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It is assumed that the Veneziano model in some ways represents a good approximation to the scattering
amplitude and as such already contains the effects of numerous coupled, inelastic channels. This hypothesis
is used to calculate the absorption parameters for pion-pion scattering below 2 GeV using a partial-wave
dispersion relation, where some simple forms for the phase shifts are assumed. The results are compared with
other analyses and extended to the case of pion-kaon scattering. Some implications of these results are
discussed, and the problem of the presence or absence of the Pomeranchukon is outlined.

I. INTRODUCTION

S INCE the introduction of the Veneziano model, '
numerous attempts have been made to produce a

modified version which satisfies unitarity. ' ' The result
of this work has been various unitarizing schemes which
apparently give good agreement with the data. How-
ever, none of the methods so far proposed are free from
one or more serious failings such as violation of crossing
syliunetry or analyticity, the appearance of infinities,
and frequently even the inability to satisfy unitarity.

In view of these shortcomings it is worthwhile
stressing that the unitarization procedures are largely
independent of the Veneziano amplitude and would
unitarize any suitable function of two variables. Their
ability to satisfy the data therefore must lie in the fact
that the physical scattering amplitude (which contains
all unitarity corrections) apparently has nearly linearly
rising trajectories and fairly narrow resonances, just as
suggested by the Veneziano model. The unitarization
schemes are successful not because they change the
model so much, but because they change it so little.
Thus except perhaps for the Pomeranchukon we may
suppose that the Veneziano amplitude is itself a good
approximation to the scattering amplitude and, as such,
it already contains the sects of all coupled processes
both in the direct and crossed channels. The question
we might then ask is not how to unitarize this model
but what unitarity, or inelastic, effects are already
contained in it.

The purpose of this paper is to extend the predictive
power of this representation in just this manner, and
to estimate the inelastic effects which are inherent in
the Veneziano amplitude for pion-pion scattering. This
particular process is considered partly because of its
simplicity, with equal masses and no spin, but also
because of its implications for theoretical and phe-

' G. Veneziano, Nuovo Cimento 5TA, 190 (1968).' C. Lovelace, in Proceedings of the Argonne Conference on ~~
and xE; Interactions (unpublished); CERN Report No. 1041
(unpublished).

'S. Humble, Nuovo Cimento Letters 2, 541 (1969); D. G.
Ravenhall and R. L. Schult, University of Illinois report, 1969
(unpublished).' K. Kikhawa, B. Sakita, and M. A. Virasoro, Phys. Rev. 184,
1701 (1969).

5 F. Arbab, Phys. Rev. 183, 1207 (1969).

nomenological studies. For instance, it is usually
assumed that the condition of purely elastic unitarity
holds some way above the first inelastic threshold.
However, since ~x is an annihilation channel coupling
directly to the vacuum, one would expect inelastic
sects to be of the utmost importance at high energies.
It would be desirable therefore to be able to calculate
such effects and to estimate where they might start to
be dominant. To do this in terms of the Veneziano
model, we must first define what we mean by its being
a good approximation to the scattering amplitude.
Clearly in the physical region the model cannot repro-
duce the detailed analytic structure, since it contains
no branch-point singularities, only poles. However,
away from this region the over-all effect of these poles
could be very reasonable. ' Starting from this assump-
tion, we can calculate the low-energy inelastic sects
using a partial-wave dispersion relation, where the
left-hand cut contribution represents the general effect
of the crossed-channel reactions and as such should be
well approximated by the Veneziano model. In Sec. II
we calculate these contributions in precisely this way
and attempt to test their validity by comparison with
other derivations. In Sec. III some fairly simple as-
sumptions are made concerning the behavior of the
partial-wave phase shifts, and the corresponding ab-
sorption parameters are determined. The results of this
calculation and their implications in phenomenological
studies are outlined in Sec. IV, and extended to include
pion-kaon scattering. Finally in Sec. V some remarks
are made concerning the presence or absence of the
effects of the Pomeranchukon.
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Fig. 1.

FIG. 1. s-plane singularities of the partial-wa, ve
Veneziano amplitude.

'The analogy with a photograph seems very apt: From a
distance it looks like the real thing; only when we get close do we
see the individual grains.
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III. INELASTIC EFFECTS IN PION-PION
SCATTERING

The pion-pion partial-wave amplitude A ~ (s) is
normalized so that

A '(s) =Ls/(s —4m~')]"'
X{qi'(s) exp(2i8ir(s)] —1)/2i, (7)

where 5~~ is the phase shift and g~~, the absorption

parameter, provides a measure of the inelastic sects
present in a partial wave, i.e., g=i corresponds to
purely elastic scattering while p =0 represents complete
absorption.

