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On the basis of a formal generalization of the functional integral to the space of SL(2,C) exterior forms, I
obtain gravity as an exact effective theory, after integrating over fundamental spin-1/2 and spin-3/2 fields.
The same formalism is suggested for a new frame-independent formulation of quantum gravity.

I. INTRODUCTION

A successful program to quantize gravitation
and to obtain finite quantum corrections has not
been possible for most conventional systems.!*2
Recently, great interest has been shown in super-
gravitational systems,** many of which have ex-
hibited finite results in few-loop orders. The
simplest of these systems consists of a spin-2
gravitational field and a spin-3 fermion.> & Be-
sides invariance under general coordinate and
local Lorentz transformations, the theory admits
local supersymmetry.” On the other hand, we
have noted® that this system acquires an elegant
and unique expression in Cartan’s frame-inde-
pendent formalism of exterior differential forms.®
The latter formalism has so far been considered:
as a mere notational apparatus. However, it is
part of our present purpose to give it deeper sig-
nificance in defining the quantum theory.

We shall consider theories consisting of spin-3
and spin-3 matter fields and a spin-2 (vierbein)
gravitational field. These fields are strikingly
the only ones whose general coordinate-invariant
and local Lorentz-invariant actions can be formu-
lated in a metric-free and frame-independent
language of differential forms.

The quantum theory will be defined by extending
the idea of the path integral’®!” to an integral over
the functional space of SL(2, C) exterior forms.
Consequently, the Grassmann-type nature!® of
exterior multiplication has the effect of truncating
the formal power expansion of the functional de-
terminant and providing an exact result.

As a first application of our formalism we per-
form, in Sec. II, an integration over the fermionic
fields!22° and we are led exactly to the usual vier-
bein action of gravity.*

In Sec. III, we discuss the application of our
formalism to the construction of the full quantum-
gravity theory.??

II. GENERALIZED FUNCTIONAL INTEGRAL

In the conventional path-integral approach to
quantization,’®-!” one defines W[J], the generating
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functional of Green’s functions, by
W)= [ [dplexp{S(e)+ [d*x ()o@}, ()

where ¢(x) represents all fields of the theory,

S(¢p) is the action of these fields, J(x) are exter-
nal sources, and [d¢] is a generalized integration
measure in the infinite-dimensional functional
space. Now if one divides the fields into two class-
es ¢(x)={A(x), B(x)} and performs integration

over one class, say A(x), without including sourc-
es for that class, one obtains

W[JB]=f[dB]exp{i[Sm(B)+fd‘ixJB(x)B(x)]} .
' (2)

Here S,,,(B) is an effective action expressed solely
in terms of B(x). The Green’s functions obtained
from (2) consist solely of B lines. However, these
Green’s functions are effectively the same as the
corresponding Green’s functions obtained from (1)
with arbitrary A and B internal lines and only B
external lines.

Now we are dealing with a theory described by
the following general coordinate-invariant and
local Lorentz-invariant action,

S=S(e,w)+S@, ), (3)
where
Se w)=fd‘*x— 4 e"%vR +£é T 4)
H 16K2 uvab 4

is the gravitational field (vierbein) action. Here
k? is the gravitational constant, A is a cosmolog-
ical constant, e is the vierbein field, and

é=detfe,,), e"%,,=0", 5)

= b b
Rﬁ;" a“w: - w:c Wye= (P- - V) :

w[:” is a Lorentz gauge field which is independent
of e but would be expressed in terms of it and
the spinor matter fields upon varying (3).

We also have
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S@, )= [ d*x(@pie* v, p+emPy
+ ieul’lﬂ Yuey’ysle‘;
+2M X, ie""X,), (6)
where
V= au - %iwtboab )
e,=elv, e"=0,e"%". M

Here ¥ and x, are spin-3 and spin-3 fields, re-
spectively. .

Now rewrite (4) and (6) as integrals over SL(2,C)
exterior differential forms, in the following way:

1 A
S(e,w):fTry5<—I—6K—2eAeAR+ gﬁe/‘e/\eae>
®)

and

S(zp,x)=f<%$75eAeaeAVz/)+i)?Aey5AVAx
ﬂa erene M Aen
+ogirsene eAezp+2 XYsAeaeay).

(9
In writing (8) and (9), use the following
d*xe" "M =dx A dx’ Adx A dx’®,
X=Xudx", V=V, dx", (10)
e=y,eldx", w=0,w0dx",

R=0,,R%dx" A dx".

Thus y, e, and w are SL(2, C) one-forms, and
¥ is an SL(2, C) spinor zero-form. These forms
obey the usual exterior calculus, in particular,
the Grassmann-type wedge product (A).

Now let us perform, as in (1) and (2), the func-
tional integration over the spinor fields and obtain

else“(e,w)=f [y ][y lets 0, (11)

where the meaning of the functional integration is
extended to the functional space of the SL(2, C)
spinor exterior forms ¥ and y.

