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In this work we present an evaluation of radiative corrections to order @’ pertaining to -y collision
experiments performed with an e *e™ storage ring in which the electrons scattered are detected at small
angle. We check that the infrared divergences originating from elastic corrections are canceled due to
opposite divergences from real-photon bremsstrahlung. Numerical results for given experimental conditions
allow one to compare the various contributions to radiative corrections in processes such as ee — eeX with

X =c%e ,utp ., wtaw"

I. INTRODUCTION

In this work, we present a study of radiative
corrections in photon-photon collisions via e*e”
or e*e* colliding beams. The physical interest of
the process ee —eeyy —eeX (C =+1), which will
enable us to study the C =+1 hadronic states, with-
out hadronic spectator, has been widely dealt
with!-?,

In order a!in quantum electrodynamics, the
Feynman graph corresponding to this process is
the graph (P) (Fig. 1). y-v collision experiments
without detection of the scattered primary elec-
trons meet some difficulties owing to the back-
ground (which actually comes from the other
Feynman graphs of the same order in «). It has
been shown! %38 that one can practically eliminate
this background by detecting the scattered primary
electrons in the forward direction. In that case,
the virtual photons are quasireal. This is the
principle of the experiment started in 1978 at the
electron storage ring DCI (Orsay).” Many of the
aspects of this study are relative to the conditions
of that experiment.

In order &° radiative corrections to the graph
(P) are due, on one hand, to “elastic” corrections
contained in the interference between the princi-
pal graph (P) and the graphs of Fig. 2. On the
other hand, they come from “inelastic” correc-
tions expressed by the graphs of Fig. 3. Indeed,
as for the latter ones, the tagging system of the
electrons has a finite resolution AE in energy
which allows events of the types (4) or (5) to
occur, i.e., emission of a photon %2 with small
energy lying between 0 and AE. However, in
order to avoid infrared divergences, we shall
assign to this photon a mass A which will tend to
zero after eliminating the infinities, and we shall
separate the emitted photons into two classes:
“soft” photons (x sk, <A) and “hard” photons
(A <k, <AE) by means of a cutoff A.

The corrected differential cross section will be
written in a general way as follows: do=(1+8)do,
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+dC, where do, is the cross section relative to
the graph (P), and where 6 and dC are the correc-
tions coming from graphs (1) to (5): 6=56(1) +6(2)
+6(3) +6(4 +5), dC =dC (1) +dC(2) +dC(3) +dC(4 +5).
Inthe calculations we deal with here, we neglect the
graph (3) and the interference between graphs (4)
and (5). In fact, their contributions are probably
unimportant.»® One thus gets 6 ~6(1) +6(2) +56(4)
+58(5), dC =~dC(1)+dC(2) +dC(4) +dC(5).

In Sec. II, we shall review briefly the general
results on y-y collisions and the computation of
do, in the approximation of quasireal photons, and
we shall evaluate'the elastic corrections. In Sec.
III, we shall consider the inelastic corrections,
for the emission of a soft photon, in order to
elininate the infrared divergences, and for the
emission of a hard photon. The full results will
be presented in Sec. IV together with their num-
erical outcome.

We emphasize the fact that our calculations are
based on three main types of approximations: (i)
extreme relativistic approximation, (ii) approxi-
mation of quasireal photons (or equivalent-photon
approximation), and (iii) approximation of soft
photons (for inelastic corrections). These three
categories of approximations will be defined here-
after.

II. UNCORRECTED CROSS SECTION AND ELASTIC
CROSS SECTION

In the beginning of this section, we shall be in-
terested in the calculation of the cross section of
the process represented by the graph (P). This
calculation has already been made by many au-
thors, and for all details we refer the reader to
references. '»%10 Before giving general results,
let us define the kinematical variables correspond-
ing to the experimental situation (laboratory
frame) in Fig. 4. Four-momenta of the particles
are defined as follows (+, -, -, — metric): inci-
dent electrons p,=(E,p), p,=(E, - D); scattered
electrons p}=(E}, B}, 6,¢1), ps=(E3, D3, 65, @)
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FIG. 1. Main graph (P) for the production of a sys-
tem X collisions photon-photon induced by e*e* scat-
tering.