To determine these absorption parameters, we shall
primarily consider a once-subtracted dispersion relation
for the partial-wave amplitude such that

s —4
ReA(s) =A(4)+

ImA (s)ds'

(s' —s)(s' —4)

ImA (s')ds'
(g)

(s' —s)(s' —4)

where, for brevity, we have dropped the /, I indices,
and s is written in units of (pion mass) . Then, using
Eq. (7), this can be written as an integral equation for

With this modification to Kqs. (1)—(3), the absorptive
parts A, and A„ in Eq. (5) can be calculated in terms
of the discontinuities across the t- and I-channel
singularities. Alternatively, in the respective physical
regions it is possible to relate A~r(t, s) and A r(u, t) to
the t- and I-channel amplitudes through the unitarity
condition. These functions can then be determined in
the regions required for Eq. (5) by analytic continuation
or by a partial-wave decomposition. In this case the
unitarization procedure of I.ovelace' is used to calculate
ImA~r(/) and ImA~r(u) for t,u)4m ', l&~4 with both
xm and KK intermediate states.

It is found that both of these methods provide very
similar results for the discontinuity of A&r(s) given by
Eq. (5) at least for low negative values of s. In calcu-
lating Bir(s) from Eq. (4) using these solutions, it is
found that the integrals diverge, which was to be
expected. However, if we introduce a cutoff which
effectively parametrizes our ignorance of the shorter-
range forces, values for Bi(s) can be obtained which
have the same shape and are within 6%%uo of those shown
in Fig. 2. We believe this provides some degree of
corroboration for the values of B~r(s) given by the
straightforward Veneziano representation. We shall
now use these functions to investigate the necessary
inelastic effects in low-energy pion-pion scattering.
Further corroboration for our Veneziano model ap-
proximation to B&r(s) will be sought by a comparison
of the effect with results from other calculations.

g in terms of B(s) and 5(s):
s '!2

g sin28 =A (4)+B(s) B(4—)
2 s —4

s —4 i —rJ cos26 $
+ P— ds', (9)

2(s' —4)(s' —s) s' —4

where the functions B(s), given by Kq. (4), are deter-
mined from the Veneziano representation as described
in Sec. II. The phase shifts, however, cannot be given
directly by the Veneziano amplitude and we must use
the values suggested by recent phase-shift analyses or
assume some simple forms for them. For instance, it is
worth noting that Lovelace's identification of the
Veneziano amplitudes as E-matrix elements, ' such that

A ('(s) = Vg'(s)/[1 —ipse(s) V('(s)]
s

(expi8i') sin 5~', (10)
s —4

where p~(s) is a phase-space factor 2 produces phase
shifts apparently in good agreement with experiment
below the first inelastic threshold. It is plausible that
these elastic model phase shifts b~~ are still a fair ap-
proximation to the physical ones, 8&, for some distance
above this threshold even in the presence of inelasticity,
although at higher energies it would seem unlikely that
this would be the case.' To allow for this ignorance of 5

at higher energies, we rewrite Eq. (9) in the form

1 —
y/ cos2$ $

ds' = l~X(s),
2(s' —s) (s' —4)(s' —4)

s(Ai (11)
where

s —4 - s'
X(~)=-

s' —4 (s' —4) (s' —s)

8$

Oq), &i;
that is, we give the integrand in Eq. (9) X times its
maximum value above some point h.~= 2 GeV.

The values of rlir(s) are now calculated from Eq. (11)
by assuming that b&r(s) is indeed well approximated by
6&r(s) for s(A.&. Instead of solving this equation by
matrix-inversion techniques, which build up large
errors because of the discontinuity at A.&, a Ave-param-
eter function is assumed for q. An extensive search on
the space of these parameters reveals which values of
q(s) are compatible with 8(s) and B(s). If the left-hand
side of Eq. (11) lies within the limits of the right-hand

'Generally the phase shift Fi will increase by 7i- as it passes
through each resonance position. Analyses of meson-baryon
scattering, however, suggest that phase shifts as a rule lie between
&2vr. Such evidence as there is indicates that this is likely to hold
for meson-meson scattering also.

s —4
q sin2b —A (4) —B(s)+B(4)— P—

2 s—4 7r



IJNITARITY EFFECTS IN THE VENEZIANO MODEL 13ii

1.0

0$"

0.6-
0

0o OA-

0.2-

0
0 20 40 120

~ ~

0 ~

~ 1

I I I

60 80 140 160
s(m& 2)

1.0,

FIG. 3. ~~ absorption parameters. The
error bars are given by Eq. {11) and the
solid lines represent the solutions of Eq. {15).
The phenomenological values of Ref. 15
are indicated by the dotted lines and the
broken lines are the values calculated from
Eq. {19).

