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Bethe-Salpeter wave functions. Our discussion has also
shown how a superconvergent dispersion relation could
come about without the need to introduce spurious
mesons.

Clearly we cannot expect perfect agreement with
the data yet because we have oversimplified. There is a
spurious essential singularity at ¢{=4M,?, due to our
Gaussian approximation, which is not valid for large «.
This point in the timelike region is, of course, in the
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physical region for pp—> leptons. This and the small
discrepancies with the data for small ¢? can be remedied
by the selection of a more realistic wave function,
perhaps with an exponential tail. In the following paper
we give a formal treatment of the spin problem and
present the definition of the electromagnetic form
factor of the nucleons in a quark model. In a future
paper we hope to present detailed calculations which
include all the known vector mesons p, w, and ¢.
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We extend our relativistic description of composite particles to the case of clusters of spin-} particles.
From this, explicit expressions for the nucleon vector current form factors are derived. We find that the

nucleon’s electric form factor has the form

GEO=a71S:(~t/a) T G0,

where Sy is the nonrelativistic form factor, a=1—¢/4M? and ¢' is the charge and G'(f) the electric form
factor for the ith quark. A similar expression is obtained for the magnetic form factor.

I. INTRODUCTION

N the preceding paper,t we discussed spinless com-
posite particles which behave as nonrelativistic
clusters in their rest frames. Here we generalize these
results to include spin.? In particular, we derive explicit
expressions for the nucleon form factors.

We derive a substitution law for the relativistic form
factors which permits us to obtain them from the non-
relativistic form factors. We apply these results to the
quark model of the nucleons and find for the proton
electric form factor,

—i

G2 ()= a“5p<-“> Z G (1),
(63 7=1

where S, is the nonrelativistic strong-interaction form
factor of the proton, G3' is the electric form factor of
the th quark, ¢°is the charge of the sth quark, and

- a=1—1/4M 2.
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A similar expression holds for the magnetic form
factor.

In Sec. II, to define our notation, we review briefly
the description of elementary relativistic particles with
spin. This is generalized in Sec. III to the case of rela-
tivistic particles with an arbitrary complex internal
structure. In Sec. IV we consider particles whose
rest-frame structure is described by a wave function.
In Sec. V we relate the matrix elements of transition
operators to the form factors. We derive our formulas
for the form factors in Sec. VI. The proof of two
mathematical relations is delegated to Appendices A
and B.

II. RELATIVISTIC SPINNING PARTICLES

Let the ket |pjma) denote an elementary-particle
state with four-momentum p, spin j with z component
m in the rest frame, and other discrete quantum
numbers a.*#* These states have the inner product

(t'j'm'a’| pjma)y=2p%> (0 —p);;8mmbuar . (1)

We denote an inhomogeneous Lorentz transformation
by (A,%). Let L, denote a pure Lorentz transformation
that takes the rest-frame vector p=((p?)"20) into p.

3 E. P. Wigner, Ann. Math. 40, 39 (1939); V. Bargmann and
E. P. Wigner, Proc. Natl. Acad. Sci. (U. S.) 34, 211 (1966).

"’I;. Werle, Relativistic Theory of Reactions (Wiley, New York,
1966).
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Then
A (1)) = (LAp)_]ALp (2)

is an element of the p little group corresponding to A.

Let Duo?(R) denote the spin-j representation of the
rotation group. Then, as is well known, there is a
unitary representation U(A,k) of the inhomogeneous
Lorentz group defined by

USR] p,jym,a)=e"»* [ Ap, j;m',a) Do (A (9)),  (3)

where summation over all allowed #’ is understood.

III. COMPOSITE PARTICLES

The kets |pjma) can be written as tensor products

| pjma)=1p)® | jma). 4)

The kets |p) describe the c.m. motion; the nets | jma)
describe the rest-frame structure of the particle. In the
simplest case, this structure consists of only spin and
unitary spin. In the more general case of a bound
cluster, it may be more complicated. We describe it by
aket | X).

The particle is then described by the tensor product

[2,X)=1p)®|X), (5)
with the inner product
@ X', X)y=(p" | pUX' | X). (6)

In the rest frame the rotations are the only allowed
Lorentz transformations. We assume, therefore, that
there is a unitary representation of the rotation group
V(R) which acts on | X). Now we can define a represen-
tation of the inhomogeneous Lorentz group by

U@,k)| p,X)=exp[ —idp-h][Ap)@ VA DI X). (7)
IV. WAVE-FUNCTION CLUSTERS

Of special interest are composite particles which can
be described in the rest frame as a bound cluster of »
subparticles. We assume the subparticles have spin 1.
Let the sth subparticles be located in the rest frame at
the vector position x;. Let the z component of its spin
be a; and its unitary spin ¢,. We fix the c.m. to be at
the origin by

{: x;=0. ®)
The total ket is
[ py{%iy iy @iy i=1,...,n}), 9)
with the inner product
' {xd e sai} | p{xieiai})
=2p%P(@—p) X e ﬁ1 BajoarnsOjoany’
7= .

permm

n—1

XTI 8@ (xi—x.7).

