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Under very general conditions we show that the masses of Q', Q, q,', and q, and the partial width for
the radiative decay Q~ri, y cannot all be fitted simultaneously if the q,

' and q, are assumed to be 'S&&

states of charmonium. This is true for a wide class of monotonic confinement potentials (allowed: to differ

both in strength and radial dependence for singlet and triplet states) and even if all other bound states and
radiative transitions are ignored.

I. INTRODUCTION

In this note we wish -to concentrate on the atomic
physics aspects of the interpretation of properties
of the g/J-(' associated family of particles. ' We
shall be concerned with the spectrum of eigen-
values of the low-lying levels (assumed to be
charmonium —bound states of cc), as well as a
particular aspect of the eigenfunctions —the over-
lap integrals of radial wave functions associated
with the calculation of radiative widths for M1
transitions. Although the partial widths 1"(g —ee)
and I'(('-Ve) are also tests of the atomic physics
aspects of charmonium, since these widths are
measures of the wave function at the origin of co-
ordinate space, we shall not discuss these quanti-
ties, in order to focus our attention on the seeming
paradox of the 'S, states of charmonium, which has
been noted by several authors. "' Our aim is to
sharpen specific aspects of this paradox; we do
not resolve it. To accomplish this aim, it is suf-
ficient to emphasize certain qualitative aspects of
our predictions, without attempting to make any
detailed fits to the data. The loss of such detail
enables us to examine general and, to some ex-
tent, model-independent, features of the problem.

Ne will take the interaction to be a static one,
and make the conventionally accepted S, L, , and
J assignments to the spectrum, ' as indicated in
Table I. The question marks in this table indicate
the most controversial of the observations and
spectral assignments —the objects of our present
concern. Ne use an unconventional spectral label-
ing: N stands for the number of nodes of the radial
wave function, and not for the principal quantum
number, which we call n. ' The spectral table is
purposely incomplete. Vfe have excluded levels
lying above the DD threshold. Such a restriction
makes it more likely that, for a qualitative de-
scription, we can neglect effects of hadronic de-
cays and of coupling between different levels.

In order to aid the recognition of patterns in the
level structure of charmonium we would like to
introduce three ratios, R, RMS«„and Rf8/Qfsy

where

0 P-0 Si
S'S -O'S '

1 l

N Si N So
hfs/gs P 3P P 3SI

O'P, -O'P,
fs/hfs N3S N1S1 0

(1.3)

with O'P being the center of gravity of the 'PJ
levels,

osp=-', (o9, + o 9,+ o9,) (1.4)

TABLE I. The spectrum of charmonium.
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and N"s"'Lz in Eels. (1.1)-(1.3) standing for the
corresponding masses. The abbreviations gs, fs,
and hfs are for "gross structure, "fine structure,
and hyperfine structure, respectively. In Table
II, the experimental values of the various R~'s
are compared to those for positronium and to
selected theoretical fits" to the charmonium
spectrum.

The positronium spectrum has been a guide in
the calculation of the charmonium spectrum. Per-
haps it has been too restrictive a guide —the very
labelings fs and hfs imply that these terms repre-
sent higher-order corrections to the gross struc-
ture as in the case of positronium. The experi-
mental values of R„'s in Table II indicate other-
wise: The fine structure could possibly be a
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TABLE II. Comparison of experimental and various theoretical values of the spectral-in-
terval ratios Rz. UnsuccessM fits are in parentheses.

K

Exp Positronium Refs. 2, 6, 7 Ref. 3 Ref. 8

gs

hfs/gs

fs/hfs

0.67
0.68
0.60
0.16
0.19

(1 o.2n'}
(3.1@2)

(0.4~')
(o.o2)
(o.17)

0.61
(o.2o)

(1.2)

0.63
(0.16)

(o.5}

0.61
0.84
0.70
(o.42)
(o.5o)

higher-order correction to the gross structure,
but gross structure and hyperfine structure are
of the same order. Incidentally, the prediction
of the experimental value of R„constitutes a
successful use of a confinement potential. Such
a potential is at least sufficient to predict the
roughly equal spacing of the ground S state, the
lowest-lying P state, and the first radial excita-
tion of the S state. "

