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By repeatedly factorizing the Koba-Nielsen representation of the N-point dual amplitude, we can obtain
an amplitude with an arbitrary number of excited legs. In particular, we find an operator form of the four-

Reggeon vertex function.

I. INTRODUCTION

T has been shown by Koba and Nielsen! that the

N-point dual amplitude can be represented in a
projectively invariant manner by associating with each
external particle one Koba-Nielsen variable x;, 1=1,
2, ..., N (Fig. 1). The N-point amplitude takes the
form?

BN(PI,PZ,H-,PN): ( H dxt)

i7#(a,b,c)

w4 (1)
i <i <N

X/l 11

(wi—%ir2) | ]
i#a,a—2

where x,= ©, x,=0, 2,=1, and

(s —2;) (i1 —X541)

2)

4= (Xiy%51,%,%541) = .
®i—x51) (W1 — 1)

The wusual multiperipheral parametrization of the
N-point function
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is then in the particular projective “frame” wx;= o,
x2=1, xy=0. Another useful form can be obtained?
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x1 Fi16. 1. N-point amplitude.
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by choosing ;= o, x,=0, x,=1; thus the N-point
function has the form
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For later convenience, we denote the integrand of Eq.
(4) by
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II. SINGLE FACTORIZATION

To do the single factorization of the N-point function,
we divide the Koba-Nielsen variables x;,i=1,2, ..., N,
into two sets, y;, ¢=1, 2, ..., M, and 3;, j=M-1,
M+2, ..., N (Fig. 2). We explicitly choose three pro-
jective frames X, ¥, and Z. They are defined by

X: =0, %=1, xy=0; ENpi =X,
1=12,...,N
Vi yyp=owo, yy=1, Y1=0; Yuir1=9:,
1=12, ..., M (6)
Z:  sm=0, anp=1, NSy,

j=12, ... N—M+1.

The YV frame specifies the left-hand (M 1)-point ampli-
tude, the Z frame specifies the right-hand (N —M+1)-
point amplitude, and the X frame specifies the N-point
amplitude as a whole. The following equations relate
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2 MULTIFACTORIZATIONS

ZN-1
F16. 2. Y, Z frames.
the X frame to the ¥ and Z frames:

i=12, ..M
j=M+1,...,.N o)

Xi= Y2/,

%= Yal%j
t=%p1/%0;
¢ is the variable associated with the propagator of the
factorization channel. The ¥, is equal to the product of
of all the usual multiperipheral parametrization varia-

bles belonging to the ¥ frame, i.e., yo=u12015° * - %1 ary1.
Substituting Eq. (7) into (4), we obtain?
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s1=(prtpot  Fpa)t= Pariat - -+ pw)?,
and ¢+bp;2=0,i=1,2, ..., N. From now on, we will

drop the 2b factor in p;-p;. To factorize Eq. (8), we
expand
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I I (—yis) e
=1 j=M+1

ZN-1

F1c. 3. First factorization.

AND THE FOUR-REGGEON VERTEX- ..
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as the exponent of a logarithm?® and introduce the
harmonic-oscillator operators? a,!, a,. Hence

I 11

=1 j=M+1

(U —yuzyri-oi

=<o

e T 3 p) |

w2 j=pt1
Xexp[ ; 1%-;2( g:l j)iyi")]}0> . )

Substituting (9) into (8) and defining
By(p1- - o) ={0|G(zy V(@) D(R4,$1)G vy P (ah) ]},
we then find the single factorization result (Fig. 3)
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In this and the following figures, to record the ordering
of the particles on the side which has been removed, we
keep a dot on each factorized Reggeon in such a way
that the dot lies between xr and % pr1.

o 5 pove >]]O>. (100
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III. SECOND FACTORIZATION
A. Planar Case

We start from Eq. (10a); let M =0, and divide 2,

i=1,2, ..., N, into w;, 7, and v, so that
WL41= O, wL=1, w1=0,
vL=00, 7)L+1=1, ‘Z)N=0,
g1= 0, 2=1, 2y=0,
and so
z,=w2/w,-, $= 1,2, ,L
Z;=wanv;, ]=L+1, .. .,N (11)
17=ZL+1/ZL.