=1

(10)
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Here mj is a permutation of the subparticles; e, = (N !)™!
for Bose statistics, sgnr (V!)™ for Fermi statistics, and
whatever is appropriate if some of the subparticles are
distinguishable.

We define U (A,%) on these kets by

I](A)h) l P:{xi;ahai}) = eXpl: _1AP : h]
MMM@mwﬁbéﬂmW@@X(m

Not all combinations of the kets (9) will necessarily
correspond to physical states. We construct the physical
states as follows: Let {¥.(I,m;Xy,...,Xs)} be aset of
wave functions carrying angular momentum I, m. Let
(X1+++X,|ss;) be a Clebsch-Gordon coefficient for
coupling the % spins together to give total spin s, s..
Let (Imi,ss.| jm) be the coefficient for coupling / and s
together and let (@i --a.|a) be the coefficient for
coupling together all the unitary spins. Then we can
interpret

n—1
lﬁ,A,]Md>:; H d®x; Z Z \I/A(lm)xl. . 'xn)
=1

KXoz« an|ss.){Imss,| TM)
X(‘ll' : 'anl a)lpr{xbaf}aj}) (12)

as a physical state provided that we take the mass
square p? equal to the one appropriate for a bound state
of spin J, z component M, unitary spin a, and internal
state 4.

V. TRANSITION OPERATORS

To calculate scattering, we will need to know matrix
elements of the form

<P,>B’j,m/1a/[ jbu (O) I P;A:jm:a> . (13)

Here j3*(x) is some field operator carrying a tensor
index u and an SU(3) index b. This operator can be
written quite generally in terms of cluster kets as

JoH) =2 InI fI d3xi/d3yj/d4p

i=1 j=1
xKb”(P,{X—;,Oli,di},{Yj,ﬁi,bj})/d4plIﬁ,,{y,ﬁ,b}>

X (p{xea}|ei@=m=, (14
where K is an unknown function with the right support
and transformation properties. The sum in (14) goes
over all the discrete quantum numbers.

We will derive here a simple approximation for
Jo*(x) guided by the Breit-frame impulse appioxi-
mation of I. We make the additivity assumption

jw@=§jwm, (15)
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where j* acts only on the ith subparticle. Each such
J»# can in turn be written as a sum of operators T'p;*
which change kets of momentum p and mass m into
kets of momentum p’ and mass m’:

jur)= X[ 4’ 0 5(p2—m)

X./ @*p 0(p°)o(p* —m) o (P’ ,p)e* @ —»=.  (16)

As in I, we assume that the transition p — p’ takes
place instantaneously in the p, p’ Breit frame. Then

n—1
Tyt (p',p)= I_Il d*x; Evi*({X:},0",0) )

where the integration is over the spatial coordinates
of the subparticles in the Breit frame. We assume
that FEu# changes only the SU(6) coordinates of
the ith subparticle. As in I, there will also be a factor
expL—i(p'—p)¢& ] in E, where &= (0,x,).

Following the argument in I, a particle located at in
the Breit frame has a rest-frame coordinate

Yi=VP{L,(:i—p(p-&)/1D)}
=VP{L, &} =H,¢,.

(18)
(19)

Collecting all this, we assume that

i@=E T [0 amat-m [ a0

T mm’

Xo(pr—m®) ¥ 11 | s expl—i(p'—p)a+8)]

o’ aaa’ k=1
X' A Xpee,a'}) LI O ada; a;
77

X(]b“<?,>P)a’aa’u)%'(p’{HpE;a’a}I ) (20)

(Jb” (P,L'P)a’aa’a)i: <P,Olilai,l jbi“ (0) [Paiai>

is the matrix element of the tensor operator j* be-
tween single subparticle states extrapolated off the 4
subparticle mass shell. The indices «; and a; always
refer to the sth subparticle, but in the following we will
drop the subindex ¢ as was done on the right-hand side
of (20).