with 8, 0, <©,,,; quasireal photons g, =(w;,q,),
q;=(w,, @,); system X produced X =g, +q,=p; - p}
+p2—p§. m is the electron mass, and we suppose
m/E,m/E}, m/E}y<<1. We shall define t; =— g,
== (p; - b}’ py=t;/4m* (i=1,2); W=(X})!/2,

The wholly differentiated cross section of the
process studied is written in a usual way®

2 4
doy= 221r2(: Lm(ZXqupo*)L(Z)
? 358
x6(4)(X qy— qz) “—21' gl: dl"x ) (1)

where dIy is the phase space of the decay parti-
cles of the X system (X -, +n,+---+1,):
n

drx 2(2”)-3"111{&‘1377&/2”00: ’
o=

with ¢,=2 for a fermion and 1 for a boson; L!!
and L{? are the dynamical tensors of the left-
hand and right-hand eey vertices and X*¥ is the
electromagnetic current associated with the par-
tial process g, +q,~X; means a sum over spin
states. If we are not interested in studying indi-
vidual particle variables of the system produced,

X x X
: O] : ; ) i : (3) :
}/W\A = % +>VO\I\ +>\M/\ %\W\
(@) (b) () {d)

FIG. 2. Graphs (1), (2), (3) ocurring to order a®

[when interfering with graph (P)] in elastic corrections.
The squared box is defined as the sum of vertex correc-

tion (a), vacuum polarization (b), and mass renormali-
zation (c) and (d) effects.
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(4) (5)

FIG. 3. Graphs (4) and (5) occuring to order a® in
inelastic corrections. They are characterized by the
emission of a real photon %.

we must integrate them over; then it is convenient
to set

e ={em/2] f (ZX“"X""*)G‘“(X -4y~ q;)dTy .

It has been shown?® that, in the approximation of
quasireal photons, this quantity can be written as

Wuvee gRuprWTT(W/)
+5(R4RP +R4R™ ~ R*R*)Tr2(W), (2)

where R*=-g"* +[g,-q,(q%q} +‘11q ) -4’45
-q,%9%¢q%)/x and X =(q, -g,)*— q,%g,°. It has been
shown also that WTT Weo,,(W)/167%a? and 7,

W, (W)/167%a?, where o-,,(W) is the photo-
product1on cross section and ¢,,%(w) is the
difference between cross sections for scattering
transverse photons with the parallel and ortho-
gonal linear polarizations. The validity of this
approximation is submitted to the condition of
quasireality: /W2 t,/W?<<1.

A simple calculation shows that the 7,, term is
proportional to cos2¢*, where ¢* is the relative
azimuthal angle of the outgoing electrons in the
v-y center-of-mass frame. In the approximation
of quasireal photons, it is shown!? that p* ~ ¢,
where ¢ is the laboratory relative azimuthal
angle. Furthermore, for small angles 6, and 6,,
W is independent of ¢ (W?=4w,w,). After inte-
gration over the azimuthal angles of the outgoing
electrons, one gets

FIG. 4. Kinematical diagram in the lab frame for the
process ee —~eeyy—eeX. The central blob corresponds
to the system X produced.
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2
d'o,/dE{dE}d cos,d cosf, = 2W“E§E§E%,,(W)[(1 - %) (1 - %m> + EET [( 1 —El) (1 an) + 2%%2_] /160ty ,
1 1 .

where t; o, =m’w;*/EE} (i=1,2).
Using dE}dE,dcosd, dcos6,=dw dw,dt,dt,/AE*E|E}, we get d’0,/dw;dw,=0,,(W)N(w)N(w,)/ww,, where

Nw;)=(a/m)l(1 - w;/E +w;/2E) In(t;pay/timin) = (1= 0 /E)(1 = tinyo/timad) (6=1,2) .

timax 1S defined by the experimental choice of the angle 6_,,. In order to obtain the invariant-mass dis-
tribution in W, let us set w;=w and w,=W?/4w,. Thus, ‘

doy 2 [l ( )dw
9 2 oM o MM g5 ) (3)
Wi, and w,, are defined as follows: Let us assume that, due to experimental conditions, w, and w, both

lie between ¢F and bE (0<a<b<1). Using W?=4w,w, we get the integration limits (Fig. 5):
mia=Max(aE, W!/4bE) and w,, =min(bE, W/4aE) .

