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Electromagnetic production of trimuons in deep-inelastic muon scattering
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&e calculate the cross sections for the electromagnetic contribution to the reaction p, + %~3@,+ N, using

the radiative quark-parton model. %e discuss some features of the reactions which are expected
experimentally, and helpful in distinguishing Compton production from muon radiative production.

I. INTRODUCTION

Trilepton production by lepton beams has been
under consideration for a long time. The earliest
calculations w6re performed for electrons, to test
the validity of quantum electrodynamics. These
calculations were carried out for scattering off a.

fixed target nucleus and for specific kinematic
configurations. ' Later a more detailed investiga-
tion for muon production of electron-positron pairs
wa.s carried out by Brodsky and Ting. This was
followed by a calculation of muon tridents by Tannen-
baum, ' to see the effects of Fermi-Dirac statistics
for muons. The experiment of Russell et cl.4

verified for the first time that muons obey Fermi-
Dirac statistics.

The advent of the qua, rk-parton model' provided
a theoretical framework for the analysis of deep-
inelastic scattering. Bjorken and Paschos' then
proposed that the qua. rk-parton model could be
tested further in the inelastic photoproduction of
muon pairs. In this reaction they assumed that
only diagrams where the same quark absorbs and
emits radiation are importa~t. Experiments to
verify this were conducted by Davis et a/. ' After
taking into account the Bethe-Heitler production
of muon pairs, they found that the cross sections
were still much larger than predicted. A similar
conclusion was reached for an experiment of in-
ela.stic Compton scattering by Caldwell et al. '

Since the building of the a,ccelerators at Fermi-
lab and CERN, high-energy neutrino and muon

beams have been used to yieM a large amount of
data. The charged-current interaction of neutrinos
has verified qualitatively the scaling predictions of
the quark-pa, rton model. ' Dimuon production by
neutrinos has yielded further information on had-
ronic processes. " Finally trimuon events in neu-
trino and antineutrino experiments have been ob-
served by the Caltech-Fermilab, "Fermilab-
Harvard-Pennsylvania-Rutgers-Vhsconsin, "and
CERN-Dortmund-Heidelbe rg -Saclay" (CDHS)
groups at Fermilab and CER¹ Detailed phe-

nomenological analyses has been carried out for
these processes. " One of the mechanisms inves-
tigated is the radiative production of trimuons. ""
In this calculation it was assumed that radiative
muon pair production occurs off the muon and
quark lines. There are three diagrams which
must be taken together to preserve gauge invar. -
iance. Though there are other processes which
contribute to trimuon production, the improved
statistics of the CDHS group' show that the radia-
tive process accounts for approximately one third
of their events. Thus the existence of radia. tive
processes has been verified.

Experiments of Chang et al. "at Fermilab,
ha,ve observed trimuons in deep-inelastic muon

scattering. They reported a rate larger than the
normal QED processes. It was proposed that this
may be due to associated production of charm"
and seems to explain the data.

However, in view of the observation of radiative
effects in neutrino production of trimuons, it
seems worthwhile to inv'estigate the corresponding
process for muon production of trimuons. In in-
vestigating the electromagnetic production of tri-
muons, there are three distinct processes we.can
consider. The first is the Bethe-Heitler produc-
tion [Fig. 1(a)]. The second is radiative produc-
tion by muons [Fig. 1(b)]. The last is radiative

'

production by quarks [Fig. 1(c)]. We have con-
sidered only the last two in this paper. These are
the analogs of the corresponding processes con-
sidered in the neutrino case. However, unlike the
neutrino case we can consider these two sets of
diagrams separately, as they are individually
gauge invariant. In this fashion the former pro-
cesses, which are pure QED backgrounds, can be
isolated to yield information on processes occur-
ing at the hadronic vertex. This also provides a
check of the quark-parton model.

