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A gravitational theory is formulated on the Weitzenbock space-time, characterized by the vanishing
curvature tensor (absolute parallelism) and by the torsion tensor formed of four parallel vector fields. This
theory is called new general relativity, since Einstein in 1928 first gave its original form. New general
relativity has three parameters c„c„and X, besides the Einstein constant v. In this paper we choose
c, = 0 = c„ leaving open X. We prove, among other things, that (i) a static, spherically symmetric
gravitational field is given by the Schwarzschild metric, that (ii) in the weak-field approximation an
antisymmetric field of zero mass and zero spin exists, besides gravitons, and that (iii) new general relativity
agrees with all the experiments so far carried out.

I. INTRODUCTION

In 1928 Einstein introduced the notion of absolute
parallelism and tried to unify gravitation and elec-
tromagnetism, using tetrads with 16 degrees of
freedom. ' His attempt failed because there was
no Schwarzschild solution in his simplified field
equation. ' Later, in 1961 Mdller revived Einstein's
idea, ' and Pellegrini and Plebanski found a La-
grangian formulation for absolute parg, llelism. 4

Recently this formalism was reconsidered by Mdl-
ler. '

In 1967, quite independently, Hayashi and Nakano
started to formulate the gauge theory of the space-
time translation group': This theory was of no
geometrical construction, but it was shown that,
for a static, isotropic gravitational field, a sym-
.metric part of their field equations is identical with
the Einstein field equation in general relativity,
and that, in the weak-field approximation, an an-
tisymmetric part describes the propagation of an
antisymmetric field, whose source is related to the
intrinsic spin of spin-2 fundamental particles. '
Miyamoto and Nakano estimated effects of ex-
changing this field iri the microscopic system. '
In later years Hayashi further developed the gauge-
theory into a more elaborate framework' and fixed
the final form in 1973.' Quite recently Hayashi
pointed out the connection between the gauge theory
of the space-time translation group and absolute
parallelism. '

Now we wish to unify these two developments
mentioned above, following the geometry of under-
lying space-time structure. The Riemann-Cartan
space-time U4 is a paracompact, Hausdorff, con-
nected C" four-dimensional manifold endowed with
a locally Lorentzian metric g and a linear affine
connection I' which is metric,

Xg pv Xg pv Q)tgpv vgggp

From this equation we get

(1.2)

where the first term denotes the Levi-Civita con-
nection,

and the second stands for the contortion tensor,

L(7 x T ~ x r'h }

with the torsion tensor

(r)
In terms of the affine connection the curvature
tensor is given by

R'.„„(r*)= o. (1.7)

Or, to put it equivalently, "the Weitzenbock space-

The Riemann-Cartan space-time has both the
curvature tensor and the torsion tensor. From this
space-time follow two very interesting models of
space-time. One is the well-known Riemann
space-time V4, which is obtained from the U4 by
setting the torsion tensor to be identically vanish-
ing. From (1.2) follows the Levi-Civita connection.
It is well known that general relativity is the theory
of gravitation on this space-time, and that it as-
cribes gravitation to the Riemann-Christoffel
curvature tensor formed of the Levi-Civita con-
nection.

Another interesting model is the %eitzenbock
space-time A4,"which is obtained from the U4 by
setting the curvature tensor to be identically
vanishing,
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and the torsion tensor,

(1.10)(Fw) b x(s bk s bA )

Here b*=(b') =(b'„) is also a quadruplet of parallel
vector fields, which is inverse to b. It is straight-
forward to see that the curvature tensor indeed
vanishes identically [see (1.V)]. See Fig. 1 for
reduction of the Riemann-Cartan space-time.

We will give the name, new general relativity,
to the theory of gravitation on the Weitzenbock
space-time, since Einstein in 1928, after invent-
ing general relativity, considered absolute paral-
lelism for the first time, and the main conse-
quences of the present theory will be analogous
to those of general relativity so far as macroscopic
phenomena are concerned. New general relativity
attributes gravitation to the torsion tensor formed
of the parallel vector fields.

As is well known, general relativity is formulated
by the following fundamental assumptions, which
we will compare with those of new general rela-
tivity: (A} Underlying space-time is the Riemann
space-time, which has the metric tensor as the
basic structure. All physical laws are expressed

Riemann-Cartan Space-Time

U4

T = 0

Riemann Space-Time Weitzenbock Space-Time

A4

T = 0

Minkowski Space-Time

FIG. 1. The reduction of space-time is made in two
particular cases: One is the Riemann space-time V4
with a curvature tensor only {B),and the other the
Weitzenbock space-time A4 with a torsion tensor alone
(~)-

time is obtained by requiring the U4 to admjt abso-
lute parallelism, i.e. , to have a quadruplet (speci-
fied by b = 0, 1, 2, 3) of linearly independent parall el
vector fields, b=(bj =(b„'), which is defined by

~gb x g b x+Tgxb ~ 0 (1.8)

Solving this equation we find the nonsymmetric
affine connection,

by equations that are covariant or form invariant
under the group of general coordinate transforma-
tions. (B) The equivalence principle. (C) Gravi-
tational field equations are derivable from the ac-
tion principle. (D) The field equations are partial
differential equations in the field variables of not
higher than the second order. (E) The gravitational
field is exhaustively described by the metric tensor
alone.

In new general relativity the fundamental as-
sumptions are as follows: (A') Underlying space-
time is the Weitzenbock space-time, which has a
quadruplet of the parallel vector fields as the fun-
damental structure. These parallel vector fields
give rise to the metric tensor as a by-product. All
physical laws are expressed by equations that are
covariant or form invariant under the group of
general coordinate transformations. (B') The
equivalence principle is valid only in classical
physics. (C') and (D') are the same as (C) and (D),
but at this time we start from the microscopic ac-
tion principle. (E }The gravitational field is ex-
clusively described by a quadruplet of the parallel
vector fields. As is closely related to (E'), we
need to assume: (F') All physical laws are ex-
pressed by equations that are covariant or form
invariant under the group of global Lorentz trans-
formations. When general relativity is extended
to the domain of microscopic system, one must
use tetrads and has to assume: (F) All physical
laws are expressed by equations that are covariant
or form invariant under the group of local Lorentz
transformations.
, We shall formulate new general relativity in the
following manner: In Sec. II geometry of the
Weitzenbock space-time is described in some de-
tail, with emphasis on spinor wave functions de-
fined in this space-time. In Sec. III microscopic
matter Lagrangians are considered, such as of the
electromagnetic field, of spin- —,

' fundamental parti-
cles and so forth. Their equations of motion are
derived and then approximated by the WEB method
to yield, in the classical limit, the geodesics of
the metric g,"along which point particles and
light rays are defined to move. In Sec. IV a gravi-
tational Lagrangian is constructed by the require-
ment of invariance under (1) the group of general
coordinate transformations, (2) the group of global
Lorentz transformations (3) the parity operation,
and by the demand that (4) the Lagrangian be quad-
ratic in the torsion tensor. Gravitational field
equations are derived, with three unknown param-
eters, c„c„and c,. In Sec. V a static, spheri-
cally symmetric field outside a massive neutral
body is determined, with two parameters, c~ and
c,; in this case a term proportional to c, is van-
ishing identically. In Sec. VI comparison with all
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the experiments so far carried out is made;
firstly, we clarify how the equivalence principle is
violated in microscopic systems only, and second-
ly, upper bounds for the parameters, cy and c„
are Obtained. In Sec. VII the free parameters, c,
and c„., are classified into two classes with c, ar-
bitrary; c,=O=c, and c,e0ac, . (Other cases are
forbidden. } The rest of the present paper con-
cerns with the former choice of free parameters,
and hence the static, isotropic field is given by
the Schwarzschild solution. In this case new gen-
eral relativity has only one free parameter,
X= 9/(4c, ), besides the Einstein gravitational c'on-
stant g. In Sec. .VIII the group of local Lorentz
transformations, which we do not assume, is seen
to emerge as the dynamical symmetry group for a
static, isotropic field. This new situation demands
the extension of absolute parallelism. In Sec. IX,
as microscopic applications, the weak-field ap-
proximation to gravitational field equations is per-
formed. In Sec. X the coupling of an antisymmetric
field to matter is discussed; it propagates in
vacuum, mediating a long-range, spin-spin force
among spin- —,

' fundamental particles with a coupling
strength VY, which is estimated by precise ex-
perimental values of quantum electrodynamics. In
Sec. XI the Birkhoff theorem, that a spherically
symmetric gravitational field in empty space must
be static, with a metric given by the Schwarzschild
solution, is proved in new general relativity. - In
Sec. XII we draw conclusions.

