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Using completely fixed axial-like gauges, I construct the unique inversion A{F) for the potential 4 in
terms of the field strength F. A change of variable to F results in a field-strength formulation of gauge
theory. F is constrained to satisfy the Bianchi “identities” 3 F — e4 (F)F = 0. Dual potentials 4 may also
be introduced as functional Fourier conjugates to the Bianchi forms. For quantum electrodynamics in four
dimensions, duality (F— F, A —A) is a perfect symmetry. However, residuals of the symmetry persist in
all theories: E.g., Gauss’s law is an identity; 4 is canonical to the magnetic fields, and closely related to ’t

Hooft’s disorder operators.

I. INTRODUCTION

Let A be a generic potential for a generic gauge
theory, and F(A) its field strength. It is general-
ly believed that the inversion A(F) must be non-
unique: For Abelian theories there is the certain-
ty of gauge ambiguity, and for non-Abelian theor-
ies there is the problem of field-strength copies!
(sets of gauge-inequivalent potentials with the
same field strength).

However, in a recent publication,? I noted that
field-strength copy is not a gauge-invariant con-
cept, and I proved that there are no such copies
in completely fixed axial gauges.® Such gauge
choice resolves the Abelian ambiguity as well, of
course, and so in these gauges A(F) is unique for
all gauge theovries.

I recently announced the explicit construction of
the inversion A(F) in a letter,* along with a brief
discussion of some immediate applications: un-
ambiguous reformulations of gauge theory in
terms of field-strength and/or dual variables.
The development is uniform for any number of di-
mensions and arbitrary gauge group. The purpose
of this paper is to provide further details and dis-
cussion of the reformulations.

The basic idea is as follows: (1) Obtain the
unique inversion A(F'), with the constraint on al-
lowed F’s, 0F —eA(F)F=0 (Bianchi “identities”).
(2) Change variables to F. The result is an un-
ambiguous field strength formulation for any
gauge theory. F is integrated over the Bianchi
identities.  (3) Dual potentials A are introduced
as functional Fourier conjugates to the Bianchi
forms. (4) Integrate out the electric fields to
obtain the “dual Hamiltonian,” a function of B,
the magnetic fields, and A, canonical to B.

I offer the following reasons why field strengths

and dual variables may be the natural language in .

which to study current problems in gauge theory.
(1) In ordinary formulations, with residual
gauge freedom, physical states must be selected
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by requiring gauge invariance. In a completely
fixed gauge, no further gauge constraint on the
state is necessary, and the generators of gauge
transformations should vanish identically. With
dual variables, this is realized elegantly as an
aspect of duality: Gauss’s law is an identity—just
as the Bianchi identities are identities in the usual
formulation.

(2) In the field formulation, Wilson integrals
can be expressed as area integrals over the field

‘strength. This may be an aid in seeking area ef-

fects in the confinement problem,

(3) In a Hamiltonian approach to confinement,
one is interested in Wilson integrals over spatial
(fixed -time) paths. Inthe field formulation, these are
area integrals over the magnetic fields B. It may
therefore be advantageous to have B as a funda-
mental variable. Indeed, as I will discuss below,
it is easy to construct confining states using the
dual variables,

(4) The dual potentials A, being canonical to B,
generate local disturbances in the magnetic field.
A is therefore closely related to the disorder op -
evators defined implicitly by ’t Hooft.® Confine-
ment tends to be found in disordered states
(spread in B, sharp in A4).

(5) The dual potentials enter the non-Abelian the-
ories with Higgs-type couplings, and silhouette the
question of Meissner-type effects in non-Abelian
gauge theory. .

(6) In general, the dual variables may be ex-
tremely useful in developing the continuum analog
(especially for the non-Abelian case) of recent
progress in dual-lattice theory.®

(7) Formulation of monopole theories in terms
of dual potentials appears extremely natural. Dual
potentials couple locally to quantum monopole cur-
rents, just as ordinary potentials couple locally
to ordinary charge.

An outline of the paper is as follows. In Sec. II,
I briefly remind the reader of the field-strength
copy problem, and its solution in fixed axial-like
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gauges. I obtain the inversion formulas A(F) for
the various theories, as well as the Bianchi-iden-
tity constraints on allowed F’s. In Sec. III, I brief-
ly apply A(F) to express Wilson integrals in terms
of field strengths. In Sec. IV, I make a quantum
variable change from A to F, obtaining the field-
strength formulation. F is integrated over the
Bianchi identities with no further functional mea-
sure. Section V is a brief, and I believe quite
nice, application of the field formulation to
monopole quantization. I introduce dual potentials
A in Sec. VL After interpreting A as those fields
which couple locally to monopoles, I discuss sad-
dle-point equations, then a formulation entirely in
terms of dual potentials, and, finally, duality. In
Sec. VII, I eliminate the electric fields to find the
“dual Hamiltonians.”

Section VIII is reserved for remarks, including
the ease of constructing confining states in the dual
formulation. I include also four appendixes deal-
ing with technical matters.

'[I. THE INVERSION A(F)

The simplest case is quantum chromodynamics”
in one space and one time dimension (QCD,). Con-
sider the ordinary axial gauge 4,=0, F,(A)=-09;4,
(suppressing obvious color indices). All configura-
tions have field-strength copies of the form

Al(tz)=Aq(t2)+A(2),
: (2.1)
Fo(A)=Fos(A),

where A(t) is essentially arbitrary. (The theory is
non-Abelian, so A,, A:, are not in general gauge-
equivalent.) The inversion A(F) cannot be unique
in the ordinary axial gauge.

There is, however, a residual gauge freedom in
such gauges, which I use here to choose the com-
pletely fixed axial gauge®

A,(t2)=A,(l2,)=0, (2.2)

where z, is a particular point in 2. Now it is trivi-
al to see that

A3=O!

z (2.3)
Ao(tz)=-f dz'Foa(tz')

is the unique inversion A(F). In such gauges, all
field copies have become local action copies.?
This inversion, Eq. (2.3), is also correct for the
Abelian theory (QED,) in this gauge.

The next simplest example is the case of the

Abelian theory in three dimensions (QED;). The
problem here is, of course, only ordinary gauge
fixing, I choose the fixed axial gauge
0=A,(xy2)=A,(xy2,)= A, (%,2,), (2.4)
Fip(A)=08,A,-8,A,, Fg,(A)=8;A,, FylA)==334,.

Using the forms Fy,(A), F,3(A) and the gauge con-

ditions on A}, A,, I have immediately

a,6y)= [ T de'Fy (ev2), 2.52)
%0

Ay(xyz)= —fz dz'Fyq (xy2')+A(xy), (2.5b)

Axy)=0. (2.5¢)

The function A must be determined consistently
from the equation F ,(A)=F,:

F = _.fz d2(9,F 4,8, F,0)(xy2)+8,A. (2.6)
0

I break this equation into it‘s form at z=z, and the
derivative with respect to z:
(2.72)

(2.7b)

Flz(xyzo)= alA(xy),
BgF 1510, F 3y +8,Fpe=0.