The Bethe-Heitler muon pairs are produced in an
even-charge-conjugation state, wher eas in muon
and quark ra,diative prcguction, the muon pa.irs are
in an odd-charge-conjugation state. The Bethe-
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FIG. l. Diagrams for electromagnetic production of
trimuons: (a) Bethe-Heitler process, (b) muon radia-
tive production, (c) Compton production.

now briefly discuss such contributions.
As mentioned earlier associated production of

charm was used to explain the existing trimuon
data. This calculation" was done assuming dif-
fractive production (small x) of a pair of charmed
particles, which subsequently decayed semilepton-
icaliy producing muons (Fig. 2). Calculations for
the associated production of charm can be done
within the framework of the quark-parton model.
There are two classes of diagrams which produce
cc. In the first, the photon couples directly to
the cc [Fig. 3(a)] and in the second, the photon
excites the quark which produce the cc, either by
annihilation of gluons arising from different quarks
[Fig. 3(b)], or by gluonbrehmsstrahlung [Fig. 3(c)].

Further contributions are expected from the
production of mesons which decay into two muons.
If these are electromagnetically produced [Fig.
4(a)], when the muon momentum transfer becomes
small (low q'), we can correlate this to photo-
production of muon pairs [Fig. 4(b)]. In this way
an idea of low-q' events can be obtained from
photoproduction experiments.

At present, data on the photoproduction of muon
pairs is rather meager, ' and the signal is much
larger than expected. The production of mesons

Heitler production has been seen in the trident
experiments, ' and they involve very low momen-.
tum transfers to the nucleus, and thus by a suit-
able choice of cuts can be eliminated.

The muon pair production cross section from the
diagrams where the quark radiates, which is virtual
Compton process, is expected to be much smaller„
than the cross section where the muon radiates.
However, by suitably imposed cuts on certain var-
iables, we can hopefully isolate the Compton pro-
cess, and see how the predictions compare with
the data. Thus one can also subtract the radiative
process in the event that there is a larger cross
section for hadronic muon-pair production. We

(b)
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FIG. 2. Associated production of charm, producing
trimuons.

FIG. 3. Diagrams for associated production of charm
in the quark-parton model: (a) diffractive production,
(b) gluon annihilation, (c) brehmstrahlung.
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FIG. 4. Electroproduction and photoproduction of
Hluon pairs ~

q(p, ) q(p', )

decaying into tmo muons is unable to account for
the signal. Though a,ssociated charm photoproduc-
tion is expected to be 2% of the total photoproduc-
tion cross section, ' '~' these probably will not a.c-
count for the entire cross section. In this con-
nection, we mention the data on lou-mass muori-
pair production in PP and gP collisions, "which
has a much larger signal than expected on the
basis of current models. This poorly understood
mechanism is reflected in the neutrino production
of trimuons (replacing the pion by a virtual W

boson, for the axial-vector current) and accounts
for approximately —', of the trimuon cross section. "
We expect, therefore, that the vector current be-
haves similarly and this mill yield a large cross
section for the production of low-mass dimuons
in photoproduction and muoproduction. Hence this
mechanism yieMs a possible explanation of the
large signal. ' This connection is currently under
investigation. However, in this paper me concen-
trate on the pure electromagnetic process.

The plan of the paper is as folloms: In Sec. II
we present the details of the calculation. In Sec.
III we discuss the distributions obtained and in
Sec. IV give our conclusions.

II. CALCULATION

The three processes responsible for the electro- .

magnetic production were indicated in the Introduc-
tion (Fig. 1). The dominant contributions to the
matrix element arise when the virtual momenta
are close to their mass shell values. Thus, for
the following reason, the Bethe-Heitler process
[Fig. 1(a)] contributes to an entirely different re-
gion of phase space than the other two [Figs. 1(b)
and l(c)]. The former has two spacelike photon
propagators whereas the latter only have one. The

Q)Pt) $ tl(P2)

~~p0p)

p (~+)

IY

~p(I~)

p(&g)

FIG. 5. Feynman diagrams for the reaction p+q '3p

+q.

other timelike propagator cannot get close to its
mass shell as it must produce two muons. Now,
the computer programs used are less accurate in
evaluating the cross sections, when there are
many severe peakings in the variables. We thus
neglect the Bethe-Heitler process. %'e feel we
are justified in so doing because of the reasons
mentioned in the introduction.

