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A computational scheme for quantum electrodynamics is developed from first principles in which infrared
divergences are not encountered. The gist of the method is that the photon propagator is properly

—ig, (K> + i) ~' [(1/2)k7a/3k")], In( — A"*k? — i€). Here X is a parameter which plays the role of the photon
mass, but which cancels out of cross sections for any finite value (A—0 is never taken). The subscript w
means weak derivative, so a partial integration on k, with neglect of boundary terms, is always understood
in Feynman integrals. This makes integrals converge which otherwise would be logarithmically divergent. For
sufficiently convergent integrals the partial integration may be undone and the conventional value results
because [(1/2)k“a/0k")|In( — A~%k? — i€) = 1. It is shown that the above propagator is not merely an artificial
device, but results if the vector potential A* is derived from a Hertz potential [I"* = —II*, A4* = 3, I,
which is a local field. The real-photon infrared divergences do not occur when the integral over real photons
is obtained from the discontinuity in the k° plane of the above propagator. A contribution to the real-photon
integral at strictly zero frequency, resembling a third polarization state of the photon, is isolated and
evaluated explicitly. The S matrix and physical subspaces are defined. '

I. INTRODUCTION

Although there is no doubt that coherent states*™°
provide a basic understanding of the infrared
problem in quantum electrodynamics, it is re-
markable that the preferred method of calcula-
tion does not embody this wisdom. Instead, ac-
cording to a method!* brought to a high degree of
perfection by Yennie and co-workers'? a mass A
is attributed to the photon, so the states are not
coherent but are Fock states, and A is finally set
equal to zero in cross sections. The greater sim-

“plicity of the photon-mass method suggests that it
embodies some truth, not yet manifest in the co-
herent-state method, but implicit somehow in the
straightforward prescription of replacing

—ig,, (P +ie)™ (1.1a)
by
—ig,, (P = 2%+i€)?
for the free photon propagator.
In the present work, we describe a method in
which, hopefully, this truth is distilled, without
destroying the coherence of the states. Note that

(= 2%+ie)t

= (K% +i€) 5 (R*0/0k*) In(-1"2k%+ 1 - d€) ,
so, with neglect of terms which vanish with A%,
the photon propogator with mass becomes
—ig,, (k?+i€)™(5£°9/3k°), In(~1"2% - j¢) . (1.1b)

As a function, this expression agrees with the
usual photon propagator, because (3k°3/
8k°) In(-1"2%% — j¢)=1. However, as a distribu-

tion it is different, and the subscript » is a re-
minder that the weak derivative is taken in the
distribution-theoretic sense. In other words a
partial integration on 2 with neglect of boundary
terms is always understood, before the Feynman
integration over % is performed.

The gist of the method developed in the present
work is that the photon propagator is truly given
by (1.1b). It is understood that X is a constant
with dimensions of mass which plays the role of
the photon mass, but it is a finite pavameter
which is not set equal to zevo. It cancels out of
cross sections for every fixed finite value (al-
though not out of the electron self-mass). In this
respect it resembles a renormalization mass.
For a properly convergent integral the partial
integration implicit in (1.1b) may be undone, and
the photon propagator becomes —ig, (¥*+i¢), as
usual. However, for a logarithmically divergent
integral the Euler differential operator —3(3/
3k )R" oo o= —£(R*0/8k" + 4)+ «», Which results
from the implicit partial integration, annihilates
terms that are homogeneous in 2 of degree -4,
which are precisely the cause of the divergence.
For example, the typical infrared-divergent in-
tegrand is rendered convergent by

1 1 -p’
—z(K9/0k"+ 4)(1@‘2‘ 7+ 2p1: k‘;)(k2+ 27 %) )

- p-p’ , ’
—(k2+2p ,k)z(k2+ ZP' 'k) + (p“’p )’

where a power of 2 has been added at #=0, and
similarly for the ultraviolet-divergent integrand,
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. 1 kK
-z (Ko /ok*+ 4)(? [+ BV =2 (et o7t 7] )

_=l RO k+pP-m?) ,
B2 [(k+p)2—m2]2[(k+p')2_m2] +(pep ),

where a power of 2 has been removed at 2=,

The possibilities which the present approach
may offer in dealing with ultraviolet divergences
have not been explored, although it certainly ren-
ders ém and Z, = Z, finite in lowest order. How-
ever, it does appear that the propagator (1.1b)
averts all threatened virtual infrared divergences
of quantum electrodynamics.

To be consistent with the change in the photon
propagator from (1.1a) to (1.1b), the sum over
real-photon states must be changed from

o--=fd4kdisc(k2'+i<)'1---

(1.2a)
to

fd‘*k disc{(k®+1ie€)™3 (k*8/0k"), [In(~N2R% = i€)]}+ ¢+,

(1.2b)

where the discontinuity is taken on the positive
E° axis. Its evaluation in Sec. V is the heart of
the present article. Use of the resulting photon
phase space averts all real infrared divergences.

Observe that changing the photon propagator
and phase space from (1.1a) and (1.2a) to (1.1b)
and (1.2b) changes the very notion of photon and
photon state. A clear physical interpretation of
what these states may be is provided by the re-
construction principle. If A, (x) is the free, inor
out vector potential, the generic one-photon state
is given by A(j)Q= fA,,(x)j“(x)d“xﬂ, where @ is
the vacuum state and j*(x) is a test function, in-
terpreted as a classical current, -and so is real
and conserved. The basic idea of the reconstruc-
tion principle is that states are determined by
their inner products with other states. Consider
the bilinear form on the pair of currents defined
by the inner product,

(jnjz)E AR, A6, (1.3)

calculated in momentum space using Eq. (1.2a)

or (1.2b). According to the reconstruction prin-
ciple, j, and j; correspond to the same state if

and only if (j,, 7, = (j,,j5) for all j,. This con-
dition defines an equivalence relation between
currents, and states are identified with the equiva-
lence classes. Let us see how this works out for
the usual photon phase space (1.2a). One finds

Gpi= [ aR@E) o3 @-g,)e5® ,  (1.4)

where w= |k| and

¢u(ﬁ): (277)-3/2f e““”‘o'i';’j“(x)d‘*x. (1.5)

In this case test function are equivalent if they
have the same Fourier transform on the future
light cone, which is,  of course, none other than
the familiar photon wave function depending on
only 3 variables (K), instead of 4 (x"). Because
of current conservation, 9, j* =0, tlle wave func-
tions are transverse, k,¢"(B=wp’(k)-k-¢(k)=0,
which makes ¢* (k) equivalent to ¢* () + k" a (k) for
any a(k). In this case the reconstruction principle
reduces the three independent components of
transverse wave function ¢* (%) to the familiar
two independent photon polarization states, as

it should.

Before the reconstruction principle can be ap-
plied to the new photon phase space (1.2b), the
properties of the classical currents j* must be
specified more precisely. If a current carries
a net electric charge

a= [ D0,

then j°(x) cannot be of fast decrease in the time
direction, for then ¢ would go to zero as ¢ -+,
but instead it is a constant. To replace the hypo-
thesis of fast decrease, we make what may be
called the scattering hypothesis and suppose that
at asymptotic distances in space and time, the
charge is carried by particles (or a fluid) in uni-
form motion at subluminal velocities. More pre-
cisely we specify

lim R3j*(Rx)

R
=u[p,(w)6(x°)+ p_@)6(-x°)]6(x*)(x*)=/2,
(1.6)

where u* =x* (x2)"/2 sgn(x %) is the unit timelike

- four-vector representing the asymptotic four-

velocity of the charge flow. The functions p, (x)
and p_(z) represent the asymptotic charge densi-
ties per invariant volume element in velocity
space, with total charge ¢ given by

a= [ @u)ow= [ du) o),

where #°= (i%+ 1)*/2, The motivation for this hy-
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pothesis is that the matrix elements of the quan-
tum current operator J*(x) have precisely this
property,'?* so divergences will be averted if A(j)
is well defined for such test functions. The dif-
ference

p(w)=p, () - p(u) 1.7

measures the net scattering of electric charge
in the flow j*(x). It is an important quantity which
we call the “charge-scattering function.”

The one-photon inner product (A(j,)2,A (4,)Q)
is evaluated in Sec. V using the new phase space
(1.2b) for test functions satisfying the charge-
scattering hypothesis (1.6). The result is

(jl,j2)=éfd15f dw Inaw (-3 /3w)
(o]

x [ (K)(~g,,)d%(K)]

v f @u ) [ douyg
* pl(ul)K(uu uz)pz(uz) ) (1-8)

where a=2\"; p;(u), for i=1,2, is the charge-
scattering function, just defined, associated with
the flow j¥(x); K(u,,u,) is a kernel given in Eq.
(5.35); and the wave function ¢, (K), defined in Eq.
(1.5) has the infrared limit

3 u
tim o0t @~ | Gty 09

Unlike (1.4), the inner product (1.8) is finite for
such wave functions. If, now, the reconstruction
principle is applied to the form (1.8), one finds
that besides the two transverse degrees of polar-
ization described by the familiar wave functions
¢“(E), there is also a scalar wave function p(x)
needed to describe the extended one-photon state.
It is presumably a remnant of the longitudinal
state of massive vector mesons, for, as was dis-
covered early in the history of quantum electro-
dynamics, the wrong result is obtained if the long-
itudinal degree of polarization is dropped before
the photon mass is set equal to zero.'* We call
the first type of photon, described by the wave
function ¢*(K), “radiation photon” since it corres-
ponds to familiar radiation, and carries energy
and momentum. We call the second type, des-
cribed by the wave function p(x), “zero-fre-
quency photon” because p(u) lies at asymptotic
infinity and is translationally invariant, so

the zero-frequency photon carries no energy or
momentum, although it does have finite angular
momentum.