Equation (2.7a) can be uniquely solved for A with
the boundary condition (2.5¢). The final result is

A, (xy2)= lzdz'Fal(xyz'), (2.8a)
’ Z
A, (xyz)=— Jz; dz'Fy(xy2)
+ f T AXF (W2, (2.8b)
A=0, 0 (2.8¢)
Iéa,,ﬁf 0, Fy=5¢,,Fy, (2.8d)

where €,,, is completely antisymmetric and €,,,
=+1. Equations (2.8a), (2.8b), and (2.8c) form the
unique inversion A(F). Equation (2.8d) is the neces-
sary and sufficient consistency condition on the
field strengths. It is recognized as the Bianchi
‘“identities” in three dimensions. In general, for
dimension greater than two, the Bianchi identities
will emerge as consistency conditions on the fields.
For higher dimensions and/or non-Abelian the-
ories, the algebra is more complicated, but the
idea remains the same. I give the details for QCD,
in Appendix A. Here I will only state the results.
QCD, [As(xyz)=Al(xyzo)=A2(xoyzo)=0].

A (xyz)= f dz'Fsl(xyz'), (2.9a)
%0



19 FIELD-STRENGTH AND DUAL VARIABLE FORMULATIONS OF... 519

zZ
Aylxyz)= —f dZIFas(xyzl)
%o

X
+ f dx'F,(x'y2,), (2.9b)

%o
Ag=0, (2.9¢)
[,=8,F%—ec®™AL(F)F4 =0, (2.94)

Here A}(F) is precisely the form A(F) given in
Egs. (2.92), (2.9b), and (2.9¢). Note that the form
A(F) continues to be the same for Abelian and non-
Abelian theories (in the same dimension). The
only difference is the complexity of the consistency
conditions (Bianchi identities).

QED, [A,(txy2)=A,(txy20)=A,(txVZ0)=Ao(EX0Y020)= 0.

A= f dz'Fy, (txyz2'), (2.102)
t4
(]

A2=—fdz'F23(txyz')+ fdx'F,z(tx'yzo), (2.10b)
zo xO

Ag=- f dZ'Foy(txyz’)- f dx'Fy, (tx'yz,)
2y xo R

y
—f AY'F o, (120 2,), (2.10c)

Yo
A=0, (2.104)
Li(txyz)=8,F ;=0 (i=0,1,2), (2.10e)
L(tzyz,) 5(8“1‘7“,3)2:20= 0. (2.10f)

Here F,=5€,,50Fp0; €ops=1. Notice that the con-
sistency conditions are not the full set of Bianchi
identities. This happens as well for QCD,, and I
will refer to this as the phenomenon of “3.1 Bianchi
identities.” It is trivial to show, however, that the
the 3.1 Bianchi identities imply the other “0.9,”

9,1,=0. (2.11)

QCD,. I make the same gauge choice as in QED,.
The resulting A(F) is the same as Eqgs. (2.10a),
(2.10b), (2.10c), and (2.10d). The consistency
conditions are

I8(txyz) =8, F ;- ee*™AYF)FS,=0 (i=0,1,2),
(2.12)

L(txyz) =8,y = e€an AYFIFGq )., =0.
I show in Appendix B that, in analogy to QED,,

these 3.1 Bianchi identities imply the last 0.9,
0,I3=0. (2.13)

I summarize what has been shown thus far. In
fixed axial gauges (1) the inversion A(F) is unique
for all gauge theories. (2) A(F) is linear in F, Its
form is the same for Abelian and non-Abelian the-
ories. (3) The consistency conditions are the

Bianchi identities. (4) The Bianchi identities are
at most quadratic in F.

III. WILSON INTEGRALS AS FIELD-STRENGTH
FUNCTIONALS

By Wilson integrals, I refer to the generic
forms

wlcl= exp(—iei A dx) ,

W[C]E%ﬁpexp<_ie£A_dx> (3.1)

in the Abelian and non-Abelian cases, respective-
ly. Here Tr and P are trace and path-ordering,
In our gauges we can express W[C] directly in
terms of the field strengths, simply by replacing
A-~A(F). This is well known for the Abelian
case, but new for the non-Abelian case. Iwill
mention explicitly two theories which illustrate
the general structure for all gauge theories.
QED,. Consider the three paths shown in Fig.
1. Using A(F) in Eq. (2.8), it is trivial to compute
for the three cases

fK(F)-d?::f ldx'f lciz'F31(Jc'yz')Ef‘[dé’- F,
0 0 z
Yy . -~
fA(F)'d§=fldy'ledz'an(xy'z')Efde-F,
vz 0 (1] . y Yz

> v ! /
§ AlF)-dx% =f 1dxF12(x'y 2,)
xy 0

4 X
+ f dz'{ f 1dx'[Fsl(x'Oz')—F31(x'yz')]
Zo 0

—fy dy,[Fzs(xylz’)_ F23(0y12')]} .
(3.2)

To simplify the xy-loop form, integrate the Bianchi
identity over the area in question:

x Y
Ozf ldx'f 1dy'a’,ﬁ‘u(x'y'z). (3.3)
0 0

This implies immediately that

X

z y
X'I“"I Zni—ﬁ Ylt-—.‘
I I

FIG. 1. Three Wilson integral paths.
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*y ’ ’ 1, ' ’ 1o, (o, ’
f dx|F 4, (xX0z)~ Fy, (x yz)]—f dy'[F,4(xy'2)= Foe(0y2")]= a3f' ax fo Ay F,(xy'z)
(V] 0 0

and hence that

y "X P
fA(F)-d?::f ldy'fldx'Fm(x'y'z)E ffds-F
xy 0 () xy

(3.4)

(3.5)

as expected. The explicit manipulations above will, however, be useful in Sec. V. In general, for Abelian
theories, one finds the expected result (dS,,,,=%€,,,,pdepdxo)

fA(F)-dxzé—!deWFW.
(o} (<)

QCD,. The Wilson integral corresponding to Fig. 2 is
1 t2 , (%2 ’ 11 (te r (%0 r
W=3Tr{Texp ief dt f szos(tz)]T*exp ief dt f dzZ F,(tz)
tl 2q ty 2y

with 7, T* time-ordering and time-reversed-order- -

ing, and I have used the A(F) given in Eq. (2.3).
An interesting gauge choice for any loop with one
side at z=z, would be to pick z,=z,; then

2. 2.
W=§Tr{Texp[ie fzdt'fzdz'Fos(t'z')]} (3.8)
t1 zl

in close analogy to the Abelian form. The reader

can easily convince himself that, with appropriate
gauge choice, any loop in any non-Abelian theory

can be put in this “Abelian” form,

I emphasize also that when the path in the Wilson
integral is spatial, then the area integral is over
the magnetic fields (not the electric). This is im-
mediate on inspection of, say, Eq. (2.10). It is,
of course, just these Wilson integrals that are of
interest in a Hamiltonian formulation.