Now, we consider the eleastic corrections described in Fig. 2. Because of the symmetry between
graphs (1) and (2), it is sufficient to compute the contributions relative to the interference between graph
(1) and the main graph (P). Let us call E, the electromagnetic current corresponding to the squared box
of Fig. 2. Graphs (c) and (d) which contribute to E,, can be neglected because of the mass renormaliza-
tion of the electron. Thus, we consider only graphs (a) and (b) which have been widely dealt with, %% 1!
Let us give a short survey of the results.

To separate contributions from (a) and (b), let us set E, =E* +E®. E!» can be written in a general
way: E“j" =Ly, +A, (P p1) where L is absorbed by the charge renormalization and, thus, can be neglected;
the second term is defined by :

w

A (pp Pl) =— 5. [(IF +Ip)y, t+ ['Vu.’ 'Vu]ql{] »

where
1+2p,

B 1/2__2+3p
IF_2+1nX0[[p o, +1)‘]1771n(p1+1) W}

hpii%lﬁw{q’(aﬂ -&(-8y) +3 [®(- 28y) - @(2‘11)]},
_{_ 1+2p m _ In X,
ID—( 2+————*——7—[p1(p1+1)]1 5 lnX0> In X J —_—9__1772[p1(p1+1)] ,

o d
al=[P1(P1+1)]1/2—Pn 31=[91(P1+1)]“2+P1, on'g‘:‘r <I>(a)=_/(; lnll—x|—x£

® is a Spence function, variations of which were w,
given in the nice work of Tsai.? Let us remark
that I, is a divergent term which becomes infinite
when A goes to zero.

The general expansion of E® is E® =(4,q,,
-q:%y,)(C +ak/n)/q.?, where C is absorbed by
charge renormalization and, thus, can be ne-
glected. Using the Dirac equation, we can see
that the ¢,q,, term vanishes; thus, E' is re-
duced to — aky,/r with

E={§-1/p, - (1-1/2p)[ (o, +1)/p;]"/?InX,}/3 .

bE

Finally ok
(E)ets == (@/21) {(Ip +Ip +2K)y, +J['}’u17’u g /4m} .
We then write the “elastic” cross section [for FIG. 5. Variations of w, as a function of w, at con-
graph (1)] as stant W. When w; and w, are lying betweenaE and bE,

these curves allow us to determine the limits of varia-

do(1) =6(1)do, +dC(1), tion of w;.
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where
[
6(1)=—— (IF +I,+2K),

ac() = B8 oo ) 1260 (X - g, - )

3
_1_’1 ap;
*3r, 28 Mx-

5(1) is a divergent term, and we will see below
that this divergence is cancelled by an opposite
divergence coming from the soft-photon contribu-
tion. However, we can obtain the invariant-mass
distribution (dC/dW), by multiplying dC(1) by 2
to take into account the contribution of graph (2),
and by integrating over phase space in the same
way as in the calculation of the uncorrected cross
section:

()~

2 a,,<vv)f "M w(E)de,

where
af imax @ ( _w\1
M(w)=—= o —)—milt dt,

1. INELASTIC CROSS SECTION

Now we consider the contaminating process
ee -~ eeXy characterized by the emission of a
real photon with its energy lying between 0 and
AE, where AE is the finite resolution of the

-PHOTON COLLISIONS... 813

kind of process is described to order a® by the
graphs (4) and (5) of Fig. 3. To avoid infrared
divergences, we ascribe, in a first step, a mass
X to the radiated photon, where A is as small as we
like. Thus, for the convergent terms, we will
take A =0; on the other hand, we conserve X in
the divergent terms.