We show now that the expression (20) can be written
in manifestly covariant form. We note that!

where
(21)

n—1

[(p+2)2)0r Ij 5s((p+p)-8)=11 a2

when evaluated in the Breit frame.
Let u*(p) be a Dirac spinor with four-momentum p,
z component of spin in the rest frame @, and normal-
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ized to

A% ()P (p) = Bap- (23)
In the p, p’ Breit frame
a(p")ux(p) =G(t,m';m)dag (24)

where G is a complicated function of ¢t=(p’—p)? and
the masses. In the particular case when p'2= $?,

G()=Cm) [P+ T2 = (1—t/4m)' . (25)
In general, we can write
T (P D)o aara =1 (p") Aviara® (¢, p)uP (p),  (26)

where 43# is a tensor built out of the p’, p, and the v
matrices. We claim that

@)= % [ ot0at =t [ a9 )
X (3= m) [0+ ) TGl ) Ty
X £ T [iseacee (5+9)
Xexpl —i(p'—£)a-+£)]] /(L )
XL (0 AP0 () 4 1)

) , X(p,{Hpka}|, (27)
is Lorentz covariant.

To prove it we must show that

U@,1) 7o () U (AR) 7 =[C(A) v (Ax+h),  (28)

where C is the appropriate representation of the Lorentz

group.
Using Egs. (27), (11), and (A1), we find that
U7 (x)U(AR)™ is of the form

= [ty el—its'—p)e+ 5]

Xexp[—ib(p' —p)h]|Ap',{HipyAES'})

X (B {HapA Ly} | TT Dyral2(Ap")a(p")u? (p)

X Dgy 1% (Ap) Dy oM 1*(Ap"ya(p") A4(P' ,p) P (p)
X Dg, *(Ap),  (29)

where du is a manifestly invariant volume element, and
where we have suppressed unnecessary indices.
Using (B1), we see that

1
D sy | Ju(p)Dar = ap
1
~w s, )@y
1

[C“”(A)]”IA”(AP,AP',AE)>W(Ap ) (0

~a g
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since, by construction, and by the properties of the vy
matrices,

S@A)A(p,p,)S @A) =[C(A) A" (Ap',Ap,AE) . (31)
The assertion (28) now follows upon making the change
of variable p, p’, £— A71p, A71p, A7LE,

VI. MATRIX ELEMENTS

In this section we express the matrix elements of the
transition operators between the states of Eq. (12) in
terms of the nonrelativistic form factors.

Let ¢* be the two-component spinor which generates

u* by
w@)=(7). (32)
Then we can write
@ (p") Avara® (P, p)u(p))i= (¢*" T Brarat9d®) i, (33)

where By:* is a matrix operator acting on the spin and
SU(3) indices of the ith subparticle.

Let |ss.a) be that part of the rest-frame ket of the
cluster which carries just spin and SU(3) indices. The
operator B can be considered as acting on these kets.
We also introduce the form factors

(pB'Um’ | pAlm)

n=1

I1 | @xppnt™* (HypEPan' (Hpk)e i@k, (34)
=1

where the integral is to be evaluated in the p-+p’ Breit
frame. This is the spatial wave-function part of the
matrix element. Then

(p'Bj'm’a’| juu*(0)| pA jma)
—_ Z (p’Bl’m’[pAlm)k(j’m’ll’m’s’sz’)

WWmm'szs,’

X (Imss,| jm){s's. a’| Bo*|ss.a). (35)

When p?=p"2=M 4% the spatial wave-function part
simplifies to

(p'BU'm’ | pAlm)y,

=a =125 g B ((p'—p)a! /Z,Zlm/:lm) ’ (36)

where

a=1—1/4M 37)

and Sp4* is the nonrelativistic form factor

Spa®(q,!'m'lm)
n—1
- I_I dgxi ‘me'V({xi})‘pAml({Xi,})e_iQ'ch. (38)

The proof of this is the same as for the corresponding
result in I.
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VII. NUCLEON VECTOR FORM FACTORS

As an example, we work out the vector form factors
for the nucleon. We use the quark model. In this model
we have

=0, B=4,

j=%, and n=3. (39)

For simplicity, we assume the spatial wave function
to be symmetric under all permutations of the quark
position vectors.

The wave-function part of the form factor is

(p'A00| pA00)i =S 1 (— /) (40)

and is independent of the quark index ¢. Here .S is the
nonrelativistic form factor

n—1

Sa@)=1L | dsilvaltxa)eo=s, (@)

which is a function of ¢? only, because of the rotational
invariance of the wave functions.

We assume that the current operator j3* is diagonal
with respect to isospin and hypercharge. The single-
quark matrix element of Eq. (20) is then

(p'aial] joit(0)] paiai) = quBaa i (p )LFH (t)v*
FiF2(()orq, M Jumi(p). (42)

Here g* is the & charge carried by the ith quark; ¢ is
(p'—p)?=¢®. F and F? are scalar functions of 1.
Expressed in terms of spinors ¢* in the rest frame of 4,
(p'aiai| jsit(0)| paias)

= qu a9 1[G (1), — i X o (2M)7'G2(1) Jo*

where

(43)

G ()=Fi'—(g*/4m)F ¢,
Giz(t) =F+F2.