In our conventions the middle part of the Greek
alphabet, p, , v, X, . . . , refers to 0, 1, 2, and 3,
while the initial part, n, P, y, . . . , denotes 1, 2,
and 3. In a similar way the middle part of the
Latin alphabet, i, j,k, . . . , means 0, 1, 2, and 3,
while the initial part, a, b, c, . .. , denotes 1, 2,
and 3e

II. GEOMETRY OF THE WEITZENBOCK SPACE-TIME

The space-time M is assumed to be a paracom-
pact, Hausdorff, connected C" four-dimensional
manifold with a locally Lorentzian metric g. Let
U be a local coordinate neighborhood of p cM with
local coordinates x=(x"), then we can introduce
the coordinate basis E=(E,}=(( 8B/x' })with p, =0,
1, 2, and 2, and the dual basis E*=(E"t=((dx') ).
Every vector V at p can be written as V= V"E„.
In particular the metric tensor g is written as

Greek indices.
By definition there exists a global system of

four orthonormal vector fields b(p) =(b,(p)), such
that

g(b, , b, ) =g(b;, b, ) =q.. t (2.2)

where q = (q, ,) = diag(-1, + 1, + 1,+ 1}. Thus the vec-
tor fields, b(p) =(b,.(p)f, are expressed in the old
basis by

b. =b."E .
i i tt'? (2.4a)

equivalently, a global system of four orthonormal
vector fields b*(p) =(b'(p)), which are dual to
b(p] = (b,.(p)), is written in the old basis by

bi bi

Conversely, it follows that

E = b'„bi,

(2.4b)

(2.4c}

(2.4d)EP b Pbi

Here the coefficients, (b,.') or (b', ), are 16 func-
tions, and must staisfy

ltbi gw bi v v& i P i&

j = Vb'„q;, b v=g„v, b; g„vb; = g;, .
(2.5a)

(2.6h)

It should be remarked that Latin indices of b =(b,)
and b*=(b'I mean that they are Lorentz vectors;
b is the covariant vector and b* is the contravar-
iant vector. From (2.4) it follows that for any
vector V= V'E, = Vib,. the components satisfy

V = b;"V' V'= b'~V (2.6)

D+bi=0,

or in the coefficient form,

D*b ) =8 b '+I"*) b '=0.
V t 'V tiV

From (2.4), (2.5), and (2.7) we find

(2.7a)

(2.7b)

(2 6)

with the affine connection of absolute parallelism,

This rule of converting Greek to Latin indices and
vice versa is applied to any tensor of higher rank.

Now, in the Weitzenbock space-time the cova-'
riant derivative, denoted by D*, defines absolute
parallelism with respect- to the global system of
the four orthonormal vector fields b. By definition
D* satisfies

g=g„v E E", (2.1) )ta bi bi
lt V t V lt tt V (2.9)

g —g(E E)—g(E E )

These components are used to raise and lower

(2.2)

where the metric components are simply the inner
product of. the coordinate basis vectors,

Here the global system of the four orthonormal
vector fields is called a quadruplet of the Parallel
vector fields, or simply the parallel vector fields.
For a vector field V(x) = V'(x)b,. = V'(x)E„, the co-
variant derivative is given by
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D*V = (D„*V')E"8 b; = (D„*V")E"8E

where

DgVg 8 Vg
v v

V it + I"+0 Vx
P V )tv

(2 1o)

(2.11)

(2.12)

The curvature tensor formed of I'* identically
vanishes [see (I.V)], since parallel transfer of a
vector is path independent owing to absolute paral-
lelism. Thus the Weitzenbock space-time is
characterized by the torsion tensor alone, and re-
duces to the Minkowski space-time provided the
torsion tensor vanishes globally. See Fig. 1 for
reduction of the Riemann-Cartan space-time. In
the Minkowski space-time the parallel vector
fields, which define absolute Parallelism, coincide
with the coordinate basis of a Cartesian coordinate
system.

When a quadruplet of the parallel vector fields b

is subject to a global, proper, orthochronous
Lorentz transformation,

b,.=A~, b~, (2.15a)

Thus, for the components V' with respect to a
quadruplet of the parallel vector fields, the co-
variant derivative coincides with the usual deriva-
tive.

In the Weitzenbock space-time absolute paral-
lelism of vectors atdifferentpoints of M is defined
in the following way: Consider a vector V(p)
= V~b&(p) at p and a vector W(q) = W'b&(q) at q,
where the point q can be arbitrarily separated
from p. The parallelism of V and W is manifest:
If their components are equal with each other,

(2.12)

then the two vectors, V(p) and W(q}, are parallel
with each other and of equal length.

In passing we make the remark that Latin indices
are used to denote components with respect to a
quadruplet of the parallel vector fields, and are
raised and lowered by the Minkowski metric ten-
sor, (il, ,) or (q").

The affine connection, I'~=(I'*„„'), is not sym-
metric with respect to the exchange of lower two
indices. The torsion tensor is given by

(2.i4)

with this invariance of underlying geometry, we
demand that physical Lazes should be invariant un-
der the action of I.i. We call this the global Lo-
rentz invariance.

In the Weitzenbock space-time, spinors are in-
troduced as quantities which transform like two-
valued representations of the proper, orthochro-
nous Lorentz group I ~." Most elementary spi-
nors are four kinds of two-component spinors,
i.e. , contravariant spinor (& ), covariant spinor
(X„), dotted contravariant spinor (("},and dotted
covariant spinor (X„)for A = 1 and 2. Dotted spi-
nors transform like the complex conjugate of
undotted spinors. A spinor of higher rank is a
quantity which transforms like a direct product
of two-component spinors. A vector V= V'b,. is
identified with a mixed spinor of second rank with
components V"B,

VAB y AB Vi
t

where (Z,."s}is a set of Hermitian 2 x 2 matrices
satisfying

(2.16)

y AB ~, gCD+y AB . . g CD BD
i ~AC j g ~AC

where

(2.1V)

(2.is)

(Z»)= I/Wa, (Z-)=o,i~a,
where (o„o„o,) is a set of the Pauli matrices.

The four-component Dirae spinor g is defined
by a direct sum of a covariant spinor and a dotted
contravariant spinor, and is written as a single
column matrix

(2.i9)

(2.2o)

The conjugate Dirac spinor g is obtained from P
by

One of the simplest choices, which we take in this
paper, is

A'«~ A .=&~n ~ detA = 1,
A o1 BA' =0 (2.15b)

,/0 IX
'~

= ( &', t', x;, x;) .
&I Oj

(2.21)

new absolute parallelism defined by new parallel
vector fields b' is equivalent to the original one.
So geometry of the Weitzenbock space-time is in-
variant under the global, proper, orthochronous
Lorentz group, I i = (A= (A;) e GL(4, 8)—, A;g, „A „
=ri,„, detA=1, A', ~ 1, S„A',=0). In conformity

Now we extend the definition of absolute paralle-
lism to include spinors. Consider a spinor at p,
say a contravariant two-component spinor ($"(p)J,
and another spinor at q of the same type, say,
($"(q}j. If components of these spinors are equal,
i.e. , f"(p)= g"(q), then two spinors are defined to
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be parallel and of the same magnitude. From
(2.16) it follows that absolute parallelism of spi-
nors implies absolute parallelism of vectors and
tensors: In fact, for two vectors V at point p and
TV at another point q, equality of spinor compo-
nents, V"s(p) = W"s(q), implies V'(p) = W'(q), be-
cause {Z,."s}is independent of space-time posi-
tion.

When a spinor at point p is parallel transferred
to another point q, its components are kept un-
changed owing to absolute parallelism. There-
fore, the covariant derivative D*„ofsPinors coin-
cides arith the usual derivative 8,.

Finally, we make the following important re-
mark: The parallel vector fields b are different
from the so-called tetrad fields e by an arbitrary,
position-dependent Lorentz transformation, which
is called a local Lorentz transformation.

III. MATTER LAGRANGIAN AND EQUATIONS OF MOTION
FOR TEST PARTICLES

A. Matter Lagrangian

In new general relativity we do not identify the
six extra degrees of freedom of the parallel vec-
tor fields with the electromagnetic field strength,
since we now know that such an attempt failed. '
Instead, we take the electromagnetic potential
A ={A„}as the dynamical variable independent of
the parallel vector fields. The matter part of the
action is then represented as a sum of the action
of fundamental particles and fields, i.e. , of the
electromagnetic field and several kinds of spin- —,

'
fundamental particles;

/

with

+gv 8 gAv evA (3.4)

which is of the same form as the electromagnetic
Lagrangian density used in general relativity.

Absolute parallelism is applied to spinor wave
functions of fundamental spin--,' particles, and the
Dirac Lagrangian density LD is given by"

= —', ihb, [fry'D*, g —(D*,g)y'g] —mug. (3.5a)

In this paper we use the unit, 5= c = 1, but through-
out this section we write 0 explicity for convenience
of taking the semiclassical limit. For spinors
the covariant derivative D*, coincides with the
usual derivative

(3.6a)

If we use the covariant derivative V'„of general
relativity,

V„(=(8 + 2 jb,,„S")g, (3.6b)

with respect to the Ricci rotation coefficients
{a,,„},

jA bit ''jw &(T'jk jik 0 j)'
then Lv of (3.5a) can be rewritten as

I-v = .i~b. 'Py'&. -0 —(&.4)y'4]

(3.7)

interaction shall be assumed to hold in new general
relativity, because this invariance plays the fun-
damental role in quantum electrodynami. cs. The
electromagnetic Lagrangian density L, is then
given by

(3.3)

——,
' hag y'y ~g —m gg, (3.5b)

d xv'-g L, + L" +I,.„,
t

(3.1)
k 1 V vpty7

k 6 vpg (3.8)

where {a"}is the axial-vector part of the torsion
tensor,

where g is

g= det(g„„)= -[det(b', )]'(0,
and L,.„,represents nongravitational interactions
among fundamental particles and fields. Here the
index i in the second term labels spin- —,

' funda-
mental particles such as quarks, electrons,
muons, electron-neutrinos, muon-neutrinos, etc. ,
all of which can be oescribed in fairly good ap-
proximation by spinor wave functions obeying the
Dirac equation. If there exist other fundamental
fields besides the electromagnetic field, their
action must be added to (3.1): Gauge fields for
internal symmetry of fundamental particles, if
they exist, can be included in (3.1) in a similar
manner to the electromagnetic field.