A popular approach in predicting the charmonium
spectrum has been to assume a particular covari-
ant structure to the confinement potential (four-
scalr, four-vector" ' '"with a possible addi-
tional anomalous gluon magnetic-moment correc-
tion, in various combinations). The radial de-
pendence is taken as linear, "' ' logarithmic, "
or quadratic' "(simple harmonic oscillator) in r
The effect of single-vector-gluon exchange is often
also included in the potential. The system is as-
sumed to be nonrelativistic, and spin-orbit, spin-
spin, and tensor forces are calculated to O((v/c)').
Good fits to the spectrum of ()), g', and the various
'P states, yo, )f„and g„as well as

i (l)(O) i' are
frequently obtained. There are various degrees
of success in fitting g, and g,' masses, but esti-
mates of the Ml transition P= y))„using wave
functions corresponding to the )C) and )I, eigenvalue
fit, are too large. 4

An alternative approach, focusing on the rough
equality of the gross and hyperfine structure, is
to assume that the problem is a highly relativistic
one. Preliminary attempts" in this direction have
not been successful. The hyperfine- and fine-
structure. results are closely related, as in the
case of (v/c)' expansions: A large hfs interval
results in unacceptably large fs intervals since
the ratio Rfsi„fs is too large. In addition, a rela-
tivistic system requires small masses for the
charmed quark, leading to low lepton pair branch-
ing ratios for (I)' and P decay.

Our point in the current note will be to limit our-
selves to the S states ()I)', (C), ri,', )I,) alone. We
will assume the existence of a confining potential,
different in strength and even in radial dependence
for the triplet ance singlet states. Even for such

arbitrary parametrization, we find, subject to
certain qualifications stated below, that it is im-
possible both to fit the spectrum of the four low-
lying S states and to obtain wave-function overlaps
which predict a small enough transition rate for
the M1 transition.

(s )(r) ~ [)),(s )(r)]2 (s )(r) (2. 1)

where

f)), (s)(r) ]2 2 [~(s) y(s)(r) ] (2.2)

In the above S= 1 refers to the g (triplet) case and
S=0 to the )I (singlet) case. Further, we have

u„(s)(0)= 0.
For our model of confinement we take

)'s

2R

(2.2)

(2.4)

with

(2.5)

The parameters y~ R» c8 give different poten-ys'
tials for the different spin states and represent a
rather general class of monotonic confining po-
tentials. For a suitable choice of c8 and R, the

yg

logarithmic potential" is given in the limit y~ -0.
The results for the square well can be obtained in
the limit y8

The potentials (2.4) can be written as
1 1 (r ("o 2 (r')"&

1 (r "( 1 (r
2Ry |,Ry 2Ry

+ Cj. —Cp (2.6)

II. STUDY OF LOW-LYING S STATFS

We shall assume that the (g, g') and (q„q,') rep-
resent the S-state solutions to the radial Schrod-
inger equations, "
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where o, and o', are the Pauli matrices for the
quark and the antiquark, respectively.

For any given choice of y, and y„we can deter-
mine the R, from the experimental result that the
triplet and singlet low-lying states are approxi-
mately equally spaced; i.e., we require

I o/R2

1.22 2.86

TABLE IQ. The turning points I.o, I.i for the ground
state and first excited state for different potentials, all
having the same energy gap.

g E(o) gE0)

where

g E(s) E(s) E(s)
1 0

(2.7)

(2.8)

Having found the parameters R„, we can then"s'
determine the ground-state and first-excited-state
wave functions u„'s'(h), and compute the overlap in-
tegrals

i
io
1
4
i
3
i
2

1

1.26

1.31

1.35

1.40

1.53

2.72

2.83

2.79

2.79

2.76

2.71

2.65

2.72

and

( &4 (o&Ch
oo

I
o o

0
(2.9)

OC& )26„= u,"'*M,,"'Ch
~
.1O (2. 10)

if there were no spin dependence in (2. 6) we would
have

00 1 ~ 10 (2. 11)

f (s)s ks&s&(h)Ch=(N+ -', )w, N=O, i, 2, . . . ,
0

(2. 13)

where L„' ' is the position of the turning point

R &s& y (S&(L (S&) (2. 14)

and N is the number of nodes of the wave function.
The integral in (2. 13) can be evaluated (dropping
the subscripts and superscripts) to give

However, the experimental result for the M1 tran-
sition of I)& to &), gives an upper limit to 60„ indi-
cating it is very small, "

Goo ~ —~ (2. 12)

The solutions to Eq. (2.1) are known exactly for
ys = 1, 2, ~. We can find very good approxima-
tions to the solutions for these values of ys and for
all others by making use of the WKB approxima-
tion. The WKB quantization condition" for these
potentia, ls is"

modified" Eq. (2. 15) with the exact solution for
the square well]. For y= 1, the low-lying N= 0
(1) values of Eq. (2. 15) are correct to 0.7 (0. 1)
percent. "

For each choice of y we use (2. 15) to calculate
~ E. Assuming & E is the same for any y, we
can find R„ in terms of some standard R, (say R,).
Using (2. 14) we determine L„ for each choice of
y. The results are presented in Table III.