The b-vector form factor can now be written in the
Breit frame

(p'A| o (0)| pA)=0a"2S 4 (—t/a)(X| B*| X), (45)

where |X) is the rest-frame SU(6) ket and the com-
ponents of B* are

(44)

3
B=3" ¢v'Gvi’(D) ,
i=1 (46)

3
B=—i2M)' ¥ q'iqXo'Gr:2(t).

=1

Here q is the momentum transfer evaluated in the Breit
frame. The Pauli matrix ¢? acts only on the spin
coordinates of the ith quark.

The vector operator

3
C= Z qbio‘iGbiQ(t)

7=1

(47)

can, in principle, connect states with different spins.
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That part of C, C4, which connects only nucleon
states of spin %, must be proportional to the total spin
operator

3
or= Z o; (48)
i=1
or
Ci=Di(D)or. (49)

We obtain the proportionality factor D4 by taking
the expectation value of the third component Cs in a
spin-up nucleon state

Da(1)=(334|Cs|3 34).

The expectation value of the z spin of the ¢th quark
in 4 is

(50)

(334 |oi|554)=¢ (51)

and this yields

Da®)=3 areGr(). (52)

=1

It is customary to define the b “electric” and “mag-
netic” form factors for 4 by

850 Goa (1) = (P55’ A] j1°(0) | p3sA), (53)
—(i/2M)q X (35’4 | 0] 3s4)Gra™ (2)
=(p'5s'435(0) | psA), (54)

where all quantities are to be evaluated in the Breit
frame. From this we get

—\ 3
Gra®(t) =OZ_ISA<—) > ¢5'Goi' (D), (55)
o / i=1
—I\ 3
GbAM(t):a—lsA(__) . grleGui(l). (56)
o =1

VIII. DISCUSSION

We have developed a general method for writing
form factors for bound clusters of spin-3 particles.
Here we have applied the procedure to the quark model
of the nucleon to derive the vector current form factors
for the nucleons.

It should be borne in mind that these results rest on
the validity of a particular kind of impulse approxi-
mation. Namely, we have assumed that the transition
from the initial to the final cluster state takes place
instantaneously in the Breit frame. This seems reason-
able, but we have at present no way of testing this
assumption other than by comparing the results with
experiment. This requires as additional input some
information about the wave function.

In a future article we shall present the results of a
realistic calculation of the different electromagnetic
form factors of the nucleons. From our derivation it is
evident that our method is relevant in the spacelike
region and will give the most significant corrections for
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large negative ¢2. We shall show that the above pro-
cedure provides a -significant improvement over the
dipole fit.

APPENDIX A
Here we prove the relation
A(p ) Hpyt=HapAf. (A1)
We have, by definition,
AP HpE=A(p") VP{LyT'A(p')E) (A2)
=VP{A(p )Ly A(P)E}, (A3)

since a pure rotation commutes with VP (taking the
three-vector part). The right-hand side of (A3) can be
simplified step by step since

AP )Ly ' AP )= Lapy ALy 'Apk (A4)
= JAP'_IAAp’S
=Lapy'ALE—p(p-8)/p%]
=Ly [AE—Ap(p-£/p7)]
= Lay 'Aap A, (AS)

which is all that is needed to prove (Al).

APPENDIX B
Here we prove the transformation law for spinors
Dgo (A p)u(p) = (Ap)S(A) (B1)
and
u(p)Dag" (Ap) =S (M) (Ap) (B2)

which were used in our proof of covariance.
We define the #*(p) in terms of boosted rest-frame
spinors by

u(p) =S (Lp)u*(p). (B3)

The spinor S(A)u*(p) is then some linear combination
of the u*(Ap),

S(A)u(p)=uP(Ap)Csa, (B4)
with some coefficients Cgq. By (B3) this is
S(A)S (Lp)u(p) =S (Lap)u?(P)Cpa- (BS)
Thus,
S(Lap) S WS (Lp)us(D)=u? (P)Cpa,  (BO)
or, by (2),
S (Ap)u(p)=uf (P)Chpa- (BT)

Now, for p2>0, S(A,) is a representative of a rotation
and we choose the basis spinors #*($) so that we get

exactly
S(Ap)u(p)=uf (P)Dea'"(As), (B8)

which implies Cgo= Dgo'?(A,). Equation (B4) is then
S@)u(p) =1 (Ap)Dea'*(Ap) - (B9)

Equation (B1) then follows by the unitarity of the
Dg,'? and the relation

YS (M) =S(A) (B10)