The gauge invariance of the electromagnetic

~
PvÃI (1/Q g )64vpo

(3 9)
& vvpe= g ~uvpo t

where 6={6"""}and 6*={6„„}are the completely
antisymmetric tensor densities of weight -1 and
+ 1, respectively, with normalizations 5 "'=+1
and &py2g -1. So the completely antisymmetric
tensors with respect to the parallel vector fields
are defined by

This covariant derivative V'„when applied to ten-
sors whose indices are written in Greek, becomes
the usual covariant derivative with respect to the
Levi-Civita connection (1.3). Here the completely
antisymmetric tensors, & ={q"" }and e*={c,„~},
with respect to the coordinate basis are defined
by"



19 NEW GENERAL RELATIVITY 3529

jul b b j bm bO Vpg
V p ty

q;,~ =b; b,."b Pb„'q~„

where q@""'" '=+ 1 and q» = -1 with{0){1) {2){3)
Lorentz (Latin) indices in parentheses.

Variation of I-~ with respect to A. „gives

(3.10)

q = [I+(i/m)hb, "y '(D*.+ ,'v, )—]y, (3.16)

and so we find that Q satisfies the second-order
wave equation,

Then, by means of the Dirac equation (3.13), this
can be "solved" with respect to |j,

a,(4-g E'")= v'-g j', (3.11)

where the electromagnetic current is defined by

int (3.12)

Equation (3.11) is just the Maxwell equation in
genera, l relativity, and hence the law of electro-
magnetism is entirely free from the influence of
absolute parallelism. In space-time with a given
background metric g, electromagnetic waves
propagate in the same manner as in general rela-
tivity: In the short-wavelength limit, in particu-
lar, light rays propagate along the null geodesics
of the metric g.

The Dirac equation is derived from I D by taking
variation with respect to (,

/=exp(& s) P (3.18)

by assuming that 5 is very small compared to S.
Using (3.18) in (3.1V) and then putting each order
of (h/i) to zero, we find (up to the first order)

(hli)' g""(S S)(a S)+m'=0

(h/i)'. f2g""(a,S)(D„*+—,'v„)

—b, 'b, "[D".(s,S) ir'y'] y. = o.

(3.19)

(3.20a)

[ihb,.'y '(D*„+-', v.) m]

&& [eb,"y'(D.*+-'.v.)+m] y=0, (3.1V)

to which we apply the WEB approximation method.
We seek a semiclassical solution of (3.1V) with

the following form:

[ihb„"y'(D*„+—', v„) —m] g = 0,
or equivalently,

(ihb„'y ~q„- —', Ka,y'y ' —m) p = 0,

(3.13a)

(3.13b)

The last equation is rewritten as

(2g""(B.S)v„+ g""[v„(s,S)]

+ pi&;,. b "(s„s)a"S"]$0=0 (3.20b)

where (v,] is the vector part of the torsion tensor,

(3.14)

and only the gravitational interaction is included.

B. Equations of motion for massive Dirac particles

We shall derive two equations of motion for a
freely falling Dirac particle, i.e., the equation of
orbit and the equation of spin precession, "by

applying the ~B approximation method' to the
Dirac equation (3.13).

The particle of spin —,
' is usually represented by

a four-component spinor wave function obeying the
first-order Dirac equation. However, it is well
known that it can equally well be described by a
two-component spinor wave function obeying a
second-order wave equation. " So there are two
equivalent ways to take the classical limit for the
particle of spin —,', in accordance with which a
wave equation is considered; a. first-order wave
equation or a second-order one.

For our present purpose of deriving the spin
equation in addition to the orbit equation, it is
much more convenient to start from a second-
order wave equation rather than from the Dira. c
equation (3.13). We thus introduce a two-com-
ponent spinor wave function P by"

0 =4(1+r')y (3.15)

with help of the reLation between D„* and T„,

D+y, = (v„+ ,' ivy, ,„S")y„-
D„*(s,s) = v„(s,s) z '. ,„e,s,

with (K,,„] and (K»„}being the contortion tensor
defined by

(3.21)

E,.~„=b;~b,.~E~ „

trav (3.22)

L, )& g gg && g. (3.23)

Equation (3.19) is the Hamilton- Jacobi equation
which describes the motion of freely falling parti-
cles in general relativity. " The complete solution
S(x; n„n» oI~) with three free parameters, n„n»
and Q3 dete rmine s the class ical orbit by

8&
= P,(= const), (a = 1,2, 3) . (3.24)

The applicability condition of the semiclassical
solution (3.18) is that when it is used in (3.1V) the
terms of order (hli)' are much larger than those
of order (5/i)'. Estimating I s „SI/h -1/(wave-
length)=-I/X, D„*P,-P,/w with w the width of the
wave packet, and ID„*(S,S)I-K/XL with L being the
distance over which the parallel vector fields
(b~,] vary considerably, we obtain the following in-
equality:
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When the trajectory x"(&) defined by (3.24) is
parametrized by the proper time ~, it satisfies
the geodesic equation,

dx" 1= —g'"s„S-=U" (four- velocity),
PPl

(3.25)

d x (o) dx dx
0

d&' '" d& d7
(3.26)

Given the solution S(x; ct„c.„n,) of (3.19), Eq.
(3.20) can be solved to define the spinor wave
function Po in terms of S. By virtue of (3.16), the
semiclassical expression for the Dirac spinor
wave function in terms of S and Po is given by

g=exP(—5) II'

g, =(1— b, V

(3.27)

(3 28)

where p is defined by

p = —2~«"U. lo&'4o ~ (3.30)

Equation (3.20b} of Po ensures that j o satisfies the
continuity equation,

s.(&-gj")=o~„1 (s.sl)

The probability current, j "=5«"(y g, then takes
the following form in the semiclassical approxi-
mation:

(3.29)

tt(x) = exp „—S(x; o.) qo(x; n)

BS

eQ ~Q (3.33a)

According to the condition (1}stated above, the
right-hand side of (3.33a} is negligibly small com-
pared to the macroscopic scale. Therefore, in the
macroscopic scale, the wave packet (3.32c) has
nonvanishing amplitude only along a world line
x (r) defined by

(s.ssb)

Here 7 is the proper time along the world line.
The zoave packet thus propagates along a classical
traj ectory x "(&) satisfying the geodesic equation
(8.26) .

Now we turn our consideration to the motion of
spin- for a spin- —,

' particle described by the spinor
wave function (3.32c). The spin polarization is
described by the spinor wave function tjo(x(r); n),
since other two factors of (3.32c) are scalar func-
tions which have nothing to do with intrinsic spin
polarization. gee introduce a new spinor wave
function go(x(T); n} by

85pad eexp
@ n, —o.,

a a

(3.32c)

In the integral of (3.32c) compensation takes place
almost everywhere except in the space-time re-
gion satisfying

The expression (3.29) for the probability current
shows that, in the semiclassical approximation,
the probability may be regarded as following along
the classical trajectory.

%e can form a wave packet by superposing the
solutions of (3.27) with different values of param-
eters, o= (n„„oc):

y(x) =
) p(n)d'n exp —' S(x, n) go(x; u), (3.32a}

I 1
o=V 4o ~

p

Then it is normalized like

5«'goy «go = U" (four-velocity},

(S.S4a)

(3.34b)

and accordingly it can be taken as the normalized
spinor wave function which describes spin polari-
zation. From (3.20a)-(3.20b) and (3.28)-(3.31),
it follows after a little algebra that the normalized
spinor wave function Po satisfies

where p(n} is a weight function with a "sharp
peak" of width t«n at u= n=(a„n„n, ). Here a
sharp peak means that the following conditions
are satisfied: (1) The ratio R/t«n is negligibly
small compared to the macroscopic scale, and
(2) the ratio 5/(hn)' satisfies the inequality

( — +iU "Z...S ~,'=O,
dT

or equivalently,

(S.S5a)

8 eS
(Lkep sa sa (3.32b)

Since go(x; o.') is not highly oscillating with respect
to n, it follows from the inequality (3.32b) that
Eq. (3.32a) can be rewritten as

dT

where D*/d7 and V/dr mean covariant differentia-
tion along a classical trajectory x (7'), D*/dr
= U"D*„and V/d7' = U"V„, respectively. Equations
(3.35) describe the temporal change of the spin
state as a spin- —,

' particle moves along a classical
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trajectory x'(7'}. The second term of (3.35b)
represents the effect of absolute parallelism on
the spin precession in new general relativity.

We define the spin vector fS"j by

dx'
= g "B,S —=p" (four-momentum),

d+
C 1d+ dx =02 LAN

(3.42)

(3.43)

S'= -2 &~"4o&'&"lt (3.36a)

U "S.=0.
It follows from (3.35) that {S"j satisfies

(3.36b)

(i'fXQV +)LV 0)P v& (3.37a)

whi. ch has only three independent components, be-
cause (3.28) and (3.34a) give

where o is the affine parameter along the tra-
jectory: The normalization of o is fixed by (3.42).

The four momentum (P"j is null, due to (3.41).
The current (j"=b„"Xte'Xjis also null, because X
is a two-component spinor. Since these two null
vectors, (p'j and fj"j, are orthogonal with each
other by virtue of (3.40), they must be proportional
to one another,

=pP (3.44)
or equivalently,

V
&vptyU - a.

d7 v p fy' (3.3&b)

These are the classical equations of spin preces-
sion in new general relativity. The right-hand
side of (3.3'1b) represents the effect of absolute
parallelism. %hen the axial-vector part of the
torsion tensor vanishes, (3.3Vb) reduces to the
equation of spin precession in general relativity.
For a nonrelativistic particle in a weak gravita-
tional field, "(3.3Vb) becomes

dt
--- =-z ax S, (3.38)

where S and K are the space components of fS"j
and (a"j, respectively.

&y Xoo Xo= 2 = 2P (3.45)

showing that antineutrinos are of helicity + —,
' as

they should. Therefore, the classical equations
of motion for neutrinos and antineutrinos in nero
general relativity are the same as those in gene-
ral relativity.

where p is a positive-definite scalar function. We
can apply the same argument as for the massive
case, to show that antineutrinos move along the
classical trajectory satisfying (3.43) in the short-
M~avelength limit.