IV. FIELD-STRENGTH FORMULATION OF GAUGE THEORY

I begin with the vacuum generating functional for
a generic gauge theory

z= fs)Ao[CGF]exp[— %sz(A)] )

Here 5[ CGF] is a product of functional 6 functions
for the complete gauge fixing (CGF). The form of
5[ CGF] for QCD, is given in Appendix C.° The
unique inversion A(F) makes it possible to change
variables to the field strengths themselves. The
crucial identity is, up to multiplicative constants,

(4.1)

foAa[CGF]@[c-F(A)]=6[1(G)], (4.2)
A ‘
12 -
f
t } z

FIG. 2. A Wilson path in a non-Abelian theory.

(3.6)

(3.7)

I

which is valid for all gauge theories. Here I(G)
=8G —eA(G)G are the Bianchi forms as a function
of G (which is F). The proof of Eq. (4.2) is given
in Appendix C for the case of QCD,. The proof is
simpler for other theories. In four dimensions
(QED, and QCD,), the right-hand side of Eq. (4.2)
actually comes out as 6 functionals for the 3.1
Bianchi identities only. However, as the last 0.9
are redundant (Appendix B), I have chosen, for
the sake of symmetry, to restore all four Bianchi
identities on the right of Eq. (4.2). [Formally this
is an extra constant factor 5[0].]

The field-strength formulation is now immediate,
Start with Z, and insert unity in the form

1= f:ocs[c—F(A)].

Interchanging integration order and doing the A in-
tegration via Eq. (4.2), I obtain

Z= fa)cé[z(c)] exp (—ifcz)n (4.4)

The form Eq. (4.4) provides an unambiguous field-
strength formulation! for any gauge theory. The
field strengths are integrated over the Bianchi
identities. There is no further functional measure.
I will continue to use G instead of F when it is a
fundamental variable.

Any function of A in the original formulation
translates immediately to that function of A - A(F)
- A(G) in the field-strength formulation. In parti-
cular, the forms of the Wilson integrals discussed
in Secs. III are now appropriate. In general, the
formulation is local in time—except in fixed A,
gauges.

(4.3)

V. A SIMPLE APPLICATION: MONOPOLE QUANTIZATION
Consider QED, in the field-strength formulation

zZ= f&ﬁexp(-%fd“sz)é(V-ﬁ), (5.1)
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where I have renamed G;=B; (B,=F,, B,=F;,, B,
=F,,). The expectation value of a Wilson integral is

wlch=2z" f DB exp (- H f d 3x32> o[v - Blwlc]
= <exp [—— ief A(B)- di]>
exp zef!ds B

Here A(B) is that A(F) given mEq, (2.8). Iwill re-
fer to the first form as the “path form,” the second
form as the “surface form.” The proof that the
two forms are equivalent is that given in Sec.
III. Thus, the surface form is surface independent.
In fact, of course, the surface independence of the
surface form can be seen directly [without mention-
ing A(B)] from the Bianchi identity.

I will now introduce a monopole source p,(X) into
the theory by violating the Bianchi identity

Zlp,l= fDﬁexp(— L Id3x82> 5(v- E—pM] .

(5.2)

(5.3)
I demand that I can still find a “Wilson integral”
such that ‘
(W[C])pM = Z"[p,,]f:b_ﬁ exp(- H fdsx Bz)

x6[v- B -p,lwlc] (5.4)

is gauge invariant and a function of C alone. Which
of the two forms in Eq. (5.2) is a viable candidate ?
I will show that, when p, #0, (a) the path form is
in general not gauge invariant, while (b) the sur-
face form is in general surface dependent. More-
over, I will show that the following conditions are
all equivalent: (1) The condition that the path form
is gauge invariant. (2) The condition that the sur-
face form is surface independent. (3) The condi-
tion that the path and surface forms are equal. (4)
Magnetic monopoles are quantized in the usual
manner.

Consider first the path form. Repeating the
steps of Sec. III for the three loops considered
there, one finds

fK(B)-d3¥=ffd§-§

for the zx and yz loops (the Bianchi identity is

not involved in these computations). The xy loop
computation does involve the Bianchi identity, how-
ever, and now

§A’(B)-ai=ffd§-§
xy xy
- f ‘iz fo R f Y p &) . (5.5)
0

But z, is a gauge parameter, so the path form is
not in general gauge invariant,

~ The surface dependence of the surface form is
standard: The difference of two surfaces involves
a closed surface integral

ffd§- B= fdaxV -B= fdsxp,.,,

according to the (violated) Bianchi identity.
It is immediately clear that the unique cure for
either problem solves them both:

exp( zeid%p,,,) 1=>Jd3xp,,, 2"",

where V is an arbitrary volume and # is an inte-
ger. This is the usual monopole quantization, and
it is also the condition that the path and surface
forms are equal again.

Point magnetic charge at @ would then be of the
form p,(X)=g5%X-1). For G on the boundary of a
volume V, then

(5.6)

g=4mn/e. (5.7)

This follows because [ dxd(x - x,)=  and is the
Schwinger quantization.

The reader will notice that I have not mentioned
Dirac strings in this discussion. Indeed, in the
field-strength formulation, such need not appear,
and do not. Nevertheless, I can excavate the
strings for pedantic purposes: Starting from a
monopole field at the origin B=gr/r%, 1 evaluate
A(B), Eq. (2.8). The result for A4,(B), e.g., is

Near the 2z axis then

A,(B)~§§[e<z>—e<z;>].

V4
(p2+z(;2)1/z]’ pP=x2+y%.  (5.8)

(5.9)

So A(B) does have the Dirac string: The string is
down if 2,>0 and up if 2,<0., (One might have anti-
cipated that the strings were all in the z direction
from our “trouble” above with Wilson integrals in
the xy plane.) Note that if z,=0 then near the z
axis )
1(B)'*— e(z). (5.10)

This is Schwinger’s double string. 1t is not hard
to verify that, in general, monopoles placed at z,
will always carry Schwinger strings, and hence the
the Schwinger quantization.

The development for monopoles in QED, is
parallel. The monopoles are coupled to the theory
via 6(6,G,,] ~6[6,G,,~J,]. The final results are

WicDs = (exp[- ie favcrs,] )
= exp( st G, ) -

(5.11)
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when

Ld(ru ju= 2nm/e.