Since there seems to be no standard terminol-
ogy,

"we call the process depicted in Fig. 1(b) a
muon radiative production, and the one in Fig. 1(c)
a Compton production. The sum of these two
processes we call the total production.

The diagrams investigated are shown in Fig. 5.
We split the diagrams into tmo sets, each of which
are separately gauge invariant. Namely, the
cases when the pairs are produced from the muons
and from the quarks. Denoting the matrix element
of each of the four diagrams by M„M»,M»» and
M,~ we have the following:

For muon radiative production, the amplitude

and for Compton production, the amplitude
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(2p..+Y.P), (2p,.-Py. )
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where 0= l, + l4, p„=p,-p„/„=1, —l„~=u(l, )y u(l4), and the other momentum assignments are indicated
in Fig. 5. f is the quark charge, when the u charge is taken as unity.

The program scHOONscHIP (Ref. 23) was used to evaluate the squares of the two matrix elements [Eqs.
(1) and (2)] and the interference terms. By exploiting gauge invariance a reduction of the number of terms
was possible. The matrix element %as still rather large, and a regrouping of terms was carried out by
hand, to reduce its size even further. The cross section for the reaction g+q- 3 p, +q takes the form

1 1 1 4 d'l2"=4 2. (2,) ""' 2Z',
d' dk d'l d'l

5 (f, +p, —f, —k-p, ) dk' ' 5 (k-l, —l )iM'i',
k 3 4

(3)

(r, = [o„(x)u(x)+ o,(x)d(x)]xdx, (4)

and for a neutron

[o„(x)d(x)+ o, (x)u(x)]xdx,

where the initial polarizations have been averaged
and final polarizations summed over. M' is given
by the relation ~M ~'= e'(M'~'. The integrations
are carried out using methods described previous-
ly 15

So far we have not incorporated the effects of the
quark-parton distributions. This is done by going
to the center-of-mass frame, which at the ener-
gies considered is a fast moving frame. Here we
scale the quark longitudinal momentum and neg-
lect the muon mass. This leads to a scaling in the
energy variable (s —xs). Then we integrate the
cross section given previously, over x, weighted
by the structure function. This is just the naive
parton model, and neglects any P, dependence of
the quark structure function.

Since scattering occurs off both the u and d
quarks we have for a proton

handled by the computer. Our calculations are
accurate to approximately 10%.

III. DISTRIBUTIONS

In this section we discuss some of the distribu-
tions we obtained. As remarked previously, the
diagrams where the muons radiate and where the
quarks radiate are individually gauge invariant.
This enables us to discuss the two processes
separately, because the former is a pure quantum-
electrodynamic background whereas the latter re-
veals information about the hadronic processes.
Thus we present distributions for both processes,
and point out the characteristic features of each.
The emphasis is on being able to distinguish the
two processes.

Qualitatively rather distinct differences exist
between the two reactions. Since electrodynamic
processes are maked by very low momentum
transfers, the incident muon tends to come out at
small angles (less than 1') with a considerable
fraction of its original energy. When the muon
radiates it tends to do so with a hard photon,

where o'„(x), o'~(x) are the up- and down-quark
cross sections at a given x.

We compute our cross section only for an iso-
scalar target for which we obtain

cr= (o„+o„)[d(x)+u(x)]xdx.