We take y, /upas the normalized spinor wave
function for antineutrinos. The spin vector (3.36a)
then becomes

C. Equations of motion for neutrinos and antineutrinos

Neutrinos and antineutrinos are described by
two-component spinor wave functions which are
obtained from (four-component) Dirac spinor
wave functions of (2.20} by putting y = 0 for neu-
trinos and ) =0 for antineutrinos, respectively.
We shall consider only antineutrinos, since neu-
trinos can be treated in a si.milar manner. For
antineutrinos, the Dirac equation (3.13a}becomes
the Weyl equation for a right-handed massless
particle, "

ih.b,"a'(D„*+—,
' ~,)X = O. (3.39)

The semiclassical solution, y = exp(iS/K)x„must
satisfy

b„(8 S) X =0,
and hence we get

det(b, 's „Sa")= "g"( .s)S( „s)s=0,

(3.40)

(3.41)

which is just the Hamilton-Jacobi equation for a
massless particle in general relativaty. The class-
ical trajectory x"(a) defined by (3.24) satisfies
the following equations:

IV. GRAVITATIONAL LAGRANGIAN IN VACUUM

We shall construct a gravitational Lagrangian
density in vacuum,

la=)t d'xv' gLa. -
For this purpose we enumerate the basic postu-
lates which the above action must obey:

(1) Invariance under the group of general co-
ordinate transformations; for arbitrary change of
coordinates the parallel vector fields transform
like

(4.1)

b', '(x') = (»"/sx")b,"(x) . (4 2)

(2) Invariance under the group of global, pro-
per, orthochronous Lorentz transformations L~;
for its element A = (A'~) with A'qA = q, det A = 1,
A, ~ 1, and B„A= 0, the parallel vector fields
change like

5,'(x) =A'P' "(x). (4.3)

(3}I c be invariant under the parity operation;
by parity operation we mean the Lorentz transfor-
mation, b„&- b«) and b„&- -b„&, where Lorentz
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indices are enclosed by parentheses.
(4) LG be quadratic terms in the torsion tensor,

besides a cosmological term.
Now, the torsion tensor is given by

I~ = d4X~-g L ~

d'xv'-g [a,(t'""t„„)+a,(v"v, )

b x(s bk s bk) (4.4)

which is reducible with respect to the group of
global Lorentz zransformations. It is convenient
to perform an irreducible decomposition, from
which we can construct a gravitational Lagrangian
density. The torsion tensor is decomposed into
three irreducible parts under this group'~'.

(4.13)

t), gv +3 V V~ —2 a Q~

(4.14)

+ a, (a"a„)].

Next we observe the identity

d'x)('-g R($ })

&i..=2( i..+ .~,)+6 (g.~ "g-.}
1

V~

1 ~VPO'
6 ~ PVPg

(4.5)

(4.6)

(4.7)

where 8(( })denotes the Riemann scalar curva-
ture. It is given by the contraction of the Ricci
tensor, mhich is again the contractiori of the Rie-
mann-Christoffel curvature tensor:

f~'...(( })= s.(:.}-8.(:.} 4;.}9,}-k;,}V.},
(4.15)

where q*=(q,„}is the completely antisymmetric
tensor, introduced in (3.9). In fact, let p()n, n) l)e
an irreducible representation of the proper ortho-
chronous Lorentz group, where 2m and 2n take
non-negative integer numbers. "" Then the tensor
{t,„„}transforms according to p(2, —,)(I) p(-,', —,) of 16
dimensions (the Young table [21) minus traces),
the vector fv~} according to p(—,', —,') of 4 dimen-
sions, and finally the axial-vector (a„}according
to p(—,', —,') of 4 dimensions (the Young table [111]).
The torsion tensor is conversely written in terms
of the three irreducibles,

)())) 3 ( ))~) ))v~) 3 (g)(vvt g)(~

+ q„„a'. (4.8}

The tensor ft,„„}has the following properties de-
rived from the defining equation (4.5):

t) ~.= t~).

„+t „+t„„=o.

(4.9)

(4.10)

(4.11)

The above postulates of (1) to (4) require that
the most general Lagrangian density be of the
form

L a = a, (t '"t»„)+a, (v'v, ) + a,(a'a„}+a, , (4.12}

where a„a„and a, are free parameters, while

a, is a cosmological term. .

In Appendix A we mill treat a case of lifting up
the postulate of (3}, by adding to (4.12) parity-
violating terms like (v'a ) and (g,„„t~"t~~}.In
the rest of this paper we shall neglect the cosmo-
logical term, so we have the gravitational action of

+ c,(w'v„)+ f:,(a"a„)). (4.18)

Comparing (4.13) with (4.18), we find that the
parameters are effectively (under integration
symbol) related to each other by

I 1c =a+ — c =a ——
1 1 3 t 2 2

3c =a+ —.3 3 4~

(4.19)

It should be mentioned that one of the free param-
eters, c„c„and c„must be nonzero; other-
wise, the left-hand side of a gravitational field
equation would become symmetric, while the
right-hand side, the energy-momentum tensor of
spin-2 fundamental particles, would become non-
symmetric. This is a contradiction.

It is easy to derive a gravitational field equa-
tion. For the sake of' completeness we write down

a gravitational field equation when matter is

(4.16)

(4.17}

Here the symbol (,'„}denotes the I evi-Civita con-
nection (1.3) of the Riemann space-time. Since
the Weitzenbock space-time has the vanishing of
the curvature tensor [see (1.7)], the identity of
(4.14) should be taken as purely mathematical.
Vsing )(= SING/c'=8vG with G the Newton gravi-
tational constant, we finally rewrite the gravita-
tional action in the following -form:

d'xV' g —fi(( })+c,(t""f,„„)
1
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present, by adding to the vacuum gravitational
action a matter action I„, which satisfies the
postulates of (1) to (4),

with the Dirac Lagrangian LD" used in general
relativity

Lo"=—' ib "[pykV p —(V„7()) ykg] —jngg. (4.30b)
I=la+I~

d'x&-g~~ ~

(4.20)

(4.21)

It is useful to split the gravitational field equa, -
tion into the symmetric and antisymmetric parts:

G'"({)}=- H""({)}—l g""H({)}
and the tensor {Fv"")stands for

FQvk —c (tlkvx tAxv)+ ( (gvvvx gvkvv)

--,' c,q'""a
p

(4.23)

From this action follows the following field equa-
tion, by taking variation with respect to the
parallel vector fields b~„and then multiplying with
~kjy v.j
G""({))+ 2&(D„*F""k+2)(vkF""+2)(H "

-Kg""I.' = j(T'". (4.22}

Here the first term denotes the Einstein tensor of
general relativity,

2D+F[vv]x+ 2v F[vv]k T[vv]
X

where

F (vv)x ) (p Ikvx ~ F v lbÃ)

F I $4v]x ) (Fpvx Fvpt()

T (vv) (Tvv+ T vv)

T [ vv] ) (Tvv T vv}

(4.32)

(4.33)

Furthermore, it is often useful to rewrite the
field equation in Latin indices:

(""({))+
~

ak(v' gF"k)+2((H" j(q"L'=((T",

G vv({ )) 2 DWF(v &x 2 F&vv&k 2 Hvv

-)(g""L'=j(T""', (4 31)

y +XV

The fourth term {H"")is defined by

~VV Z

peery

~ ~ V j yvpy~p ~Vg
pg 2 ~ po

(4.24)

(4.25)
where

G(j({))=f&' f)~ G'"({))

(4.34)

which is shown to be symmetric upon inserting the
irreducible decomposition (4.8) of the torsion ten-
sor. Finally, I.' is given by

yijX yi yj y pV)t
V

IIij=bi yj ~fv zij bi yj ztV
v V

(4.35)

L' = c,(t"""t,„„)+ c,(v "v„)+ c,(a "a„).
A source term is, as usual, defined by

d4x&-g I-„= d4x&-g T 5b',

d x~-g T'~~b

(4.26)

(4.27)

Finally the symmetric and antisymmetric parts of
the gravitational field equation are derived as fol.—

lows:

G'j({))+ ' [],(v' g F"j")+2~H(j ~q"L'=~T("',

(4.36)

Therefore, an energy-momentum tensor is given
by

(g gF[ij]x) g g T[ij] (4.3V)

~-g Tv. =
&lkj f)j.~&-gLk(j'5f&k-' (4.28a) V. THE STATIC, ISOTROPIC GRAVITATIONAL FIELD

INVACUUM

or equivalently,

g Tkv ]lkj5 v5v' gL /55k (4.28b)

~QV +Wp+Veg +ggy em ~

„[yyke„y (e„y) yA, ]+g.,L
kit)k„[)I&y,V, (I& (V-„Y()y,q]-

(4.29)

For instance, the energy-momentum tensor of the
electromagnetic field and the Dirac field is calcu-
lated from the above formulas with (3.3) and (3.5)
to be

Let us consider a static, isotropic gravitational
field produced by a static, spherical body, assum-
ing that the spin of constituent particles of a body,
if it exists, can be completely neglected. The
state of a central body then does not change under
space inversion, besides time reversal and space
rotation. Therefore, it is possible to find a set of
coordina, tes, x'= t, x', x', a,nd x', such that the
parallel vector fields t)={f)k)={6k")are form invade
iant under time reversal, space inversion, and
space rotation,

+ —,'qk „5,'K. .„gy'y g

+g (L j&
—

akim y y )t'} (4.30a)

t —t, 5 -bo(o) (o)

(time reversal), (5.la)
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x -x b -b((a ) (a )

(space inversion),
a 8x R~Bx, 5(, ) -R„b()

(space rotation),

(5.lb)

(5.1c)

tropic form,

ds =g „dx dx

=q. .O' S~ dx~ax"ij P v

A(-r)dt'+B( )dx dx (5.3a)

where, to avoid confusion, Latin indices in 5, are
enclosed in parentheses, and R=(R„)=(R ()) is a
position-independent 3 x 3 orthogonal matrix

RR'= R'R = I, detR = 1. (5.1d)

Then, as is shown in Appendix B, by using the free-
dom to redefine the radius

x'"=e(r)x", r (x"=x")",

where the metric coefficients, A and B, are re-
lated to C and D by

(5.3b)A=1(C', B=l/D .
The set of coordinates {x"}is therefore the iso-
tropic coordinate system.