VI. DUAL POTENTIALS

By dual potential, I refer to variables such as
the magnetic scalar potential, familiar in elemen-
tary physics. In QED,, dual potentials A, would
be to F,, what 4, isto F,:

Fpu(A)=Fyu(A)- (6.1)

Such variables may be extremely useful in finding
the continuum analog and non-Abelian extension of
recent studies in dual-lattice theory.® A is also
closely related to the local disorder operators
’t Hooft® defines implicitly.

Having the field-strength formulation, a path to
dual variables is clear. In the vacuum functional,
Eq. (4.4), write

8 L(G))= f DA exp[—i f AI(G)],
Z= J".DG&)A exp (—%fG2> (6.2)

Xexp [—- i fAI(G)} .

The variables A have the indices of the Bianchi
forms I(G)—so A‘L for QCD,, ¢° (magnetic scalar
potential) for QCD,, and so on—and are identifi-
able as dual potentials. I will discuss various
theories individually,

QED;. The vacuum functional is

Zlpy=0]= fﬂ)ﬁmq'bexp(—%fdsxt?z)

X exp <—z’fd3xV<7>- ﬁ) (6.3)
The saddle-point equations are
v.-B=0, B+iv$=0. (6.4)

As expected in Euclidean space,? the saddles are
at imaginary ¢. Thus, ¢ =-i¢ is precisely the
magnetic scalar potential (B=Vg).

Consider summing ¢ emissions at @i with
strength g. In a simple line of algebra, it is seen
that

(expl- igp(@))=2"{p,=01Z[p, X)=g6? X ~1)]. (6.5)

Such emissions are then precisely equivalent to a
monopole of strength g at 4. One might then call

the exponential of the dual potential & ()

=exp[~ ig&)('ﬁ)] a “monopole field.” More precise-
ly,

(5.12)

<exp <— i fdsxpu<?>>>= Zzp,=01Zp,] (6.6)

in general, therefore: Quantized monopole matter
fields couple locally to the dual potentials.
QED,. The vacuum functional is

Z:]S)Gu,,s)il”exp (—éfd‘le,“,G“U),

Xexp[%i fd'*xﬁ,w(zi)cw], (6.7)
F,,A)=9,A,-8,A,.
The saddle-point equations are
8,Gy,=0, G,,=iF,,(A). (6.8)

Thus, A p = z'/l“ are precisely the dual potentials
for QED,. Z is invariant under Abelian gauge
transformations on [1,,. This has crept in because
I chose to ignore multiplicative constants in Eq.
(4.2). A, gauges may be fixed in the usual ways.

A particularly interesting quantity is the gauge-
invariant dual-Wilson integral

W[C']Eexp(— igilﬁﬂdxu). (6.9)

As in QED,, it is simple to see that (W[C']) corre-
sponds to a monopole-antimonopole annihilation
around the closed path C'. Also, quantized mono-
pole matter fields should couple locally to A,

Because the Bianchi identities are (even for non-
Abelian theories) at most quadratic in G, I can al-
ways integrate out the field strengths to obtain a
Jormulation entively in terms of dual potentials.
For QED,, the resulting action density is particu-
larly elegant,

L=— %Fpu(A)va@)-

Inthis sense, QED, is perfectly dual.
QCD,. The vacuum functional is (G¢=B?)

(6.10)

Z= f:)B‘:saaf‘ exp(—- 3 f dst';B‘:)

Xexp {—z’ fdf’xB‘:[ai&“—ee“”‘A?(B)af]},

(6.11)
where A}(B) is given in Eq. (2.9). The saddle-
point equations are

8,Bl~-ec™A%(B)B%=0,

N . (6.12)
B +1]3,¢°~ee™AYB)$|+64=0,
where
bl=— jee®* [o(z—zo)f dz'—a(zo-z)f dz'}
X (&5 B} $°)xy2') (6.13)



for i=1, 2 (g; antisymmetric, €,,=+1), and

00 X
bi=iee™d(z-2,) [e(x— X) f dx - 8(xy— x) f dx']
x =00

xf dz'(B2°)(x'y2). (6.14)
A number of remarks are relevant here. (1) &)"

= —j¢® are the color-magnetic scalar potentials.
(2) The nonlocalities are essentially the nonlocal-
ities of the inversion forms A(B). (3) Notice the
singularity in b3 at 2=z, This can be traced im-
mediately to the fact that only Fi,(xyz,)=B3(xyz,)
appears in the inversion A(B), Eq. (2.9). The sin-
gularity tells us immediately that, for configura-
tions B? not singular at z,, the corresponding ¢°

is discontinuous at z=z,. I will mention this again .
in Sec. VII.

Notice also the Higgs-type coupling of the mag-
netic scalar potential. This raises the question of
a Meissner effect for QCD;, and focuses attention
on regions where ¢° is a constant. In such regions,
the magnetic field is a zero-eigenvalue eigenvector
of the operator M(¢)=1+ie[d=1-e/ ¢ defined by
recasting the field equations in the form
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0=13;¢°+ [(1+ief£i>)3]:.

The operator M(}) appears again in the pure dual
potential formulation: Integrating out the field-
strengths in Eq. (6.1), I obtain the action density'®

L==30Q(1+ied) 09 (6.16)

with a measure [det(1+ief $)]/2. At large cou-
pling, the zeros of M(¢) approach the real axis and
may be enhanced. This subject deserves further
investigation.

QCD,. The vacuum functional is

(6.15)

Z=IDG‘;,,,5)A‘Lexp< J’d %Gl G;},,)

xexp{ fd x G, 8, A%~ ee"bcA”(G)Ac}

ga,=—ied(z-2,) [G(x—xo)fmdx'—e(xo—x)fz dx'] fmdz'e"'”(égoAi,)(tx'yz'),

w y 4o w
g% —z'eb(z-zo)b(x-xo)[G(y—yo)f dy'—o(yo-y)f dy'] f dx'fdz'e“”c(G JAS(tx'Y'2),
y -00 - 00 - 00

o0 H
&= —ie [e(z-zo) f dz'-6(z,~2) ] dz'] (G, A%)(txy2),
'z =00

w . oo
&%= +ied(z —zo)[e(x—xo) f dx'—6(xy—x) f dx'] f dz'e®°(Gb, A% )(tx'y2"),

(6.17)
The saddle points are located at
8,65, —ee®AYG)ES,, = (6.18)
=Gl i€ pol 8 As—ee ™ AYGIAG |+ g5, =0,
where
(6.19)

&= —ie [9 (z—zo)f dz'=6(z=2) f dz'] €**(GL, AS)(txyz"),

&= +ie [0(2—20) f " 4'0(22) f m dz’] €"(Gyo A (exy?).