The one-photon inner product (1.8) is indefinite,
even for conserved currents. This situation is not
unfamiliar in relativistic quantum field theory:
The one-particle Klein-Gordon equation also suf-
fers from an indefinite metric, the cure being
found in the second-quantized or many-particle
theory by expelling the negative-frequency par-
ticles. In our case, where the spectrum extends
down to zero frequency, the cure is a gain found
in the second-quantized or many-photon theory, by
also expelling states which are not coherent at zero
frequency. As showninSec. VII, the states whichare
coherent at zero frequency, which we call “infrared
coherent,” provide a space of positive metric which
is identified as a physical space.

The organization of the paper is as follows.
Those interested in applications may bypass Secs.
II and III, take (1.1b) as an ansatz, and pick up
the logical development near the end of Sec. IV.
Sections II and III are devoted to showing that the
photon propagator (1‘.1b) is not an artificial device,
but arises naturally in a theory where the vector
potential A* is derived from the Hertz'® potential
A¥ =9, I™  TI™=_II** which is itself a local field.'®
The basic reason is dimensional: if A*(x)A"(0)

"2 then II'(x)11"(0) ~Inu2x ? and a logarithmic
function and scale-breaking parameter have en-
tered the theory. Because II*” is an antisymmetric
field, it is convenient, but not essential, to derive
it from another vector potential I, ,=8,U, -8,U,.
Regarding A* as the father of the field ¥, =08 A,
-9,A,, and the Hertz potential II,, as the father
of A and hence the grandfather of the field, F, we
may call II the “grandfather potential” and U the
“great grandfather potential.” In Sec. III, the

free Wightman function (4, (x)U,(0)) ~g,, In(—p3x 2
+i€x°) is found. The appearance of the logarithm
and the parameter u with dimensions of mass
signify spontaneous breakdown of scale invariance.
In Sec. IV the photon propagator (1.1b) is obtained
by Fourier transform. In Sec. V the reconstruc-
tion principle is employed to answer the question
“What is a photon?” The photon inner product
(1.8) is found, and its kernel K(u,,u,) is evaluated
in the Appendix, where the Lorentz invariance

of (1.8) is also demonstrated. In Sec. VI, the S
matrix is defined and the contribution of the zero-
frequency photons is found exactly. Section VII

is devoted to the physical subspace and Sec. VIII
contains some concluding remarks. For an ap-
plication of the method we refer the reader to an
accompanying article where the spectral compo-
sition of coherent bremsstrahlung radiation is
calculated nonperturbatively.



II. GRANDFATHER AND GREAT GRANDFATHER
POTENTIALS

The Maxwell-Dirac Lagrangian density in first-
order form'’

Eyp = —3F*V(8,4,-0,4,)
+3F*YF,,+ P(if+ e —m)p 2.1)

does not provide an equation of motion for A°. A
conventional remedy is to add a term which breaks
the classical gauge symmetry, A, ~A,+3, A,
F,,~F,,, b-yexp(ieA), where A=A(x) is an
arbitrary function of space-time. Making a virtue
of necessity, we may tailor the symmetry-break-
ing term to ensure thatA isderived from the Hertz,
or grandfather potential II*¥= —TI**,

A=0, T4, 2.2)

On dimensional grounds we expect that the free
propagator II'Il' will have the logarithmic form
~Inpu2x 2 and thereby depend on the mass parameter
u. If we add

£,=-1,(AY - 3,1I*") (2.3)

to £y, where I, and 1I*” are new fields that are
varied independently, we obtain Eq. (2.2) as an
equation of motion, but II*/ is left undetermined.
A convenient remedy'® is to add the further term
°G2=_%Hup[(au.Uv— aqu)_nuv]+CauUu ’ (2'4)
where U,, H,,=-H,,, and C are again new fields
that are varied independently. Although it seems
that a plethora of new fields are introduced, it
turns out that II,,, A,, and F,, are all derived

from the one-vector field U, which is the great
grandfather potential

Huv= aqu - auUu ) (2.53.)
Av=9, 1I""=32U", (2.5Db)
F,,=0,A,-8,A,=01,7=28,U,-05,U,), (2.5¢)
and thatI,, H,,, and C are free fields which van-
ish on the physical subspace. As further simpli-

fying elements, the vector fields turn out to be
transverse,!?

9+:U=8+A=05-1=0 (2.6a)

and the tensor fields are the curls of the vector
fields
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Huv'_"aqu" aqu’ Fuv= au.Av"avAu’

H,,=08,1,-9,I,. (2.6b)
In fact, on varying the Lagrangian density
L=Lyp+L,+L, 2.7

with respect to H, C, I, F, A, 1, U, and § in
turn we obtain

9,U,-08,U,=1,,, (2.8)
8.U=0, (2.9)
9, I**=A", (2.10)
9,A,-9,A,=F,, , (2.11)
8, F*=1"— ey}, (2.12)
9,1,~98,I,=H,,, (2.13)
8, H*Y=9"C, (2.14)
(iF+eh —m)p=0. (2.15)

Observe that Eq. (2.8) gives U, and fixes II;; by
constraints, Eq. (2.9) gives ['Io, Eq. (2.10) gives
TI° and fixes A° by constraint, Eq. (2.11) gives
A, and fixes F,; by constraint, Eq. (2.12) gives
Fo% and fixes I° by constraint, Eq. (2.13) gives

I, and fixes H,; by constraint, Eq. (2.14) gives
H° and ¢, and Eq. (2.15) gives § which accounts
for all fields. Apart from ¥ and § there are thus
ten pair of canonical variables A* and F®, J* and
et y!and H°, U° and C, whereas A°, F# |°
m#, and H¥ are fixed by constraints.

These 10 pair (20 variables) reduce to the 2
pair (4 variables) which describe physical pho-
tons, as follows. The equation for ¢ implies con-
servation of the electric current J, = —ezfyud), i

9,J*=0, ' (2.16)
so the divergence of Eq. (2.12) reads

9,1"=0, (2.17)
and the divergence of Eq. (2.14) reads

8°C=0. | (2.18)
Thus C is a free massless field. Substitution of
Egs. (2.12) and (2.17) into Eq. (2.14) gives

8%1,=0,C . (2.19)

The last three equations describe a free massless
transverse vector field. (If, in the last three
equations, I, were replaced by A, they would be
the equations satisfied by the free vector poten-
tial in the Landau gauge). Suppose first that the
fields are classical and that at =0 the following
eight classical dynamical variables vanish, I?
=H%=C=8;Fi®~-J°=0, the last condition ex-
pressing Gauss’s law. Then, by the constraints
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I,=H,;;=0 at =0 and, by the equations of motion,
C=1,=0at ¢=0 and by Eq. (2.17), [,=0 at ¢=0.
It follows from Eq. (2.18) that C=0 at all times
“and thus from Eq. (2.19), I,=0 at all times, and
hence also H,,=0 for all £. Thus the eight clas-
sical variables vanish at all times if they vanish
at £=0. Let their vanishing be imposed as a sub-
sidiary condition. It guarantees the validity of
Maxwell’s equations and reduces the degrees of
freedom from 20 to 12. The quantum-mechanical
analog of this condition is the requirement that
physical states be annihilated by the negative-
frequency part of I,

I1S7(x)@=0, (2.20)

which implies that I,, H,,, and C vanish between
physical states. This condition is covariant since,
by Eq. (2.18) and (2.19), 8%8%I,=0, so I, has sup-
port only on the light cone in momentum space.
The vertex of the light cone will be examined in
detail in Sec. V, and positivity in Sec. VII.

In the following sections we will consider only
states which, in their dependence on photon vari-
ables, are obtained by applying functions of
A(j)= f A, (%)j*(x)d*x to the vacuum, where j*(x)
is a transverse vector test function, 3, j*(x)=0.
The subsidiary condition (2.20) will be satisfied
because the commutator {I;(x), A, ()] is propor-
tional to 8+5=0, in virtue of Eq. (2.30b), below.

A further reduction in degrees of freedom comes
from the restricted gauge invariance of the second
kind, of the Lagrangian £. Observe that £, is in-

“variant under ‘

v,-U,+M,, (2.21a)
M,,—~1,,+8,M,-8,M,, (2.21b)
H,,~H,,, (2.21¢)
c~C, (2.214)

provided the classical vector function M, satis-
fies 9, M* =0, and that £, is invariant under sub-
stitution (2.21b) and

A, =-A,+3, A,
I,-1,,

(2.21e)
(2.21f)
provided also 8°M, =06, A, and &£, is invariant
under this and
Fup=Fuy, (2.21g)
P —exp(ied). (2.21h)

The total Lagrangian density £ is thus invariant
under the restricted gauge transformations of the
second kind defined by Egs. (2.21), provided the
gauge functions M, and A satisfy the restrictions

8, M"=0, (2.22a)

M, =8, A, (2.22b)
which imply

82A=0. (2.22¢)

These last three equations again describe a free
massless transverse vector field, like J,. It has
8 independent variables (which may be taken to be
My, M;, M,, and A). Thus, of the 12 degrees of
freedom which remain after the eight subsidiary
conditions are imposed, another eight describe
a gauge freedom and only four, two pair, are
physically meaningful, as required. Observables, -
by definition, must be invariant under the gauge
transformations (2.21).

