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By repeatedly factorizing the Koba-Nielsen representation of the N-point dual amplitude, we can obtain
an amplitude with an arbitrary number of excited legs. In particular, we find an operator form of the four-
Reggeon vertex function.

I. INTRODUCTION

'T has been shown by Koba and Nielsen' that the
~ - N-point dual amplitude can be represented in a
projectively invariant manner by associating with each
external particle one Koba-Nielsen variable x;, i=1,
2, . . . , A' (Fig. 1). The E-point amplitude takes the
form'

i/1, b, c

x(L rI
i,j(2 ~& i &j&&N )

X;—Xj 2b&"»

by choosing x1= ~, xb ——0, x,=1; thus the Ã-point
function has the form

ig(a, b, c)

u — '~ ' (1)

N—1

Xl II (0(x; x;pr)—(x, x,+g)—' '&&"—+&—'+"~ '))-
'by G, Q—2

where x,= ~, mb=0, x,=1, and
xl

i=2 (i/N —1)
(&, ~,. z)~+&y'+i'jl (4)

Si Sj Si—1 Sj+] For later convenience, we denote the integrand of Eq.
uij=(&~&&~—1&&j~&j+&)= ( ) (4) hy

Si—Sj+1 Si 1—Sj

The usual multiperiph eral parametrization of the
E-point function

N—2

&N(pr, .,Px) = ( II d», )
p '5=2

i, j(2 «&j)

N —1
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i=2 (i&N—1)

(s —s o) + ~'+' jl. (5)

i=2 4=2

(1—ug;ug;+g ug, )
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i, j(2=i & j&N—2)

is then in the particular projective "frame" x1 ——~,
x2 ——1, xN=O. Another useful form can be obtained'

X.a

II. SINGLE FACTORIZATION

To do the single factorization of the E-point function,
we divide the Koba-Nielsen variables x;, i = 1, 2, . . . , E,
into two sets, y;, i=1, 2, . . . , 3f, and sj, j=iV+1,
&+2, . . . , 1V (Fig. 2). We explicitly choose three pro-
jective frames X, I', and Z. They are defined by

Xp

P
X [ FIG. 1. E-point amplitude. y~+1= ~, y~=1, y1= o; y~+1+i———yi,

i=1,2, . . .,3f

$2 —1
& SN —0& SN+i= Xi

&

i=1,2, . . . ,g

XN-l

Z: ~M ~
y ~3f+1 ~N+i= ~3II—1+j p

j=1,2, . . . ,37—3f+1.
* Work supported in part by the U. S. Atomic Energy

Commission.' Z. Koba and H. B. Nielson, Nucl. Phys. 312, 517 (1969).'E. Donini and S. Sciuto, Istituto di Fisica dell Universita;
Torino report, 1969 (unpublished).

The enframe specifies the left-hand (xV+1)-point ampli-
tude, the Z frame specifies the right-hand (X HI+1)-—
point amplitude, and the X frame specifies the E-point
amplitude as a whole. The following equations relate
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yal. l zM+2 as the exponent of a logarithm' and introduce the
harmonic-oscillator operators4 a„~, a„.Hence

[7/IIIIIIIIIIIAI,

zM

M

II II (1—)"«/) "*""'
i=1 j=M+1

g M
0 exp, s"

n ~1/2

F1G. 2. F, Z frames.

the X frame to the I and Z frames:

N-l
gnt M

Xexp g ( P p;y;") 0 . (9)e"2 i=1

Substituting (9) into (8) and defining

&N(pi. .pN) = (0I G&zi'"(o)D(~.,»)G(ri'"(o') I) ~

SMy1/SM )

(/)
we then find the single factorization result (Fig. 3)

t is the variable associated with the propagator of the
factorization channel. The y2 is equal to the product of
of all the usual multiperipheral parametrization varia-
bles belonging to the I' frame, i.e., y2= n12N13. ul M+1.
Substituting Eq. (7) into (4), we obtain'

a„
X 0 exp;s;" X ) 10a

n ~ ~ J=M+1

~N(P4 &PN) ( II d)")
ig(M+1, M, 1)

D(R„si) = dt t Nt"' '(1—t)' 't", (10b)

X{1 ") ( II
jg (M, M+I, N)

1

dt t-.& ~-'(1—t) -'

Ck,)(ZN M+i)
(l.l«r)"'(o') Io)= (II d)")(I'}

g t M

X, exp iy;n 0 . 10c
~l(2

where

In this and the following 6gures, to record the ordering
,(~.)—2byi y)~II~, ,

( &' " ' ' ' of the particles on the side which has been removed, we
keep a dot on each factorized Reggeon in such a way
that the dot lies between xM and xM+1.