We write the gravitational field equation (4.22)
as

we can assume, without loss of generality, that
the parallel vector fields b ={b,}={b,"(x)}have a
diagonal form,

b(, )'=C(r), b(,)"—- O=b& )',

I =KT

where {1"}is defined by

I'"= G "({})+-2(&D)*,F"" + 2zv„1'"

(5.4a)

b @)"= D(r)6,", (5.2)

with two unknown functions of x, C, and D. The in-
variant distance ds' is then expressed in the iso-

+ 2K@""-Kg"L,'. (5.4b)

For a static, isotropic gravitational field with
(5.2), {1""}is given by

1' =0=1"
I

(1+K(c +4c,)] (( —2e)(—) +(—) +—((1 —4)—+—)+-,'(( —3~)(—) +E( )( )
x x' A' ' B' ' 1 A' B', A.

' '
[1+~(c,+4c,)] (1 —2e) —+ ——— (1 —2e) —+—+-,'(1 —4e)—2B'

-( -")("-.')(-) -l(-)'.

(5.5b)

(5.5c)

where the parameter e is a constant defined by

K(C) +.C2)

1+a(c,+4c,) ' (5.6)

and a prime means differentiation with respect to
It is shown in Appendix C that the constant

[1+]((c,+4c,)] is a nonzero number.
There is no appearance of the parameter c„but

only the parameters, c, and c„owing to a static,
isotropic gravitational field. In other words, we
can say nothing about the parameter c, in this
case. Now we proceed to study a solution of the
field equation (5.4) with (5.5) for the following
three cases: (A) the Newtonian limit, (8) the post-
Newtonian approximation, and (C) an exact solu-
tion in vacuum.

A. The Newtonian limit

Vfe assume that a central gravitating body is a
nonrelativistic system with all the components of
T"8 being negligibly small compared to 7"; 7"
» ~T"8~ =0. Then the gravitational field is weak;
the metric coefficients, A and B, are nearly uni. ty,
A = 1 = B, and terms quadratic in A' and B' can be
ignored in the field equation (5.4) with (5.5). We
then find that the gravitational field equation in the
Newtonian limit is given by

-[1+tc(c, + 4c,)] eA" + (1 —2e)B"

2
+ —[eA'+ (1 —2e)B'] = ~ T",

(5.Va)
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(1 —2e)A'+ B' = 0. (5.7b) C2

The external solution satisfying the boundary con-
dition,

ls

lim A(r) = lim B(r) = 1, (5.8)
- j./9

2(1-2e) Gm
(1 —e)(1 —4e) [1+~(c, + 4c,)] y

with m the total mass of the source,

(5.9a)

(5.9b)

-4/9

m= T' x d'x=4~ r' ' x &. (5.10)

It was found in Sec. III that the trajectory of a
test particle is determined by the geodesic equa-
tion (3.26), which reduces for a nonrelativistic
particle to

d x 8

dt Bx (5.11b)

where g is a gravitational potential, which takes
the form

(5.11c)

for a gravitational field around a spherical body
with mass m. Accordingly, the parameters, c,
and c„must satisfy the condition

1 8 Gm
(1 —e)(1 —4e)[1+x(c,+4c,)] sx" r

(5.11a)

Here the solution (5.9a) is used in the. final step.
Vfe demand that the trajectory of a nonrelativistic
test particle, specified by x"(t), obeys the Newton
equation of motion

plo. 2. The curve of (5.12b): c~ = & c~ »d c2= «2.
c2 = —4c i/(1+ 9c)}.

(1 —f)(1 —4e)[1+K(c2 + 4C2)] = 1, (5.12a)

which we shall assume hereafter. This condition
is called the Newton approximation condition. In
terms of c, =ac, and c, = vc„ the Newton approxi-
mation condition reads as

4c, + c, +9c,c, = 0. (5.12b)

4q

3(1-e) ' ' 3(1-4e) ' (5.12c)

Since e is observable in solar-system experi-
ments, as will be shown in Sec. VI, we draw the
curves of (5.12c) versus e in Fig. 3.

B. Vacuum solution in the post-Newtonian approximation

The field equation (5.'4) with (5.5) can be re-
written in vacuum as follows,

From this follow the two cases, c, = 0 = c, and c,
c0wc, . See Fig. 2 for the curve specified by
(5.12b). Now, combining (5.6) and (5.12b), we find

+ 1-2& + 6 + 1 —26 + + —+4 1 —4E =0

(1 —2a)(—) + (
—

) +—((1 —2a) —+—)+—'(1 —3a)(—) +a(—)(—)= 0,

(1 —2a)(—) +(—) ——((1-2a)—+—)+-,'(1 —4a)(—) —(1 —3a)(—)(
—) ——

(
—

) =0.

(5.13a)

(5.13b)

(5.13c)
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1' 2 l
l

I,
I

(

I
I

1/3 l
I

I

-1/3

This equation can be integrated to give

A'
(1 —2e)—+—= (AB) 'i'

A B r'' (5.17a)

(5.17b)f, = (1 —c)(1 —4c)(GM)'.

lnthe same way we get from [3 x(5.13b) —(5.13c)—2
x (5.13a)]

with f, an integration constant, which can be fixed
by using (5.14) with (5.15) in (5.17a):

FIG. 3. The curves of (5.12c): The solid curve is for
c&, and the dashed curve is for c2.

A' BI
(1 —3e)—+2m —= (AB) 'i' —', ,A B 'r' '

with f, an integration constant given by

f, = 2(1 —e)(1 —4e)(GM) .
From the combination [(1-5e) x (5.17a) + 2q
x (5.18a)] it follows that

(5.18a)

(5.18b)

A(r) =1 —2 +2))( ) + (5.14a)

In the spatial region far outside the Schwarz-
schild radius, i.e., r» GM, the metric coefficients,
A(r) and B(r), can be expanded in a small param-
eter (GM/r),

d, (2 GM 1 —5e (GM)AB''= e, + (5.19)

and, therefore, remembering that the boundary
condition for A. and B, denoted by (5.8), is ex-
pressed by.

QM GM
B(r) = 1+2y +25 + ~ ~,r (5.14b)

we obtain

(5.20)

where &is the gravitational mass of a central
gravitating body, and P, y, and 5 are, expansion
parameters to be determined by the field equa-
tion. Using (5.14) in (5.13), and putting each order
of (GM/r) equal to zero, we find that the param-
eters, P, y, and 5, are given by where two conStants, p and q, are defined by

(5.21)

P =1 —c/2, y =1 —2e,
5= (1 —3e+a3e').

(5.15) p -=([(1-e)(l —4e)]' ' —2e]
2

1- 5e

It is to be noticed that the Newton approximation
condition (5.12a) is not used to derive (5.15), al-
though the above results are consistent with
(5.12K).

C. Exact vacuum solution

=2+@ +'O(~'),

2
q =- {[(1—e)(1 —4e)]')'+ 2e)1 —5e

=2+Qe+O(e').

Here c is assumed to be

(5.22a)

The gravitational field studied in the previous
two subsections is weak. Now we derive an exact
solution of the vacuum field equation (5.13), which
allows us to study a strong gravitational field in
new general relativity.

After slight modification of [2 x(5.13b) —(5.13c)]
we obtain

AI Bl I—r' (1 —2c)—+-
dr A B

r. A' B' A' B'
+——+—(1 —2e)—+—= 0. (5.16)

A B A B

1E'~4, (5.22b)

(, t:M)* ~(, oM)'"
(5.23)

It can be shown by direct calculations that this
solution indeed satisfies the field equation (5.13).

which covers the important case of e =0; for —,
'

&

e &1,p and q become complex values. Substitution
of (5.21) into (5.17a) and (5.18a) finally gives



The parallel vector fields of (5.2) are thus given by

(~
GM) ~~'(~ GM)'~'

~ (0) (~)

1+p /2:QM 1 Q /2
+ g(X

(G) ~B pr Q"V

in a static, isotropic gravitational field. The invariant distance ds of (5.3a,) becomes

(5.24)

tM1+ [dr'+r'(d8'+ sin'8dg')],
qr

ds'= — 1 — 1+ dt'+ 1 — 1+™d'x"dx

1- 1+ dt'+ 1— (5.25)

where we have introduced the spherical polar co-
ordinates by

x' = r sin8 cosP, x' = r sin8 sing,
x'= r cos0.

(5.26)

VI. COMPARISON WITH EXPERIMENTS

A. The equivalence principle

It has been verified experimentally to very high
accur'acy" that the world line of a freely falling
test body is independent of its composition and
structure. The equivalence principle implies that
the unique world line of a test body coincides with

the geodesics of the metric g. It was shown in

Sec. III that by taking the short-wavelength limit of
the Maxwell and Dirac equations the photon
and Dirac particles in the classical limit are to
travel along the geodesics of the metric g. Thus,
new general relativity is compatible with the
equivalence principle in this limit.