0.8-
0.6-

t

A

0.2-

20
I I

40 ' 60 80 100 120

~ ~

140 160

S(m~ )

1.0

0.8-

0
0,6-

~ ~
~ass

0.2-

00
I

20 40
I

60
I

80
I

100
I

120 140 160

S(m~ )

Ig'(s) =bg'(s)
s(A2

g('(s) = 1
(12)

side as ) is varied from 0 to 1 for all s(A~, then q is
tak.en to be an acceptable solution. The range of these
solutions is shown in Fig. 3 for go', g~', and g2'. In the
case of I=2 amplitudes, it is found that this calculation
is compatible with no large inelastic effects in the region
considered.

%hile the above analysis provides some order-of-
magnitude results for the absorption parameters, it
does not give any very definite values for them. How-
ever, such values can be found if we mak. e a slightly
more stringent assumption about the phase shift I~r(s).
At low energies let us suppose that we still have 5=b,
but this time we shall assume that after the erst reso-
nance 6 approaches m and stays close to that value
thereafter. This again appears to be very plausible, by
analogy with meson-baryon phase shifts, for instance.
Also, from the above calculation it appears that g is
close to unity for some distance above the erst resonance
position. If we represent this situation by

and

5(r(s) =m, s)h.m

where A.2 is taken as i~ times the resonance width
above the 6rst resonance position, ' then Eq. (9)
becomes

s —4 " 1 —g(s) s'
+P'(s) =0, (13)

m s, 2(s' —s)(s' —4) s' —4

where

Y(s) =A(4)+8(s) —B(4)
s —4 ~' i —cos25 s'

+- P (14)
(s' —s)(s' —4) s' —4

This can be inverted to give

s —4 &~2

g(s) =1+—(s—A.)'"—
7r s

Y(s')ds'
X . (1&)

sg (s' —A2) "'(s' —s)
"The phase shifts are taken to go smoothly to ~ at this point.
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The resulting values for the absorption parameters for
the I=O partial waves are shown in Fig. 3. For the
I=2 nonresonating partial waves we fix A~ at about
1 GeV and put 8P=O for s&A2. In this case we find
from Eq. (15) that the contributions to qP coming
from B(s) and the integral over the phase shift in Eq.
(14) tend to cancel. This is contrary to the situation in
the I=0, 1 amplitudes where these contributions
reinforce one another. The resulting I=2 inelastic
cross section therefore is found to be small in the region
considered, which is perhaps not surprising if at such
energies inelastic cross sections, like elastic ones, are
dominated by direct-channel resonances.

The important contribution to the integral in Eq.
(15) comes from the lower values of F(s'). Thus the
fact that B(s) is only determined up to about 2 GeV
is not critical. Giving B(s) some asymptotic behavior
such as constant or slowly decreasing produces very
little change in the values of q. In fact, in the numerical
calculation we let B(s) tend to a constant.

Clearly the values of 8 and g given by Eq. (12)
represent to some extent an idealized situation. As s
increases above A2 the higher resonances will generally
produce anticlockwise circles in the Argand diagram.
However, it is probable that these circles could be
quite small and 8 will not vary too much from its
assumed value m. Such variation as there is will produce
sharp fluctuations in the absorption parameters near
the resonance energies but we believe that the over-all
magnitudes of q given by Eq. (15) can still be a fair
approximation to the physical situation.

Finally, let us mention one further method which has
been used to investigate inelastic effects in partial
waves, namely, the N/D equations. Since in this
section we do not wish to make any assumption about
which coupled channels are important, we cannot use
the multichannel approach of Bjorken" and instead
must consider the single-channel N/D equations of
Frye and Warnock. "Here in principle the partial-wave
amplitude can be determined by a knowledge of B(s)
and the absorption parameter g(s). We believe we have
a good approximation for the function B(s); therefore
it should be possible to determine the forms of q(s)
that are compatible with the e or p resonance param-
eters, for example, given by the Veneziano model.