$1 (Pi+P2+ ' ' '+PM) (PM+i+ ' '+PN)

and a+bp 2=0, i= 1, 2, . . . , X. From now on, we will

drop the 2b factor in p,"p;. To factorize Eq. (8), we
expand

M N

II II (1—)"t ) "'"'
i=1 q-M+1

III. SECOND FACTORIZATION

A. Planar Case

We start from Eq. (10a); let M=O, and divide s, ,
i= 1, 2, . . . , S) into mi) g) and v, so that

and so

'Nl, = 1 )

Vl,+]=1 )

3'2 1

zo] =0)
vN 0)
sN=O,

g+ r///////// ////////J,

&
=

M+I

v, =o z
N

FIG. 3. First factorization.

s' =~2/~i p

S~ = 702/'V~ )

'9 sz-t-1!sL

i=12 . L

j=L+1, . . . ,1V

' K. Bardakci and S. Mandelstam, Phys. Rev. 184, 1640 (1969);
S. Fubini and G. Veneziano, Nuovo Cimento 64A, 811 (1969).

4 S. Fubini, D. Gordon, and G. Veneziano, Phys. Letters 29B,
679 (1969).



I.OH-P I N 6 YU

Substituting Eq. (11) into Eq. (10a), we find

1 L,

«IG "'()!~.)= (IId ')(1&+) (IId»){I') An- '" '(1—n) 'LII II (1— ' ) ""'j

~/t

x 0 exp Q Q ); —+ Q ))(n,gv;) . x",) . (1))
g»2 i 2 ~i j I+I

To 1ntloduce the operator ((„,we 013serve from Eq. (12) tha't

X g J r() s

L II II (1 ~'~~) "'"'j 0 exp Z, , 2 p' —+ 2 p(~2v~)"
i=I j=L+I n g»'

a„& a„~ a„ I-+I
0 exp p —( p p, ((),)") )) exp Q —( p p;z;") w2 ' exp Q p p;—

~ e'~' j=I+I n g ~ i=1, re '0 ~ i=2

Therefore, if we de6ne, from Eqs. (12) and (13),

&0I G(s) '"((r) I".)= &0I6() ) '"(n)D(&»)
XG()r) ( )((r )a) !AN&

—= &u. fG(s)"'(((')l~ &

we find the second-factorization result (Fig. 4)

C~t

p, exp g —Q p;w, " zvP
n Z'~2i=l

xexp Q x );(—) )„), (N)

where wz, +(= ~, wr, =1, and w(=0. Expression (14) is
identical to the formula of I"ubini et ul. , since, in terms
of Chan Qarlablesp Mi Nj iNI i+y' ' 'NI g—yp and

an(1

«IG(s)")(o) I&.&

0 G(g) (2) a,b D Rg, S2 G(P) (') b
Og

B. Nonylanmr Case

From Eq. (10.1), with M =0, we change to the projec-
tive frame (Fig. 5)

sr, '-——~, sr.+r' ——1, zr, )'=0 (1&1.(A' —1)

and relabel z,"s so t at
// /

32 —SI,+l —3. ~ 8+ —31, .I —0 )

// //
~i —~%+i —~K+-1—I.+i —~l—I,+i

'W2= Nj i.
i=2

By employing a technique similar to that used in
Eq. (13), we can also introduce b operator instead of
a„~, and me find the second-factorization expression

)ili//i/
L+l

FIG. 4. second factorizatioII (pjanal).