The remarkable feature of Table III is the fact
that, once the energy gap in the singlet a.nd triplet
systems is made equal, - the positions of the turn-
ing points Lo and L, are very insensitive to the
power y in the potential. Since the turning point
gives the range for the classical path, we can ex-
pect the overlap integral (&3») between the two
ground states uo"' and uo"' to be almost 1. To see
this in more detail we evaluate the wave functions
using the WKB approximation. They are

C

~ ( ( ))&(, sin k&((h)Ch, h'&L&(

(h) (
N 0

c
l &» &„»&,i* ~*x — la. (r&ldr), r&I,

(2. 17)

The WKB approximation is good for those values
of x for which

E„= „,[b(y)(N+ -', )]"'""'+c,1

y

(2. iS) d lu„ I-'
dy (2. 18)

where

b(y) = &(I'(I/y+ -')/I'(I/y + I)1'(-'), (2. 16)
I

and I'(s) is the I' function.
This approximation is, of course, excellent for

large quantum numbers N. In addition, Eq. (2. 15)
agrees with the exact eigenvalues for y= 2 [and the

There is a small region of x about the turning
point L„ for which (2. 18) does not hold. (The
point at z= 0 does not give rise to serious prob-
lems. ) For these values of h near L„we use a
linear extrapolation between the two functions in
(2. 17). The integrals in (2. 17) can be evaluated
in closed form if 1/y is an integer. For those
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cases (y= 1, 2, ~) for which there exist exact
solutions, the %KB approximations for the wave
functions never differ from the exact wave func-
tions by more than 10% for any value of x. We
have evaluated the overlap integrals associated
with different potentials in the singlet and triplet
systems. The values of y we have used are 0,
3 2 lp 2y and ~. For all combinations (exclud-
ing the square well, y= ~) the overlap function
epo is never smaller than 0.85. Even for the ex-
treme case of the square well (y= ~) and a log-
arithmic potential (y= 0) for the singlet and triplet
potentials, the overlap, 6» is 0.76. For any of a
large number of cases we have studied it is more
difficult to get a believable value for the overlap

'

between a first excited state and the ground state,
6 yp since here the overlap should be near zero
and we are very sensitive to any approximation.

III. CONCLUSION

We have seen that, for a whole range of confining
potentials, the overlap between the two ground
states P and i), is very close to 1, if we impose
the experimental result of approximately equal
spacing between (g, g') and (ii„ i),'). This is in
apparent contradiction to the experimental results
for the Ml transition $-7),+ y.

We have made no attempt to use the partial
widths of g, g' into e'e pairs to determine the
quantities I„"'(0). The wave function at the origin
will be strongly dependent upon a possible 1/x po-
tential. Such an additional potential will have
small influence on the determination of energy

gaps and overlaps of wave functions.
As was pointed out in Sec. II, the ground states

for S=0 and 1 have almost perfect overlap be-
cause their classically allowed regions 0 & r & L,'s'

have almost perfect overlap. It is easy to see how
one may a1.ter the potentials in such a way that the
energy gap remains the same, while the overlap
between ground states becomes vanishingly small.
One need only have a potential" (for the singlet
case, say) for which the classically allowed re-
gion is so~ r ~xo+I.o

' with xoo-I,O". This im-
plies a singlet potential with a large barrier at
small distances. Although it is difficult to see
how quantum chromodynamics could predict such
spin-dependent interactions, nevertheless, it
may be worth pursuing the effects of such poten-
tials. This will be the subject of a future publica-
tion. "

If we accept the above results coricerning the
impossibility of obtaining a small overlap between
the p and ii, states, we must abandon the singlet
S-state assignments of one or both of g„g,'. If.
g,' is not the first excited singlet state, we may
ask, "what is it'?'"'" and then, "where is the
true g,''P" If the particle p, is not really as re-
ported, we may take q,' as the singlet ground
state. The first excited state could then be any-
where and we can make no predictions based on
any overlaps or energy differences.
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