The ten pair of canonical variables satisfy ten
nonvanishing equal-time canonical commutation
relations,

[FO4R), AT ()] =[11%(%), 1))
=[H%®), UIF)]= -i5,,6°(% - ),
(2.23a)

[c®), v°(3)]=-i*(&-7), (2.23b)

the other equal-time commutators of the canoni-
cal variables being zero. Because C, I,, and
H,, are free their commutators with all fields
for arbitrary space-time intervals may be found
using the field equations. From C =29, H® and
8%C =0 we find

[c), U, )]=-i8,D(x~y) (2.24)

and that C commutes with all other fields.
Here D(x) is the Pauli-Jordan function satisfying

9?D(x)=0, D(0,%)=0, D(0,%)=5%X), (2.25a)
D(x)= (2m)™6(x 2) sgn(x ) . (2.25D)

From 8°[,(x)=8,C(x) we conclude that the com-
mutator of I, with Il, A, F, I, H, C, and ¥ satis-
fies the wave equation as does [1, (x), U, (y)]
+198,9,E(x—y). Here E(x) is the invariant func-
tion defined by

(2.26;1)

9%E(x)=D(x), E(0,%)=E(0,%)=0,
with explicit form

E(x)=(87)™"6(x?) sgn(x°), (2.26b)
and the properties

9%9%E(x)=E(0,%)=0, £(0,%)=6%X). (2.26¢)

From the constraint I°= 8, F° — J° and the equal-
time commutator of the charge density

[V°®), ¥ =es*E-FREF), (2.27)

we have
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°®), ¥ = -es(X- 7)) , (2.28)

and, using the canonical commutators and 9 -7=0,

[Iu,(x)y lp(y)]:—eau D(x—y)d)(y)r (2-29)
[Iu(x); Uv(y)]:i[gu.vD(x_y) - auavE(x"y)] .
(2.30a)

Finally, from 8%U,=A,, we have

[7,(x),A,(»)]=-i8,8,D(x ~v). (2.30b)
Similarly,

[7,(x),L,»]=0 (2.30c)
follows from

%A, =1,+d,. (2.31)

Renormalization must be effected in such a way
that these commutators of the free fields I, H,,
=9,1I,-98,I, and C are maintained for the re-
normalized Heisenberg fields. For the remaining
fields a perturbative procedure is necessary.

III. SPONTANEOUS SCALE BREAKING

To initiate a perturbative procedure, we set the
electric charge to zero, e=0. Equation (2.31)
becomes

8%A,=1, (3.1)
and it follows from the commutator (2.30a) that
[4,(x), U,0)]-d g, E(x-y)-2,8,F(x-y)]

satisfies the wave equation. Here F(x) is the in-
variant function defined by

92F(x)=E(x), F(0,%)=F(0,%)=0, (3.2a)
with solution

F(x)= (64m)x26(x 2) sgnx . (3.2b)
From 9°U,(y)=A4,(y) we obtain

[4,(),A,0)]=ilg,,D(x-y)-28,8,E(x-y)],

3.3)

which, together with the equal-time commutation
relations, gives

[Au(x)y Uv@)]zi[gqu(x—y)—auavF(x—y)]; (3'4)
and similarly

[U.0), 0,0))=1g,,Flx-y)-28,8,Gx-y)]. (3.5)

Here G(x) is the invariant function defined by
8°G(x)=F(x), G(0,%)=G(0,%)=0, (3.6a)
G(x)=(15367)"(x2)26(x 2) sgn(x°), (3.6b)

with the property

(626 =0. (3.6¢)

We shall now construct Wightman functions sat-
isfying these commutation relations. They will
be characterized by an invariant decomposition
of U(x) [whose support in momentum space lies
on the light cone, (9%)*U(x)=0] into positive- and
negative-frequency parts

Ux)=U(x)+ U (x), (3.7a)
U0 =0, . (3.70)

and an invariant vacuum state ©, unique to within
a phase, which is annihilated by the negative-
frequency part of U(x),

U (x)Q=0. 3.8)

As afirst step we introduce a decomposition of
the invariant functions into positive- and negative-
frequency parts, starting with G(x):

G(x) =G (x)+ G (x), (3.92)
G x) =G (x)*, (3.9b)
G (%) = (30727%0) ™ (x 2)? In(— p,2x 2+ iex®) . (3.9¢)

We have chosen an arbitrary scale of length p,™
(reserving u, for use shortly) in order to make
the logarithm well defined. A change in the value
of p would add to G'”(x) a term proportional to
(x%)* and subtract it from G*’(x). Such a term,
as indeed any polynomial in (x?) is left indeter-
minate by the separation into positive- and nega-
tive-frequency parts, since it has support at the
origin in momentum space. The decomposition of
G(x) induces a corresponding decomposition of
F(x)=09%G, by

F(*)(x)_: aZG(t)(x) , (3.10)

FO(x)= (1287%3) w2 In(— 1, %%+ iex®), (3.11a)
F(x)= F O (x)* (3.11b)
po?=p,2e73/8, (3.12)

The commutators of U'*(x) and U (x) are de-
termined to within a polynomial by Eq. (3.5). A
natural choice for these commutators is

o), U ()]=[U*(x), U ()] =0, (3.13a)
(U (x), U 0)] =il g, F ) (x = 9) = 8,8,G(x - 9)].

(3.13b)

This completely determines all the Wightman func-
tions of the field U, for the generic Wightman func-
tion or vacuum expectation value

(R, Uy, () * * + Uy, (x,)92) is found by commuting all
U‘™(x) to the right and all U$(x) to the left. The
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result is the Wightman functions of the generalized
free field with two-point function,

W, Y (x - 9)=(Q, U, (x)U,()2) , (3.14)
W, "0 () =1l g, F 7 (x) - 8,8, ()], (3.152)
WuvUU(x) = (128‘”2)-1[ Suv¥ Z1n(- ulzxz +1€x°)
9,(24)™ (x %)
XIn(- 202+ iex®)]. (3.15b)

The Wightman functions of the other fields are
obtained by differentiation, in particular

W, (x-y)=(Q, A, (x)U,(y)2)
= axZWu.vUU(x - y) ’
W, ,AY (x)=(167%)" g,, In(— ux ®+ iex °)

(3.16a)
(3.16b)

-0,8,87x?In(~p2x %+ iex 9)].

(3.17)
Here we have introduced the mass pu, related to
u, by

p2=pu2e?/? (3.18)

A representation of the free fields may be ob-
tained from these Wightman functions by the re-
construction theorem?® modified, because of lack
of positivity, as effected previously in a model
quantum electrodynamics.? In Sec. V this will
be done for the physically relevant subspace ob-
tained by applying functions of A(j)= fAuj”d“x,
8+j=0, to the vacuum. Although the field U, does
not appear explicitly in A(j), it is implicit, be-
cause A, is the weak derivative A, =8°U,.

The act1on S= f£d4x correspondmg to the La-
grangian (2.7) (with e =0) is invariant under the
scale transformation

U,(x)=s™U,(sx), (3.192a)
I, (x) = 10,,(sx), (3.19b)
Ay (%) =sA,(sx), (3.19¢)
Fuy(%) = 8°Fu,(sx) (3.19d)
L (x) = s°1, (sx) , (3.19¢)
Hy, (%)~ s*Hy (sx) , (3.191)
C(x)-s*C(sx), (3.19g)

and thus, so are the field equations. However, the
Wightman functions clearly are not, due to the
In(—u’x?) dependence. Thus the occurrence of the
parameter p with the dimensions of mass reveals
a spontaneous breakdown of scale invariance. It

is clear on dimensional grounds that this will hap-
pen in any theory in which A is the derivative of
a higher-order potential.,

IV. PHOTON PROPAGATOR AND ELIMINATION
OF VIRTUAL INFRARED DIVERGENCES

The time-ordered product follows directly from
the Wightman function (3.17),

Ty, (x-y) =(Q, T[A, () U, ()], (4.1)
Ty, 2 (%) = (167°) 7 [ gy, In(~
-9,0,87 % In(—u,%x° +i€)], (4.2)

pix? +i€)

-3/2 2

where ,%=e” %%/,

As a preliminary step to finding the momentum-
space propagator, it is convenient to calculate the
Fourier transform

L(k) E[ d*xe* ™ In(—1fx? +i€)

_ inex IN(=p2x% +i€)
=%, fd ‘xett ——-—-——-—————( i) (4.3)

We rewrite this as
L(k) =, 11m — I(k V), (4.4)
U%O

where v may approach zero from above or below,
and

I(k,v) Ef dxet?* (= Px? +e)Vt

=gt (u-1)w/zfd4xeik-x(€+i“2x2)u-1

1(u -1)mw/2 f f 2e “
i X -i X S
I‘(l—-u) dss d*ye

eivT/? “dss™? .
“Ta-H nzf Mk exp(ik°/4u’s)
eimr/z 5 2
:m f dtt"exp[ E—lk/4u)t]
(4.5)
_T(@+vy) (=)167°a’
Ik, v) = T(l-v) (—alk —ie)*V . (4.6)
with
a,= (2w . (4.7)
This allows L(k) to be written in the alternative
forms,
9 1"(1 +v) 167°0,* )
L(k) —in: b (W(V DT =) ol =i
(4.8)

or
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\

4
L(k) =9, (-(—];2—”—1—7 In(~e*"a2k? - ie)), (4.9a)
o [ 8k
L(k) = ak,‘(*(——é;% In(~ 627—1a02k2 - iE)) s (4.9b)
where y =— [ 5dt e~*Int is Euler’s constant. If

one effects the operation lim, , ,8/8v in Eq. (4.8),
one obtains L(k) =167 (-%* — ie)~? which cannot be
the correct Fourier transform of In(-px? - ie),

since it is independenf of u. However, it is a very
convenient representation if used as in analytic
renormalization; namely one integrates first over
k and then effects lim,_ ,8/8v. Similarly, in for-
mula (4.9) L(k) is understood to be a distribution
and the derivative gets applied to the function it is
integrated over.