My previous remarks about QCD, are compound-
ed here. Notice in particular that eack component
of A‘L has Higgs-type couplings. The field equa-
tions may be cast inthe form

[(1+ ie f A) ]w =iF9A),

- (6.20)
F:ﬁ,’“(ﬂ)= auAf, -9,A%.

For small coupling then
G~ iFR*A), (6.21)

as in the Abelian case. In general, however, as
in QCD,, attention is drawn to configurations for

r

which F{3)?(A)=0 in some region, and hence to the
Zeros of the operator (1+zefA) The pure dual
potential formulation of QCD, has the form

:B:—%F(O’@)(l+iefﬁ)-lf‘(°)(/§) (6.22)

with measure [det(1+ie [A)]%,

VII. “DUAL” HAMILTONIAN FORMULATION

In this section, I work in Minkowski space.'*
The generic vacuum functional

Z= f DGDA exp {—i f[%c%Al(G)]} (7.1)



524 M. B. HALPERN 19

contains time derivatives only in the factor

exp(z’ f d3x c}aoé") (7.2a)
in three dimensions, or
exp (—i fd“x;l,,aoé"”) (7.2b)

in four dimensions. Thus in general A is canonic-
ally conjugate to the magnetic fields. I can pass
simply to the canonical form then by integrating
out the electric fields G,; =E;, leaving only A and
B, the magnetic fields. The resulting “dual” Ham-
iltonian system has the generic form

H=3; | [B+E*(4, B)], [B,Al=i. (7.3)

I will briefly discuss each theory in detail, giving
the appropriate E in terms of A and B.

QED,. In the previous sections, I worked in a
manifestly Euclidean form for three dimensions.
If I identify 3 -0 (time), I am in a fixed A, gauge,
and there is z —¢ (time) nonlocality. I do not know
how to achieve a Hamiltonian formulation for these
gauges. I convert trivally to an axial gauge with
the reidentification 1-1, 2-0, 3-2. This is now
a fixed A,=0 gauge:

y
A= —f dyB(xy"),
Yo (7.4)

¥ x
Ag=-— f dy'E,(xy")- f axX'E,(xy,),
Yo *o

where I have used E; =G,;, B=G,,, G,=5€,,,G"",
€012=1. Notice that the spatial potential (4,) is a
function of B alone; hence fixed-time Wilson inte-
grals are area integrals over the magnetic field.
This persists generically.

The action density is

£=-3G,, G"" +$8,G". (7.5)
Integrating G,;, I obtain the dual Hamiltonian, Eq.
(7.3) with

E=03,p, E,==3,0
1 27 2 17 (706)

[BR), $(3)]=i6® & -7).
Notice that Gauss’s law V-E=0 is an identity in the
the dual formulation, just as the Bianchi identities
are identities in the usual formulation. This also
persists generically. .

Consider the local operator

@ (x) =expl - igp(X)]. (7.7)

Since ¢ and B are canonical, & generates local
disturbances in the magnetic field,

8 @BF)e (x)=B(F)- g6 (F - %). (7.8)

The disturbance is a string with magnetic flux g.
The Wilson integrals at fixed time are area inte-
grals over the magnetic field, and hence

®@wlcl=wl[Cle(x)exp [z'eg f f 6@(F -i)d"’y].

55
(7.9)

If I choose : Dirac unit of magnetic flux,

@1/2(§)= €xp ["i g&’&)]’ (7.10)
then @, ,(X) commutes with W[C] when X is outside
C, and anticommutes when X is inside C. Evident-
ly, &,,(X) is the Abelian analog of the [SU(2) in
three dimensions] disorder operator defined im-
plicitly by ’t Hooft.®

QED,. In four dimensions, my notation is E; =
=Goi» Bi=2€Gr, Cuy=2€,0psG"; €prze=+1. The
inversion Eq. (2.10) is then

A= f dz'Bz(xyz'),
%

z T oax
Ay=— f dz'B,(xy2)+ f dx'B,(X'yz,),
Z X
. . (7.11)
A~ — f dz'Eq4(xy2’)- f dx'E(¥'yz,)
20 xo

y
- | dy'E,(xy'2,).
yO .

Again the spatial components of A, are functions
of B alone, and hence fixed-time Wilson integrals
are area integrals over B. The action density is

£=-;G,,G" -A4,3,G"". (7.12)
M (s

But the momentum conjugate to ,710 is zero. I
choose therefore not to introduce 4,, leaving
6[8,G*°]=6[v - Bl=6[1,(G)] as a constraint. Inte-
grating out G,;, I obtain the dual Hamiltonian Eq.-
(7.3) with

E=vxA&,
[Bi(®), 4;(F))=6,;6 X - ).

(7.13)

This Hamiltonian must be taken with the con-
straint 7;=V - B=0. Note that [,=V - B is the gener-
ator of A; gauge transformations, so duality

B—E, A—A, V-E—~V-B (7.14)
is quite perfect. Gauss’s law V-E=0 is again an
identity.

Consider the dual Wilson integral as an operator,
with C’ a fixed-time path:

ﬁ/[c’]=exp(— ig$XK. di). (7.15)
L

The fixed-time Wilson integrals are area integrals
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over the magnetic fields, and so
wlcTwlcl=wlcIW[Clexp(iegN),

N= f d§(sz)-§ A%6™ & -F).
s(cl (ol

N is the number of directed crossings of C’ through
C..With 3 Dirac unit of flux, W[C'] is the Abelian
analog of the disorder operator [SU(2) in four di-
mensions] ’t Hooft® defines implicitly.

There is a final comment that I wish to make
here about A gauge fixing. At the level of QED,,
the remark is essentially pedantic—but it will be
helpful in our discussion of QCD,.

The A gauge may be fixed in the usual Faddeev-
Popov fashion, but a certain bizarre gauge choice
has particular significance. Remember that in
four dimensions I chose to complete the identity
Eq. (4.2) to all four Bianchi identities. If I had
left only the 3.1 Bianchi identities, I could have
exponentiated the third Bianchi identity with an
Aa(txy)only. I leave it as an exercise for the read-
er to show that, in our more symmetric formula-
tion, this corresponds to the bizarre A gauge
choice

0l A, (txyz) = Ay(txy)o(z—2,)] , (7.17)

that is, gauging away the z dependence of A,, ex-
cept at z,. The most direct way to use this gauge
is to solve the Bianchi identity

(7.16)

By(xy2)=By(xyz,)—| dz'(3,B,+8,B,)xyz"), (7.18)
29
keeping only A{xy), By(xyz,) as canonical variables.
QCD,. Iuse the same fixed A,=0 gauge as for
QED,. The inversion isstill Eq. (7.4), and the ac-
tion density is

£==1G, Gt +¢[9,Gl —ee™A%G)GE].  (7.19)

Integrating G¢;, I obtain the Hamiltonian with
E{=03,0°-ed(y-y,)

x&)(x—xo) l ) dx'=6(x,~2x) f_ : dx'] f ;wdy'ﬂ“(x'y'),
5 =—10,0" ~ec™A}(B)¢°]
-e [e(v-yo) f "y =605-y) f :dy']s“(xy’),

[B*®), $°(3)]=i0"6> & -7).