However, as always, there is the ambiguity of CDD
(Castillejo, Dalitz, and Dyson) parameters whose
presence is determined by the asymptotic behavior of
the phase shift. Without such parameters it seems
impossible to produce either an 5- or P-wave resonance
with any resemblance to the e or p for any absorption
parameters which are not pathological. This is perhaps

"J.D. Bjorken, Phys. Rev. Letters 4, 473 (1960)."G. I'rye and R. Warnock, Phys. Rev. I30, 478 (1963).

not surprising if, as we believe, a resonating phase
shift tends to x rather than zero. In this case it is
sufhcient to introduce one CDD parameter c such that
the N/D equations become"

ReD(s) =1+cs—
s—4 "2 ReN(s')

1+v(~')

ds'X. . . (16)
s' (s' —s)(s' —4)

One parameter is also suKcient if the N/D equations
are used to impose unitarity only on a finite range of
the right-hand cut, 4&s(s', provided that 8(s') &n.
With this extra degree of freedom" it is possible, using
absorption parameters very similar to those given by
Eq. (15), to produce a p resonance of mass 760 MeV
and width 130 MeV and an e resonance at 700 MeV
with a width of 300 MeV. Some of the higher resonances
can also be anticipated by allowing some sharp struc-
ture in the corresponding g(s). This has the effect of
producing small resonancelike circles in the Argand
diagram. However, the widths, elasticities, and even
the masses of these resonances are not sufficiently well
known to fix this detailed structure in g(s). This, of
course, is just a restatement of the problem of assuming
the behavior of 8(s) which we have discussed above.

IV. DISCUSSION OF RESULTS

In Sec. III we used the Veneziano model to calculate
the low-energy absorption- parameters, using partial-
wave dispersion and some simple assumptions about
the phase shifts. In this section, as a test of our analysis,
we compare these values of the absorption parameters
with those obtained by other analyses. Unfortunately,
the experimental values are difficult to obtain accurately
since they involve the detailed study of several partial
waves from pion-production data which are themselves
not too well determined. Even so, one analysis by Oh
et a/."has suggested the values shown in Fig. 3. These
are within the range allowed by Eq. (11) but suggest

"D. H. Lyth, University of Lancaster report (unpublished).
'4 For s waves there is an extra subtraction constant which we

take from the Veneziano model."B. Y. Oh et a/. , Phys. Rev. Letters 23, 331 (1969}.

2g(s) 1 "2 Re!N(s')
Re!N(s) =B(s)(1+cs)+ F-

1+v(~) 1+9(~')

s —4 '~' ds s —4
&&

— ——8(s') — B(s), (17)
s' s' —s s' —4

where

1 "1—g(s') s'
B(s)=B(s)+ E — — — ds'. (l8)„2(s'—s) s' —4
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1 —[~,r(z))'=4 p I g, r(s).. (19)

where n=EE, ~&a, or 4m as allowed by isospin. The
resulting values for q~~ are again shown in Fig. 3.

It will be noticed that these values are not too
different from those obtained from Eq. (15). . The
oscillations in q~~ correspond to the higher resonances
which we have effectively ignored in that equation.
However, we believe the results of Eq. (15) can still
represent a very good over-all approximation to g~ .
This view is further reinforced by comparison of our
results with those of Griss, "who has used finite-energy
sum rules to study Regge behavior in a "unitarized"
Veneziano model. His solutions, particularly those with
complex trajectories, have values for p &~ which are
similar to ours. It is also interesting to note that several
of these solutions have the phase shifts tending to m

as we have already assumed.

'6 It is widely believed that the p' (if it exists) is very inelastic,
suggesting a rather larger value for 1—q1' than that of Ref. 15.

'7 The details of this calculation are similar to those given by
P. W. Coulter and. G. L. Shaw, Phys. Rev. 138, 81273 (1965).
See also J. Fulco, G. Shaw, and D. Wong, ibid. 13', 31242 (1965).