Because of the symmetry of the graphs (4) and
(5) and because we neglect their interference, it is
sufficient to compute do(4) given by

__16a° LS yuvyoor |7
= Fae .

k) dp} d3p}
W(x_ g —q,) %R0 &Py
Xd (X q1 qZ) Zk 2E1 ZE'er’
where £{ is the electromagnetic tensor des-
cribed in Flg 6 (semivirtual Compton effect)
and expressed as £ =(- g* +k°‘k’/7\2)Z;Ra,,RB,,
with

do(4)

R, =u(p}) (n m Yo tVu m Ya) u( py)

=up1) Ve 3 ﬂlé_ u Vg Ilé_ —; Yo 4Py

a0 [2( By - L)y, +Tab 2],

where D, =2kp, ~ A and D} =2kp| +22.

A rather lengthy calculation, taking into account
all the terms of R,,, then leads to following for-
mula (neglecting )\, as we said, in the nondiver-

tagging system of the scattered electrons. This gent terms):
]
1 4(t, +2m?) 1,1 )]
W _|of 2 + 2\ Tram’) (1)
L [2 (D; D1) D,Df dm (7+D_1—'1z Lup .
1 D 4 4
[(tl— 2m2)<_— 1)—1) (B}-'-_L) (IS‘LZ ——l?)]gu,n le ——Fp1up1p+57;p;up;p

L +2m?  2m
4ol <=2
2( DD,

or, taking account of momentum conservation,

2t 1 1
(1) (1)+ 1 —
Lu DD'L [D; *+20m t’)<Di Dx) (
) 1 1 2m?
*4(—;"07 D7

2m2— ¢, | 2m?
- 14
+2( DlD; D1 T

It becomes necessary to be very careful with notations.
p9)? and w,=E - E}.
For graph (4), w, and ¢, are quantities characterizing the exchanged photon g,; the
same is no longer true for w; and ¢, with respect to ¢;.

w4, but with restricted meanings:
stead of p, - p]=q,.

ty=— (1~

_1')_T+D'>(kupln +kpp1u) +2( ]

D ) (qiu.plp +q1pp1u) +2(

ty+2m? | 2m?
A= 4 +
D,D] ' D

D
33)-2

)(k RN (5)

1
D1 8ue

(5—12 —17>+2m2t1( LI

1 1
)Pml’u (D' D, ET+DD>1)“‘I)1"

- 2m? _ 2m?
DD} D,

, , 8m? .
-51' (611.,P1p+(I1me)-5—13;q1uq1p- (6)

We shall continue using notations like #; and
In fact, we now have p, — pj=q, +k in-

Yet we can still write

@k d°p'dpy/ 8k EVE, =(k 2 ~ N2/ 2 dRyd cos6,dp,dw dw,dt dt,do dg,/32E,

so that, after integration over ¢, and the phase space of the central system,
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Bo(d) =~ (a° | k| /(21)°q*,2EH L0 Wrree LD dw, dw ,dt dt,dpdkyd cos6,dp, .

To be able to continue the calculations and eliminate divergent terms at the limit A -0, we divide the
energy range of the radiated photon into two parts: (1) the range A <k, <A corresponding to soft photons
and which contains infrared divergences when X goes to zero; (2) the range A <k, <AE corresponding to
hard photons. A is a cutoff which separates the two ranges; its value will be determined later on. To be-
gin, we consider the soft-photons case.

Assuming A to be small enough, we make the following approximations. We shall first neglect &, in the
5 (x - gy - q,) distribution, which means that the tensor W*"*° is identical to the one calculated for the
uncorrected cross section; the terms in 2, will also be neglected in (5) which implies, accounting for
conservation of the electromagnetic current, that

L5 (1) ~ ALY +Bg,,,
where

__4 oy _ a2 1 1) —o2fl 1 (QL_L (D )
~D1D{(t1+2m) 4m —17"'17172 and B =2m D; D1 D,+ —12- ——lz

A
We shall also replace q,* by tlz in the denominé.tor of the propagator of the exchanged photon ¢,. Setting
(a,&):%/:\ (% - )\Z)I/deo/‘lndcosB,/O‘z'd%(A, B),
we get

2a°
5(4) %{ @, dc(4) =(—2—7T~)'52%-t—2-'2-1‘;1 (BgupW"'v”L‘(,cz,) dwdw,dt,dt,de .