«(w) ("(~,b) =(II d~') {~~+r)

m-

0 exp A Oexp
m, ~1/2 i=l ~2 /

/l/liiliil
2')=CO ~

— zL, IL -«GOI

(ab)0= Q a„b„
n=l FIG. 5 SecoIld factorlzat1on Inonplanar).
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Then Eq. (10a) becomes

a„
(olG„,"'& )I4)= &II@,")&z„"&(o mo X Z z,

n g'/' i=1(i~N—L+2)

// //
~N+2 —L ~N—L+3 ~N+1—L ~i

~N+ 1—L ~N+3—L ~N+2—L ~i

Carrying out the factorization as before, we 6nd the second-factorized (M+ 1)-point tree (Fig. 6)

'Ag 8„6 VOL+.1
—ZUL 'NL

0 G&I &&1&(a,b) = (Q dw;)(Wzr+I} 0 exp P — B„wL
Xb (11m) n&L+1 IaL—1 IaL

gn M+1 WL+1—'NL - YVL 1—'Ni

Xe"-'p P (P p'~'")+P P p'
m JS / i=1 n ~l/2 i=1(i+L) ~L+1 ~L—1 g)L gf ' — ~b

where Eq. (17) by setting I.=3f in Eq. (17); we then find an
expression with both dots on the other sides of the two
excited legs (Fig. 7), as compared with Fig. 4,

~M+1 ~ ) K'~= 1, Kl= 0. 0 0&~I&»(a,b) = (II d~;)(w~„}
As a consistency check, we may remove all bottom legs
in Eq. (17) by setting 1.= 1 in Eq. (17);we6nd

8„- mL —+ b„mm2",

~n&m

X 0 exp
(Iim)"'

M g
XexP g — P P;I&,"+Q

m m1/2 i=], ~1/2

WM

NL .///////n q
1

b 'iZ////O/, NM = CQ
M+&

Hence Eq. (17) does reduce to the planar case, Eq. (15).
However, we can equally well remove all "top" legs in

where m~+1= ~, m~= 1, and m»=0. We can verify that
Eq. (19) is related to Eq. (15) simply by a projective
transformation w;= 1—I&l,

' in Eq. (19) plus two "twist-
ing" operations on both of the excited legs. To see this,
we first change the frame in Eq. (19) from air+I= o&o,

m~=1, and F1=0 to m~+1'= ~, ml'=1, and m~ =0,/

i.e., xi=1—m . We then use the following identities".

z. &1 —x)=x ( )( )&
—)"m&1—x)'

FxG. 6. Second factorization (nonplanar). (20a)

+M"- ~ /////////j lu//////// WM+, =

B„„(1—x) =P a„b„x",
m~ (11m) «Z

(20b)

(20c)

F10. 7. Removing top legs.

' C. B. Chiu, S. Matsuda, and C. Rebbi, Phys. Rev. Letters
23,I'1526 (1969).' L. Caneschi, A. Schwimmer, and G. Veneziano, Phys. Letters
30B 356 (1969).
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W
t

Flo. 8. Third factorization
(planar).

which is analogous to Eq. (15), except that the states
~
X,}, ~

X(,}are tw(sted. This is the expected result, since
excited-particle lines with the dots on opposite sides are
related to each other by the twisting operator.

IV. THIRD FACTORIZATION

We start from the second-factorized tree, Eq. (14),
and change from the frame vv~+1= ~, ze~=i, and
m»=0 to the new frame, m~+1' ——~, ~1'——1, and
w~' ——0 (Fig. 8). From Eq. (14) we get

(20e)
&~.lG(~ )"'(o',~) I).}= (II ~~*')(ll")

(20f)

g t M

X ~. exp Z Z P'(1 —~'')" (1—~')'
ll2

xexp z - x (;( ) l.). (14')

Then, clearly, Eq. (19) becomes

(2og)

(20h) We then divide w into

SI.= 'C )

r;, s;, and g as before:

r0=0,
s~ 0)

1lI/

0 exp ab Oexp
nz'~2 '=1

and
70jII+1 =Ro = ~ )

N~ = f(/''fg ~
~
I

I
ZVj =rlgSj,

i=12
j=J.+I" 3f

~+1 ~m-1 " ~a
)&exp g — g P;, (21)

n g, ll 2 ~=1(i&3f) Zy.

