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Static axially symmetric solutions of self-dual SU(2) gauge fiel'ds in Euclidean four-
dimensional space
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All solutions of the stationary axially symmetric Einstein equations are shown to correspond to static
axially symmetric solutions of self-dual SU(2) gauge fields. Some simple examples are given.

yb, =(ip„,p„, iy, }, y-b,— -=(-iP:„,p-„, jy;),
tt'b. = (t'P. P t'el} 4'b .= (-fP. P. fe-. ).-

(3)

Look for solutions of Eqs. (1) of the form p =oe'
where 0 is a real function and e is a real constant;
transform to the space coordinates g„and consider
static solutions (9/axe}=0. Equations (1) become

$(V Q)=V/ Vp —Vo Vo

$(v tt) =2Vo Vo,

Yang' has reduced the problem of finding self-
dual SU(2) gauge fields on Euclidean four-dimen-
sional flat space to solving a set of three Laplace-
type equations for one real and one complex vari-
able. In the 8 gauge, Yang's field equations for
the variables P, p, and p are

4(4,,+ 4.;) —4,4;—-4.4.+ P„p,+-p. p-. =-o,

4 (P,„+P;.) 2P„-4; 2—p.y;= o—,

y(p„;+p;,)- 2p~„- 2p~, =0.
The subscript denotes partial differentiation and

Wy-=x, +ix, , Wy=x, -ix, ,

Wz=x, —txe, Wz=x, +ed
for the complexified Cartesian coordinates x&

(it =1, 2, 3, 4). For real values of x„(which is all,
we henceforth consider) p= p* and g is real. The
coordinates of the self-dual potentials 5„' are given
by

(6)

Then the equation for E is

(EE*—1)V'E = 2E*VE VE (7)

and Eq. (7) is the Ernst equation. We have shown
that any stationary axisymmetric gravitational
field yields through P and p (=oe'a) a self-dual
gauge field. A simple class of solutions is

E=e '8cothp,

v'/ =0,
(8)

where P is a real constant and p any function that
satisfies the Laplace equation. In gravitation these
solutions are of interest only if P =0 (modtt); other-
wise space-time is not asymptotically flat.

Another class of solutions of interest is the
Tomimatsu-Sato' series of solutions; we state only
the first two:

Assuming axial symmetry about x„ the third
equation of the set (4) vanishes. With e = p+ttt, the
first two equations become

Res(v s) = Ve Ve . (6)

This is the equation deduced by Ernsf for the axi-
ally symmetric gravitational fieM problem; & is
often. called the Ernst potential. p is the norm of
the timelike Killing vector of the stationary space-
time and 0 is the twist potential;
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(10)

p, (I are parameters such that p2+(I2 = l. g, q are
prolate spheroidal coordinates

x, = ct')7, x, = c((' —1)'/'(1 —g')'/' »n8,
((2 1)l/2(1 .gR)1/2 cosg

( &1, -1&@&1, 0&8 &2w.

Equation (9) is the Kerr solution of general relativ-
ity with the special case of the Schwarzschild solu-
tion when p=1, q=O. As specific examples we
calculate the gauge potentials for two special cases
of the Kerr solution (9). One is p =1, q=o
(Schwarzschild), the other is p=o, (I=1. First we
write the gauge potentials in the ~„coordinate sys-
tem, taking for simplicity + =0 (it can be shown

x, -c 'I(

that e0 differs from + =0 by a gauge transforma-
tion):

yb„= (e„,o„,-y„),
pb = (-a, , o„,p„), (12)
(t)b, =(O, o, , 0),

yb„, = (o„,, 0, —y„,) .
Examjle I: p=1, q=0 [in Eq. (9)j.

x, 1

(g' —1) r r ) ' (13)
b„=(0,0, 0),"3

b„=(0,0, —
"4 (' ' c(g' —1) r,

Example II: p=.o, q=l [in Eq. (9)j.

5- o,
"''

"s c(g'+ 1)
x, —c

0)

r —= (x —c) +x +x2, r,' -=(x, + c)' + x,' + x,',
q = (r, —r, )/2c, g = (r, +r, )/2c .

In example I, the potentials are singular at y-,

+r, =2g, which corresponds to the Schwarzschild
horizon. Example II is singular at g =+1 which
corresponds to [x, ~

~ c. The nature of these singu-
larities is to be determined.

A whole industry has grown up in general relativ-
ity theory which generates solutions of the station-
ary axisymmetric field equations from other solu-
tions. (I cite only some papers )Basica. lly this
industry arises from elementary considerations.

The first is that if e is a solution of Eq. (5), so
is e' where

a~+ib
1 + ic6

a, f), c, are real constants and Eq. (15) represents
a three-parameter group of transformations, G,
which transform solutions into solutions. G does
not commute with coordinate transformations C,
so that by alternating operations C with Q one can
usually get @n endless chain of solutions depending
eventually on an infinite number of parameters.

Perhaps the best catalog of these transformations
has been made by Kinnersley. ~ The most interest-
ing solutions in general relativity are those that
are asymptotically flat; these do not necessarily
map into the most interesting self-dual SU(2) gauge
fields.

Ward' has shown how to construct self-dual gauge
fields. Atiyah and Ward and Corrigan, Fairlie,
Vates, and Goddarde have applied the Ward con-
struction to finding finite-action solutions in the A
gauge. It does not seem difficult to apply Ward's
construction to find the static axisymmetric SU(2)
self-dual fields in the R gauge and to select the
fields for which p =p (up to a constant phase factor).
Thus Ward's construction and the isomorphism de-
scribed in this paper should give a constructive
method of finding the stationary axisymmetric sol-
utions of Einstein's equations.

I am grateful to F. P. Esposito and to S.J.G.
Scanio for discussions relating to these issues.
The work was supported in part by the National
Science Foundation under Grant No. Int. 75-18457.
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