The calculation of @ and ® is very tedious and is exposed in Appendix A. It results in the following ex-
pressions:

@=Gp+@p,
where
EE| . 1+2p, E e ( 9_1)( £ |)
QF—ZTI’IH [p (p +1)]1/2{ 2In WlnX0+lnXoln[4(p1 +1)] - InX;In{1 - E 1- £

X\ _ 1 )_ w/E )
+‘i"(l +X0) @(1 +X, <I>(wl/E— 2004

e (Xo(wio/ﬁ ) e E) e )}

— A
GD—Z’II ( [‘—“—‘-‘_‘(p +1)]1721nX0) A

Py
and

2. 28, 2. 2E 1 1\ ,(E! E
2,,2E1 2, 2E 1 -
®B=m "A{Eil E In p +(1 +2p1)(E, E)+<_E-§ W)
2E 2E
[ E' (1 +2p1)] [Ezln—L —*}1 ]}
E} E} E\,K6 m? E 2E}
-G )+ [1- g a0+ (120 ) m 22

2 ]
(10, - E) 22,

The comparison of the expressions of 6(1) and 6(4) shows that the infrared divergences can be
eliminated, so that we get

_ 1+2p A o ¢
5(1) +5(4) _T(( 2+ WIHXO) m _Z—FGF-?(IF +2K),
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FIG. 6. Feynman graphs entering in the semivirtual
Compton effect.

which is a finite quantity independent of A.

Considering that the relation W?=4w,w, is still
valid in the case of soft photons emitted, we
easily get [after multiplication by 2 to take into
account graph (5)] the contribution coming from
6(1) +6(2) +5(4) +6(5):

(—) 2 o) [ ™ en(L)%, ()

“min

CORRECTIONS IN PHOTON-PHOTON COLLISIONS... 815

[6(1) +6(4)]

2« tmax
Q(w)=-7—; ]
‘mln
2

w w* | dt
X - Zmin ) 4 ]__L
[( E)(1 tx) 2E 't

and where W, Wyaxs timins Limax DAVe been defined

in Sec. II.
We can also get the invariant mass distribution

coming from dC(4) and dC(5) It is easy to show
that

t W 2]
Weveop Q) _ 2 2 —l _Zlnu. +
8Buo Lwo'= W, E [(1 E)(l ty ) 2E

W
*Inta? W)

wherefrom we deduce:

dc 2 max dw
)t ()2

@min

(8)

where

ty
P(w)=2 [ 5@

timin w'm’

e e2)

Finally, the contribution of elastic plus inelastic

with corrections of soft photons is
|
o 2 “max W2\ dw
= i == - + — .
i (elastic +soft) Wc,,(W)fwm“ [M(w) - @(w) P(w)]N<4w) - 9

Let us compute now the contribution to radiative
corrections due to the emission of a hard photon.
We shall use the expression of do(4), where we
replace S:ﬁ,’ by (6) after neglecting terms in ¢,
91, (because of current conservation). However,
in contradistinction with the case of soft photons,
here we are not allowed to neglect 2,, so that

J

{
q,*~-t - 2kyw,(1 - cosp,) and W=~
+wy +Hwy - w,) cosb,].