With this result we find for the Fourier trans-
form of T%Y(x), Eq. (4.2),

3
Ty, (k) = f e 1, (0)d x, (4.10)
By k ) ) ( Tr(l+v) a,t
AU 4% < 0 4.
Tu, () = ( v IR e ,{l_,ﬁol v w(u+1)r(1_y) (—a’k —ie)*™ /)’ (4.11)
or
7 A"(k)=(g . —’kaLX 2 ) (ii——k-}\-——- ln(—iazkz—ie)) (4.12)
ko BT e NokM o P (mRE —de)? ¢ ’ .
where
a=2ae? 2=Vt (4.13)
The subscript w signifies weak derivative.
Only the photon propagator Dy, (k)= T,,*4(k) is required. From Ay (%) =3°U, (x), one has Dy, (k)
=-&*T, A" (k), namely
Dy ()= (-, ) i ——(W(V 1) L +v) a’ ) (4.14)
37 Hy H Y ]."(1 —1/) ( a02k2 )2+u ’
or
5 o\ (1 ir 2
Dy (R) = (—gu K>+ ky k) N \2 TRy In(-;a?R% —id€) ) . (4.15)

If the operations lim,_, ,8/0v or 8/8%" were effected
before integration one would obtain
=t
T (K +ie)®
which is the standard expression for the photon
propagator in the Landau gauge that, however,
leads to virtual infrared divergences.

For a simple example of the elimination of these
divergences by the propagator (4.15), consider the
on-shell electron vertex function

DHv(k) (_gﬂvk2+k#ku) )

ea(p'WF,@hy" +F,, @) (4m)~ [,y [Ju(p) , (4.16)

where the form factors F,(y) and F,(p) are func-
tions of the hyperbolic angle >0 defined by
(p'=p)?=-2mP(coshy — 1) . (4.17)

In zeroth order, F,=1 and F,,=0, From the tri-
angle graph, using the propagator (4.15), one finds

[

ru=1-2[ (G4 - 1) mam -4
R@)-2R/2) ()]

tanhy tanh(y/2) ~
(4.18a)
(w)=2” sinhy ’ (4.18b)
where
R@p)= f dx tanhx' (4.19)

This result holds® for any finite value of the pa-
rameter a. The photon-mass method gives a

charge vertex function of the form
F,(,9)=A@)+ B@y) 1o + OR) , (4.20)

where the last term vanishes as A goes to zero.
Only after the last term is dropped do the two ex-
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pressions agree®® provided

At=q/2. (4.21)

This equality is somewhat misleading because a

is a finite parameter whereas the agreement holds
only after terms which vanish with x are dropped.
A more precise statement is that the x - 0 limit

of massive vector-meson theory contains a finite
parameter with dimensions of mass. Its role here
is dimensional transmutation.?® For the logarithms
which appear in each order of perturbation theory
sum to an anomalous power.

\
V. WHAT IS A PHOTON?

In this section it will be seen how the correct
one-photon states eliminate real infrared diver-
gences. Our main tool will be the reconstruction
principle which resurrects the states buried in
the Wightman functions found in Sec. III. It is not _
our purpose to construct a representation of all
the nonphysical degrees of freedom counted in
Sec. II, but to proceed as rapidly as possible to
the physical states.

In this section, as in the last two, 4, (x) desig-
nates a free field, in the sense that its commutator
is a ¢ number. Here it should be thought of as the
in or out field A™ or A°™ and the states we find
will populate the in or out asymptotic state spaces.

Because Ay (x) is a free field, it is sufficient to
consider the one-quantum states. The many-quan-
tum states may be obtained as symmetrized pro-
ducts of one-quantum states. The one-quantum
states of interest are spanned, using complex co-
efficients, by vectors of the form

AG)e, ' (5.1)

where Q is the vacuum state, unique to within a
phase,

A(j)=fAu (%)7* (x)d *x | (5.2)

andj*(x) is a real C” test function, which is inter-
preted as an electric current, and is conserved

9,7 (x)=0. (5.3)

Because the corresponding charge
q(t)=fj°(t,§)d3x (5.4)

is a constant, ¢(¢) =g (=) =¢, 7" (x) cannot be of fast
decrease in all directions of 'space-time for non-
zero charge. This conclusion holds also if ¢ =0
but j* (x) describes separation of charge, as in ion-
ization of a neutral atom, with positive and nega-
tive charges ultimately traveling off in different
directions. To allow for these physical situations,

the assumption of fast decrease is replaced by
what may be called the charge-scattering hypothe-
sis. Namely, we suppose instead that in asymp-
totically distant regions of space-time, the current
j*(x) describes a fluid in uniform rectilinear mo-
tion with material velocity ¥, less than that of
light, and impact parameter negligible compared
to V¢, so the asymptotic motion is given by X=V¢.
These conditions are summarized in the require-
ment that the limit

lim A%*QAx)=0, x*<0

A—> o0

(5.5a)

upi(u
- (xiz))is(z) , x2=0

, +x°>0 (5.5b)
exist, where p,(«) may, and usually will, be a dis-
tribution, and «" = (sgnx %" (x2)~Y/2, defined for
x%> 0, isa four-velocity, namely a unit future four-
vector. The upper and lower signs refer to the
asymptotically distant future and past. The mo-
tivation for this hypothesis is that the matrix ele-
ments of the quantum-mechanical current opera-
tor have this property.!3

Upon change of variable, X=V/, Eq. (5.4) gives

a®)= [ 1t1%°¢ 19’
and so, with Eq. (5.5),

v

where #* = °,0) = (1 - v°)~"3(1,%), or

q= fpf(u) gf— ) (5.6)

with «°= (@ +1)"2, Because («°)~'d% is the in-
variant volume element on the unit hyperboloid,
p,(u) represents the asymptotic charge density
per invariant volume in velocity space. For ex-
ample, if, at asymptotic times, the charge is car-
ried by an extended particle with asymptotic four-
velocity u, or u; then

P+,;(u)=qu°53(ﬁ—ﬁf,i) . (5.7

The behavior at large 5* described by Eq. (5.5)
implies a singularity of a precise nature at the
origin in momentum space. Let

)= [ et ats (5.8)

be the Fourier transform of j"(x), satisfying
k<j (k) =0, and consider .

lim U;“(ﬂk)zhm f"]'ﬂ(x)eiﬂk'xd‘lx R

Uind) n—->0

On making the change of variable x’=nx, one has
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- 1N L x
s s 1 k)= 1 (_ 'M(_)eik'xd‘l
lim 75" (k) m 77)] . x

n->0 n-o
= [ a0l () 2eins
x u [0(x )+ (w) + 6(=x)p_(w)]
where #* =+ »* (x?)~Y/2. Changing variables accord-

ing to #* =+ Ru”, one has

lim 3" (nk)

n->0

d®u e 7 iRkeu -iRkeu
= —;‘Tu dR[e p+(u)+e P-(u)],
0
- (5.9)

- d®u '[p(u) p(u)]
S AT _
]#ﬂn] (nk) 0 e —ikrutevikul’
which gives the form of the singularity at 2=0.
If k lies inside or on the light cone, the denomina-
tors do not vanish, and one has simply

~ ® 3
Ef(l) nj"(nk)=iff,—,;p(u)%oﬁ, (5.10)
where
p@w)=p.(u)—p_(u), (5.11a)
p(u)=lm A*[uj () —uj(-ru)]. (5.11b)
A—>0

The quantity p (x) will be very important in the fol-
lowing. It represents the net scattering of elec-
tric charge, per invariant volume element in vel-
ocity space, in the flow j* (x) and will be called

the “charge-scattering function.” It satisfies

da
Sowt-o,

which represents equality of initial and final total
charge. Corresponding to the example (5.7), one
has

(5.12)

pw)=qu’[6°@ -1, - 0%l -1,)], (5.13a)
. Tu - u _ Uu;
lim 7 (nk) zq(—f—uf_k u——‘—-i_k) . (5.13b)

The inner product (A(j,)R2, A(j,)9) defines a Her-
mitian symmetric form on the currents j,,j,
=(j,,j * whose kernel is the two-point Wightman
function

