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The analysis of the radiative corrections to P. and p, decays is generalized to a class of SU(2)L && U(1)
models w'ith n left-handed doublets on the basis of the currrent-algebra formulation. With some rather mild
qualifications, the corrections turn out to be the same as in the four-flavor case. They are important in

studying the tenability of the' generalized as well as the standard models. We also discuss. the question
whether the radiative corrections may distinguish between SU(2)L )& U(1) and SU(2)~ &( SU(2)& X U(1) models
with the same:low-energy phenomenology.

'Ih eraid taive corrections. to p, and P decays. and
the:related problem of. Cabibbo universality have
been discugged ig,detail on the basis of the stand-
ard SU(2)~-x U(l) model involving four flavors. ' 4

In particular, , this problem has been recently
analyzed on the basis of a current-algebra form-
ulation which allows us to take into account to a
considerable degree the effects of the strong in-
teractions. 4 The results agree quite we).l with
the hypothesis of universality of. the weak interac-
tions in the sense of Cabibbo. On the other hand,
the strong indications of the existence Of heavy
leptons and new flavors suggest the need for.suit-
ably enlarging the model.

In this short paper we consider the problem of
the radiative corrections to P and is decays on the
basis of a simple extension of the standard SU(2)~
x U(l) model in which the quark and lepton sectors
involve n left-handed doublets, and all right-handed
fie118 are singlets. : Specifically we assume that in
the basis of gnass-matrix eigenstates, the quark
fields. transform according to .

(&l (c) ' (t
I,d'i . I")

where u, c, t, .. . have charge q+1 and d', s', g' are
suitable linear combinations of the eigenstates

'

d, s, b, .. . . of the mais matrix with charge q.
Analogously the J.eft-handed leptons transform ac-
cording to

the analysis of Ref. 4 can be readily extended to
this more general mode1, . Specifically, we will
show that with the possible exception of the non-
asymptotic photonic corrections induced by the
axial-vector current and the small corrections
in the Wilson coefficients induced by the strong
interactions in the asymptotic domain, the correc-
tions of order t"~e to the Fermi transitions and p,

decay are the same as in the standard four-flavor
model, provided that the masses of all new quarks
and leptons are much smaller than the generic
mass M~ of the intermediate bosons and that other-
wise .the underlying theory satisfies the assump-
tions of Ref. 4. To understand this result it is
most convenient and economical to make use of
the current-algebra formalism. We first note that
'the Lagrangian density describing the interactions
of the quarks with the intermediate bosons can be
written as

= -sA„Jy —~ (W~~J" +H.c.) -(g +g' )'1 g„g",

(1)

where S'~~ stands for the field which creates a S"
vector meson. We introduce a column vector P~ t

where the quark flavors of charge q+1 are labeled
by o. = 1, . . . ,I those with charge q are labeled by

e =n+1, -,2n andi represents the color index.

Explicitly, gtr = (ts, c, t, .. . , tf, s, tt, . . .),. In terms
of P the hadronic currents can be expressed as

&&J x &&) ~

where we have assumed muon- and electron-num-
ber conservation. All right-handed-fields trans-
form as singlets. For brevity this theory will be
referred to as the generalized model.

The main purpose of this work is to show that

Zv=~"a C y,

~s = .K.Y"~A s-m'0v4Y" @0—

(2a)

(2b)

(2c)
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/(q+ 1)1
(Sa)

(Sb)

(Sc)

g = (1 —y j/2, 1 is the n&n unit matrix and A is an
ax+ unitary matrix which arises from the biunitaxy
transformations necessary for the diagonalization
of the quark mass matrix. In Eqs. (2a)-(2c), the
matrices Q, C, and C, act on the flavor indices
while a summation over the color index i is under-
stood. Equations (1)-(3) are an obvious general-
ization of the corresponding expressions in the
standard four-flavor model. The hadronic cur-
rents satisfy the following equal-time algebra:

[J,'(x),J",(x')]„~.= cos'e~" (x)3(x -x'),

[J'(x),J& (x')]„o „0=J"(x)5(x —x'), (4b)

[Jv(x),J~"(x')]„0,,0= -J,"(x)g(x —x')+ S.t. , (4c)

J", (x) -=~"a C,y= 2(sin'e~"„+J~s),

where S.t. stands for a c-number Schwinger term.
We observe that this algebra is formally identical
to that of the standard four-flavor model, although
the currents themselves are different as they in-
volve additional fields.

To obtain our result it is then sufficient to
make the following observations:

(i) Using the Ward identities associated with
the above time-time and time-apace algebra and
invoking the assumed properties of the underlying
theory such as the asymptotic freedom of the
strong interactions and the partial conservation
of the weak hadronic currents, it was shown in
Ref. 4 that at zero momentum transfer the radia-
tive corrections to the Fermi transitions are given
by model-independent terms proportional to the
zeroth-order amplitude plus two-current correla-
tion functions (that is, amplitudes proportional
to Fourier transforms of time-ordered products
of two currents) involving either J~ and Js~ or J~
and J~.