In order to integrate over the generalized fer-
mionic variables § and y, note the familiar formu-
la

detA = f [dedex]e~re*at

= Trlnd . (12)

In this formula, £ and £* are Grassmann vari-
ables, &* being the Hermitian adjoint of £&. This
formula holds when the space of £ is a finite-di-
mensional matrix space. It has been extrapolated

in the path-integral approach to the infinite-di-
mensional functional x space. In the following, we
extrapolate this formula further to the functional
space of the SL(2, C) exterior forms. In doing so,
we must take, corresponding to (11) and (12),

efse“(e,w)=e'l‘r(y5 1n4) | (13)

Here A is a kernel belonging to the space of
SL (2, C) exterior forms. The logarithm should
be interpreted by its formal power series, which
in our case consists of few terms. The trace

operation Tr denotes integration over the SL(2,C)

exterior forms. This means that it involves the
usual Grassman-type integral which picks up the
terms containing exterior four-forms (in four di-
mensions) and taking the trace of the Dirac ma-
trices. Since the volume element constructed
from an exterior four-form is odd under parity,
the Dirac ¥, matrix should be there, as in (13),
in the definition of the trace operation. This is
essential in order to ensure that the action integral
in the space of SL(2,C) exterior forms is even
under parity.

Applying formula (13) to integral (11) and using
(9), we obtain

S (e, w) = Try,[In (v,eneneaV + s my encaene)

+In(eay,V+3Myene)] . (14)
To evaluate the logarithms, note the familiar
series

T 1/x=1\"
Inx=2 —<——> , nisodd. (15)
,.21" x+1

We need the terms only linear and quadratic in
x’

Inx= Lx+J x2, (16)

where

L=3"4
n=1

and

= —42 n,

n=1
denote infinite constants.

Applying the above expansion (16) to Eq. (14),
we find, up to perfect differentials,

S . (e,w)=d Tr (V;eaeAR)+ L Tr (eAeAeAeAY;) .
17
This has the same form as the gravitational
action (8). Now L and J are infinite constants.

They can be absorbed in the redefinitions of the
physical gravitational and cosmological constants.
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Note that in integrating over the spinox fields,
the spin-3 field kinetic term has mainly contri-
buted to the first term of (17) while the mass terms
of both spinor fields have contributed to the cos-
mological terms. The kinetic terms of the spin-3
field did not make any contribution.

III. DISCUSSION

What we have done, in the previous section,
is to integrate over the spinor fields and obtain an
exact effective theory described by the usual vier-
bein action of gravity. This means that all quan-
tum corrections, which consist of Feynman dia-
grams with only gravitational-field external lines
and arbitrary spinor-field internal lines, are
effectively given by the corresponding diagrams
in pure gravity. However, this conclusion has

nothing to do with the diagrams containing external -

spinor lines. These diagrams and the Green’s
functions of the full quantum theory, in general,
can be studied through the generating functional (1).
Hence we introduce external sources
7%= (7 w2 ¥s) AR adx"nGx> 18)
X=Xy ynp¥s)* dxtadxtladxra ax®
corresponding to x® and %, respectively. Actually
there are sources corresponding to the spinor
fields as well as their Hermitian adjoints.
Define the generating functional

W)= [ ldyax] explisw.x)+i [ Gas+R0)-
(19)

It is interesting to note that, again by the power
of the formalism, the above integration can be
formally done, by the method of completing the
square and shifting the integration variables. We
obtain

W[, x| =exp [iS otr (€, w)

+f A (s AV + 3Mv.ene)™ Ay

+ fXI\(’)’SeAEAeAV
+3myeaeAeae)”t A )t] .

(20)
In order to give meaning to the inverses of the
expressions occurring in (20) involving the ex-
terior forms, we shall introduce the natural notion
of division of forms. This is comprised of opera-
tions like :

[dx] ~dx* = o,

[ax*] H@x* A dx”) =08 dx” — 8% dx | (21)

ete.

Thus from (20) one can define propagators for
the forms x and 3. These represent the complete
propagators of the interacting theory.

It is also possible to apply the above ideas to
the theory including the gravitational field. We
shall consider here the pure gravitational action
with external sources.

We define the generating functional

W[N, K] =f [de][dw] exp| iS(e, w)

+iTrNa e+K aw)],
(22)

where the functional intégral is taken over the in-
dicated SL(2,C) exterior forms and S(e,w) is
given by (8). We have introduced the sources

N=7,N%, \vsdx" adx’ Adx™,
(23)
K=0,, v Ki%rdx" n ax” adx™,

corresponding to e and w, respectively.

The integration over e and w does not seem to
be formally straightforward in general. However,
we note the special case when the cosmological
constant is zero. In that case, integration over e
is Gaussian and can be done easily to give

WIN,K =[d'w ex {TrINA(ysR) “LaNKAW]} s

[N, K] P (24)
where we have neglected the familiar surface (
term

Try,InR=J Tr(R ARY;)
=7 [ dxe P RIRS € upea . (25)

The next integration in (24) over w is not straight-
forward. It could be dealt with by developing a
perturbative scheme. However, we would like to
make the suggestion that w may be left as a classi-
cal background, corresponding to nontrivial solu-
tions of Einstein’s equations. The integration in
(24) becomes a summation over classical w’s. In
that case, one has propagators for the vierbein
field and other spinor fields as implied by Eq. (20)
and (24).

Needless to say that the above formal develop-
ments have to be made more precise and more
useful for practical quantum calculations. At this
stage we feel that the impressive frame-inde-
pendent formalism of differential forms has an
important role to play in formulating an unortho-
dox approach to quantum gravity.
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