<j1;j2> =<A(71)Q,A(]2)Q> ) (5.143)

<J'1,J'z>=fd4xd4yjf(x)Wu.,(x—y)J"é(y), (5.14b)

Wy, (x—y) =(Q, Ay (x)A,(y)2 . (5.14c)
In momentum space this reads
Guip = @0 FE* Wi, (7R,  (5.15)

where

Wy, (%) = (27)~* f Wy, (B)e=%d k. (5.16)

For W,,(k) we may use our previous result for
the propagator D, ,(k), Eq. (4.14), with
Wy (k) = Dy, (k). = Dy (). (5.17)
where the discontinuity is evaluated along the
right-hand axis of the %° plane. This gives

Wﬂu(k) = (_guuk2 + ku ku)

T(1+v) a0(k° - IEI))
rl-v) (a°k%>" /°

(5.18)

. -0 .
x lim ™ (—2 sin(mv)v(v +1)

v—>0

and thus, using current conservation,

ooy o 38
G1sd %1:11(2") P

—sinmy T'(1+v)
(=2 o+ ) £ )

(5.19a)

where

eko— IEI)T“*

Tw)=ag [ 4wt DIt ) a)ite

(5.19p)

Our immediate goal is to rewrite this so it is
clear that only values of 2 on the future light cone
contribute. To this end we introduce as variables
of integration

B =(w,wok), w=0, O<wv<1,

JW)=a, f dlAef wdww3f ' dvvP[alw?(1 = %) ]
U XFER) (=g TU
(5.20)

Assuming v <0 we may integrate by parts on w?
and 2%,

- ~ © 1
J(V)=;1';12- fdkf dwzf dv*[aw?(1 - v%)]Y
o o]

226w,

X—a—(;z“ 907 (5.21)

where

G(k) =w?vjt " (k) (=24, )75(R) - (5.22)
For the limit v -0 in Eq. (5.19a) it will be suffi-
cient to put

[ag’w?(1 = v*)]7=1-v1n[;(1 - 0*)] - v Inda,*w?®,

' (5.23)
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and so

J(v)=-‘;712 fdfe{ufoldvln[%(l—vz)]—a—%c(k)

«° 9
+f0 dw[1 - 20 n2anw] 5 G(k)

w =0

(5.24)
To the same order in v we have
-+ 1) LQ+v) sinmy -1 +v=2yv),
r(l1-v)
where y is Euler’s constant
y=—I"(1)=—f e SInsds. (5.25)

0

We thus find from Eq. (5.19)

(G1rd2 = %Zvr)*fd?e{f dmn[é(l-vz)]a—i

v=l} ’

(5.26)

—2f dw lnaw-é-G(k)
) ow

where

a=2a,e? " Y2=e?-2/2 "t (5.27)
Recall that % = (w,wwk), so the first term has its
suppport at the vertex of the cone and the second
is on the mantle of the cone with w the convention-
al photon frequency.

The function

H(R) = @m) 25" (B) 0~ 1% =

= (27)" %2 ,fe”“‘ H(2)d % o 1%

=W )

defined on the mantle of the future cone, is the con-
ventional photon wave function. The second term
in Eq. (5.26) is a sesquilinear form on the photon
wave functions given by

~ © 9
1 =
3 f dkf0 dw Inaw o0

x [w? @ H(K)(—gu,) 95 ®)] -

<¢1’ ¢?> ==

(5.29)

If the wave functions were regular at w =0 an in-
tegration by parts would give

s fab "L wor . on),

which is the conventional inner product. They are
not regular at w =0, for we have, rather, from
Eq. (5.10),

. i ut d’u
lim [w(ﬁ#(i)]‘(zﬂfz fuo_ﬁ,kp(u) 2L

w0

(5.30)

and the conventional inner product is divergent.
However, the inner product (5.29) is finite.

Because %" = (w,wvk), the first term in Eq. (5.26)
depends only on the zero energy and momentum
limit of the currents, and thus, by the asymptotic
limit (5.10), it is bilinear form on the charge de-
fect functions

<pl,p?>fi 2n)'3fd1}fldvln[i(1—v2)]5%

X [ow?j " * (k)

K(u,, u,)

S st o1

By rotational invariance, K(x,,u,) is a function of
three hyperbolic angles

K(uy,u,) =K(y, Y15 hs)
defined by

(5.34a)

ud=coshy,, ug=coshy,, u,-u,=coshyp, (5.34b)

which may be chosen to be non-negative, and which
form the three sides of a hyperbolic triangle. The
integral is evaluated in the Appendix, with the re-

X —guy)jz(k)“w=o s (5.31)
(uu uz)p (uz) s (5.32)
(5.28) with kernel
[
v(=u, " u,)
-1, vk)tuzo ) ) (.33)
[
Ky Yy, ) =g o
lp wl’ ‘pz (271,)2 tanhz/)
x{R[E@ + 9 + )| =R[2 (W + ¥, - 9)]
[%(Zpl +y - wz)]
+R[z.+9-4)]-R@®)}, (5.35)
where
] x
R({y) = X ante (5.36)

sult
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This explicit expression for K gives a large part
of the radiative corrections. The latter part of
the Appendix is devoted to the Lorentz transfor-
mation properties of {p,,p, and {(¢,, ¢, .

The principal result of this section may now be
stated, namely (j,,j, =(A(j,)Q,A(,)Q is given by

(AGIR,AG)D =(py,pp +(y, D> , (5.37)

where the two inner products on the right-hand
side are defined in Eqgs.’(5.32) and (5.29). Accord-
ing to the reconstruction principle, the state A()Q
is the equivalence class of test functions, modulo
test functions orthogonal to all test functions.?
Equation (5.37) shows that the equivalence classes,
- and thus the states, may be characterized by the
pair of functions p(«) and ¢ (), which are thus the
wave functions of the state A(j), and we may write

A(])Q:(p(u) ) .
- \¢"(R)

The second wave function;

(5.38)

o ® =@ [ expli(Klx* - E-DI* (s,

is the familiar photon wave function, although the
inner product {¢,, ¢, , Eq. (5.29), is a regularized
one. Because of transversality, the wave func-
tions ¢, (%) and ¢, (k) + kyf(k) are equivalent, so

¢ (k) represents two degrees of polarization, as
usual. The wave function p(«), given by Eq. (5.11b)
is the charge-scattering function of the flow j* (x).
It is the wave function of a quantum whose energy-
momentum four-vector is strictly zero, but which
carries four-dimensional angular momentum. It
is a remnant of the third degree of polarization

of massive vector mesons. To distinguish the two
types of photons, we may call the photons described
by ¢" () “radiation photons,” since they are the
familiar quanta of radiation, and the quanta de-
scribed by the charge-scattering function “zero-
frequency photons” since they carry no energy or mo-
mentum. The generic one-photon state may thus be
said to be a direct sum of a radiation-photon and

a zero-frequency-photon state.

We have been using the term “state” to designate
any vector in the representation space of the
fields, which is an indefinite-metric space, To ob-
tain physical states which are elements of a posi-
tive-metric space, we turn to the many-particle
space, and seek positive-metric subspaces. How-
ever, we wish to emphasize that the indefiniteness
of the inner product (5.37) does not arise as in the
usual Gupta-Bleuler®® formalism from the indef-
initeness of the Minkowski metric. [This has been
overcome by the transversality condition &,7" (k)
=0, which implies %, ¢" () =0.] Instead it comes

from the regularization of infrared divergent in-
tegrals by what is, in structure, a linear substrac-
tion. On the coherent states the regularization is
multiplicative, and hence maintains positivity.

VI. THE S MATRIX

The many-particle states are obtained from the
one-particle states by the method of second quan-
tization. Let Q be the vacuum state, unique to
within a phase, and let ay(¢) and a}(p) be creation
operators for radiation photons and zero-frequen-
cy photons, where ¢ and p are radiation-photon
and zero-frequency-photon wave functions. They
satisfy

a,(¢)R=a,(p)2=0, (6.1)
[a)(¢,), a}(d,)] =0y, 5 , S (8.2)
[a,(py), al (p)]=Cps,p2 , (6.3)

where {(¢,, #, and {p,,p, are the inner products
defined previously, Eqs (5.29) and (5.32), and the
remaining commutators vanish.

The free (in or out) vector potential,

AG)= [ 4,5 s, (6.4)

is represented by

A@) =a}(¢) +a} (p) +ay(¢) +a,(p) , (6.5)

where the wave functions are expressed in terms
of j by Egs. (5.11b) and (5.28). This provides an
invariant decomposition of A(j) into creation and
annihilation parts

A@G)=A"()+A(), (6.6)

A(G)=ay(¢) +a,(p) , (6.7)
A*(§)=[A~()]", each of which is invariantly de-
composed into radiation-photon and zero-frequen-
cy-photon parts.