In general relativity implications of the equi-
valence principle are concisely expressed by the
conservation law,

(6.1)

where (TMog is the matter energy-momentum

If the parameter e of (5.6) is exactly zero, then
two constants, p and q, are exactly equal to 2, and
hence this metric coincides with the Schwarz-
schild metric written in the isotropic coordi-
nates":

(1 —GM/2r)', GM '

(1 —GM/2r)'
(1+ GM/2r)'

QM 2+ r2 dg2+ ~ 2g d 2

2r

tensor appearing on the right-hand side of the
Einstein field equation. It follows from the con-
servation law that the world line of a freely falling
test body is the geodesics of the metric g. The
characteristic feature of. general relativity is that
the conservation law of (6.1) is a consequence of
the Einstein gravitational field equation, and hence
that mechanical equations of motion for matter
are consequences of the same gravitational field
equation.

Now we shall show that almost the same property
holds also in new general relativity based on the
Weitzenb6ck space-time. From the invariance of
the gravitational action under the group of general
coordinate transformations follows the identity"

v'-g B'"a„b,„-s, (v'-g B'„")= 0,

where

(6.2)

ggV y4LV (6.5)

with the matter energy-momentum tensor (T'"}
defined by (4.28). Using (6.5) in the identity (6.4),
we get the response equation to gravitation,

TPV ~)tg g O (6.6)

This is the conservation law of new general rel-
ativity, corresponding to the conservation law
(6.1) of general relativity. The energy-momentum
tensor (T""}is not symmetric in new general rel-
ativity. However, an antisymmetric part (TLG "g
is due to the contribution from the intrinsic spin

v-g B'"=v'-g b'„B""=—54-g LG/6b, „. (6.3)

After slight modification, this identity can be re-
written as

(6.4)

where fK"'"}is the contortion tensor given by
(3.22). From the definition of (6.3) it follows that
the gravitational field equation takes the form
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TgV 0 (6.7)

owing to the antisymmetric property of the con-
tortion tensor (E"")with respect to v and X. The
only exception seems to be compact stellar ob-
jects such as neutron stars and black holes: The
spin direction of neutrons may happen to be aligned
over the macroscopic scale inside neutron stars.
If this is indeed the case, the gravitational response
of neutron matter should be described by Eq. (6.6)
instead of by the conservation law (6.1)

The equivalence Principle is thus satisfied for
man'oscopic bodies in nezo general relativity,
and the world line of a test body coincides with

the geodesics of the metric g, although the metric
g itself may be different from that of general rel-
ativity.

In the microscopic scale new general relativity
violates the equivalence principle, since effects
due to the intrinsic spin of spin-~ fundamental
particles cannot be ignored there, and an anti-
symmetric part of the energy-momentum tensor
should be seriously taken into account. The motion
of the intrinsic spin of a freely falling spin-& fun-
damental particle, for example, does not satisfy
the equivalence principle. As was shown in
(3.37b), the spin vector (S~) obeys the equation
of motion

of spin--,' fundamental particles. For macroscopic
bodies such as a test body employed in terrestrial
experiments and astrophysical objects such as
planets and stars, effects due to the intrinsic

- spin of spin--,' fundamental particles canbe ignored,
and hence their energy-momentum tensor can be
supposed to be symmetric and of the same form as
that of general relativity. Therefore, an energy-
momentum tensor of macroscopic bodies satisfies
the conservation law

to the hyperfine splitting of the atomic energy
levels, and it shall be discussed in Sec. X.

8. Comparison with solar-system experiments

Since the invariant distance ds' of (5.3a) is
written in the isotropic coordinates, the post-
Newtonian parameters of the expansion (5.14a)-
(5.14b), P and y, are the Eddington-Robertson
parameters. " Thus, by virtue of (5.15), the
Eddington-Robertson parameters of new general
relativity are given by

p=l —e/2, y=1 —2t. (6.9)

The values of P and y have been measured by the
solar-system experiments:

1.00+ 0.06(retardation of radio waves"),

y=

1.014 + 0.018 (solar deflection" ),
(6.10a)

(6.10b)

—', (2+2y —P) = 1.003+ 0.005

(perihelion advances" ),
rj—= 4p —y —3 = —0.001 + 0.015

(lunar laser ranging") .

(6.11)

(6.12)

g=0. (6.13)

For the sake of safety, we here adopt the value
(6.10b) for y. Using (6.9) in (6.10b) and (6.11), we
get

—0.007+ 0.009 from (6.10b),

—0.003 + 0.004 from (6.11).
(6.14a)

From (6.9) it follows that the Nordtvedt parameter
g is vanishing in new general relativity;

&S"/dr = ——,e"""V a SV P Q (6.8a)
Combining these two values for E as if they were
independent, we are led to

with & = —0.004~ 0.004. (6.14b)

dx~ &S~ dS~

dT dT dT ' (6.8b)

where 7 is the proper time. In order for this
equation of motion for the spin vector to meet
with the equivalence principle, the right-hand side
should vanish. Therefore, unless the axial-vector
part ja') of the torsion tensor happens to vanish
identically, the equation of motion for the spin
vector violates the equivalence principle. " An-
other important implication of new general rel-
ativity for microscopic phenomena is the pre-
diction of universal spin-spin interaction, caused
by an antisymmetric part of the energy-momentum
tensor. This interaction, if it exists, contributes

This value of E satisfies our assumption of e (-,';
see (5.22b).

By virtue of (5.12c), two. dimensionless con-
stants, wc, and I(.c„can be expressed as

Kc~= — ————+O(6 )~3(1 —a) 3

4c 4c
Kc2=

3(1 4 )
= +O(6 ).

I

Use of (6.14b) then gives

(6.15)

Kc, =0.001+0.001, Kc, = —0.005+0.005. (6.16)

Rewriting the gravitational Lagrangian density
Lc of (4.18) as
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[B((})+ 2~c,(t""'t„„) The gravitational Lagrangian density L G then be-
comes

+ 2gc, (v' v ) + 2vc, (a" a )], (6.17) L, = R((})+c,(a"a„),1
(v. l)

we find that the strength of the c, and c, terms are
severely restricted by the solar-system experi-
ments.

VII. THE CASE OF c&=0=c2

We have seen in the last section that the c, and

c, terms of L ~ are, if they exist, very severely
restricted by the solar-system experiments.
Therefore, we shall henceforce ignore these two
terms and assume that c, =o=c,. The case of
cy 4 0 0 c2 shall be discussed in a separate paper.

and the gravitational field equation, (4.31) and
(4.32), can be expressed as

Ggv (( }) Kllv ~T (Ilv)

b "b "s (v'-g J'")=xv'-g T'""',
(7.2)

(7.3)

9
4c, '

and (K""}and (J""'}are defined by

(v.4)

where we have introduced a new parameter X by

K'"= —{2[@."'"(T". —T ') e""""(T." —T; )]a, ——,'a"a" ——g'"a'a, }, (v. 5)

Jtt'uP b tt' b u Jij P &t uPa a2 ~

Taking the combination of [(7.2)+ (x/X) x (7.3)], the gravitational field equation is rewritten as

G""((})+L'"= KT"",

with (L"}defined by

(7.6)

(7.7)

L~"= —(a, [e""(T".„—T"")+e""(T.",—T';")]—3a'a" ——'g "a'a, +3@~""(b',8 a, +a v, )}, (7.8)

b, (x) =A~, (x)b;(x),

A', (x)q,.A „(x)=q,„. (7.9)

The energy-momentum tensor of the electro-
magnetic field depends on the parallel vector
fields b only through the metric tensor, g,„
=b', gob'„, and hence it is locally Lorentz in-
variant. The energy-momentum tensor af spin-
—,
' fundamental particles, however, is- not locally
Lorentz invariant, due to the second term of the
second line of (4.30a), i.e., —,'a», „b,"K Ptlpy'y P

Thus, the energy-momentum tensor of matter is
not locally Lorentz invariant, unless effects due
to the intrinsic spin of spin--, fundamental par-
ticles can be neglected. Therefore, the grav-
itational field equation of (7.7) is not invariant
under a local Lorente transformation.

The gravitational field equation is considerably
simplified in the particular case which satisfies
the following two conditions: (1) The axial-vector

where (a, = b, "a„}is a scalar with respect to gen-
eral coordinate transformations.

As is evident by the definition of the torsion
tensor (4.4) and its irreducible components of
(4.5)—(4.7), the second term (L""}of (7.V) does not
transform like a tensor under a local Lorentz
transformation

part of the torsion tensor vanishes identically,

a" =-' c " b „(s,b„,-s, b~, ) =0, (v. 10)

G'"(( })= ~T","„. (V. ll)

For example, suppose that the metric in the in-
variant. distance,

ds' = -A (x) (dx')'+ B (x)(dx')'

+ G(x)(dx')'+D(x)(dx')', (v.12)

is an exact solution of the Einstein field equation
(7.11), where A(x), B(x), C(x), and D(x) are
functions of x. Define the parallel vector fields
b =(b~} by

and (2) effects due to the intrinsic spin of spin--,'
fundamental particles can be neglected. The first
condition implies that the left-hand side of (7.7)
becomes the Einstein tensor G "((}).The second
condition, on the other hand, allows us to treat
spin- —,

' fundamental particles as if they were spin-
less; the energy-momentum tensor (T "}on the
right-hand side of (7.7) can then be identified with
the energy-momentum tensor (To"„}used in gen-
eral relativity. Thus, in this particular case the
gravitational field equation (7.7) is identical with
the Einstein field equation,
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1 1
b (0) =

~A
&0 b(() = ~ &(

1 1
b (2) — ~ — E2, b (3) P E3

VC v'D

(7.13)

b„,'=1/vA, b„,'=1/vB

b(, )'-—1/VC, b(, )' —-1/v D,
b,"= 0 otherwise,

and their covariant components given by

b'" =&a

b (2) ~C b (s)
3

b~ = 0 otherwise-

(7.14a)

(7.14b)

In this case the axial-vector part of the torsion
tensor, formed of b, vanishes identically;

a'=0 . (7.15)

Therefore, the parallel vector fields (7.13) are an
exact solution of the gravitational field equation
(7.7) with the source term, T"=T~o"„. The metric
of the form (7.12) covers, among others, a num-
ber of static vacuum solutions with high symmetry
of the Einstein field equation, "such as the
Schwarzschild solution, the Reissner-Nordstrom
solution and the Weyl solution, and the Friedmann
model" in cosmology.