3 K. Bardakci and S. Mandelstam, Phys. Rev. 184, 1640 (1969) ;
S. Fubini and G. Veneziano, Nuovo Cimento 644, 811 (1969).

4S. Fubini, D. Gordon, and G. Veneziano, Phys. Letters 29B,
679 (1969).
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Substituting Eq. (11) into Eq. (10a), we find

LOH-PING YU 2
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To introduce the operator a,', we observe from Eq. (12) that
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Therefore, if we define, from Eqgs. (12) and (13), and
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we find the second-factorization result (Fig. 4)
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where wr 1=, w,=1, and w1=0. Expression (14) is
identical to the formula of Fubini ef al.,* since, in terms

ool 575 p
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of Chan variables, w;=1u1 ;%1 ;y1° * - %1 £—1, and
-1
Wo = U1
=2

By employing a technique similar to that used in
Eq. (13), we can also introduce b, operator instead of
a,’, and we find the second-factorization expression
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From Eq. (10.1), with M =0, we change to the projec-
tive frame (Fig. 5)

B. Nonplanar Case

gr/=w, zryg'=1, z.4=0 (I<L<N-1)

and relabel z,”’s so that
an"'=21.4"=0,

My I "__ ’_.
%1 =ZL =%, 22 —ZL+1-—1,

or

’__ ’__ 1 12
2i =8N4i T EN41—L+i — B1—L+4i -

/
Z'N-1

Fi1c. 5. Second factorization (nonplanar).
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Then Eq. (10a) becomes

O[G (@) | Ny = /(H dwz”>{ZN”}<

an
eXp[ DR
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N
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)\a> . (16)
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X n 123 ” 1!
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Carrying out the factorization as before, we find the second-factorized (M 1)-point tree (Fig. 6)

/ (I w7 1230

(o

where

(18)

Bum(x)= é <7ll>(m——nl>( —)mmat,

‘LU1=0.

and

wyp=°, wy=1,

As a consistency check, we may remove all bottom legs
in Eq. (17) by setting L=11n Eq. (17); we find

Wr—1 Wr1—wL \"
Bnm W™ - 6nmmw2n7
wr WLp1— WL

< WrL+1— WL )(wL—l_wi) Wy

- —.
WL+1—WL—1. Wy —W; wWq
Hence Eq. (17) does reduce to the planar case, Eq. (15).
However, we can equally well remove all “top” legs in

F16. 7. Removing top legs.

[ anbm < WL1—WL >"B <wL——1> :'
EXP nm wL™
nm (’}’Lm)llz WL41— WL -1 wr,

a, Mt1 Wr1—WL \"/WL-1—W:\"
Xexp[ > ———( Z pawim+2 — 2 Pw( > < ) ]
WL+1—WL—

n nl/2 i=1(i=L)

S

WL—W;

Eq. (17) by setting L=M in Eq. (17); we then find an
expression with both dots on the other sides of the two
excited legs (Fig. 7), as compared with Fig. 4,

. A
OIG(W)(”(%Z’) >=
b

<(s
B b

Xexp| 2.

. m mll =1

M1 War-1—Ws\ " ]| Ae
x = (=) ) a9

i=1(iM) 1—w; Ay
where W 1= %, wy=1, and w;=0. We can verify that
Eq. (19) is related to Eq. (15) simply by a projective
transformation w;=1—w," in Eq. (19) plus two ‘‘twist-
ing’’ operations on both of the excited legs. To see this,
we first change the frame in Eq. (19) from waq1= o,
wy=1, and w1=0 to wa' =, w'=1, and wa'=0,
ie., w;=1—w,;. We then use the following identities®®:

10 e
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5 C. B. Chiu, S. Matsuda, and C. Rebbi, Phys. Rev. Letters
23 %1526 (1969).

6 L. Caneschi, A. Schwimmer, and G. Veneziano, Phys. Letters
30B, 356 (1969).
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which is analogous to Eq. (15), except that the states
[Xe), | Aoy are twisted. This is the expected result, since
excited-particle lines with the dots on opposite sides are
related to each other by the twisting operator.

