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N/D analysis of p7 scattering in the 1* channel in Bardakci-Halpern-type models
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Amplitudes for p7 scattering obtained from lowest order graphs in two gauge models are unitarized in the
JP = 1%, isospin-1 channel using the N/D formalism. There is no evidence for resonant behavior near the

A, mass region.

I. INTRODUCTION

During the recent past, the status of A, as a
resonance has become more and more open to
doubt. It was first observed as a broad enhance-
ment in the JF(I) = 1*(1) channel of the diffractive
reaction TN—- 37N at a pr invariant mass about 1.1
GeV. A number of analyses of the experimental
data have been made,' and all agree on the absence
of a resonant A, state. The A, phase variation is
quite flat, and the evidence for A, in nondiffractive
processes is slender and insufficient.? On the
other hand, theoretically there are reasons to ex-
pect an axial-vector meson. Weinberg sum rules,
if vector and axial-vector functions are saturated
with p and A,, require the mass of A, to be V2
times the mass of p; just about the place where
the pm mass enhancement in TN— (37)N is seen.
Similarly, in the meson-mass spectrum generated
by the quark model, it is natural to expect A,.

Because of its ambiguous character, theoretical
attempts have been made to understand A, in terms
of a purely kinematic enhancement. The Deck
mechanism,® and its later refined versions*—the
so-called Reggeized Deck models—have been
particularly successful in this direction. But, if
A, is purely a kinematic enhancement, then one
has to look seriously into the implications it has
for chiral symimetry and the quark model.

It becomes of interest, therefore, to study pw
scattering in the 1* channel and see, even if quali-
tatively, whether a resonance can be generated.
We consider the interaction of p and 7 as given by
a gauge model having p as a gauge vector meson.
Spontaneously broken gauge models are of special
interest because they are renormalizable.

We take the lowest-order pr scattering ampli-

" tudes from a gauge model introduced briefly in
Sec. II and, using the discontinuities across the
left-hand cuts given by them, unitarize them in the
1* channel making use of the N/D formalism. This
is given in Sec. III. The same calculation has been
done in Sec. IV using a chiral-SU(2) X SU(2) gauge
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model due to Bardakci® in which A, is assumed to
exist. One would like to check whether the inclu-
sion of amplitudes corresponding to the A, ex-
change in the u channel of p7 scattering produces
a resonant behavior in the s channel.

The outcome, presented in Sec. V, is that in
both the calculations there is no resonant behavior
around the A, mass region. This means that the
forces given by the gauge models do not seem to
be attractive enough in the 1* channel, if indeed
one can talk in terms of such nonrelativistic ter-
minology.

Our calcylations are certainly not a conclusive
proof against A,—though they are an argument
against it. If we take this result seriously, then
it appears that for the A, enhancement, one should
either look for a kinematic explanation and try to
use a nonlinear realization of chiral symmetry,
or look for some deeper dynamical reasons to ex-
plain the poor phase-shift variation of A, in dif-
fractive processes on the one hand, and the ap-
parent absence of a 1* resonance in nondiffractive
reactions on the other.®

II. A GAUGE MODEL FOR p AND 7

Consider a group L X G where L is a local SU(2)
group and G is a global SU(2) group. The pion is
a triplet under L and p is taken to be the gauge
vector meson of L. In other words, under an in-
finitesimal transformation of L,

L(x)=1+i0(x) - F,

T —=20(x) X7, (2.1)
s 2 em w1 :
p,,~pu—29(x)Xpu+§6,,6(x).

Under G, both p and 7 are invariant. We also
consider Higgs scalars M, N,, M, N which trans-

form under L X G as follows:
¢=Mo+‘iNo+(ﬁ+iﬁ),~"F, (2.2)
¢= LypG™.

An invariant Lagrangian can now be written as
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=—str{(8,0,- 8,p, - igloy, 0, +itr{ (®,m - iglp,, 7])}+itr{ (8,06 - igp,0) (2" ¢+ igd"p")}
+30%tr(¢79) - 18ltr(o TQ) P + 2y trl(9pT9)?] - 36 tr(r®p Tg) — iAltr(r) I, (2.3)

where
> > - -
T=w-T, and p,=p,°7T.