(7.20)

3

Here A,(B) is given in Eq. (7.4) and §°=¢**B°$° is
a rotation operator for ¢° and B°. Observe the per-
sistence of the Higgs coupling of the dual potential.
The singular term 6(y—y,), seen in the equations
of motion, also persists.!®

Note that

Q= ‘Emdx' f :ody'él“(x'y') (1.21)

is a constant of the motion. @° generates a global
gauge transformation, and this freedom reflects
the fact that my gauges are not fixed up to such a
trivial transformation. Physical states can easily
be chosen to satisfy @°=0.

From the definition of Ej, it is easy to compute
that

V - E%-ee®™ANB)ES = —eb(y—1,)6 (x~%,)Q° ,

(7.22)

so on physical states (Q°=0), Gauss’s law will be
an identity.

I also repeat that Wilson integrals over spatial
paths are functionals of B only [because A,=A,(B)].
Having B as a fundamental variable may then be
advantageous in studying the confinement problem.

I have not yet found the exact expression of
’t Hooft’s operators for QCD,. Although operators
such as exp(-igd®), Tr exp(- igd*sT,) have the cor-
rect effect on the magnetic field, they generate
nonlocalized changes in E. This deserves further

investigation.
QCD,. The inversion is given, as for QED,, in
Eq. (7.11). The action density is
£=-1GGE" - Al8,GFY —e®AYG)GE].  (1.23)
However, as in QED,, I choose to leave 5(I%(B))
as a constraint, keeping only A{. Integrating Gj;,
I obtain the dual Hamiltonian Eq. (7.3) with

a_
Ei'G% +J?5 (7.24)

&= €,y 0,45 —ec™AYBYA],

Ji=—eb(z~z,) [G(x—xo)f ) dx'=0(%4—x) f ; dx'] f - dz'g%(x'y2"),

o v +00 +00
J3= —eé(z—zo)b(x—xo) [B(y—yo)f dy'—@(yo—y)[ dy'] f dx'f dz'9%x'y'z")
v - - -

Ji=—e [G(z ) fg “az- 0(z4=2) f : dZ'] §%(xy2),

[Bi®), A%3)|=i6"5,,6 &), §°=c"*BLAS.

(7.25)
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This Hamiltonian must be taken with the constraint
I%=9 B% —ec*™A%(B)BS =0. (7.26)

As with QCD,, note the persistence of the Higgs-
type couplings of the dual potentials. @°=[d3xg°
is a constant of the motion, and can be set equal
to zero on physical states. Wilson integrals with
spatial contours are all functions of Bi. Forms
such as

TrPexp (— igf AtsT, dxi>
b

are candidates for 't Hooft operators.
I wish to discuss in some detail the structure of

this constrained Hamiltonian system and its parall-

els with QED,. In QED,, the constraint [=V- B

J

110

generates Abelian gauge transformations on 4;
and a symmetry of the Hamiltonian. In Appendix
D, I show a similar property for the QCD, con-
straints I$(B): Modulo ordering problems

d

4
——Ig=ee“”[E’3’ f dz'[f,(xyz')+AgIS]. (7.27)
%0

dt

Thus, if one starts with a state at time ¢, with 7§
=0, it will stay zero. Put another way, I3(B) gen-
erates a change in the Hamiltonian which vanishes
in the presence of the constraint. Therefore, if
desired, gauges may be fixed in the manner of
Faddeev and Popov.

What are the transformations generated by I3(B)?
They are Abelian, and act only on A%, just as in
QED,. A simple computation results in

[15(xy2), Adx'y'2")]=0°00,6® (R=X )+ iec™[5,, AS(B)+5,, AS(B)] 6 (X-X))

+10e™°6(x=x)8(y =y ")6(22'20)(6:,B5 =5,;,B%)~ ie€®?6,,6 (y=y")6 (2,—2")0(xx'x)BS(xy2), (7.28)

where

0(22'2,) = 0(2~2") 0(z'—2 )~ 0(2y—2")0(2"~ 2)

=0(z"-2,)-6(2"-2). (7.29)
The feature of note in Eq. (7.28) is that
(18(xy2), A3 (XY2) g1y = 60,0 F-X).  (7.30)

Thus, as long as one stays away from the (gauge)
point z=z,, the gauge transformation on A? is the
usual Abelian form, As a result, the gauge choice
Egq. (7.17) can be made here for QCD,, with con~
stant measure.

This brings us full circle for QCD,; as explained
in QED,, this is the form I would have obtained if
I had not completed all four Bjanchi identities in
Eq. (4.2). The Abelian invariance in QCD, is a
direct result of completing the Bianchi identities.
As in QED,, the most direct way to use this gauge
is to solve I,=0:

Bj(xyz)= Bg(xyz,)

+ f 2]~ B —0,B + ec*® A Y(B)BE) (xy2),
° (7.31)

thus eliminating Bj in favor of B3(xyz,), which is
canonical to A%(xy).

Finally, I remark on Gauss’s law. It is straight-
forward to compute that'®

3,E? —ee®™AUB)ES=—eb(x—x,)5(y=9,)5(2-2,)Q"
' +ee[ B -F (AB)AS. (1.32)

When the solution (7.31) is used, F3(A(B))=B}, so,
on states with Q° =0, Gauss’s law is again an iden-
tity.

r

VIII. REMARKS

There are a number of remarks that properly
belong with this piece of work. Perhaps the most
important is what I promised in the Introduction:
Confining states ave easy to constvuct in the dual -
Jormulation. Just as an example, consider the
states

ia,aso)sfa)B’exp[ﬁsz(— %aB’hiB’éo)]lB’) (8.1)

in QED,. Here |B) is an eigenstate of B; , is the
center of the Gaussian in ¢, eigenvalues of the
dual potential. Because the Wilson integral is an
area integral of B, one trivially computes

(@, §olW(Clla, §) _ e’A

i i (-G ) ®.2)
where A is the area of the Wilson loop. Note that
confinement is stronger for small o: This is the
“disordeved”’ state, characterized by a broad
spread in B’ (or ¢’ peaked fairly sharply at @,).
Similar states can be constructed in the non-Abe-
lian case as well. The problem, of course, is
finding a meaningful minimum of the Hamiltonian
in such confining states.