(ii) With the exception of the nonasymptotic part
of the photonic contributions induced by the axial-
vector current and with the neglect of small correc-
tions induced by the strong interactions in the asymp-
totic domain, it was shown in Ref. 4 that to order 6~a,
the two-current correlation functions are effectively
given by the leading term in the short-distance expan-
sion of the product of current operators with%'ilson

coefficients calculated as in the free field theory. Al-
ternatively, they can be obtained by calculating
the leading term in the Bjorken- Johnson-Low limit
with canonical evaluation of commutators. It is
easy to see that such contributions are proportion-
al to the zeroth-order amplitude with identical
coefficients in the standard and generalized mod-
els. In fact, if one uses the first line of argu-
ments it is sufficient to point out that in both theo-
ries the leading operator in the short-distance
expansion is a current involving the same quarks,
namely, the u and d quarks (other pieces do not
contribute to the b.S = 0 P decay because they would
violate the flavor-conservation law of the strong
interactions) and in the limit of the free-field the-
ory the Wilson coefficients in the expansion are not
affected by the presence of additional quark flav-
ors because both J ~~ and J~ are diagonal operators.
If one uses the second line of arguments, the re-
sult follows from the observation that the leading
term in the Bjorken- Johnson-Low limit is con-
trolled by the equal-time co'mmutators of the cur-
rent components (both time-time and space-space)
and these are formally identical in both theories.

There are, as shown in Ref. 4, corrections of
order g, (z ) to the Wilson coefficients L(a ) is
the effective coupling constant of the strong in-
teractions] and these corrections do depend on the
number. of flavors. There is also a nonasymptotic
phononic contribution induced by the axial-vector
current, "which is not governed by the short-dis-
tance behavior. In principle, this contribution may
depend on the dynamical details of the strong in-
teractions and may be different in the two models. ,

The estimates of Refs. 4 and 5 for the latter and
those of Ref. 4 for the g, (H) terms suggest, how-
ever, that these two classes of contributions are
quite small in comparison with the others, espec-
ially if we assume that the number of flavors is not
too close to the critical number of 1V.6 To the ex-
tent that they may be regarded as negligible, we
conclude that the corrections of order Q~a. to the
Fermi transitions are the same in both models.

A completely analogous discussion can be car-
ried out verbatim for p, decay with the simplifica-
tion that strong-interaction effects need not be
considered. '

We emphasize the fact that our conclusions can
be traced to the formal equivalence of the egual-
time algebras of current operators in the standard
and generalized models.

As is well known, after absorbing all possible
phases by suitable definition of the quark fields,
the matrix' of Eq. (3c) is characterized by
n(n —1)/2 rotation angles and (n —1)(n -2)/2 phase
parameters. ' For practical applications it is con-
venient to parametrize A. » = cos8 so that 8 can be
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determined by comparing p, decay and the Fermi
transitions. The magnitude of A» can be obtained
from the usual b,S = 1 semileptonic transitions but,
because A: is an n~n unitary matrix, we no longer
have the equality (A» ('+ (A» ('= 1 but rather an in-
equality Q„)'+ [A ('~ I.

As a practical application, we consider the sim-
plest version of the SU(2)z x U(1) theory in which
M~ =M~ cos8~. Using as input the analysis of the
p-decay data due to Wilkinson and Alburger' and
setting Ms= 87.S GeV (which corresponds to sin'8~
= 0.24), and q = --'„we obtain A» = cos8 = 0.97SS.
Inserting a value A.~ = 0.226~ 0.006 compatible with
both the K» and hyperon decay data, we find ~A,J'
+ ~A~~'= 0.998+ 0.004 (Ref. 10) which is nicely con-
sistent with the standard model. As was pointed out
by Ellis et al. and by Harari, ' this analysis can be
used to put a rough upper limit on other mixing angles
in the generalized models. For instance in the six-
flavor case, using the parametrization of Befs. 8
and 11, A»= cos8, = cos8, A = sin8cos8„A„
= sin8 sin8„we see thatA„' = 1 —A„' -A„'
c 0.006 or sin8, & 0.34. The upper limit is not
very restrictive because sin'8, is multiplied by a
very small number and furthermore the answer
is sensitive to small fluctuations and errors in the
value of 1 -Axx +u

%e conclude with the following observations:
(i) It is important to note that the radiative cor-

rections play a-crucial role in determining the
tenability of the generalized as well as the standard
models. In fact, without applying these correc-
tions, the values obtained from p, P, and b, S= 1
decays satisfy ~A„['+g J'& 1 with a margin of
about 4%, a conclusion which would rule out both
the standard and generalized models.

(2) It was pointed out in Ref. 4 that the nonphot-
onic radiative corrections of order G~n to ar-
bitrary semileptonic decays are controlled by
Nard identities and the leading terms in the short-
distance expansions. But we have seen in this
paper that, with the neglect of the small asymp-
totic corrections of order g,'(a') induced by the
strong interactions, such contributions are the

same in the standard and generalized models.
Thus, we conclude that radiative corrections of
order G~a to observables not affected by photonic
exchanges do not distinguish behveen these two
classes of models.

(S) It is interesting to entertain the possibility
that the SU(2)z x U(1) models may be an effective
approximation at not too high frequencies of an
SU(2)l, x SU(2)„xU(1) theory, ~ as in this manner
one could reconcile the phenomenological success-

' es of the former with the theoretically appealing
idea that parity violation may arise from spontan-
eous breakdown. As the SU(2)~x U(l) and SU(2)z
x SU(2)„x U(1) models become in principle different
at real or virtual momenta a = M~ ', it is interest-
ing to inquire whether these two classes of models
may be distinguished by the radiative corrections.
If the masses of M ~„and one of the neutral vector
mesonsZ2 are smficiently la ge say Mw =Mzs
=10M~, the answer in the case of the correction

lVL, &

to cos8 is negative. The reason is that 8'~ and Z,
effectively decouple as their contributions are of
order GraM~ s/M~ ' or GzuM~ 2/Ms, modulo
logarithms or, otherwise, they are universal (i.e.,
the same in P and p decays).

Note added in proof: After submitting this paper
for publication, we have received an interesting
report by R. Schrock and L. L. Wang IPhys. Rev.
Lett. 41, 1692 (1978)] in which, among other sub-
jects, a new fit to the Cabibbo theory and a detailed
calculation of the mixing angle 8, are presented.
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