g=wc+y /wr, .
Therefore, in terms of r;, s;, and y, Eq. (14') becomes

i=1j~I+1

g„t L rl" M n I
X pa exp; I——+ —~ rlgs

n g. '~2 r ), j~L+1 /=0

8„ ~+1 oo —g BQ

~«p Z ZP' 1—— + Z P Z (—)'(roe)' 1—— &. . (14")
n g I j=2 r j=L+1 /, =0 'f2

To remove sj /=I+ j . . . &+1 and g we expand

in terms of c~t, cl operators:

~=1 j=L+1

I 3f M L

II II (1 r'ne) ""'= —0 exp Z E P(ne)' exp Z Z P'r"
i=1 j L+R s $'~2 j=L+1

and use the identity
«~ exp(cf) exp(fg) = (0~ exp(cf) exp(ctg),
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which amounts to replacing the scalar f by the operator (:t. We therefore replace

Z Pr(n~')'
j=L+1

in the exponent term of Eq. (14").We can further write

pg
(~.IG &'&(", )I~.)= G. &"()D(R., )G. &'(", , )

0, 0,

Therefore, we find the following formula for the thrice-factorized tree LFig. 9(a)j:

(
pa I~a p, C) L

G(&) ' (a', a, (') = ( g dr~)(Rz+, ) exp P g P;r,'
0, 0 ) $1/2

u„t L+& f1 n S C~

X p Q QP, —— +P (—)'
y; )1/2

&«xp E- r((~--) +x( )(-)'K~)' (~--) ), (»)
r2 C

where rz+1= ~, rz, ——1, and ro=0 We c.an also start from Eq. (15) and factorize as before; we 6nd the thrice-

factorized tree LFig. 9(b)j
A, op C) I ao r

0 G(a)&'&(a, b, () l&(, —— (g dr;)(Rz+2) 0 exp g ( p p, r,') exp
~-1 S'/' '-1

I+' r1 ~ ~ m C~

Xexp g p p, 1—— +g (—)'&(ri)'
t $1/2

where, again, rJ.+1= ~, r1,=1, and rp=0.
It is interesting to see how Eq. (23) can reduce to Sciuto's' three-Reggeon vertex. Since we are unable to factorize

the c( leg without assuming the factor 1—ri/r& to be in the R frame (opposite the 5 frame), we therefore consider

the case I.= 2 (Fig. 10).Substituting r1= ~, r&= 1, and rp= 0 ln Eq. (23), we get

(
'A,

0 G(a)("(a,b, r) l&(,

o

C~

dr, r, "-'(I—r ) " '(0 exp Q (p, ,'+p j
)1/2

C~

Xm L 2 a.b-(1 —ri)"j exp Z LP3+P1(1 ri)"3+2 —(—)'fri'
n ~1/2 $1/2

~n ( ri ci-
Xexp Q (1—ri)" p3+p2(1 ri) "+—p I

—
(—)'lri' X(, . (24)

n g'/2 (t(/&

In order to remove the external scalar leg (i.e., r1) in Fig. 10, we then go to the pole position of the no( variable and

look at the residue given by Eq. (24). We can rewrite Eq. (24) in the following form:

Xy G~g) (') at b~c 0~ = Xg exp 2 exp p2
C C C

r„—aox—1(1 r ) e b&pz~+ym &
1—r B—q(1 r )R—a(1 ri)—lb'( (»

Cg bt an 0
Xe p 2 P +(a', b')o+r, --- Lp+p (1—«)"j+(b',~)-+2 I P +P (1 r) "j+(a',r)+ o —(25)

~l/2

S. Sciuto, Istituto di Fisica dell Universita;Torino report, 1969 (unpublished).
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We observe that the last factor ( } in Eq. (25) is a three-Reggeon vertex if P, —+ 0. To get the three-Reggeon
vertex W~3&(a,b,c) from Eq. (25), we thus take the limit P2 —& 0, and write

XQ '0 0.
lim». &,

G&'&(at, f&', c) 0&, ——lim X&, V(P2)D'(R. ,R,)W'&(a', f&', c) 0&,

0, X, » o 0,
(26)