The local SU(2) symmetry can be broken spon-
taneously by requiring the vacuum expectation
value of ¢, (¢),, to be nonzero:

{(Po=1. (2.4)

Shifting the fields ¢ to ¢’ =¢ — 7, one finds in the
usual manner that the p acquires a mass gn, the
pion a mass 1/311, and M{,EMO— 7 and M have
masses V2a and 2\/_2'711, respectively. N and N,
remain massless.

We notice that under transformations for which
B(x) is independent of x [ see (2.1)] and the parame-
ters of transformation of the two groups L and G
are equal, the Lagrangian so obtained is still in-
variant. This can be identified with the isospin
group. '

A remark must be made concerning the gauge
conditions and the presence of massless particles
N, and N. we can, for example, choose the gauge
N=0. This corresponds to choosing the unitary
gauge. It still leaves N, massless. We could have
avoided N, by either choosing a smaller number of
Higgs scalars, for example, breaking the symme-
try by giving a nonzero vacuum-expectation value
to some component of just one complex doublet in-
stead of two; or, we could have retained similarity
with the Bardakci-Halpern model® and extended the
group to U(2). In the latter case, one has to intro-
duce another vector meson corresponding to the
U(1) part of U(2)=U(1) X SU(2). Then we can choose
another gauge condition and eliminate N;,. How-
ever, in this work we do not require the extra
couplings introduced in this way.

III. HELICITY AMPLITUDES FOR pr SCATTERING
AND N/D EQUATIONS

Writing the S matrix as S=1+4(2m)*T, the matrix
element of T, T,3)4*1(s, #) can be decomposed
generally as

TS, 8) = (2m) €% (b et (5,)
X [Agyy +Bpyyb2y +Chrybay
© +Dp,ypay +Epwpsvu] s (3.1)

where indices 1,2, 3, 4 refer to p(1)+7(2)— p(3)
+m(4) and we have omitted the isospin indices for con-
venience of writing. We note that there are actual-
ly only four independent amplitudes because time-
reversal invariance requires that

—

C=B+D. (3.2)

In the center-of-mass system, the “parity-con-
serving” amplitudes, i.e., amplitudes with definite
total angular momentum and parity, can be written
for the 1* channel in terms of the above invariant
amplitudes as follows:

T,= %7'(27') -S(P/‘/;)
X fl dx[-A(1 +2%) +(D - E)p?x(1 - 2%)],

1
Tio=575 T(27) “8(pQ/MVs)

x f " dx(1 - 2)[-A +(B- C)p*(V5 /)

+(D - Ep*(1-x)], (3.3)
To=To
Too= 2 (2m) "(pQ°/M*Vs)

1 2 2
xf dx[A(%-x) +g_§f_‘s_(1_@_%c_s_z_ +x(B‘-C))

-1 )
Dw +EQ

+p3(1 -x)( S +x(D-—E)>] ,

where p is the magnitude of the center-of-mass
momentum, € and w are the energies of the p and
m, respectively, and M is the mass of p. Also,
the amplitudes A to E are supposed to be projected
to the states with total isospin 1. We note that we
have four amplitudes T .5, @,8=1,0, because out
of pr helicity states one can construct two inde-
pendent positive-parity states with angular mo-
mentum 1, namely, the one corresponding to p
helicity zero, and the other corresponding to a
linear combination of helicity +1 and =1, In T .,
a or 3 =1 corresponds to the helicity +1 combina-
tion. We also note that T, is symmetric as re-
quired by time-reversal invariance.

The amplitudes (3.3) must satisfy the unitarity
condition

yTt-T1)=C2n)'TT". (3.4)

To write N/D equations, it is more convenient
to define

i‘n = "(2'”)4(‘/;/1’) Tu )
Tio=m(20)(m/P)T,,, (3.5)
Too=m(20) (m*/pV$)T oo,
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where m is the pion mass. Equation (3.4) now be-
comes

i(T - TN =-TpTT, (3.6)
where p is the diagonal matrix
Poo=pVs (tm?) ,
Py =p/@Vs), (3.7)
P10=P01=0.
Let us write
T=ND*, (3.8)

where N and D are 2 X 2 matrices. We assume
that D is analytic in the s plane except for the
physical cut [from (m +M)? to «], whereas N is
analytic except for the so-called unphysical cuts—
the latter being the singularities in the s plane
arising from expressions (3.3) when we substitute
for A, B, etc., the expressions obtained from
lowest-order diagrams of field theory. Normal-
izing D at a point s, and taking the unitarity condi-
tion into account,