"The four-pion cross section is found to be relatively small.
'9 M. L. Griss, University of Illinois report, 1970 (unpublished).

lower values for q2' and larger values for qo and gq'

than those given by Eq. (15)."
To obtain a further comparison, we can make some

estimate for these parameters by calculating the cross
sections for the processes ~x —+EK, mm —+gm, and
xm —+4m which, it is often supposed, are the more
important contributions below 2 GeV. For the first two
processes, we consider the exchange of the lowest-mass
particles plus the contribution from direct-channel
bound states and resonances, '~ with the couplings and
widths given either by experiment, where known, or by
the Veneziano-pole residues. The four-pion amplitude
is approximated by a single-pion-exchange graph
alone. "With the normalization corresponding to Eq.
(7), the absorption parameters are related to these

amplitudes by

(21)

I'(I —C(~))I'(I —a(y))
B(x,y) =—

I'(1 —a(z) —~b))
(22)

and g(x) is the Z* trajectory. ' The resulting functions
B~r (s) are shown in Fig. 4. The corresponding absorption
parameters are obtained from assumptions similar to
those leading to Eq. (15) and are given in Fig. 5. It
will be seen that the parameters gP", l=0, 1 are con-
siderably less than unity above 1 GeV, and it would
therefore seem important also to consider inelastic
effects in analyses of xE scattering above this energy.
However, for the I=~ partial waves it is found that
the contributions of qP" coming from BI,'" and SPY' in
Eq. (15) tend to cancel just as in the case of the I=2
partial waves. We would thus expect inelastic effects
to be somewhat smaller for these processes, although
detailed results are dependent on the assumed behavior
of the phase shift.

One important consequence of our results is that
below 1 GeV the absorption parameters are apparently
not too diferent from unity, so that the amplitudes
satisfy fairly closely the condition of elastic unitarity.
Above 1 GeV, however, this is no longer the case and
it appears that inelastic effects are very important at
least for the "nonexotic" channels. It should be stressed
that any theoretical or phenomenological analysis of
pion-pion scattering must allow for this contingency
if it hopes to explain the details of this process above
1 GeV.

It is also worth noting that the above remarks are
not con6ned to m~ scattering alone but apply equally
well to xE scattering. To see this, we calculate the
low-energy generalized Born terms B&r(s) for the ~E'
scattering in the manner described in Sec. II.

The Veneziano amplitude for this process is

Vr (s,t,u) =urB (s,t) +PrB (N,t),
where
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V. CONCLUSIONS

We have investigated in this paper some of the
consequences of assuming that the Veneziano model is a
good approximation to the scattering amplitude, and as
such already contains many of the sects of unitarity.
Clearly this assumption is likely to be better away from
the physical region where the model cannot reproduce
the detailed analytic structure of the amplitude. Con-
sequently we have had to rely on physical intuition to
provide us with approximate values of the phase shifts
in this region. Nevertheless, making only very simple
assumptions for these phase shifts, the resulting ab-
sorption parameters for mm and also for ~E scattering
turn out to be very reasonable. Indeed it should be
stressed that even values 0~&g~& 1 were by no means
assured. Moreover, although there is some apparent
discrepancy with one phenomenological analysis, the
shape of these parameters seems to be in fair over-all
agreement with soIne other estimates for them.

We would suggest that the source of this agreement
comes largely from the positions and residues of the
poles in the Veneziano model which combine to give the
contributions to the integrals over the left-hand cuts.
Such contributions, however, are controlled by the
unitarity condition in the crossed channels. Therefore,
agreement reinforces the idea that the pole parameters
in the Veneziano model already incorporate the sects
of unitarity.

In conclusion let us mention one further eGect which
is usually associated with unitarity, namely, the

Pomeranchukon. It will be seen that in our calculation
of the absorption parameters we have restricted our-
selves to fairly low s values, where the Pomeranchukon
is likely to be negligible, and, in the calculation of B~ (s),
simple estimates suggest the Pomeranchukon contri-
bution should be extremely small. Nevertheless it is
very likely that it is the high-energy, Pomeranchukon
controlled, unitarity condition which produces the
almost linearly rising trajectories and corresponding
residues that are approximated so well by the Veneziano
representation. In this sense it ispossible that theegectsof
the Porn. eranchukon are also contained in the Veneziano
model, even though it does not have the corresponding
J-plane singularity or correct asymptotic behavior. "
It must be noted, however, that the only way to test
this possibility in the present approach would involve

going to large s values and calculating numerous partial
waves, each of which would require a knowledge of the
phase shift and asymptotic behavior of the function
BP(s). Thus we are unable to say at present whether
the Veneziano amplitude represents an approximation
to the physical scattering amplitude with or without
the Pomeranchukon. Nevertheless we should emphasize
that such considerations are negligible for the calcu-
lations presented in this paper.
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