pp and 8 to place
the following limits on n.

where
C+@+P'=~x,

C'—=arg b(I).

The requirement for destructive interference is

(53)

88'& 0,& 132'. (51) Application of Eqs. (46a) and (50) then leads to the
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following range of values for 4:
68'& 4& 112', (55)

with
&(I)= lv(I) le", (5g)

I'=p —
L I~I/I v(I) I X»nQ —p —76')+ Iv(I) I

'

&&sinQ+P —76')j, (59)

where P=arg y(I). Equation (55) then leads to the
estimate

65'& p& 115'. (60)

As an illustration of the application of this result,
we ma, y consider the proposal made by Goldhaber,
Fox, and Quigg, "which leads to the prediction P =90'.

The result, Eq. (60), is clearly in agreement with this
prediction. A more severe test of the value P=90' is
provided by including the information gleaned from the
e+e experiment. ' Under the assumption P=90',. we
have

C = 90'+2' cos(P —76'),

so from Eq. (53)

(61)

p+Q = —2 cos(Q —76 ). (62)

This expression may be inserted into Eq. (47) for the
phase 0,, which is measured in the e+e experiment. We

"A. S. Goldhaher, G. C. Fox, and C. Quigg, Phys. Letters
308, 249 (1969).

where the lower limit corresponds to the upper limits
on p and Q' and vice versa.

Now b(I) is given by Eq. (29), which may be ade-
quately approximated by neglecting X compared to s
and dropping 8. Then

(56)

The results presented in Ref. 2 indicate that

if(I) (
=0.75 (57)

for the data presented. Since ~s~ is small compared to
this, we may write

have remarked that the comparison between Eq. (51)
and the experimentally indicated Eq. (35) implies that
p and p' should be chosen so as to maximize o.. This
condition and the restrictive Eq. (62) then lead to

and
@~p yI~p

0, = i ip'.

(63)

(64)

This value of n differs from the reported value, Kq.
(35), by just twice the estimated error.

This serves to illustrate the nature of the analysis,
and it is clear that when improved phase measurements
are made, specific information concerning the inter-
action vertices may be extracted from them.

VjI. CONCLUDING REMARKS

It is clear that a more accurate measurement of the
cop interference in the 2m mode produced in electron-
positron annihilation would be very useful. It would
provide a more severe test of the adequacy of the
existing phenomenological theories of particle mixing.
It would also yield a tool for the determination of
relative phases of co and p production vertices in many
strong-interaction processes, such as reaction (2),
which has been treated here.

From Eq. (30) it is clear that the interference
phenomenon will be quite sensitive to differences be-
tween the p and co in regard to the polarization depen-
dence of the production amplitudes. This suggests
that the measurement of the spin-density matrix ele-
ments of vector mesons produced in strong reactions as
a function of 3f ' (=k') through the co mass region
may provide a wealth of information concerning the
production mechanism. One would expect in general to
see a strong dependence of the spin-density matrix on
3f ' as the result of the interference between terms
involving the p' production amplitude P„II" and terms
involving the co production amplitude P„II". This
interference phenomenon would be limited to a range
in 3f„' of order m„F„, so high resolving power will be
required to carry out such an experiment.