F1c. 8. Third factorization

(planar).
IV. THIRD FACTORIZATION
We start from the second-factorized tree, Eq. (14),
and change from the frame wuy1=, wy=1, and
w1=0 to the new frame, wy /=, w/'=1, and
1/2 wa'=0 (Fig. 8). From Eq. (14) we get
—) ) (ZOd)
m
@ (gt = ! ’
o0 elGem @@= [(TLaenw)
a,t M
x| o] £ 5 =ty [1-wiye
(20f) n pll2i=1
e 5 ) oo -
iI——Il P jz>:i il \il” Xexp| L —— 3 pi — >\a>- (14"
n pll? =g — Wy
O(7)*=(0], (20g)
THA)=|R). (20h) We then divide w;’ into 7;, 57, and 5 as before:
Then, clearly, Eq. (19) becomes rL41= 0, rr=1, 7o=0,
A Aa SL=%, st+1=1, sy=0,
<0 Gy @ (a,b) N >=/(H dwi ){W 41"} Wi =w'=, w'=1, wy'=0
b . and
m M w =r1/r; i=12,...,L
X<0 exp(ab)o ex; [ —_— iwi’m:lw 1R ’ Ty
p(ab)o exp, %mmgli’ M—1 ) = rirs;, P
[ (2% f‘gl (WM—1/)":' Aa 1) n=wry1'/wr.
Xex E— b - >
P §n:' n1/2 i=1(i=m) 4 w;’ £/ Therefore, in terms of #;, s; and 5, Eq. (14) becomes
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To remove s;, j=L+1, ..., M+1, and 5, we expand
L M
II II (A—risy)—re-ri
i=1 j=L+1

in terms of ¢, ¢; operators:

0>,

i M af L
eXp[ 22— X pj(ns,-)’] eXp[ ; T pm‘}

1 Y2 =Lt 2 5=

L M
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and use the identity
(0] exp(¢f) exp(fg)={0] exp(cf) exp(c'g),
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which amounts to replacing the scalar f by the operator ¢f. We therefore replace

M
2 pi(ns)?

J=L+1

in the exponent term of Eq. (14”"). We can further write

(ka] Gy @ (a",0) [ Na) =<I(;a

G(S) (1)(5)D(R0)s3)G(R) (3)(a’T’0”C)

>\a>
o/

Therefore, we find the following formula for the thrice-factorized tree [Fig. 9(a)]:

(- - [ arpaal
conl 2 2] Eo(1- 4 (o]
Xexp{ %3:172[ Ig bi (1_ ;)w iz <—”>( )ll(rl)l—l%]}(l_ %)R i> (22)

where 7741=®, 7,=1, and 7o=0. We can also start from Eq. (15) and factorize as before; we find the thrice-

factorized tree [Fig. 9(b)]
N /(dez){Rw2}< exp[ 177;( ;7::1 piri )] e‘ip[ 2 Ga n<1'— £>":|

Xexp{ % ,Zm[ 2 s (1— 7,) }'31( )( )ll(“)ll‘”:H
ol 2250 Tl 5 ()omes]

where, again, 7z,1= o, r,=1, and 7,=0.

Itis interesting to see how Eq. (23) can reduce to Sciuto’s” three-Reggeon vertex. Since we are unable to factorize
the ¢; leg without assuming the factor 1—#1/7s to be in the R frame (opposite the .S frame), we therefore consider
the case L=2 (Fig. 10). Substituting r;= %, 7=1, and 7,=0 in Eq. (23), we get

)\b> f dryreo1(1 ——1’1)“"1’_1<0

Xexp[ z @aba(1—r1)"] exp{ E;nj ;ﬂ%[[ﬁsﬂz(l —r)™ ]+ lé ( )( Mt i /2:”

A
Gr)®(a%,a,0)

eXP[ 2 Pm}

2 oy
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Ag
>\b> , (23)
Ac

< IG(R)(‘”((I, b 6)

C
exp[ Zl l—l‘lZ;(Plrll'i_PZ):I

xexp{z—a—n)"[psm(l—ﬁ) "+>3( )( -t 11/2]}

=1

)x;> . ©4)