But under this limit the discussion of the factorization must then be modified, since the mass of leg 2 is no longer
equal to that of the other legs. The relevant modification is given in the Appendix. As P2 -+ 0, the ordinary vertex
function V(P2) becomes the unit operator and so D'8'"&(at, bt, c) becomes a well-defined quantity. From Eqs. (25)
and (26), we obtain the c&-leg propagator

1

D'(R s3) = driri " '(1—ri) '&" 'ri"~(1 —ri)
(27)

and Sciuto's three-Reggeon vertex (Fig. 11)

X,
0 W~3&(u, b, c) &~&,

= 0 exp[P&~+(~ f&)o+P2'f&+(f&&) +P2 &+-(«)+3»
I

(28)

where P2'=—P~.
Another interesting thrice-factorized tree (Fig. 12) can also be obtained easily by directly factor&z&ng Eq. (15)

in a general projective frame, similarly to what we did in Eqs. (16) and (1f).ft takes th«ol»wing form (Fig 12):

R

OG(s&(a, b, c) &~&,
= g «; (Ra+i} o exp E 2 P'&"

s&(A+1,B,1)

g Pg g
—PJ ~ X+1 ~I.+X

—~~ ~ &l ~I-+1
Xexp g — g p; — +P 8 „& —rI.'

n g, ~I2
p —p s=I(z&I+1) y —p. /=1 )l~2 p.

where

The reason why we are interested in Eq. (29) will be clear in Sec. V. As a consistency check, we let R=I. 2in-
Eq. (29).We get

~I. ~»m — ~ — ~&I.+j

therefore Eq. (29) does reduce to (23), as it should.

Beginning with Eq. (23) [Fig. 9(b)j, we change to the new frame

ri'= ~, r2'=0, ro' ——1 (cV=—1.+1),
1,e.)
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Substituting this in Eq. (23), and tactorizing as before, we then obtain

(4)

Q dk

0 « "'(» &,)
' = (rr~ )~~ ' &

0 .-I Z Z P' '"
C Pl/2

the four-times-factorized tree (Fig. 13)

e.p Q a„b„(1——
)5)3

ro'/
b +IEILLL vt. , =0/

///m&' a
I

(a'I

(9
FIG. 9. Third factorization, (a) planar and (b) planar.

N~=
Np

~I

Fro. 10. Removing the r2 leg. L'. . ~/
pl

Frc. 13. Fourth factorization planar).

'o=o

Fro. 11.Sciuto's three-Reggeon
vertex.

I

9'jl//////Jj b

N~= (Q

E//////////

Fra. 14. Removing the w4 leg.

0& L+i

Q L p//////l })
e

'a+i = ~

Fro. 12. Third factorization (nonplanar). FIG. 15. Four-Reggeon amplitude.
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where Wbl+I = +&
& Wsr = 1, RII&i WI= 0. We cRII Sllnpllfy Eq. (31) hy changing to the projective fralne Wl =0, Ws =

RD8 ZV~ = i) 1.C.
p

(1 wbr—+I )ws
I

W&= ( Wb&+I)WI &W br &W& )=—
~i &+1

Then Eq. (31) l3ccolncs thc following cxpl'cssloll (Flg. 13):

0 &&~ ) "'(~,b,~~d) q' =
C4

A
(IIdw''){{4"~+I'} o exp Z Z P'

k ~ S=& 'N~ —VO~+j

~+& K3 —'N4 K'3 —784

n QJS l'I' '-~('~3) m 3 —z; m3 —m~+~ ~=~ k'I'

j- —~m+x 3 br+I
exp Q Q P ~—

i-1(~/2)

kP I ~ « I&,
'

Slllcc thc nllIllllllllll nulllhcr of legs fol' thc fourth fRctorlzatlon to 136 fcaslMc ls five, I.c., 3f= 4111Eq. (31) to gct thc
four Reggeon vertex, we consider the case cV= 4 in Eq. (31) {Fig.14).Set 31=4 in Eq. (31);we get

0 G&s I
& I(&I,b,c,d) dwsdws{ws all w el+bsp ssbgl g)8(ws ws)

—&ss—I(1 ws)++bg&8 sbgs %4(1 ws)
—&84—I)