0.030—

0.025-
b

Our proton quark-parton distribution functions
re24 0.020-

E,= x[u (x) +d(x)]„,
= 1.74' x (1 —x)'(1 + 2. 3x) + 1.11@x (1 —x)', (7)

0.0 I 5 I

lOO 200

and we neglected the sea contribution because it is
very small. The matrix element is reasonably
well behaved and the integrations were easily

E in GeV

FIG. 6. Total cross section. Curve (a) is for total
production, and curve (b) is for muon radiative produc-
tion.
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which, on becoming a muon pair, produces three
muons with approximately equal energies. As the
quarks do not have large energies imparted to
them, when they radiate, the resulting muons have
very low energies. Thus the former reaction tends
to be characterized by three muons of comparable
energy, while the latter reaction tends to have a
very fast muon ((P) = 185 GeV at 200 GeV) and a
pair of very slow muons ((P)= 4 GeV at 200 GeV).
This enables us to understand many features of
the distributions.

We now present in detail the various differential
cross sections. We have not incorporated any
cuts, and have not used any criterion to distinguish
between the two identical muons. The criterion
used in neutrino collisions does not seem very ap-
propriate here, because the hadron energies are
low, and hence the hadron direction does not con-
vey much information. When experimental cuts
and criteria for selection are used we can easily
incorporate them in our computer program.

We computed the cross sections for negatively
charged muons, at muon laboratory energies of
50, 100, and 200 GeV. We present the differential
cross sections at 200 GeV in detail and indicate
where necessary, any differences at other ener-
gies. In the diagrams calculated, we find that
about 95% of the total cross section arises from
the muon radiation. For example, at 200 GeV we
have 2.95 x10 "cm' for the muon-radiative-
production cross section and 1.5 X10 ' cm' for
the Compton-production cross section. Thus most
of the features manifested by the total production
cross section are characteristic of muon radiatiqp
only. Hence only the total and Compton production
distributions will be presented. Differences will
be indicated where appropriate.

The cross sections for the total production and
the muon radiative production are shown in Fig.
6. The Compton production was found to be about
5% of the total production in the energy range
shown. All cross sections have a rather slow
rise 'with energy, as contrasted with the neutrino
case where the electromagnetic trimuon production
cross section increases as Eln'E. " We denote
the prompt negatively charged muon by 1 ("fast"),

0.2
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D
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$.0
4J

b 2.0
b
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I
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E in GeV

200 0 40
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FIG. 7. Energy spectrum of muons at E= 200 GeV:
(a) total production, (b) Compton production.

FIG. 8. Energy spectrum of muons at E= 50 GeV.
Total production.
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the negative muon which is pair produced by
2 ("slow" ), and the positive muon by 3. Since we
have used no criterion for distinguishing the
muons, the distributions are identical for muons
2 and 3,

+e present the energy spectrum for the three
muons in Fig. 7 for E=200 GeV. The interesting
feature is that the Compton diagrams provide a
rise above the muon radiation diagrams at the
high- and low-energy end of the spectrum. [Fig.
&(a)]. This feature disappears at lower muon
laboratory energies as is seen -in Fig. 8, which is
for 8=50 GeV.

The hadron energy distributions are shown in
Fig. 9. As expected for quantum-electrodynamic
processes, the energy transferred to the hadrons
is very low. The average hadronic energy for the
total process is 2.2 GeV, which is much lower
than that for the Compton process, 5.8 GeV. This
is easily understood, because the faster-moving
hadrons are more likely to radiate muon pairs.

We show the various invariant-mass distribu-
tions of the muons in Fig. 10. In both cases the
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FIG. 9. Energy spectrum of hadrons at E= 200 GeV;
(a) total production, {b) Compton production.

FIG. 10. Invariant-mass distributions for the muons
at E= 200 GeV. (a) total production, (b) Compton pro-
duction.
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invariant mass of particles 2 and 3 (M») is peaked
at very low values, arising from the infrared di-
vergent nature of electrodynamic processes.
Marked differences arj.se in the invariant-mass
distributions of the "fast" muon with either of the
"slow" muons (M» or M»), and in the invariant
mass of the three muons (M», ). The case when
the radiation occurs off the muons tends to have
lower invariant mass (below 2 GeV) as compared
to quark radiation (up to about 6 GeV). This ef-
fect can be seen in the bump arising at about 2. 5

GeV, in M» and M,» [Fig. 10(a)]. This may pro-
vide a possible cut to study the Compton process.