In order to remove the external scalar leg (i.e., 7o) in Fig. 10, we then go to the pole position of the aq variable and
look at the residue given by Eq. (24). We can rewrite Eq. (24) in the following form:

G Y= ool 3 ) e 3|

1
x| / iy (et (=)L |
0

Gy ®(d',b,c)

Cc me an Oa
XCXP{ 2 ‘LPI“I'(GT,N)O‘{‘Z —ps+pa(1—r)™]+(b",0)-+2 —[Pa"‘P?(l~71)“"]+(af,6)+] 0b> . (25)
T U2 m 2 n nll? Ne

7. Sciuto, Istituto di Fisica dell’Universitd-Torino report, 1969 (unpublished).
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We observe that the last factor { } in Eq. (25) is a three-Reggeon vertex if p, — 0. To get the three-Reggeon
vertex W ®(a,b,c) from Eq. (25), we thus take the limit p; — 0, and write
0o
0b> . (26)
Ae

0, e
Ob> = hm <>\b
e P2>0 \(),

But under this limit the discussion of the factorization must then be modified, since the mass of leg 2 is no longer
equal to that of the other legs. The relevant modification is given in the Appendix. As p; — 0, the ordinary vertex
function V(p;) becomes the unit operator and so D'W @ (a' 4" ¢) becomes a well-defined quantity. From Egs. (25)
and (26), we obtain the ¢;-leg propagator

G®(a'b'c) V(p2)D' (Ru,Ro)W @ (a,b,c)

Ao
im { \p
p2—>0 ¢

1
D'(R,,s3) =/ dry 7y @Y1 —py)~ 0P~ 1y Be(] —py) Ba
0 (27)

and Sciuto’s three-Reggeon vertex (Fig. 11)

Na Ao
xb> = <0 )\b> , (28)
Ao A

where po’'= p;.

Another interesting thrice-factorized tree (Fig. 12) can also be obtained easily by directly factorizing Eq. (15)
in a general projective frame, similarly to what we did in Egs. (16) and (17). It takes the following form (Fig. 12):

<O §E>=/< i#(R—iI},R,I)dn>{RR+1}<O

bm [ Yr—1—7L \"[ B+1 71— 71\" c1 7L41
xesp@perp| £ PN E (T o ()|
1 /

exp[plc+ (d,b)0+P2/b+ (b,C)_"l—j)z/a—l' (d,6>+:]

<OI W®(a,b,c)

eXP[ 2 = § pir il]

1 JU2 =1

é(R) (a7b7c)

m o mt2\rp_1—rpy1 i=1(i%L) rL—7s 7L
Qn [ TL1—7L \ " R+1 rLe1i—ri\"" e C 741

Xexpy 22 —_— 2 b +2 —Bou|l— it
n nl2\rp_ 1 —rr41 i=1(i#=L+1) rL—7; 1=1[1/2 7L

§Z> . (29)

(S Gl
st (Y e ()

The reason why we are interested in Eq. (29) will be clear in Sec. V. As a consistency check, we let R=L—2 in
Eq. (29). We get

YL-1—7L Yi—7TL+1 Y41 YLt+1 ”
—|1- ) 7’LmBnm —_ ] ("‘)mm7'L+1m H
s Vi—7vL 73 YL m.

L-1—7L41

where

therefore Eq. (29) does reduce to (23), as it should.

V. FOURTH FACTORIZATION
Beginning with Eq. (23) [Fig. 9(b)], we change to the new frame
7’1,= o, 7'2/:“—0; "0/=1 (]\TEL+1))

(VN'—f’Nd')( 1—7/ >
V= .
v’ —r! /\1—ry_{

ie.,
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Substituting this in Eq. (23), and factorizing as before, we then obtain the four-times-factorized tree (Fig. 13)