Gt1,
@ 'N2 " 283—R)2 b

0 exp g ps 1——+ps+ps 1—— ws" +g (ps+psws +psws )+2x „+X/2 z3 1—mg

XOtlCCq 1Q tCI'GlS Of ChRD VRI'1RMCSq thRt TV2= N12Nj. 3 RDB 783= Nyaya WC Rl'C 1DtC1CStC(i ID thC POICS Of 0!yg VRrIRbICS.
Analogously to the three-Reggeon case, we therefore take the limit Ps —+ 0 in Eq. (33) an&i write

lim 0 G&Irl&sl(a, b,c,d) ' =hln 0
y4-+0

)4s
W&'&(a, b,c,d)D"(Eg„E„ss)V&~,l

&"I ~~b
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I"10. 16. (a) Fourth factorization
(nonplanar) and (b) four-Reggeon
amplitude.

VfL ~
't t t/t t tl Q

M/L + »
ttt//tt;t b

d v///////

Q l//////t yg g)0 8+»

Mf] -O

D"(Rg&R„s4)= dgrgurg»' '+ "(1 u—) '"' '+ ~(1—uzmurs) '"" "'
0

(35)

and the four-Reggeon vertex function

0 W "(a,b, c,d) ~' = dg)2Ngg ' '(1—
Ngm)u„b cg

X 0 exp Z [p4'+p3(1 —Nu) "]+& [ps+p4'(1 —N12) ]+& (p4'+pilr~')+p (pm+pmgin')
~ e'/2 - m»2 $1/2 I, $1/2

ccg —I a„d), te 5~c) ts
p 2 .&-(1— )"+2 (1— )" (—)'1 '+2

I (—)'k '+2 — (-)'~
-) (el)')' f -~ (Nk)')'&k ~ (ml)'~'

where p4' ——ps and ur2=w2/wq. We can then reintroduce Koba-Nielsen variables w4= ~, n)3=1, m2=N)2, and
w) = 0 into Eq. (36) (Fig. 15). Equation (36) looks all right, but we have to keep in mind the factor [(1—N)3)/
(1—Nr2uq3)]~ ~») in the propagator corresponding to the fourth leg (d), leg).

Another interesting four-Reggeon vertex [Fig. 16(b)] can be derived directly from Eq. (29). Directly factorizing
Eq. (29) again, we obtain the four-times-factorized tree [Fig. 16(a)]

'A, g„S 'PL+2 —'ML+1 ~ WL —'Mi

0 G, , &4)(a,b,c,d) &' —— (g dw;){W ) 0 exp P g p;
~ e'/2 '=1(i~L) m L+1—mL mL+1 —xi

S+1 C~ 8 8+1 5)2

+2 2 p' +Z Z p'~'+Z 2 p-
m ~ /2 i=1(ill+1) ~L+2 ~L ~L+1 g)i L $ /2 i=1 k Pl/2 i=2

Q„C~ VOL+2 —5)L+1 " G)L 8 dg 'PL+2 —R'L+1
Xexp (a,&)o+Z —— &--) ~~+i'+2

a (m))"' ~ —m w~, ~ (ek)"' w~, —w kw~, )

where n)s+~= ~, ws= 1, and n)~=0. By procedures similar to those used in Eqs. (33)—(36), we obtain the four-
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Reggeon vertex LFig. 16(a)$

0 IF&4)(a,b, c,d)
{

, 4.

I

d{{)2{{)~
—»-'(1 —I{) )

an
x o cxP g (PI+P4I{2")+P (P4+PII{2")+Z (P4+P~Ic2')+2 (P2+Plr{2')

n'(' )1(2 ~ k'('

C~Cg Cr{,de b cE
Xexp Q a„b„l{),"+g cld{I{)'+g 8 „I(1{2)1{)~"+p 8.4(d)g)+Q B.,I(I{)2)

I (Nl) I)' ) (rlk) II' I (ml) I~'

+2 & k(I{2)I{~"
) ({1{k)II'

Xb (3g)

Again we must keeP in mind the factor t (1—@13)/(1—uI2NI4)ja' '"", where u{2=1{)2,in the propagator cor-
responding to the fourth leg (cl leg). Thc c,-icg propagator ls