Shown in Fig. 11 are the invariant-mass dis-
tributions of the hadrons and the two muons which
are pair-produced (W of a single-particle inclusive
reaction). In muon radiative production, the two
muons move away from the hadrons, with a large
momentum. Thus the invariant masses are higher,
as compared with Compton production, where the
hadrons and muons tend to move together, giving
lower invariant masses.
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FIG. 11. Invariant-mass distribution of hadrons and
slow muons at E=200 GeV. (a) total production, (b)-
Compton production.
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FIG. 12. Distributions in the fI5 angles at E=200 GeV.
(a) total production, (b) Compton production.
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Another quantity of interest is the z variable
which is defined as z=(E, +E,)j(E„,+E,+E,),
and distributions in this variable are shown in
Fig. 13. For muon radiative production the dis-
tribution peaks at values of s close to 1. This is
so because the hadron energy is low relative to
the muon energies. In contrast for Compton pro-
duction the hadrons and muons share the energy,
and hence the distribution peaks in the middle.

We have presented distributions in some varia-
bles which contrast the behavior of muon radiative
and Compton production processes. As noted, these
distributions were obtained without using any, experi-
mental cuts. These will change some distributions
rather dramatically. Thus some of the features
shown may not be manifest in raw experimental
data.

IV CONCLUSIONS

FIG. 13. Distribution in the z variable at E= 200 GeV.
Curve (a) is for total production, and curve @) is for
.Compton produe tion.

We consider next the distributions in the opening
angles of the final muon momentum vectors pro-
jected on a plane perpendicular to the incident
muon direction (Fig. 12). These are the p angles
between various particles, and they have proven to be
important in understanding trimuon production by
neutrinos. For the total and also the muon pair
production fFig. 12(a)] we note a peaking of
Q»(-=p») in the backward direction. For Q, » we see
an even more severe peaking in the backward direc-
tion. This is a key characteristic of muon radia-
tive production. Unlike the case of neutrino scat-
tering, the hadron shower does not carry a lot of
momentum, hence the muon is deQected only a
little, carrying a large parallel momentum. Thus
when it radiates, the pair tends to move in the op-
posite directions to conserve transverse momen-
tum. For the Compton production we see that p»,
@», and P, » are peaked around 90'. P„is peaked
at low angles.

The transverse momenta of the muons are small.
The averages are about 0.3 GeV for all the muons,
over the energy range considered. Correlated
with this are the opening angles between the muons.
For muon radiative production the opening angles
ar e aQ less than 0.25'. For Compton production
we obtain Vl/& of the cross section below 0.25',
90% below 0.5', and 98% below 0.V5 . The aver-
age opening angles are 0.35 .

As mentioned, we have attempted to contrast the
Compton production with the muon radiative pro-
duction to see if the former can be observed and
studied. Now, one of the most obvious and for this
reaction a very severe cut is the one in energy.
Muons of energy lower than about 4 GeV are not
observed, as detectors require that energy to
register. Turning to the energy distributions for
the Compton process [Fig. V(b)], we see that the
two pair produced muons have an average energy
of only 4 GeV. Thus a large portion of events wi1.1

not be observed as trimuon events. This could
be a reason why in previous experiments there was
no need for this process to explain the events.

Thus the problem arises of trying to observe
these events. Many of them appear as single-
muon events. However, when the experimental .

situation is clarified further, it may be possible
to give additional criteria to distinguish these
events.

The other distribution shown can also be used to
identify these events. Though the energy cuts
lower the rates, the z distributions may still be
helpful in identifying the events.

We conclude by saying that we need to await data
before beginning to unravel trimuon production.
We have discussed one possible source of events
which we expect to be present.
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