01G o ®(a,bc d) /(H dw){W 3141} |0 e\p[ S — Z piw; :Iexp[ > anbn(l— @)n]

k k/Z'L—- W3
(4] M1 w—wa\ ! fWwe—wi\' [ws—wi\' L di w.
ol B L) C ) £ 4]
l ll/Z i=1(773) Wo—W4 W3 —W; Wo— W4 k=1 kl/? ws
bm M1 We— W3\ ™ Wi\ ™ WA\™ © [—m dk
D I e | o S (E I o
m w2 =162 \wy—wy/ \w; ws/ =1\ k k1/2
M Ws—wq\ ' /Wwa\ * ay, Wo\"[T M+l fwe—w3\ "W\ "
AW Gl Lol | expﬁm(l**)[z (o) ()
=1 M2y —w, w3 n 2 w3 =2 We =W/ \Ws
+<1 wz)gnz(")< Voo 5 ) yi <w> w*w) -
W3 k \k w k2 l1< = 112\qp, (‘zm,-—'be)2 ]} ;\‘0 » (D

d,

(o) L
Frc. 9. Third factorization, (a) planar and (b) planar.

Frc. 10. Removing the r; leg.

IF16. 11. Sciuto’s three-Reggeon
vertex.

I'16. 12. Third factorization (nonplanar). F16. 15. Four-Reggeon amplitude.
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where w 1= ©, wy=1, and w;=0. We can simplify Eq. (31) by changing to the projective frame w;’=0, wy'= o,

andwy'=1, ie.,
(1w )ws’
wi= (W, w0’ wi’) = T,
Wi —Wp+1

Then Eq. (31) becomes the following expression (Fig. 13):

WM+1

)\ 1—'wM+1 k
0|Gars @@ 2] = [(TLawt) Wty o ext] £ 5 9= Y]
wM+1’ " { Czl: MZ+1 <w3’—w4')’+< ws’ —w, >l zl: dr
Xe an n eX ,i ——e
Xp[ 2 < S ) :] P12 M2 i=1(i3) 4 ws —w;’ ws' —w '/ k=1k12
4
XBtk(l— )
— Wy
WM+ Ll wy'\?
) B )ormirtond (Yol
k=1 I=1 l1,2 w:;l
()= 1)
+§1 1112 wg’l
A
Since the minimum number of legs for the fourth factorization to be feasible is five, i.e., M =4 in Eq. (31), to get the

)\d El2 21 Wi — Wiy
@1 —wM+1’)w3 b M+1 wi; \™
Corm) ool sl 50
m w2 =1G=2) " \wy
SEAC) ) B Qs
Xe - —(1—w
Xp{ n pl /2( w;’ )[ i=2 ( +( w3’ k=1 \k kL2 e

Aa

Ab
N (32)

a

four-Reggeon vertex, we consider the case M =4 in Eq. (31) (Fig. 14). Set M =4in Eq. (31); we get

[O G(W) ® (a,byc)d)

x
{0
o () (o2 o o2 (2
cenf a2 ez o3 >< A2 g e
N g e Y-

o e

Notice, in terms of Chan variables, that ws= 215115 and ws= w13, We are interested in the poles of ay3 variables.
Analogously to the three-Reggeon case, we therefore take the limit $,— 0 in Eq. (33) and write

e Ao
Aol 13 b

fny |0 e =tim a @
Ad Aa

Ag
;‘\b] =/dw2dw3{W2—a1z—lw3u+bp22—2bm-ps(wa_w2)—a23—1(1 __wz)a+bmz—2bp2-:a4(1 _ws)——a:ﬂ-—l}
c

g

exp{ b [ 3( 1— ~—> +ps+ p4< 1— _ﬁ)”(l%-—wz) ]+Z —*(P4+P3wa’°+172w2’°)+2 —

n pil? w3 1—ws k2 m 2

Ag

Ao
g‘\b] . (33)

G( w) (4)(d,b,6,d) w® (d,b,c,d)D"(Rd,Rc,S4) V(m) @
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Wi, (a)
WL R
Fi1c. 16. (a) Fourth factorization I a d
(nonplanar) and (b) four-Reggeon
amplitude, L+t L b c
w L-2
We find
D"(Ry,R,,54) = / durziy _“123_1+R"(1—u13)‘bp3Ll+R"(1—umuls)“(m)_R‘, (3%5)
and the four-Reggeon vertex function
)\a 1
0| WW(a,b,c,d) ;\\b =/ Art1att15~ 01211 —gpq9)— 2231
c
Aa 0

an bm 4 d
X0 exp{ > EE?4'+P3(1 —u10)" 1+, —pstpd L —u1)" ]+ —l‘(ﬁ4'+P1u1zl)+Z 'L(P2+P2ul2k>}
" % e} AL o Bl