1

D (E g S )= dl14N 3
—~»4—I+II (l —{4 )

—~{u4)—I+II{+~(1 {4 I )a{us) I{4-
cp . bp 4

0

(39)

It is interesting to observe that if we directly twist' cl and dk legs in Eq. (36) without worrying about the asym-
metrical fourth leg (dl, leg in Fig. 15), we get, from Eq. (36),

0 IF{4)(a,b, c,d)

, Xg.

d{{)I{) cGR I(j I{) ) tÃ28—I

Ctt, b C)

Lp+p (1- .)-3+v Ep.+p (1- .)-j+Z, t:p.+p,(1- .) j~1(2 m"' ~I /4)

+2 ppl+p2(1 —I{)2)'] Cxp p a.b.(1—{{2)"+peld{(1 I{.):—
n

Q„CE ~n~I+2— & 1(1—I{)2)(1—1{2)"+Q —8„4(1—I{g)+P B„I(1—I{~)
I (Ill) Il' n)4 (44k) '» ~I (Irll)11'

b d(,
+Q —8 I(1—w2)(1 —I{,)" ' ~{ . (40)

) (II{k)"'

ConIParlng Ecl. (40) with Eq. (38), wc scc tllRt. tlMy Rlc l{iclltlcRl cxPI cssi{)ns, lf Pl, P2, PI P4, Rnd 1 —I{)2 in Fq. (40)
ar«cplaced by p2, p4, p4, pl, and wa, respectively, as required for different labeling of w, s in Eq. (38). Thc reason
why wc ca»gnorc the fa«or L(1—441{))/(I—NI2NI4) j~' {"»in passing the twisting operator 0,{(—p,) to thclcft-
hallcl slclc of Eq. (36) ls thc sallle Rs ill Cancsc111 R11{l ScllwlII1111er s tr{'.R,tment on tll{,' three-Reggeon vertex case
»nce their derivation does not depend on the form of the s variable. In our case, z= III(1 u»)/(1 ——N»{4»).

Finally, we apply the twisting operators Olt( —p,) and 0&I(—p,) to the b„and d@lcgs in Eq. (3g). then wc end up

'L. Canesehi and A. Schvimmer, Xuovo Cimento Letters 3, 2I3 I', 1970).
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with the completely symmetrical expression of the four-Reggeon vertex function (Fig. 1i)

X,'~~

0 W4)(a, b, c,d)
o

I

dw2w2 ~'~'(1 —w2) ~»—'

&n b C|I

X o exp 2—(P~+P4w2")+2 [P~+P~(1—w2) "1+2 (Pa+P~w2')+2 [P~+P-(1—w~)'3
„+I/2 )Ij2

gb m 6 c~ C~dA;

Xexp Q (—)"r)w2"+Q — (—)"m(1—w2")+P — (—)'lwg'
(em)'" I ) (ml)')' m» (lk)"' l

dA;g„S g„c~ b dI,

+2 — {—)'k(1—w2)" exp 2 &--)(w2)w2"+2 &-s-(1—w2) {1—w2)"
~ (ke)"' k ~ (Nl)"' ) (mk)')'

To conclude, we see that the four-Reggeon vertex function has a rather simple form. However, the fourth-leg

propagator has an asymmetrical expression relative to the other three legs. Similarly to the three-Reggeon vertex
case, this assymetrical fourth leg again indicates the problem of linear dependence. Unless we can find an E-point
dual amplitude which automatically takes care of the problem of linear dependence, we will not be able to get a
completely factorizable four-Reggeon vertex function. On the other hand, the vertex composed of at least one ex-

ternal scalar particle together with an arbitrary number of factorized Reggeons is an exact expression. This might

give another view of the problem of linear dependence.
The generali7ation to E-Reggeon amplitude has been carried out, but is still to be published. After completion

of this work, we understand that Carbone and Sciuto have also obtained the four-Reggeon amplitude

independently.
Added Pote. %ith an exactly similar technique, we obtain the completely symmetrical X-Reggeon amplitude.