My second remark concerns the manifestaticn
of the old field-strength copies, now in the field-
strength formulation. As discussed in Ref. 2, the
field copies from every gauge have become local-
action copies in the fixed gauges. In the field-
strength description, local-action copies are sets
of field strengths, all satisfying I(G)=0, related to
each other by local rotations. I will call such ro-
tations pseudogauge transformations, as they are



not related to ordinary gauge transformations.
(My gauges are fixed, and the local action copies
are not gauge equivalent.)

In QCD,, for example,

z= f DG, exp(—% f dzxcgscg3), (8.3)

and every configuration is a member of a continu-
ous family of local-action copies. In higher dimen-
sion, the sets of local-action copies can be char-
acterized as little “pockets” of pseudogauge equi-
valence. This is, of course, the possible “en-
hancement” I discussed in Ref. 2, and deserves
further investigation.

My third remark is on the possibility of “other”
dual potentials besides my choice. In particular,
it would be interesting to find an A} for QCD, that
transforms as a gauge field (my A‘;, essentially
only rotates). Such an A}, might be one satisfying

Fa(A)=Fp,A). (8.4)

Unfortunately, it is easy to show that this A can-
not exist for all A: The form F},(4) implies the
Bianchi identity 87(A)—eAF(A)=0, and hence, us-
ing Eq. (8.4), 9F(A)~-eAF(A)=0. This is to be com-
pared with the saddle-point equations aF(A)~eAF(A)
=0. For configurations with detF(4)+0,'? one easi-
ly shows that A=A and hence, from Eq. (8.4) again,
that F is self-dual. This is a contradiction for con-
figurations such as the anti-instanton.

I mention two other candidates for A‘;, whose
merit is existence for all A. (1) A defined by
9F(A)-eAF(A)=0. A is dualto A in the sense that
its defining equation is dual to the Bianchi identity.
For detF#0,2 A=¢ 'F19F, At saddle points with
detF#0, A=A. This object was discussed in Ref.

12. (2) In the main development of the text, I com-

puted A(F). One can define A=A(F). The utility of
either of these two definitions remains to be stud-
ied.

I remark finally that the path-dependent forma-
lism!” may be quite useful in studying general fea-
tures of my reformulations.
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APPENDIX A: A(F) AND 3.1 BIANCHI IDENTITIES
FOR QCD,

I work in the fixed axial gauge 0=A,(txyz)=
=A,(txy20)= A, (Ix4¥2)= Ao(EX402,), and I list for
reference in this gauge
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F&(A)=0,A% -0, A% —ee®™@ALAS,

F,(A)=8,A5 -8, A —ec* A As, (A1)
Fg(A)= =0, Ag, Fgl(A)=83A‘;, Fgy(A)==0,45,
F2,(A)=0,A%~8, A% —ec®@AL AL,

From the form F,,(A) and the boundary condition
on A,, I have immediately

A= [(aZF (xy2). a2)

From the form F,.;(A) and the boundary condition
on A,, I have

z
A2=—f dz'F,,(txyz")
“o

+8,(txy), A, (txgy)=0. (A3)

Substituting A,(F) and this form for A, into the
form F,,(A) at z=z,, I obtain

Fo(txy24)=8,0,(txy)

=A = f dx'F,,(tx'yz,)
2= 12 0 (A4)

) X
=A,(F)=- fz dzZ'F o (txy2") + f dx'F ,(tx'yz,).
ZO xo

A,(F) is the most difficult. From F(A) and the
boundary condition on A,, I have

¥4
A= —f dz'Foq(txyz Y+ A o(txy), Ag(txeye)=0.
2,
° (A5)
Using this and A,(F') in F,(A) at z= 2z, results in

Fo,(txyzy)= =08,4 (txy)

=$Ao(txy)=_f dx’Fm(tx,yzo)"’Ko(ty), Ao (tyo)=0.
*o

(A6)
This result and A,(F) substituted into the form
F(A) at 2=z, x=x,allows the completion of A(F),

Fopltxqy20)= =8,A4(ty)

=0,== f dy Foz(txoyzo)y
Yo . . (A7)
Ay(F)= - f d2'F oy (txyz") = f dx'F g, (tx'yz,)
%0 *o

y
= [ dy'Fo,(txey'z,).
Yo
I must next explore the consistency conditions
F{A(F)} =F; we systematically substitute each A(F)
into the form F(A) and require it to be F. There
is no difficulty verifying F JA(F)}=Fg,, Fi AF)}
=Fq,, FollA(F)}=F,. Already for F,, however,
we obtain the restriction on the allowed field
strengths,
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4
F{,~F,(txyz,)=— f dz'[31F‘2‘3(txyz')+3zF;1(txyz )]

%0
z
Z r4 %
+ee® f dz'F?, (txyz2") f dz"FE,(txyR")—ee®™ f dZ'Fg,(txyz") f Ax'FS,(tx'yz,). (A8)
29 20 29 *o

This equation is manifestly true at z=z, [I required it at that point in the derivation of A(F)], so I lose no
information by differentiating with respect to 2. With simple algebra, the differentiated form may be writ-

ten

I§(F)=2,F; 'e€abcAZ(F)F710=O’ F‘“u=§euypono, €o125=1, (49)

H=po

which is recognized as the temporal Bianchi identity. Here A}(F) is just our inversion A(F) [and A,(F)= 0].
I continue to use the notation Ij(F)=3,F}, —ee“"“Af,Fﬁ,, for the Bianchi forms.
Turning now to F,,, one obtains a similar condition manifestly true at z=z,. Differentiating with respect

to z results this time in the second Bianchi identity
I3(F)=0.
Finally, substituting into F,, I obtain

z x
F&= f dz=8, Fiy(txyz')+0,F % (txyz" )|+ f dxo,F%,(tx'yzo)+0,F2, (tx'y2o) |+ Foy(tx4y2,)
Zo xo

z x y
+ee“"°[ f dz'Fi(txyz")+ f AxXFb (tx'yzo)+ f dy'ng(txoy'zo)]
20 *0 Yo

As above, the derivative with respect to z of Eq. (A11) results in another Bianchi identity,

(A10)
2 U 4 * n "
x[—f dz"FS(txyz )+f dx"FS,(tx yzo)]. (A11)
%0 %o
(A12)

1%(F)=0.

However, Eq. (A11) is not manifestly true at z=z,. I must therefore require it explicitly. Substituting the
restriction Eq. (A12) into Eq. (A11) at z=2,, and doing some simple algebra (all terms involving z integra-

tions cancel) results in

0=F2%,(tx,y2,)~ F&,(txyzo)+ f dxTa Fe,(tx'yz,)+3,F3, (1x'yz,)]
*o

X y x
+ee“"“[ f Ax'F (txXyz,)+ dy'ng(txoyzo)]f dx'FS,(tx'yz,). (A13)
£ Yo £

This is manifestly true at x=x,, so I can differenti-
ate with respect to x. This results in the last 0.1
Bianchi identity

I3(txyz,)=0. (A14)

I have demonstrated that the form A(F) [Eq. (2.10)
in the text] together with the 3.1 Bianchi identities
(as restrictions on allowed field strengths) con-
stitute the completely unique inversion for QCD,.