VIII. GEOMETRY OF THE EXTENDED WEITZENBOCK
SPACE-TIME

In this section we shall consider the particular
case discussed in the last section: Namely, we
shall assume that the parallel vector fields, b

={b ), satisfy both the condition (7.10) and the
condition that spin- —,

' fundamental particles can
be treated as if they were spinless. 'The gravita-
tional field equation (7.7) is then apparently of the
same form as the Einstein field equation, but the
geometrical background of these two equations are
quite different: In general relativity the Einstein
equation defines the Riemann space-time, while
in new general relativity the gravitational field
equation is to define the parallel vector fields of
the Weitzenbock space- time.

Let the parallel vector fields, b={~},bbe a
solution of the gravitational field equation (7.7):
Namely, we suppose that b ={~b) simultaneously
satisfies both the condition (7.10) and the Einstein
field equation (7.11). New parallel vector fields,
b' = {b'~}, obtained from b by a local Lorentz

with E„=9/Sx" and Latin indices in b„enclosed in
parentheses. Then they form a system of four
orthonormal vectors with their contravariant com-
ponents given by

transformation (7.9), also satisfy the Einstein
field equation by virtue of the local Lorentz in-
variance of the Einstein field equation. 'The condi-
tion (7.10), on the other hand, is not fulfilled by
b' in general, because the axial-vector part of the
torsion tensor, {a), transforms like

a"();)=a (z) —'e'"—"b b,A" (~)A (x) (8.1)

under a local Lorentz transformation (7.9). Here
A ~ is defined by A ~=q &A~~.

The new parallel vector fields b' thus satisfy the
gravitational field equation (7.7), if and only if the
transformation matrix [A~~(x)] obeys the condition,

~"""b'„b',A", (x)A„, .= 0, (8.2)

which ensures the condition (7.10) for b'. In the
present particular case, therefore, the gravita-
tional field equation (7.7) is invariant under those
local Lorentz transformations which satisfy the
condition (8.2), and the parallel vector fields are
defined by the gravitational field equation with
ambiguity of making those local Lorentz trans
formations. This ambiguity does not lead to any
observable effects, because the Maxwell and Dirac
equations, (3.11) and (3.13), respectively, are also
invariant under those transformations.

In the Weitzenbock space-time the parallel
vector fields should be defined only with arbi-
trariness of making aglobal Lorentz transforma-
tion„and there is no room for making any local
Lorentz transformations. In the present particular
case, however, the new parallel vector fields b'
connected with b by a local Lorentz transformation
satisfying (8.2) should be regarded as equivalent
to b', because the Maxwell, Dirac, and gravita-
tional field equations are all invariant under the
transformation from b to b'. We are thus forced
to generalize the concept of absolute parallelism
in the following manner: Absolute Parallelism
defined by b' shall be regarded as equivalent to
that defined by b, Provided that b and b' are con
nected &pith each other by a local Lorentz trans-
formation subjecting to (8.2). We shall refer to
this new parallelism as extended absolute paral-
lelism, and space-time endowed with extended
absolute parallelism shall be called the extended
8'eitzenbock space-time. The geometry of the
extended Weitzenbock space-time then is invariant
under those local Lorentz transformations which
fulfil the condition (8.2).

For given parallel vector fields b, we denote by
A(b) the set of those local Lorentz transformations
which fulfil the condition (8.2). The set A(b) does
riot form a Lie group: Namely, for two elements
of A(b), A and A', the inverse A ' and the product
A'A do not belong to A(b) in general. However,
for an infinitesimal local Lorentz transformation,
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A «(x) = 6 «+ (d «(x), &»)~«+ (d«g =. 0»

I ~~«I

the condition (8.2) becomes

s(s»»»»»»bJ b«& ( ) 0

(8.3)

(8.4)

(7.12). The parallel vector fields, defined by
(7.13), in such coordinates are equivalent to the
parallel vector fields of (8.7) defined in the iso-
tropic coordinates. An example is given by the
spherical polar coordinates (t, r, 8, P) introduced
by (5.26): The Schwarzschild metric reads as

by neglecting the second- and higher-order terms
of ~». Since the condition (8.4) is linear in &d»,

the infinitesimal neighborhood of the unit element
in A(b) has some of a Lie-algebra property: The
inverse, (A ')~«=6~« —v~«, and the product, (A'A)~«
= 6 «+ &d'»+ (d», satisfy (8.4) for any two infinites-
imal local Lorentz transformations, A and A',
belonging to A(b).

As an example of the extended Weitzenbock
space-time, consider the static isotropic space-
time, which has the Schwarzschild metric for
the present case of c, = 0 = c,. Written in the iso-
tropic coordinates used in Sec. V, the Schwarzs-
child metric is expressed in the isotropic form,

ds' = A-(r)dt'+ B(r)dr'+ C(r)d8'+D(r, 8)d(t ' (8.9)

with A and B still given by (8.6), and

c&,i=, (,»-),
GM '

D(r, 8) =r' 1+ sin'8.
2y

(8.10)

(()) ~~ t» (»1, 1
b (&) ~~ » b (3) ~~ »«»

(8.11)

Thus, the system of four orthonormal vectors, b',

ds' = -A(r)dt'+ B(r)dx dx (8 5) with

with

(1 —GM/2r)' GM 4

(1 GM/2r)' ' " +
2r (8.6)

and the parallel vector fields b defined by (5.24)
are

1 @ 1
b( )

— &, b( )= -5E (8 7)

with JEST the coordinate basis; E~= a/ax". The
axial-vector part of the torsion tensor, formed of
b, thus vanishes identically, and so the static,
isotropic space-time is the extended Weitzenbock
space-time. Besides the parallel vector fields
b of (8.7), there exists an infinitely large number
of parallel vector fields, which are all equivalent
to b and with each other: All parallel vector fields
are related to b of (8.7) by local Lorentz trans-
formations satisfying the condition (8.2). The
condition (8.4) for an infinitesimal local Lorentz
transformation specified by (8.3) can easily be
solved in this case: The solution which leaves b

static is

&(«)(«) = 6«6'«(Ha, « -Hs, a»
(8.8)

(0)(e) (e)(0) a 0, at &

with H„arbitrary small functions independent of
t, where Latin (Lorentz) indices in (d» are en-
closed by parentheses.

For a finite local Lorentz transformation it is
not easy to solve the Eq. (8.2). However, we can
find a special kind of the parallel vector fields in
the static, isotropic space-time by looking for
such a set of coordinates (x ) that the Schwarzs-
child metric is expressed in the diagonal form of

with

(0) b(0) ~ (a) o(."b(c) ~ (8.13)

sin8 cos(ti

(R„)= cos8 cos&ti

—sin(t&

sin» sin( cosH)

cos8 sin(t) -sin8

cos(t)

(8.14)

The parallel vector fields b' are usually used as
tetrad fields in quantum field theory for the
Schwarzschild space-time. " The Schwarzschild
metric is of the form (7.12) also in the Kruskal-
Szekeres coordinates, "and so we can use this
coordinate system to form -parallel vector fields
b" by (7.13).

IX. THE WEAK-FIELD APPROXIMATION

Further insights into new general relativity can
be gained by applying the set of the gravitational
field equation, (7.2) and (7.3), to weak-field sit-
uations

b", (x) = e', ,a'„(x), Ia',
I

&. 1,

b, "(x)= 6«" +c«'(x)»
I
c«'

I
«1,

(9.1a)

since in this case the particle spectrum of the
new general relativity can be clarified by the use

E, =e/at, E„=e/ar, E, = a/e8, E, = e/e(t,
(8.12)

is also a solution of the gravitational field equation
in vacuum, and can be taken as the parallel vector
fields, which are related to b of (8.7) by a local
space rotation
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a.",+c'"=0, (9.1b)

of the unitary, irreducible representations of the
Poincare group. In this situation we can expand
the field equation in a', and c," and can keep only
lowest terms. Thus we need not distinguish Latin
indices from Greek indices, which are now raised
and lowered by the Minkowski metric tensor,
(ri""}or (7l„„}:We shall use Greek indices through-
out this section. From (2.5a) follows

B„T~"=0 (9.9)

by virtue of the response equation (6.6).
Multiplying s" on both sides of (9.7) and (9.8),

we find that both the symmetric and antisym-
metric-parts of jT„„}satisfy the conservation law,

nonsymmetric energy-momentum tensor (T„„}is
taken to lowest order in the weak fields; namely,
it is independent of ih, „}and Q„„},and satisfies
the ordinary conservation law in special relativity,

and hence we take fa„„}as the basic field variable.
We shall decompose the weak field (a„„}into its
symmetric and antisymmetric parts,

T(p v) 0 t

TI:gv3 0

(9.10a}

(9.10b)

a„-~h„yA „, (9.2)

with h „=hv, and A v
= -Av„. The components of

the metric tensor are then written as

g„„=g„„+h„. (9.s)

The antisymmetric field makes no contribution to
the space-time metric in this approximation,
implying that it is associated with the intrinsic
spin of spin--,' fundamental particles.