Scattering of electromagnetic radiation by a

given external classical current j¥ (x) is described
by the scattering operator

S(j) = Texp[—i fA“ (x)7* (x)d“x] , (6.8)

which by the usual Wick ordering may be ex-
pressed as

5()=CG) exp[- i () expl-ia=()] . (6.9)
c)=exp[- 1 f1* D -9)5 () *xay |

(6.10)

To separate out zero-frequency-photon coordinates
we decompose A~(j) according to A-=(5)

_=ay(p) +a.(p), when ¢ and p are expressed in terms



3626

of j by Eqs. (5.11b) and (5.28), and similarly for
A*(j), and write

exp[—ia}(p)] exp[—ia,(p)]=exp[3{p, U, (0),
(6.11)

where

Ue(p) = exp{~i[al(p) +a.(p)]}

is a pseudounitary operator depending only on the
zero-frequency-photon coordinates. This pro-
vides a factorization of the scattering operator
into a radiation factor and a zero-frequency-pho-
ton factor, each of which is separately pseudo-
unitary,

(6.12)

5()=5,(7)U:(p) . (6.13)
Here
S,(7) = C,(4) exp[~iaj(¢)] exp[-ia)(¢)],  (6.14)

with
C,(7)=exp(z(p,p))
X exp [— 3 f]‘“ () Dy (x —y)j”(y)d“xd"y] .
(6.15)
is a pseudounitary operator depending only on pho-

ton coordinates. The state of the zero-frequency

photons is a matter of supreme indifference be-
cause they carry no momentum or energy, so

—

<Pf’ eflslp,-e,.) =<Pf: €

where p;, e; (py, ef) represent the momenta and
charges of the initial (final) charged particles.
For these matrix elements, as for the classical
current, we may factor out a pseudounitary opera-
tor depending only on zero-frequency-photon co-
 ordinates. These appear only in the factor

exp(— i f JuA'Td “x) =exp[-iA; ()] exp[-iA7 (7)]
(6.20)

and its Hermitian conjugate. Here the notation
means that, after the J’s are time ordered and the
matrix element taken so A7(J) and A7(J) have be-
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U:(p) may be ignored and we may identify S),(j) as
the physical scattering operator. In the photon-
mass formalism, the contribution of U,(p) would
be eliminated in the sum over final undetectable
photons of zero frequency.

Consider now the quantum-electrodynamical
scattering operator

S=Texp(—ifJuA”d4x) ,

where the current J, is expressed in terms of the
free Dirac spinor field g,

Jy==edyuy .

(The generalization to more than one type of
charged particle is clear.) Wick’s theorem for
the A field gives

S= Tw{exp [— %fJ“ (x)D”,,(x—y)J”(y)d"xd"y]
X exp(—i[J“A[}d“x)
xexp(—ifJ"A,Id4x> },

where the time-ordering symbol T, acts only on
the  and y fields. Here the exponentials are ex-
panded in power series and subsequently time
ordered in J. It is convenient to take matrix ele-
ments of S between initial and final charged par-
ticle states, each such matrix element being an
operator on the states of the electromagnetic field

(6.16)

(6.17)

(6.18)

Tw{ exp [:- : f I (W) Dy, (x =y )" (y)d *xd “y]

Xexp(—z’fJ”A[}d%) eXp<—ifJ“Aﬁd4x)Hpuei> )

(6.19)

I

come contractions with c-number functions, then
the replacements A (J)~a,(¢) and A;(J) ~a.(p)
are effected.

We first demonstrate that in the matrix element
of the 7, product

exp[-iA; ()] =exp[-iadp,, )], (6.21)
where )
Ppe() = D €,6%(E - B,/m,)u° (6.22)

and a is an index that runs over initial and final
particles, with e,= —¢; when a refers to an initial

’
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particle and e, =+ e; when a refers to a final
particle, so

‘Pp,e(“)=u°[;:ef53(ﬁ By/my) - Ee 8°@~Bi/m, }

(6.23)

Note that Az(J) depends on the current J%(x) only
through the asymptotic charge-density operator

plee) =LimA\%[u « J (Au) =+ J(~2u)], " (6.24)
A0

where # is a unit future timelike vector. Because
of the Ty product, as X approaches infinity, J(\u)
gets moved to the left in the matrix element up
against {p;, ¢;| and J(~Xu) gets moved to the right
up against [p,-, e;. Moreover the current assumes
an asymptotic form in the limit®*3

lim A3 - J ()

=—ef‘2’—;”2[b1(p)bs(p)
—d'(p)d,(p)]o°@—-D/mu°, (6.25)
|

where b (p) and d,(p) are annihilation operators of
electrons and positrons. The states |p;, e,) are
eigenstates of this operator with eigenvalue

2. —D,/mu’ (6.26)

and likewise for i —~f, and Eq. (6.21) is thereby
established. The desired factorization of zero-
frequency-photon variables now follows as for the
classical external current and we have

s> es[S|pis e =(bs, €[S |Pss €0 Uspy,e)» (6.27)
where

Uelp,, .l = expl - ia' (p,, ) — ia(p,, ,)] (6.28)

as before, and the scattering operator on radiation
variables is

g, €4S |pss ey = exp[éz eaebK(uu,ub):Kp,, e ITg{exp[— -lg'fJ“(x)Dw(x -y)J"(y)d"xd"y]
P

xexp(— ifA’,”’Jﬂ“x) exp( - zfA$ -Jud“x) }
\

Here we have used Egs. (5.32) and (6.22) for
Ps,er P, 0

<p”, p"e Ze ebK(ua, up) . (6.30)
Again Ug(p,'e) is a pseudounitary operator that may
be dropped as a matter of indifference,?’ and the
physical scattering operator is identified with

<pf’ efls [pi’ €; >'r

VII. PHYSICAL SUBSPACE

The representation space of the electromagnetic
field, Iom> generated from the vacuum by applying
the creation operators of radiation photons a ((;!))
and of zero-frequency photons a;(p), has an
indefinite metric. However, the old familiar
space of (radiation) photons with square inte-
grable wave functions and no zero-frequency
photons is contained in it as a subspace 9,, which
has positive norm. It may be completed in the
norm® to give a physical Hilbert space C,.

A convenient characterization of 4, is provided
by

pi,ei>. (6.29)

r

409, =0. @

This states that all zero-frequency-photon wave
functions vanish identically. According to Eq.
(5.30)," the residue of a radiation-photon wave
function at zero frequency,

o%(k)=1im wp*(w, k), (7.2)

is expressible in terms of the related zero-fre-
quency-photon wave function

ph(k) = ('—37'2—]

If it vanishes, the inner product (5.29) may
be integrated by parts® with the result, for
¢)17 ¢2 eg() ’

kp(u) (7.3)

Bur b=+ [ab [dw oo @)~ g,,)650) . (1.4)

This is the old familiar inner product. It is true
for each variable in a many-photon wave function
in the space defined by Eq. (7.1), which establishes
the asgsertion.

It is convenient to define the annihilation opera-
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tor of radiation photons, depending on a single
four-momentum a, k), % =w(l, %), and of zero-
frequency photons, depending on a single four-
velocity a:(u), by

(k)R =a,)Q=0, (7.5)
[afk); at ()] ="k, (7.82)
[a, @), at(p)] = pu), (7.6b)

the other commutators being zero. [The Hermitian
conjugate quantities, a’f(k), al(u), are not opera-
tors, but operator-valued distributions.] The
residue of the radiation-photon annihilation opera-
tor at zero frequency, defined by

ayk)=lim wa*(w, k), (7.7)
w=0
satisfies®
sy L f u* d’u
aR(k) (2‘")3/2 uo_'ﬁ. %aZ(u)uo y (7.8)

which is the operator expression of, Eq. (7.3) for
every wave function. Thus, Eq. (7.1) implies

ap(2)5,=0, (7.9)

which is the operator statement that all radiation-
photon residues in g, vanish.

In case only neutral particles are present it is
reasonable to suppose that the electromagnetic

)= e [ ZETIOL000,0) - Ao)a )] 5 G~ /e

J .

field is in a state of 9. We may learn about the
state of the electromagnetic field associated with
charged particles by producing them from the
scattering of neutral particles.*® In this case the
electromagnetic field is in a state of Sg,. We saw,
Eq (6.27), that for states with well-defined charg-
ed particle momenta, the dependence of the S
matrix on zero-frequency-photon coordinates is
entirely contained in the factor U:(p,, ,)

=exp| - ial(p, ,) - ia,(p,,.)], so the zero-frequency
photons S9, are in the state

‘(I)P, e=Usz(py, )R,

where 2, is the zero-frequency-photon vacuum.
This is a completely coherent state characterized
by

@)%y, o=y, s U),),

- i(;efaﬂ"(ﬁ - B,/m,)u") ®,,. (7.10)
This condition may be expressed in operator lan-
guage, for ¢ S9,
(7.11)

ayt @)@ = - ip%t w)®,

where

(7.12)

is the quantum-mechanical operator representing the charge density of outgoing particles (electrons and
positrons for simplicity) per invariant volume element in velocity space. Its integral gives the total-

charge operator

3 3
o-f pwanSt-—c ‘;’—EEZ [3(0),(p) - dL(p)d, )]

It would be nice if we could adopt

a%™t (u)® = - ipJatu)®

(7.14)

as a subsidiary condition defining the physical
subspace in the presence of charged particles. In
fact the last section shows that

out

a3t )+ ip%t @) = at®(w) + ipil) , (7.15)

so the above condition, Eq. (7.14) which charac-
terizes the states of charged particles produced
from neutrals, is stable under subsequent scat-
terings. (This equality allows us to suppress in or
out labels in the remainder of this section.) Un-
fortunately, starting from neutrals, we can.only
learn about states of total-charge zero, and this

(7.13)

I

condition violates transversality in the sectors of
nonvanishing total charge.®* For by Eq. (7.8) we
have

ag(é)-/%-aﬂ(ﬁ):@%?f‘%‘az(u). (1.16)

The left-hand side vanishes by transversality so

" d®u
u_oaz(u) =0,

(7.17)

and the proposed subsidiary condition (7.14) leads
to Q& =0.