In W¥** as well, we replace g, by p, - pi - k;
our calculation thus includes more terms and
becomes more complicated; using here again the
quasireal-photon approximation, we are led to

4(.01(.02 - zko[wi

LLIW PO LD =F\(f, £, w1, Wy, @, kyy COSO,, @) Wrg(W) +Fy(ty, £, 0y, Wy, @, ks COS6,, @) Trr( W),

with
4
F =‘_21011H1 )

8m? 11 8m? 4¢,
= —_— = —_— e | - +
H, D, D' » Hy 4(0'1 Dl) D;z D1D' ’

Hy=— 2l 2t

. 2
sl 1) S A

Dy/ Di* DD

DD’ = +2(m? - 1)('%;——;1) (21—+—i~) 2m (3-12- ———12-) +2m ti(‘j%z""*b-}—z-)

—(ru r o @
(c115C 120 €135 €14) =(LG,, s Piubips P1uPI)R*RPLYY

—(rd ’ e @) _ 1
(Ca15 €225 C235 C20) =(LYDs € 1ps P1uD1ps D1uDIIR*RT LY — 5(C1y5 €125 C135C 1) -
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In order to compute the cross section more easily, we shall take, both in F, and Fy, ¢ =t{;., ¢3=tynins
thus suppressing the dependence of those factors on ¢ and ¢,. Defining
F (W, 0y, kg, c086,) =F;(t 105 tomin> @15 05 Ry, €086, 0) ,

one thus obtains

do F Worm +F,7 ¢ 1max dt tomax dt
(hard kdkfd 6 d L Lr L IT )

=y (hard) = f 0 cos f 19w, =~ k(1 +c0s6?,)/;1m“I q—ii—fzmu Tz%_

thus'
dac dac

— +

dW (hard) = (dW)w dW}
with

dC _ 3wr3 AE +1
(——dW>W“_-W4(27r) 7 -A kodk, » dcosé,
Xf “max (1max — Himin) Comax = tom1n) F19,d40
w

amintomax | 201 — (1 +¢086,) [y +2Row (1 — c086,) |[#1ay +2Fgw(1 ~ cos6,)] ’

min

dc .
(ﬁf)v =same with F,0,, ~ Fy0%4,

where the limits of integration over w, are now

W2 +2bEky(1 +cos6, )) . W?+2aE%k(1 +cosé,)
B, 5= 2kl = cose,) )0 e IE oo (1= cost,)

Wi =Max (a

IV. NUMERICAL RESULTS AND CONCLUSIONS

In order to separate soft from hard photons, we took the cutoff A equal to the electron mass. This
choice is convenient since, for A <m the radiative corrections keep the same value. In addition, it has
the advantage that the term proportional to In(A/m) vanishes in (dC/dW)y,.

We evaluated the radiative corrections for various possible values of W, chosen according to the con-
ditions of the experiment at DCI (Orsay)": ¢=0.2, b=0.5, E=0.8 GeV, AE=14 MeV, 6,,,=10 mrad, for
the processes ee —eee*e”, eep*u, een*nr~. The corresponding elementary cross sections o,,(W) and
opr(W) for these processes are given in Appendix B. Tables I-III show the numerical results obtained,
and Fig. 7(a) and 7(b) the curves computed for do,/dW and (do/dW).

We notice that, in all cases, (dC/dW); and (dC/dW);; are negligible with respect to (dC/dW);;. The
latter quantity thus represents the whole of elastic corrections plus corrections due to soft photons. With
the cutoff chosen, one has practically

do

2 w
max t
W —— (soft +elastic) ~ _'ZWO'-,Y(W)A N(_"Yz_)f

max [ w\ (i tmu) w?
o \d0)/ ( E) <1 t, ] T2m (91‘-—1F_2K LI
imin 27 tl

As for the inelastic corrections due to hard photon emission, we notice they are generally much smaller
than those computed above. On the other hand, they strongly depend on the process considered, i.e., on

TABLE I. Numerical values of doy/dW, (dC/dW),, (dC/dW),, {dC/AWyy,, (dC/AW),y,
(dC/AW)y, (do/dW)corr and %= 100U(do/d W)y —doy/dW1/(doy/dW) as functions of W for ee

—~eeete”,
dog dc dC < ac dc dc _da )

w aw aw)y \aw /)y \dW /y \dW )y aw AW Jcon
(GeV) (107% cm?/GeV) %
0.344 3.95x10° -0.37 -392.07 3.42 55.81  —0.33x107% 3.62x10° -8.43
0.440 6.31%10° ~1.03 ~-650.50  4.95 105.08 —0.48x107% 5.76x10° -8.59
0.536 3.34x10° —0.86 --341.81 2.67 67.67 —0.22x107% 3.07x10® -8.15
0.632  0.95%10° -0.32 ~96.60 0.78 23.15 —0.05x10"% 0.88x10° —7.68