_1.5=s . __D(s")N(s’)
D(s)—1_—-ZTQdes ey B
_ ,, A(s”)D(s")
N(s)_fuds . (3.10)

The integrals in (3.9) and (3.10) go over the
physical (P) and unphysical (U) cuts, respectively,
and A(s”) is the discontinuity in T(s”) across the
unphysical cut divided by 2wz,

By substituting the second of these equations in
the first we get the following integral equation for
D:

D(s)=l—§-§;sﬂfds"R(s,s")A(s")D(s"),
U

(3.11)

where

R(s,s") = fpds' 5 p(s’) (3.12)

' =SS’ =s)(s” -s"')
Equation (3.11) can be inverted to solve for D on
the unphysical cut if we use for A the discontinui-
ties of T as obtained from the gauge model. These
values can then be used to obtain N on the physical
cut by (3.10). This, in turn, determines D on the
physical cut as

ReD(s)=1-2550p [ gor RO
P

(s’ =sp)(s’'—s)’

(3.13)
ImD(s) = —3p(s)N(s) .

The lowest-order pm diagrams in the gauge mod-

el discussed in Sec. II are shown in Fig. 1, They
give rise to left-hand or unphysical cuts shown in
Fig. 2. The discontinuities of T, across these
cuts are given below.

p exchange in the # channel [Fig. 1(a)]:

Ab(s)=58%Us —u) (1 +y ) /b +4y (1 - y,)]

1
ALS) =575 mR/MVs) (s ~u')/p*
- 40/2 - 49,](1 -3,?)

3.14
= () @19

Aby(s) =187y (m*Q°/Ms)

-t (D2 ) 2
55 ) o )

where

2

M

¥p=1 *op? (3.15)
and

w' =2M* +2m*® —s\+2p2(1 -9, (3.16)

7 exchange in the u channel [Fig. 1(b)]:

AT () ==g%yd1 - ys)

1
Alro(s) =_\/—_5 g2(mQ/M~/;)(1 - y,z)(y'+w/ﬂ)

(3.17)
= Agx(s)
Ago(s) =g *(m™ Q% /M’s)yo( yo+ w/Q)*,
" with »
2M? +2m? —s
y,=1+————2—p—2——. (3.18)
P LS n P
P w
P (@) v P (b) v
? 4
% .....
? © "

FIG. 1. Lowest-order diagrams giving left-hand dis-
continuities in the 1* channel.
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Scalar exchange inthe ¢ channel [Fig. 1(c)]:
AYi(s) =52°(176/p)) (1 +y,°)

1
AlLs) =775 8°(78/p°)m@/MVs)(1 - y,)
(3.19)
= Agi(s)

AN(S) = -5 g2 (°8/7) (Mm% /Ms) (P /% = y ) u»
with

uz
yu=1 *op7 (3.20)
where . is the mass of the scalar particle M.

It must be noted that, because of the light mass
of the pion, a part of the unphysical cut for the
diagram in Fig. 1(b) lies entirely within the physi-
cal cut. This happens because pm—~ 37 is kinema-
tically possible, so that s- and u-channel regions
overlap. Such a situation can occur if we have 'un-

- +  (MIm-m)’

* °  oMind

(b)

(c)

FIG. 2. Left-hand cuts for diagrams of Fig. 1. (a) For
1(a), ¢o=cos'[(m?+M?/2)/(M*~m?)]; (b) For 1(b); ()
for 1(c), a,= /2 - M2 =m? £ [(4*/2 ~M* —m?)?

— (M%—m?Y1/2, pis the mass of M, and assumed to be
>2M. The + and — signs mean the following: T on the +
side of the cut minus, T on the — side of the cut is equal
to 2mA. ) s

stable particles and needs special attention in a
purely dispersion-theoretic approach. In our case
we shall unitarize the amplitude on the physical
cut, and it is this total unitarized amplitude which
matters. Therefore, the cut due to pion exchange
lying within the unitarity cut will not be included
in the left-hand discontinuity.