One solution of this dilemma3? is to generalize
the infrared-coherence conditions to



a,@)® = - i[p,, ) - py@)]®, (7.18)

where p,, () is a fixed classical function, or dis-
tribution, whose integral q = [p,, @) ®°)*d% is an
eigenvalue of the charge operator @. The quantity
~p, () may be interpreted as the asymptotic charge
density of faraway particles produced in associa-
tion with the particles treated quantum mechani-
cally, whose influence is negligible otherwise.
Alternately, recalling that p(u)=p, ) - p_(),

Eq. (1.7), we may interpretp, () as the asymp-
totic charge density of particles in some initial
state, from which the state of interest was pro-
duced by scattering.

A familiar example of the latter occurs in the
standard treatment of radiative corrections to
scattering and decay processes, which we call the
retarded representation. Here well-defined

J
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particle momenta p; and no infrared radiation are
attributed fo the initial state &,
in - 3 -1 0
piau)® =y e, 8% —p,/m @, (7.19a)
~

ay (k)@ =al*w)® =0, (7.19b)

SO
[ai®(u) + ipiiw)]@ =i}:e,.53(ﬁ-.§i/m)q> (7.20)

and by Eq. (7.15)
[ag™ () +ipStt@)]® = iZ:e,-ﬁf’(ﬁ—f),/m)cb . (71.21)

Thus, on states with well-defined outgoing particle
momenta p;, symbolically ® = fdp,@‘;“‘, we have

a3 @5yt = [Z,: e;6°@-Dp/my) = _e,0°(0 -@/mi)]u%,f . (7.22)

From this, we recover the familiar low-frequency bremsstrahlung formula, using Eq. (7.8),

u ' € P
a;o t(k)@"; (2,” 3/2 (z,:Ef fEf

This standard approach does not allow superposi-
tions of states with different incoming charged
particle momenta, or, in other words, no wave
packets of incoming charged particles.?®* Thus no
localization of incoming charged particles is
possible in the retarded representation. Although
the retarded representation is most convenient
for cross sections, the more general representa-
tion (7.18) must be used if localization is import-
ant.

There remains to show that Eq. (7.18) defines a
subspace 4[p,,] of non-negative norm. Letg[p_] be
expressed as a direct integral over subspaces
where the (incoming or outgoing) charged particles
have definite momenta p={p,}, symbolically,

Slpal= f 9lper, P)AP - (1.24)
On eachd|[p,,,p] we have
Pau @y, 9] =Zen53(ﬁ = Pu/m0slper, p),  (7.25)
where [py, ()@Y '@Pu=2e,, s '

adper,p) = =1 (5 008" (@ B/

- P (u» a[pe1» p] - (7.26)

ZEfeiP, ) pout

(7.23)

|

If j# (x) is a classical current with charge-scatter-
ing function

p) =) e,0°(@ =P,/ mu —py (),
and
U(j)=T exp (— ifj -Ad‘*x\) s

then U(j)™* is a pseudounitary operator which maps
ape1, p] isometrically onto g,. Thus g[p,,] is a.
direct sum of positive metric spaces. Hence 9
[p.1] is a space of positive norm which may be
completed in norm to a physical Hilbert space
Sc[pcl]'

Note that a superposition of states with different
eigenvalues p,, ) = p,, @) - ia,(u), is not, in gener-
al, a state of positive norm, and different func-
tions p,, (#) label different superselection sectors.3*
These different superselection sectors are pre-
sumably physically equivalent since they differ
only at arbitrarily low frequency or large distance.

VIII. CONCLUSION

We have presented a method of handling infrared
divergences in quantum electrodynamics which is
very close to the photon-mass method. In fact, a
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term by term comparison of the two methods is
possible, although, in our case, the photon has a
strictly zero mass. In practical calculations our
method may have some advantage. In particular,
the evaluation of the zero-frequency-photon kernel
in the Appendix means that part of the sum over
final-state photons is effected once and for all.
The virtue of this approach as a practical tool will
be exhibited in an accompanying article where the
spectral composition of coherent bremsstrahlung
radiation is calculated nonperturbatively. For
virtual photons, Eq. (4.14) provides a convenient
representation of the photon propagator which
resembles analytic regularization.

The reader will have observed (Sec. VI and the
end of Sec. IV) that/in calculating S-matrix ele-
ments, the charged particles are first put on the
mass shell trivially (by dropping external legs in
Feynman diagrams, as in a theory with massive
photons) before the integrations over virtual pho-
tons are effected. These limits are not inter-
changeable, for the on-shell limit of the off-shell
Green’s functions is anything but trivial. The pre-
sent approach bypasses the intricacies of the other
order of limits,

Finally, the author cannot resist speculating
about whether the approach described here to deal
with infrared divergences may also be helpful for
ultraviolet divergences. The basic philosophy is
to suitably extend the free-field theory, so diver-
gences are not subsequently encountered, instead
of applying a subtraction procedure to divergent
graphs which represent the interaction. The
philosophy is implemented by extension of the
free-particle propagator. It is intriguing in this
regard that the photon propagator (1.1b) renders
the electron self-mass ultraviolet finite in lowest
order, for the reason given in the Introduction,
with the result,

om = — (471)23e?[In(m2/N2) = 5m,. (8.1)

The finite parameter A cancels out of cross sec-
tions everywhere except in their dependence on the
electron self-mass. In lowest order Z,=Z2, is

also finite.? Now the photon propagator (1.1b) does
not, by itself, eliminate all higher-order ultra-
violet divergences. At the very least the electron
propagator must also be extended. However, the
possibility suggests itself that, by a further devel-
opment of the present method, the scale-breaking
mechanism of Sec. III may allow a natural intro-
duction of mass into a theory with a scale-invar-
iant Lagrangian. Suppose the physical mass

m =m(mg, \) were an attractive fixed point m* of
the mass renormalization series, independent of
m,. In this case, if m, is chosen equal to m*, then
6m =0, and Eq. (8.1) gives ‘

m* =xexp(s). (8.2)
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APPENDIX: EVALUATION OF THE ZERO-FREQUENCY-PHOTON KERNEL

We will separate the kernel K (u,, u,) of Eq. (5.33),

v(=u, ~u,)

1 1 “ 1 1 2 9 .
K(un Uy) :Z—(Z_‘n)g '[dk 'of dv 1“[1(1 -v )]’5’1; [(u(; —l’ll ; vk)(ug "le . vk)} , (A1)

into a Lorentz-invariant part K (), where u, -u,=coshy, = 0 and a frame-dependent partK,(«,, u,) ob-
tained from v=1. As will be seen, the frame-dependent part is just such that {p, p) +{¢, ¢) is Lorentz in-
variant although the separate terms are not. For this purpose it is convenient to introduce as a factor in
the integrand 1=1lim;_, 6(L —u, - k) where k*= (1 - v®)*/2(1, v%), and integrate by parts on v. This gives

Ky, u,) =K ;) + K u,, u,) (A2)

Kf(uuuz)zﬁéj ak 111(“?"?11'5) (u? _‘Gl -uEL).(ZIE—{fz-k)’ (A3)
B SR U, Uy r ! v? up )

Ki(lp)—ziﬂ—)gz 11;1210 (de 1In2L (u(l)_ ul-k)(u(z’— uz'k)- Jj dk! dvm 6(L —ul-k)m) . (A4)
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Each of the terms in the last expression is an in-
variant function®**® of «, and u,.

We first evaluate the invariant kernel K;(%).
This is effected most conveniently in the frame
where

u,=(1,0,0,0), u,=(coshy,0,0, sinhy),

1
K(ll))=( )zz]ilirif dx(anLl o

, o L)
B jo‘ dvl—vzl-Bvx." ’

(A5)

where x=cosf, f=tanhy, and V=1-3L"2 An in-
tegration by parts on »? yields

Ki(¢)=(z_ﬂl)z%[:dx'ordvln[%(l—vz)]%<l__'%?;)’

(A6)
K.@)= it Y fldv In[3(1 -vz)]——l———— (AT
i (277)2 2 A 4 1- ﬁzvz .
Observe that K; satisfies
9K, 1
55" —t i — 2/32 =X, : (A8)
where

1 1
(zﬁ)zsﬁz f @ lng(l-v )[(1—Bv)2+(1+ﬁv)2:l’

1 1 1 1+8
@I IF 1I-F 1= 5

whlch has the solution

X=

(A9)

i

U Uy

1 1fﬂ 1 1 1y
KiGrpas ) *Toms Ty (A10)

The lower limit of integration is fixed at zero,
since K, is regular at $=0. With 8=tanhy, we
have

K@) = —R(¥), (A11)