0.728  0.20%x10° —0.09 ~20.25 0.17 5.55 —0.01x10"% 0.18x10° -7.46
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TABLE II. Numerical values of dog/dW, (dC/dW);, (dC/AW), (dC/dW),, (dC/dW),

(dC/aW)y, (do/dW)cor and % =1001(do /dW) core — doy/dW1/ (doy/d W)as functions of W for ee

—eeltu”,

5 (), (8, (), (). (2. )
w aw aw), \aw/y \aw /)y \aw/w \aw/, \VaW/eon
(GeV) (107% cm?/GeV) %
0.344 0.56x10° —0.05 —55.38 0.48 7.88  —1.68 0.51X10° —8.73
0.440 1.11x10° —0.18 -114.19 0.87 18.45 —2.44 1.01x10° —8.81
0.536 0.66x10° —-0.17 —67.55 0.53 13.37  =1.13 0.61x10° —8.32
0.632 0.20x10° —0.07 —20.70 0.17 496 —0.24 0.19x10% —-7.79
0.728 0.04X10° —0.02 -4.61 0.04 1.26 —0.0¢ 0.04Xx10% —7.55

the system X produced. That fact is due to the differences between the expressions of o%.,(W) obtained
for various types of particle pairs: electrons, muons, or (pointlike) pions. In the case of lepton pair
production, one is justified, as is shown by the numerical results of Tables I and II, in neglecting

817

(dC/dW )y with respect to (dC/dW);y. On the contrary, for pion pair production (see Table III), one has
to consider both contributions (dC/dW ),y and (dC/dW)y. .
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APPENDIX A

In order to calculate @ and ®, one must evaluate the integrals

L=3 _(Adko(koz—V)i/fo_d,%?_’
Iz=%£Adk0(k02_xz)1/zf[%’ Is“—‘%thkodko f/%_b%\)mﬂ

A D Dl
I=if kdkf L+ 214,
42 N 0“0 ,/ D; D1 4

I{:%‘/;Adko(koz_h)”zf/%?%’

15:§_/;Ak0dk0ff(~g§[—~gff>dﬂy.

I3, I,, I; are nondivergent integrals at the limit A=~ 0. They can be calculated without any difficulty by

taking p, (resp. f);) as the polar axis. They lead to following expression of ®:

®=2m*I;~ I, - m’I, .

Choosing P, (p!) as the polar axis in the calculation of I, (I{), one gets
1 Py 1 Uy

I1 Z%WKx(E) “31[ ’ 1):

I =5nK,\(E}, |P1],- 1),

TABLE III. Numerical values of doy/dW, (@C/dW), (dC/aW)y, (dC/AW),, (dC/dW)y,
(dC/aW)y, (do/dW)core and % =100U(do/dW)cor — doy/dW1/ (doy/dW)as functions of W for ee

—eem ", .
% ), (), G, (o). (). ()
w dW dW 1 dW I dW I dW v dW v dW corr
(GeV) (1073 ecm?/GeV) %
0.344  6.21x102 —-0.05 —61.55 0.53 8.76 12.54  5.81x102 —6.41
0.440 10.64%x10% =-0.17 —109.79 0.84 17.74 21.15  9.94X10° —6.60
0.536  6.32x102 —0.16 —64.69 0.51 12.81 10.10  5.91x10® —6.56
0.632  2.00X10> —0.07 ~20.34 0.16 4.87 2.20  1.87X10%° —6.56
0.728  0.45x10% —0.02 —4.63 0.04 1.27 0.37  0.42X10%2 —6.64
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FIG. 7. Variations of do o/dW (solid curve) and (do /dW)gm. (dashed curve) as functions of the invariant mass W, ex-
pressed in 10~ 32 cm?/GeV for e*e” production and in 10~ 3 cm?/GeV for p*u~ production (a) and in 10~ 3 cmz/GeV for

7 *7~ production (b).

where

(k 2 AZ)!/de
Kx(a Byy) = / (k o — 2)‘27)7' BZ(kOQZ_ )\2) .