Xexp{ 2 aabn(l—u1e)" 2,

nl (nl)l/( —tn)" ( )( M’ 432

ok (nk)”?( >( )W 12k+§ (ml)1/2( )( ) st

>\a

Buu m} . (36)
5 (s M

+2

—m
1—u Efoagyo®

2 (mk)”?( 12)" ( ; )( —) ¥Rtz +Z
where pJ=ps and #12=ws/ws. We can then reintroduce Koba-Nielsen variables ws= 0, ws=1, wy=1u;0, and
w1=0 into Eq. (36) (Fig. 15). Equation (36) looks all right, but we have to keep in mind the factor [(1—#.s)/
(1 —212113) JBe—2(®) in the propagator corresponding to the fourth leg (d leg).

Another interesting four-Reggeon vertex [ Fig. 16(b)] can be derived directly from Eq. (29). Directly factorizing
Eq. (29) again, we obtain the four-times-factorized tree [ Fig. 16(a)]

G(W)(“)(abc,d) )\b _/(Hdwt){WS+1} 0 eXP{ Z—a'“ § Pi<wL+2—'ZUL+1)—"< P )—n

n pl? i=1(L) WLp1—WL W1 —Ws
S+1 Wite—WL1\™/ WL—W; dr S+1 w; k
+Z—‘ 2 b +Z Z pawid+3 — 3 P
m 2 i=1(#L+1) Wrpe—WL W11 —Ws 12 =1 & k2 i=2 w;

AnC1 (Wipa— WL\ " wr, andy (Wrya—wra\""/ wL \™"
XexP{(a,b)o-i-Z (2 +) B_nz< >wL+1’+Z ( ) ( )
W41

nl (nl)”z\ WLpa—Wy, nk (nk)1/2\ Wrpa—WEL W1
wrir\/ W2 \* b1 [Wipa—Wrp1 wL by (Wrre—wWr\™/ WL \™
s o) ) P e R i) )
wr, / \wriy nl (mh)VAN\ wre—wy Wrt1 k (mk)Y2\ wris—wy, WLi1

W wy \* cd Wri1—W Wr_1—W Ra| la
XBmk< L+1>< 2 ) s 1 w}l}l:( L+1 L+2)< L—1 L ):I s 6
wr / \wri1 e (k)12 Wy, —Wrie / \WL1—Wr41 °

A

>

>

where wgy1= %, wg=1, and w;=0. By procedures similar to those used in Egs. (33)-(36), we obtain the four-
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Reggeon vertex [Fig. 16(a)]

>\a, 1
;‘\b = / dwarws~ 0 1(1 —gpy) a2l
A 0

0| W®(ab,c,d)

an, bm C1 (Zk
n m i - k
X {0 GXP{ ; n1/2(?1+p4w2 )+% ml/Q(PH’Pﬂ@z )+ZL: Py (Ps‘i‘?zwzl)‘i‘%k”?(?z‘l‘]bswz )}

anC andk mel
n ‘)l n n *B" 7 Bm w
Xexp{ Zn: @b, ws +}; cidws +§£l, (nl)ll?B I(W2)‘w2 +§;ﬂ (nk)”z k(d)z)+.§z (ml)”z l( 2)
A
bmds; @
+ B_mk(wz)wz”‘} ;‘\” . (38
b (k)12 e
d

Again we must keep in mind the factor [(1—u13)/(1—u1om13) [Bo~@®) where #15=1w,, in the propagator cor-
responding to the fourth leg (¢; leg). The ¢;-leg propagator is

1
D"(RC,Rb,S4> = / dugzuy o2 HRe(] _uw)—a(p3>~1+Rb+a(1 _uwuls)a(ps%Rb' (39)

0

It is interesting to observe that if we directly twist® ¢; and dj, legs in Eq. (36) without worrying about the asym-
metrical fourth leg (dx leg in Fig. 15), we get, from Eq. (36),