APPENDIX B: REDUNDANCY OF LAST 0.9 BIANCHI
IDENTITY FOR QCD,

In four space-time dimensions, the consistency
conditions on the field strengths are only 3.1
Bianchi identities—the Bianchi identity in the
gauge direction p, (for our case ug=3) being re-
quired only at one point in the u. direction (for our
case z=z,). In this appendix, I want to demonstrate

that these 3.1 Bianchi identities imply the full set
of four. The result is gauge independent, so for
notational simplicity I will work as if I had per-
formed the inversion in the A,=0 (temporal gauge).

I begin with A(F) in the temporal gauge, and the
3.1 Bianchi identities 1{=0 (i =1, 2, 3), I5(t,xyz)=0.
I will not need the explicit form of A(F)—two prop-
erties will suffice: (1) A,(F)=0 and (2) F{A(F)} =F
(because of the 3.1 Bianchi identities). I want to
show that then 8, I3=0 follows.

Consider 8, 13=8[8,F} — e AY(F)F{,] where i
is summed from 1 to 3. Noting that 8, A} (F)=F}
and using I§=0 (=1, 2, 3) to eliminate all other
time derivatives, I compute

801§ =0;0; F'{; —ee®™d, AJFS,
—ee®FY S+ ePe e AL AGRS,, (B1)

Of course 9;8,F¢;=0 (this would complete the proof
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trivially for the Abelian case). Because F;{A(F))

This completes the proof that the last 0.9 Bianchi
=F;;, the other terms are easily rearranged to

identity is redundant in four space-time dimen-
801§ = = 5o F};Fy —ec®™ Fy,F5,=0. (B2) T

APPENDIX C: THE CRUCIAL IDENTITY IN THE QUANTUM VARIABLE CHANGE A>F
I will sketch thé computation for QCD,. I begin with (I suppress products I, over color indices)
mlc)= [pAsCGFlolc-F ()]

= f DAIDAIDAZ A%txy20) [ A5(Ex0y20) | BlAL(ExY 020) ] BlG o+ 8,AL16[GE, ~8,47]

X 8[Gas+0,4510(GE, ~(3,45 -9, A§ —ec* AL A )]0[GE,— (8, A5-0, Ag—ec® AL A%]
X3[G3,=(8, Al~0, Al—ec®®ALAZ)]. (C1)
The integration strategy is a slavish imitation of the steps I followed during the inversion (see Appendix A).

The A, integration is easily done, using the gauge-fixing A,6 functional and a[cg,-aaA';]. The value of 4,
selected is '

2
A=A (G)= | dz'GS,(txyz").

2, .
Ignoring multiplicative constants one can read M[G] as the rest of the integrand with A, —~ A (G).
To do the A, integration, first change variables to Aj via the shift
5=~ J:zdzlcgs(txyz')+A§(txyz).
()
In terms of the new integration variables, I have
MlGl= f DAMAGO[AG(ExaYz o) 6[AG(1509020)10[G o+ 8, Al
x0[0,a8]6[G8,~[0,4,(G)-d, As-ee®®AL A(G))B[GE,+- - -]
X8 [G‘;2+ j; zdz'(alG;3+82Ggl)(txyz')—a A% +eeA%(G) (_ L zdz'Gga(txyz')+A§§>] . (c2)
(] 0
Split the last 6 at 2=z, (into the constraint at z, times the z-derivative constraint):
8[GE+- - -1=0((Gl+ - +), J0[05 (G +- - +)]

(C3a)
=b[G%, (txyz,) =2 , A%ty 2,)]
4 2
x5 [a 3G33+8,Ga3+8,G,, + ee‘”’"Ggl(— f dz'Ggs(txyz')+A;>
z
0 N
z .
—eet? f dz'Ggl(txyz')Gg,,] . (C3b)
%0

The Aj integrations can now be done, using the first and fourth 6 functional in Eq. (C2) and the first factor
of Eq. (C3b). The value selected is A%= L:dx'G‘{z(tx'yzo). Thus

MIGl=5[13(G)] f DA PO AG(t%0Y020))01GEs +05 ASIOIGE, + - -10[GEy++ -, (c4)

r

where I3(G) is the temporal Bianchi form. with AJ the new variables of integration. One must
To do the AJ integrations, the most economical split 6lG3,+- - -] at z,, and 8[GS,+-- -] at z,. Then

shift is resplit S[{Gg+- + 1, ] at x,. I leave the algebra as

2 x an exercise for the interested reader. The value
8= i dz'Gl,(txyz") = j dx'GS, (tx'yz) of A% selected is A% =0, and the final result is
0 X
oy L | MIG1=8[15(G) el 14(G 6L 12(G)Bl{22(G ),
—L dy G, (txy 20)+A8,
0

=5[“3.1”] ‘ (C5)
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with no further functional measure. As might be

anticipated from previous discussions, only 3.1

Bianchi identities emerge in four dimensions,

(The same is true for QED,.) By Appendix B, how-

ever, the last 0.9 Bianchi identity is redundant, so
6L 1G)] = H6 5(G)] =6[“3.17]6[ 8, 72]

=5[“3.17]5[0]. | (C86)

Up to multiplicative constants then, I have shown
that

j 94 8[CGF|olG-F(4)]=6[1(G)] 1)

as stated in the text. The form Eq. (C7) is uniform
for all gauge theories in any number of dimensions.

APPENDIX D: TIME DEPENDENCE OF I§ (B)

I need to compute

d . .
aIO=Z[H, 18]
d‘f [o, BY —ec®A%(B)B5]. ®1)

I shall ignore ordering problems here, though this
may need further investigation. I begin by noting
that the other three Bianchi identities follow from
the Hamiltonian:

d a a
dtB =i[H, B}]

=€, ES —ee ™ AYB)ES] +ec™ANE)B; .

(D2)

I can use these to do the time derivatives of Bj in
Eq. (D1). After some algebra, I arrive at

ﬁ-[" =ee®*{F%,AB)]|-Bi} ES + e AYE)S. (D3)
Without the fourth Bianchi identity, I must evalu-
ate F%,[A(B)] directly from A(B), Eq. (7.11). The
final result is

z
ﬁ— IS =ee® [E'; i dz'lf,(xyz')-»Ag(E)Ig} (D4)
0

as quoted in the text.
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