For the calculation of discontinuities we take the
following values for g, 7, and 6:

g%/4r=0.4,
1=330 MeV,
6=0.18, )
which are fitted with the p and 7 masses and the

p—- 27 width of about 100 MeV.”

IV. INCLUSION OF 4, EXCHANGE IN # CHANNEL

In the gauge model of Sec. II, we had only p and
7 apart from Higgs scalars.” A more interesting
situation occurs in the Bardakci model where the
symmetry group is the broken chiral SU(2) XSU(2).
A, itself is one of the gauge vector mesons, and in
our N/D calculation we can include the discontinu-
ities due to the diagram shown in Fig. 3(a). The .

“ P

(a)

(b)

FIG. 3. (a) Diagram for the A; exchange in the u chan-
nel; (b) left-hand discontinuities caused by it, where
by=2M2+ 2m% —m 42, by=(M*—m?)¥/mA .
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discontinuities for the case of the Bardakci model
are written with a prime, and are given by

AP =yAP, (4.1)

A" =y*A", 4.2)
where AP and A" are discontinuities for the model
of Sec. II, given by (3.15) and (3.17). vy is a dimen-

sionless constant given in terms of the Bardakci-
model parameters a and 8 by

_B+2a®
7—32 +4a®°

The A, exchange gives rise to discontinuities
given by :

’ 4,202
846) =55 g (14940

g4a2B?mS
Aoy _ w2
Alo(s) - 2‘/_2_(32 +4a2)M,‘/§-p2 (1 Ya ) 3 (4'3)
A _ g4a23‘2m292 (.ﬁ )
Ago(s) _—(32 +_4—a2)M_—zsp2 Ya 202 =Ya)>
where
2MZ +2m® —m ,2 —s
VYa= 1+ 2p2 A . (4.4)

The unphysical cuts due to A; exchange are
shown in Fig. 3(b). For discontinuities in this
case we take

g=4.7,

o?=7.1x10° MeV?,

B?=2.7x10* MeV?, \
obtained by fitting the p and A, masses to be 765

20
@1 *1mToo
1.0
100241, Ty
¥ V@M Re Ty
2m* ReT,
0 1 | ] | | | o l") o)
@2 ReToo
-1.0—
1 | 1 | | | 1 ]
Threshold 50 : 60 70 80

s (my?

FIG. 4. (27) 41‘,,“; obtained by solving N/D equations.
M{ mass is taken to be infinity. s is in units of pion-
mass squared. Im Ty is too small to be shown. Ty, is
actually the symmetric part (Tg+ Ty0)/2.

20
@i, T,,
1.0—
10021 ImToy
B 10(2nf* Re Ty,
10(2nY ReT,,
0 | | . ] - i mn)flm_m_ —
-1.0— @m°R
] | | | ! | v cTo"l
Threshold 50

60 . 70 80
s (mg?) :
FIG. 5. (27)*T, obtained by solving N/D equations in

the Bardakci Model. s is in units of pion mass squared.
Ty is actually the symmetric part: (To+Ty0)/2.

MeV and 1.1 GeV, respectively, and the p-~ 27
width to be 135 MeV.’

V. RESULTS AND DISCUSSION

The solution of N/D equations with left-hand
discontinuities as given in Secs. III and IV is shown
in Figs. 4 and 5.

Fig. 4 gives the unitarized amplitudes for the
model of Sec. I with the M mass taken to be very
large. There is almost no dependence of the am-
plitudes on the M; mass, varied from twice the p
mass to infinity.

Fig. 5 shows the amplitudes calculated in the
Bardakci model. The total cross sections in the
1* channel corresponding to the amplitudes in
Figs. 4 and 5 are shown in Fig. 6. It is clear that

= 10

2

€ |

5 o

.:.'-L L

&

=)

c

92

D

b}

0

0

5

§ —

e o ! | 1 1 i
50 60 70 80

s (my?)