' >\a, 1
;‘\b :/ dw2w2~a12—1(1_w?‘)—a23~1
¢ 0

0| W®(ab,c,d)
Aa

@, bm G
X |0 eXP{ 2 [Pt ps(l—w2)" 143 ——[ps+pa(1—we) "]+ — potpr(1—w2) ]
| n pll2 m gpll2 ALK

!

d ]
+> —il:;brf"ﬁz(l —'W?)k]] CXP{ 2 @b (1—wy)" 43 Cidi(1—w,)*
n l

k kl/?.
O (l—w00) (1—a00) sl bt (1—ws)
- (Zl*)m (1 —ws) (1 —w,) -l—% (7]51—/*2 ak( —wz)—l'-{:z P~ mi Ws
Dol ia
+2 “‘Bmk(l—wz)(l'—wz)"‘} 7\1’ . (40)
mk (mk)l/z I}\c
DY)

Comparing Eq. (40) with Eq. (38), we see that they are identical expressions, if py, ps, ps, P4, and 1—w, in Eq. (40)
are replaced by ps, ps, p4, p1, and ws, respectively, as required for different labeling of wy’s in Eq. (38). The reason
why we can ignore the factor [(1—u1s)/(1—u1s015) J*~*@9 in passing the twisting operator Q.'(—ps) to the left-
hand side of Eq. (36) is the same as in Caneschi and Schwimmer’s® treatment on the three-Reggeon vertex case,
since their derivation does not depend on the form of the z variable. In our case, z=u13(1—u12) /(1 —u19015).
Finally, we apply the twisting operators Q7(—p3) and Q4'(—p1) to the b,, and d; legs in Eq. (38); then we end up

8 L. Caneschi and A. Schwimmer, Nuovo Cimento Letters 3, 213 (1970).



2 MULTIFACTORIZATIONS AND THE FOUR-REGGEON VERTEX:.-. 1021

with the completely symmetrical expression of the four-Reggeon vertex function (Fig. 17)

>\a 1
| )>\\Z =—"’f dwng“"m‘l(l —‘Z,Uz)_a%_l
| \a 0

0| W®(a,b,c,d)

(12 Em 4 d
X 10 eXP{ > T(P1+P4w2”)+z —[petpr(1—wi)™]+2 ”Z'(P3+P2w2l)+z —k[P4+P3(1 —wZ)k]}
w pli2 m /2 7 U2 % B2

Xexp{z 20 (m)<—>ww2n+z j—"f—’—(l)(—>fnm<1—w2m>+z ool <k><—>nw2l

nm (nm) ' \n ml (ml)*\m ue (LR)M2\ 1

i (zwn_(n>( Jra )k} {Z b T B >’°}!;\Z (41)
nk (n)Y2\E w2 exp wl (nd)t —n{W2)W2 i (k)12 —km ws) (1 —w2 '))\\:l .

To conclude, we see that the four-Reggeon vertex function has a rather simple form. However, the fourth-leg
propagator has an asymmetrical expression relative to the other three legs. Similarly to the three-Reggeon vertex
case, this assymetrical fourth leg again indicates the problem of linear dependence.? Unless we can find an N-point
dual amplitude which automatically takes care of the problem of linear dependence, we will not be able to get a
completely factorizable four-Reggeon vertex function. On the other hand, the vertex composed of at least one ex-
ternal scalar particle together with an arbitrary number of factorized Reggeons is an exact expression. This might
give another view of the problem of linear dependence.

The generalization to N-Reggeon amplitude has been carried out, but is still to be published. After completion
of this work, we understand that Carbone and Sciuto have also obtained the four-Reggeon amplitude
independently.