(217) tanth

.Y
R Ef d .
®) 0 b tanhy” (A12a)
The latter function is ubiquitous in radiative cor-
rection calculations. It may be expressed in terms
of Spence functions, but R(¥) is convenient for our
purposes. It has the asymptotic limit

lim[R(Y) - $¥%] = 7%/12. (A12b)
=0

Consider next the frame-dependent part K,(«,,
u,), Eq. (A3). By rotational invariance it is a
function of the three positive hyperbolic angles
¥y, ¥, and P, Eq. (5.34b). Let 7 be the unit vector
7=(1,0,0,0,), so the three unit four-vectors u,,
u,, and 7 define the vertices of a hyperbolic tri-
angle. Its sides are the three hyperbolic angles
Yy, ¥, and $=0,

u,+7=coshy,, u,+T=coshy,, u,-u,=coshy

v (A13a)
and they satisfy the triangular inequalities
D+ 20, P+ >, Py, 29, (A13b)
Equation (A3) may be rewritten as
(A14)

u u -k
Kf(zj), ¢1; ‘Pz (2 32fd7él \\ro )(u?_ﬁl.ﬁ)(ug_ﬁz.ﬁ),

and we observe that K, is an invariant function®® of the three four-vectors u,, u,, and 7. We evaluate it in
the frame where u, =(1,0,0,0), 7=(coshy,, 0, 0, sinhy,), and u,=(coshy, sinhy sina, 0, sinhy cosa), and
cosa may be expressed in terms of the hyperbolic anglesby 7 *u,= coshy, = coshy coshy, ~ sinhy sinhy, cosa,
which is the law of cosines for hyperbolic triangles. This gives

In] coshy, (1 - B, cosf)] (A15)

B 1 N J‘l J'Zir
Ky= @m@2J, d cos® A dé 1 - B(cosa cosf + sina sinf cosp)’

where B=tanhy and B, =tanhy,. After integration on ¢ we find

In[ coshy, (1 - B,x)]

1,
Ky = (2m)??® -[1 dx [(Bx -~ cosa)? -

(1 - Bz)(l - cosza)]l./z .

(A16)

On eliminating cosa from the law of cosines, and introducing as variable of integration y = sinh®) sinhy,x

— coshy( coshy coshy, - coshy,), we find

- coshy, + coshy coshy,)/ sinh®}]

) (A17T)

1 » (=
Kr=Tny zpf 3’ SRk
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where
y, =+ sinh®) sinhy, — coshy( coshy coshy, - coshy,),

A%=1 - cosh®) — cosh®), — cosh®),
+2 coshy coshy, coshy,. ) (A18)

The square root is eliminated by introducing as
new variable of integration », from v =3(u —X*/u),
with the result

1 1 (“du

Kf:(_z?)?% ) Iln{[ —%(u — 22/u) - coshy,

+ coshy coshy,]/ sinh?y},

where u, = ¢*[ coshy, — cosh(y —,)]. Finally, with
u=[ coshy, — cosh(y - ¥,)]o, we find

Hr= (21#)22%,, (A19)
where
_ [Ty, ([b-av]av+c]
7= f o (W) ; (a20)
v, = ew ,
a=2sinh3(, + 9, — ) sinhz @+ 9, - 9,), (A2la)
c:2sinh%(¢1+¢z—¢) Sinhé—(zp+ 11[)1_¢)2), (A21b)
b=2sinhz(+9, +$,) sinhz(+¥,-¥,).  (A2lc)

To proceed further note that 8J(y, by, ¥,)/08% is an
elementary integral, with the value
o by ) =SLE v+ )]
- S[%(Z])l + sz - lp)]
+S[§(Zrb+ lpl - d"z)]
+S[%(¢+¢2—¢1)]"4S(¢), (A22)

where S(i) =4/ tanhyp. This determines J(¥, ¥,, ¥,)
to within an additive function of ¢, and ¢,. The
latter may be found by evaluating K, + ¥,, ¥,, ¥,),
with the result

) 1 1
K;(ZP, zpuzpz):_(-zT)im
X{R[E(, + ¥, + V)] - R[3 @, + 9, = )]
+R[%(¢+ sz - Zl)l)]
+R[z@+¥, - $,)] 2R}, (A23)
and R is defined by Eq. (A12).

We thus find for the kernel, K =K ;+K, by Eq.
(Al1),

K(Zp;‘d)’n z/)z) = (2m)?(tanhy)*
><{R[%(‘P+ P, + lpz)] -R[é(% + 9, — Z/))]
+R[%(¢+ lpl - zpz)]

+ R[%(Z[J + P, - d)l)] -R (Z/))} . (A24a)
As a special case we have
K(0,9,,¥,)=(2m)*(tanhy, )y, . (A24b)

Equation (A24) gives the desired form for the
kernel K (u,,u,) of the inner product {p,, p,). Let
us verify that the inner product {j,, . ={p;, po’
+(¢>1, ¢,) is Lorentz invariant although the separate
terms are not.>® Note first that with ¢p2*(%)

= M (A7R),
(4)11\’ g) :<¢1; ¢)2> ‘1‘% fd}; ln(Ag+A? Ei)
><<¢>§‘,’$(k)(—gw)¢{n(l%). (A25)

Here we have introduced the residue of the radia-
tion-photon wave function defined by

¢4 (R)=1im wph (k). (A26)
w=0
By Eq. (5.30), the radiation-photon residue may be
expressed in terms of the zero-frequency-photon
wave function

BB — i f uu @
¢R(k) = (z.n)slz P — - kP(u) w0 (A27)
This allows us to write
(D7, 93) ={0y, P2 +{01, PIas (A28)

where

d®u, du.
(P1, P2n = f—u’g‘l uozp1(”1)KA(uuuz)pz(uz), (A29a)
1 U

Kyl )=t [ dh (= g,,) %

(27) wW=u, -k u -1,k

X In(A%+ A%). (A29b)

On the other hand, with p*(u)=p(A™'u), we have

(o1s p3)={pys P2 = {P1s P2 » (A30)
because K ;(Au,, Mu,) =K ;(u,,u,) and

Ko(Auy, huy) =Ko (uy, uy) — Ky @y, u,), (A31)
by Eq. (A3). Thus we have .

(of, ) +(d%, ¢3) ={py, po) +{0y, D) (A32)

and Lorentz invariance is verified.

It is also possible to make a Lorentz-invariant
decomposition into radiation-photon and zero-
frequency-photon parts. Let the decomposition
K=K ,;+K, define a similar decomposition of
{p,, Py into a Lorentz-invariant and a frame-de-
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pendent part, in virtue of Eq. (5.32),

(P P2 =Py, P2 s +<py, Py - (A33)
Insertion of the identity
ln(u ) fdk' )
u’ =y, - “E 4rn E B —u~;§ u—u-z
(A34)
into Eq. (A3), gives
{p1s P2s= <¢1’ Do)y (A35)
where
(¢17 ¢2>f fdkdk (b k)——%_
X [prr(R") = 0 .%®)], (A38)

and we have used Eq. (A27). Then, with?’
<¢1y ¢)2)i5(¢1, ¢2>f +<¢1, d’z) ’ (A37)

the desired Lorentz-invariant decomposition into
zero-frequency-photon and radiation-photon parts
is provided by

(rsdz) =€y P2 i +4Dy, o)y - (A38)

The noncovariant decomposition given in the text,
Eq. (5.37) is more convenient for applications be-
cause of the explicit form of the zero-frequency
photon kernel, Eq. (5.35).
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dently and I¥* =1 % II**, Tt is less convenient because
it does not cause II* to be derived from a vector field
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%5This statement of the reconstruction principle is ap-
propriate to an indefinite sesquilinear form and the one-
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Ref. 16. See Ref. 20 for an excellent exposition in the
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free.
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2This is possible without loss of phase information be-
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mute, U,(0)U,(py) = U, (P U,(py).

2An estimate of the remainder in Eq. (5.9) is required
to establish this.

29This appears to contradict the commutation relation
la,($),a, ()] =0 for all p and ¢. However, this com-
mutation relation holds on the product space of radia-
tion photons and zero-frequency photons, 9, X9g,. On
this space, Eq. (7.8) is a subsidiary cond1t1on wh1ch
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Professor Francis Low.
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and the natural infrared coherence conditions has been
examined in the simple soluble model of coupling to a
conserved classical current.

32An alternate possibility, Ref. 10, is to maintain the
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natural infrared-coherence condition, Eq. (7.14) and
modify the Gupta-Bleuler condition.

33The basic reason is that s()= @, (u) + ip, " (u) has its
support at spatial infinity, and so commutes with all
local observables, Ref. 10, p. 2572, and Ref. 8, Sec.
IIIA. The selection rule for the retarded representa-
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alism. Assume the initial state is described by a wave
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»

where ¥y, ¥ %, and §;; are, respectively, the hyperbo-
lic angles formed by ps and p;, by p; and pf, and by

p; and pj. These do not cancel unless ¥;; =0, or p; =pj.
This divergence will be avoided if the initial wave-
packet state has an appropriate photon train.

M gk dv v (1l — 022 = BE(E) is the invariant volume
element on the hyperboloid. .- - N

%The integral I, *<*, p) =/ dEF(p)—py =k, ,p —Dp,°F)
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36See Ref. 10, Egs. (A6)—(A19) for a more detailed dis-
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31 fact, (qbi, $4); is the Lorentz-invariant inmer product
that was previously constructed by hand, precisely be-
cause it had this property, without the benefit of being
derived from a local Wightman function, Ref. 10, Eq.
(A19).