It takes the following form:

lir(N)(g(i))
i4(X,N—1,1)

dw;(8'~} exp Q P ( P p~„P"(i i+1 i 1 i) +—i j))—
n ~1j2

-g (&+&)g (s) g
(—1)"mP"(i, i+1, i 1, i+2)—

(Nm)'" m

-g (~+~)g (i—i)
N fn —P"(i—1,i, i+2, i+1)B„„[P(i—1, i,, i+1, i+2)]P"(i—1, i, i 2, i+1—)

sm "'
(i+j)g (~—2)

P-(i —2, i, '+ 2, i+1)a„„[P(i—2, '—1, 'y1, i+2))P-(' —2, i—1, i—3, iy1)
SPE

+ 4 ~ ~

-g (s+&)g (~—&)

+Q P"(i—k, i, i+2, i+1)B„„[P(i—k, i k+1, i+1, i—+2)]P"(i—k, i 0+1, i—k —1,—i+1)
(n.m) ')'

-g (i+1)g (i—', %+1)

+2 P"(i—-'X+1 i i+2 i+1)
2(lm)"'

XB„„[P(i——,'X+1 i ', Ã+2, i+1—, i—.+2)jP"(i——,'X+1 i .,'X+2 i—2Ã i+1)——
where m~= ~, z~ i= 1, and @~=0,

(x—s) (y —w)
P(x,y, s,w) =

(x—w)(y —s)

and Ã is assumed to be even. The superscript index of the operator g„coincides with the Koba-Nielsen labeling.
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W) =0 It is the extra power

+M 1—M,++M, M+2 +—M 2,—M+1+ ~P M

which complicates the factorization. Therefore, we canFlo. 17. Symmetrical four-Reg-
geon amplitude. demand

W~= g)

&M 2M+, CM, M+2 a—M 2M+,2+bPM'=0 (A2)

for all values of pM'. In particular, we are interested in
the case pM'=0. Thus, we obtain the condition
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Further conditions in Eq. (A3) can be obtained by
requiring the propagators associated with the factorizcd
channels xM/xM 1 and xM+2/xM to have the ordinary
form pM' —2 0. This leads to the requirement

APPENDIX ~M—1,M ~M, M+1 ~M—1,M+1 (A4)

When the four-momentum goes to zero, say pM ~ 0,
the bootstrap condition u+bpM2 0 is no——longer
satisfied, and the factor

Once we assign the intercept 0 to the trajectory nM, M+1,
the next factor whose power contains the trajectory
O'M, M+1)

i=2 (i+N—1)
X'—S'+2

in Eq. (4) gives an extra contribution' of

(& —y -M )2t' '+" '

to Eq. (8).This extra factor will make the factorization
of yM 1 and t unfeasible. To ensure that this factor is
absent from Eq. (8), we have to modify the spectrum of
the trajectories in Eq. (8). We therefore go back to
Eq. (4) and concentrate on the troublesome factor
xM 1—@M+1, which is raised to the power nM l, M—0.M 1,M+1+nM, M+1. If we assume that the trajectories
nM 1,M, nM 1,M+1, and nM, M+1 have the intercepts
+M—1,M +M—1,M+l. and QM, M+1 respectively then

12M—2, M & M 1M+1+&M—M, +1 +M, 2, M+ +M, M+1-
aM 2, M~2—+&pM' 2bpM a p—Mp2 (A&)

9 This is pointed out by Professor S. Mandelstam.

will have an extra power —aM M+2 in Eq. (4). We can
eliminate this extra power by assigning an intercept 0
to the trajectory o.M, M+2 while keeping the value u for
the intercept of the trajectory nM+2M+2 in, Eq. (A5).
Then the next factor which contains the trajectory
nM, M+2 is

(gM gM 2
M, MI a+2 aM, M+2 aM+1M+2+aM, +1M+2 ,(A6)M M+3g

%e therefore again require eM, M+3 to have zero in-
tercept. Continuing such reasoning, we conclude that
the trajectories (assuming x&= 0, x&

——221)

n;,;, i=2,3, . . . ,3E (2/j), j =M,3E+1,. . .,$—I (A7)

must have the intercept zero, while all other trajectories
have the intercept a. The requirement of Eq. (A7) does
not affect the Anal result. Then our procedure of letting
PM —2 0 is justified.