FIG. 6. Total cross sections (in units of m,"?) as a
function of s (in units of m,z), corresponding to ampli~
tudes in Figs. 4 and 5. The upper curve corresponds to
the cross section for Fig. 4, and the lower one to Fig.
5. The A; mass region is about s = 62.
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there is not the slightest hint of a resonance.
In the following we make some remarks con-
cerning the calculation and results:

(i) Looking at the expressions (3.14), (3.17), (3.19),
and (4.3) for discontinuities A, we observe that
Ay has a double pole and A, has a single pole at
s =0. This is of a purely kinematic origin, and
depends on the particular choice (3.7) for the ma-
trix. p. In defining T we could have multiplied
Too» T1o and Ty, respectively, by sVs/p, s/b,
and */;/p, which is as good a choice for removing
the kinematical singularities due to Vs factors.

In that case we would get

Poo=.b/s“/;ﬂ » Pu =p/Vsm, P10=P01=0.

This choice avoids 1/s? in T .z at the cost of
making its asymptotic behavior worse—the ex-
pression (3.10) for N becomes badly behaved for
s” ~ =, We are then at liberty to choose from the
following two alternatives: “subtract” N at an
arbitrary point with undetermined residue, or cut
off the integral in (3.10) and treat the cutoff point
as a parameter. We resort to neither of these,
and, instead, shift the pole at s =0 by multiplying
Ty, by [s/(s —a)J’ and Ty, by s/(s —a). According-
1y, Poo changes to py, [(s —a)/sF. This does not
change the asymptotic behavior of p,s. The re-
sults given are for a=1, in pion-mass units. Al-
so, we have chosen s,, the normalization point
[see Eq. (3.9)], to be equal to 1.

(ii) The mass u of the scalar My has almost no
influence on the amplitude. For this reason we
have omitted the contribution of scalars in calcu-
lating with the Bardakci model.

(iii) We have checked that in our numerical cal-
culation the matrices D and N are conjugate-sym-
metric. In particular, D is real on the negative
real axis and takes complex-conjugate values on
conjugate points. Similarly, N is real on the
physical cut.

(iv) T 4(s) is symmetric to a great extent. In
the calculation with the model of Sec. II, the maxi-
mum value of |To; = T10l/ | T1o+Tor | is less than
0.05 for s ranging from the pr threshold to s =80
in pion-mass units. Symmetry of the amplitude
obtained from N/D equations when symmetric
left-hand cut discontinuities are given as input is
an analytic property. We consider it as a good
feature of our calculation to be able to obtain this
symmetry in a numerical calculation. We can im-
prove it by choosing the pole at @, mentioned in

(i), properly. However, for calculation with the
Bardakci model, the symmetry is not so good, the
asymmetry ratio being 0.15. This is due to the
fact that with the introduction of the unphysical

cut due to A, exchange (Fig. 3), the effect of the
pole at a=1 is felt on discontinuities due to the

A, exchange as well, the point b, in Fig. 3(b) being
at about s =2. In this case we are unable to im-
prove the symmetry of the amplitudes, and the

" results given in Fig. 5 are the best ones obtained.

(v) The unitarity condition for the amplitudes is
very well satisfied. We have calculated the two |
eigenvalues x, and x, of the S matrix S,s= 045
+4(21)*T,, as a function of s, and found that their
modulus is very near 1 over the whole range. For
example, for amplitudes shown in Fig. 4, the max-

"imum difference of |x,| or |x,| from 1 is less than

0.06. For amplitudes in Fig. 5 it is less than 0.02.
In conclusion we would like to emphasize that
our aim in the above calculation has been to see
whether the lowest-order pr amplitudes in gauge
theories, when unitarized by the N/D method,
produce a resonant behavior for A;. We find that
they do not. The parameters at our disposal g,
K, Sy a, etc., show very little influence over the
typical amplitudes shown in Figs. 4 and 5. It is
possible to do this calculation at a much more
sophisticated level, for example, by (a) continuing
in the mass variable of p to take into account the
fact that p is unstable and (b) by including more
channels. In this connection it may be observed
that the inclusion of other channels, for example
the K*K channel, whose importance has been em-
phasized by the calculation of Longacre and Aaron
recently,® canndt be incorporated in our approach

" without extending the model itself to include K

mesons. In our approach we have tried to see
what implications gauge-field-theoretic couplings
have for A,. We are not trying to fit the A, pa-
rameters as done in a phenomenological approach.
For this reason we are also unable to utilize the
experimental information® on phase variation, be-
cause for us the phase variation (contained in the
amplitudes T 4p) is entirely fixed by the left-hand
discontinuities obtained from the model.
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