Added Note. With an exactly similar technique, we obtain the completely symmetrical N-Reggeon amplitude.
It takes the following form:

N a,® N—2
W@ (a@) = II  dwi{Wy} eXP{ 2 [Z ( X pwypiiPm(, 041, i1, N‘i—i—f)):l
i (N, N—1,1) =10 » pll2 ;=1
N [a, @ a, @ /m
=1L (nm)'2 \m.
N "an(i‘f'l)am(i—l)
+> Pr(i—1,14, i+2, i+1)Bun P(i—1, 4, i+1, i+2) 1P"(i—1, 1, i—2, H—l)]
il (em)ve
N [a,@ g, 2
+3 | —————P(i—2,4,i+2, i+ 1) Bun[ P(i—2, 1—1, i+1, i+2)]P™(i—2, i—1, i—3, z'—}—l)jl
=11 (nm)”z ’
+-
N [a,+Dg, "
43 | ——————Pn(i—k, 1, i+2, i+ 1) Bun P(i—Fk, i—k+1, i4-1, i4-2) IP™(i—k, i—k+1, i—k—1, i+1):|
=il (em)v
+.
N [a,Dg, G—IN+D
3| P (i— 3N+, 42, 1)
=1L 2(nm)/?

X Bun[P(i—3N+1, i—3N+2, i+1, i+2)JPm(i—3N 41, i—3N+2, i—3N, i+1):“ )

where wy= ©, wy_1=1, and w;=0,

P ) (x—2)(y—w)
Xy Yy2 W)= >
g (x—w)(y—2)

and N is assumed to be even. The superscript index of the operator a, coincides with the Koba-Nielsen labeling.



F16. 17. Symmetrical four-Reg-
geon amplitude.
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APPENDIX

When the four-momentum goes to zero, say px — 0,
the bootstrap condition e¢+4bpy?*=0 is no longer
satisfied, and the factor

N

(xi—xi+-2> atbpit1?
i=2(i%N—1)

in Eq. (4) gives an extra contribution® of
(1 "“}’M—lt) at+bpy?

to Eq. (8). This extra factor will make the factorization
of yu—1 and ¢ unfeasible. To ensure that this factor is
absent from Eq. (8), we have to modify the spectrum of
the trajectories in Eq. (8). We therefore go back to
Eq. (4) and concentrate on the troublesome factor
Xm—1—%u+1, Which is raised to the power a1,
—ay-1, my1Fau, my1. I we assume that the trajectories
AM—1,M; OM—1,M}1, and Q M, M+1 have the intercepts
ay—1,M, CM-1,Mm+1, a0d @, a1, Tespectively, then

QM_1, M= M-1, M1 0, 1= G pr—1, M@ 1, a41
—@y—1,m41F0p > —20p 1 Py

9 This is pointed out by Professor S. Mandelstam.

(A1)
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N

It is the extra power
ay—1, M@, 11— -1, 1+ bp u

which complicates the factorization. Therefore, we can
demand

ey, m o p1— 0y, mp+0p =0  (A2)
for all values of p 2 In particular, we are interested in
the case p %= 0. Thus, we obtain the condition

th-l,M‘f‘llM,M+1—(lM—1.M+1= 0. (A3)
Further conditions in Eq. (A3) can be obtained by
requiring the propagators associated with the factorized
channels ® /% y—1 and %p1/%x to have the ordinary
form p 2 — 0. This leads to the requirement

apM—1, =0y, mp1=ay—1,m11=0. (A4)
Once we assign the intercept O to the trajectory ar, a1,
the next factor whose power contains the trajectory

O M, M1,
(xM_.xM+2)0¢M,M+1—otM,M+2+aM+1,M+2 ,

(AS)
will have an extra power —aa,ar42 in Eq. (4). We can
eliminate this extra power by assigning an intercept 0
to the trajectory a2 While keeping the value a for
the intercept of the trajectory aaryi,aye in Eq. (AS).
Then the next factor which contains the trajectory
aur, mq2 1S

(xM — 0y 3) OM L MAETOM MATTOM AL MATE MM 43

(A6)

We therefore again require aar, s to have zero in-
tercept. Continuing such reasoning, we conclude that
the trajectories (assuming xxy=0, x;= )

asj, 1=2,3,... .M (i#37), j=M,M+1,....N—1 (A7)

must have the intercept zero, while all other trajectories
have the intercept a. The requirement of Eq. (A7) does
not affect the final result. Then our procedure of letting
pu— 0 is justified.