Using the identity

; f1 B
—_— + -
a8 =/, [Ax+B(1- x)]?%dx,
and defining p,:xp; +(1-x)p,, I, can be expressed in a similar form:

1
L=3r fo Ky(E,, |B), - 2x+1)dx.

The calculation of K,(«, 8, y), although lengthy and tedious, does not involve any major difficulty and
leads, at the limit A—0, to

i __1 A o (a+p)? >=
K((I,B,'}/) _I;IJIKR(Q,B, 7)—32__32'(1 2 261 _2——,3—2“ —K(O!,B,O).

Using the extreme-relativistic approximation, one gets
A Ldyx 1
11 +11 2—2-11'1-—2-@-, 12 2 (hl'—f f ——ganQ—dx)

One can show that

f‘dx _ 1 In X,
o b 2mP[p,(p+ DT 00

j(;l—-—l—gln %;dx T__;W {(21n——+ln [(1 %)( 1 )] - 1In[4(p, + 1)]1/2> In X,

ol i) - ) - et

- q’(‘*’jé/fz&) (I)(l +Xo) (1 :Xo>} :

One then gets @ in the form G=- 4m?(I, +1}) +8m%(1+2p,)I,.
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APPENDIX B

The elementary cross sections for various photon-photon collision processes are as follows.

(a) yy=e*e” or p*u":

o5 (-2 - 50 3

o p(W) =~ —6% (At +2my°L) .

(b) yy—=7*r" (Born terms, pointlike pions):

ontm =25 [ (1 258) (o436 .

8ralm.’
Tra(W) =G @t +2mi'L)

where m, is the mass of the particles produced, and

4m 2)“2 L4 ( At)
—wel1 - —
At=W <1 —W.g-‘ , L= 211’1 1+W‘

IN. Arteaga-Romero et al., C. R, Acad. Sci. Ser. B,
153 (1969); 269, 1129 (1969); Phys. Rev. D 3, 1569
(1971); A, Jaccarini et al., Lett. Nuovo Cimento 4,
933 (1970); 1, 935 (1971); Phys. Rev. D 4, 2927
(1971).

%8, J. Brodsky et al., Phys. Rev. D 4, 1532 (1971).

3V. E. Balakin et al., Pis’ma Zh. Eksp. Teor. Fiz. 11,
559 (1970) [JETP Lett. 11, 388 (1970)]; V. M. Budnev
et al., Yad. Fiz. 16, 729 (1972) [Sov. J. Nucl. Phys. 13,
198 (1971)]; Phys. Lett. 37B, 320 (1971); Phys. Rep.
15C, 181 (1975).

4y_E. Balakin et al., Nucl. Phys. Inst. Novosibirsk Re-
port No. Rep. 59-70 (unpublished), submitted to the
15th International Conference on High Energy Physics,
Kiev, 1970 (unpublished).

5G. Salvini and R. Santonico, talks given at the Inter-
national Collogquium on Photon-Photon Collisions in
Electron-Positron Storage Kings, Collége de France
Paris, 1973 [J. Phys. (Paris) 35, 3 C 2 (1974)].

63. Parisi, Thése de Doctorat d’Etat, Paris, 1974 (un-
published); J. Phys. (Paris) 35, 3C2 (1974),

3. Buon et al., Orsay report, 1975 (unpublished).

8S, Ong, These de Doctorat III cycle, Paris, 1976 (un-
published).

%, S, Tsai, Phys. Rev. 120, 269 (1960); 122, 1898
(1961).

10N, Argeaga-Romero, Thése de Doctorat d’Etat, Paris,
1972 (unpublished).

U3, M. Jauch and F. Rohrlich, Theory of Photons and
Eledrons (Addison-Wesley, Cambridge, 1955).