The Einstein tensor becomes to lowest order
in h„,

2T[P v j B ggvP
P

(9.11)

Eq. (9.10b) is automatically satisfied if and

only if a spin tensor, (S'"'}, is totally antisym-
metric with respect to its three indices. Thus,
the gravitational field equation demands that a
spin tensor be expressed as

By virtue of (9.9), these two equations are not
independent of each other. The conservation law

(9.10b) imposes a severe restriction on the form
of spin tensor of matter. In fact, due to the Tetrode
formula in special relativity, "

$+VP gal VPO J5' (9.12)
(9.4)

because the axial-vector part (a"}of the torsion
tensor is given by

a" =-'e'""B A= 3 V PO (9.6b)

Thus in the weak-field approximation the sym-
metric and antisymmetric parts of the gravitational
field equation are given by

b „—8 (8„/1,„+s„k ),)+q „Bps b =-2KT( „),
(9 7)

A„„—s'(s, A„, —s„A„)= xT,„„,. (9.8)

It follows from these equations that the symmetric
field (h„,}and the antisymmetric field Q „}are
completely decoupled from each other. The (h, „}
obeys the linearized Einstein field equation. The

where = B'B„and h„„are defined as usual by

h, =h„„——,'q„„h, h =ri""h,„. (9.5)

The second term of (7.2), i.e. , ]K'"}, is of second
order in h„„and A„„, and hence can be ignored.
The left-hand side of (7,S), when indices are
lowered, becomes in the weak-field approxi-
mation

b, „b,.„s(g-g J"~)=—[CIA„„—8 (s„A,~ —&,A „)],
(9.6a)

by an axial-vector current, 1Z„}. For Dirac par-
ticles, P„}is given by

~,.= —-' Pr'r. 4. (9.is)

(9.14a)

(9.i4b)

with J and II arbitrary small functions which
leave the fields weak. In a particular case, J„
=2II„=A„ these gauge. transformations give rise
to an infinitesimal coordinate transformation,
x" -x'" =x" +A" (x). By means of these gauge
freedoms, we can put the gauge conditions,

B„h~"=0, (9.15)

(9.16)BVA"v =0,
which we shall assume henceforth. Then the field
equations of (9.7)-(9.8) become.

h„„=—2xT („„), (9.17)

(9.18)A„v = —XT(„„).
We shall restrict our discussions to the anti-

symmetric field Q„},because the physics of the

(b,„}field is well known. " The retarded solution
of (9.18) is given by

As can be checked by direct calculation, the lin-
earized field equations of (9.7}—(9.8) are invariant
under gauge transformations,
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A (X t) = — d', Tr, x&(x', t —Ix x—'I)

(9.19)

only the x-independent terms,

(t"")= (2/&) He(k "k"d"d„-2k"k'd"' d„)
y (2/X) ri""kdk' d'" d„. (9.28)

Suppose that we observe the gravitationa) field
in the space region far outisde a source; there-
fore, we can calculate the solution of (9.19) to
lowest order in 1/r —= 1/ ~x ~, using the expansion

Xx' 1~x-x
~

=r
' -+Or r

1Ix-x
~

'= —+
'

+O —.r r3 r3

(9.20)

%e assume that the energy-momentum tensor
can be expressed as Fourier integral or as a sum
of Fourier components; suppose we calculate for
a single Fourier component,

T„„)(x,t) =T,„„,(x, (u) e '"'

+ T( „)(x,(d)) e' (9.21)

where a bar means complex conjugation. In the
wave zone the solution (9.'19) then becomes just
like a plane wave

A„„(x,f) =d „(x,(t)) e'~" +d „„(x,(d) e '"", (9.22)

with the wave vector,

k=-(ux, k'-=(u, (x=x/r),

and the polarization tensor

(9.23)

d, „(x,~) =
4

d'x'T„„, (x (d) te '"'*'. (9.24)
4m

The wave vector (k') is a null vector, and the
polarization tensor satisfies the conditions,

k"d, „(x,&u) = 0, k" d„„(x,(o) = 0 (9.25)

t""= —[8L„/8(8„A„)]8~Ad, + TI""L„
I' g'i

a e~""8~A +I —~)I""(a a~) (9.26)" .4~&

where i.~ is the linearized Lagrangian density
of the J(A,„jfield,

by virtue of the conservation law (9.10b). Since r
is very large, the x dependence of d, „(x,~) can be
neglected, and so the plane wave (9.22) satisfies
the d'Aiembert equation, A „(x,f) =0, and the
gauge condition (9.16).

The energy-momentum tensor (f")of the 1A,„)
field is given by

Using the condition (9.25), we then find

(&")= (4/&) ~d„~'k'k", (9.29)

where we have chosen the direction of k as the
third axis. Therefore, only the (12) component
is Physically significant, and the energy density
too is positive definite if the constant A. is Positive.

The (12) component, d», does not change at
all under a rotation around the third axis; in fact,
for such a rotation the rotation matrix (R„)
satisfies R„=0 =R», and hence the d» transforms
like a scalar,

d'T2=R)dR„d, (,
= (R„R„-R„R„)d„

= det(R, 0)d„=d,2. (9.30)

The physically significant component d» is thus
of helicity zero. In the terminology of elementary
particle physics Ne (A„„afield is a massless field
of spin 0.

In the above discussion the Q„„)field is assumed
to be a classical field. 'The quantization of the
J)A, „) field can be performed consistently, and the
resulting quantized theory does not involve ghost
states. "

The space components of the solution (9.22),
which decrease as 1/r, contribute to the energy-
momentum tensor, but the (On) components do not,
and hence they are of no physical significance.
This fact suggests that the next terms of Ao, (x, t),
which are proportional to 1/r', are important.
In order to eliminate the (1/r) term from A, (x, f),
we rewrite the (On) components of (9.19)as follows:

d„(x, t)=
0 fd'x'T„„(x , t —r)'

1 xxi 1 8
x —+ +o + —$r r3 Bt

(9.31)

with $ given by

1
=

4 Q ( 1),
„' d'x'T„)(x', f r)-

(r —
I X —zY'

I
)""'

lx-X' I

(9.32)
L„=c,(a,a') = —~(a~a") . (9.27)

We use the plane wave solution (9.22) in (9.26),
and average t""over a space-time region much
larger than ~k

~

'. The average kills all terms
proportional to exp(+ 2ikx), and we are left with

The integral in (9.31) can be rewritten by using
the relations, (9.11) and (9.12):

d'x'T„„(x', t —r) =tfd'x'd„. (x', t-, r)=0,
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'x'T„„(x',t —~) (x x')

= pEo~g d X J, X qt —'Vj X.X'

= -,' «a„d' x'Z„(x', t -x) xa

=-,' «a„x()S'(t —r),

where 8 =1S"j is a total intrinsic spin of the source,

s.(t)= Pxz, (xt) .c ,=,
-',f.d„'xs~"'(x, t).

(9.33)

X. COUPLING OF AN ANTISYMMETRIC FIELD

As is wellknown, the symmetric field fh„„f can
be neglected in atomic phenomena. So we shall
study the coupling of an antisymmetric field, as-
suming that the metric tensor is the Minkowski
metric tensor,

(10.1)

It is then convenient to employ a Cartesian co-
ordinate system l x "$: The tetrad fields associa-
ted with it, which we denote by e =f ~ej =f e„"
= 5«"), are related to the parallel vector fields b

by a local I orentz transformation,
We now perform a gauge transformation (9.14b)
with H„given by

e~ =A'„(x)b
(10.2)

H =$, a, =0. (9.34)

Since $ decrease as 1/x, the change of the space
components, 6A, =8 g —8 $, decreases as 1/r',
and hence the (1/t') terms of A do not change
under this gauge transformation. 'The expression
(9.35) is to be compared with the asymptotic
expression for h„(x, t),4'

h, (x, t)= —«
xaM'(t —r) (9.36)

where M=(M ) is a total angular momentum of
the source,

{9.37)

See Table I for an illustration of (h,f and (A„„}
in the asymptotic region.

TABLE I. Asymptotic expressions for k~ and &~ far
from a weakly gravitating system. The result for h~ is
well known (Ref. 41), but we list it here for compari-
son's sake.

00
2t"M 1

Then, dropping a prime onA, , we finally get

A, (x, t)= « „, +0 —, . (9.35)
xaS~ {t r) 1

(t, = U(A)(I), , U(A) =1 =,iA „S'".
It should be remarked here that the spinor wave
function (I), is usually used in atomic physics to
describe the electron.

Suppose that ())~ satisfies the Dirac equation
(3.13b), then Eq. (10.3) implies that (t), satisfies

(10.3)

(iy)'s ——', a y'y(' —m)(I), =0

by virtue of the following property of the covar-
iant derivative V„:

U(A)~(()) y ~(e)q

{10.4)

(10.5)

Here V'„"' and V'„" meari the covariant derivative
defined by the Ricci rotation coefficients formed
of b and e, respectively: V'„" coincides with the
usual derivative 0&, since e~" = 5„".

Now we apply the Dirac equation (10.4) to the
electron in the hydrogen atom, including the elec-
tromagnetic interaction between the electron and
the proton by the minimal principle

BP ~
8JIf + gej4P (10.6)

A'a(x) = 5'„—5~"8 "A„„(x).
Here we assume that an antisymmetric field

fA„,) is so weak that we can neglect the second-
and higher-order terms of fA»).

In Sec. II, the Dirac spinor wave function was
introduced by referring to the parallel vector
fields b; we denote it here by ()), . The Dirac spin-
or wave function (I), , which is defined by referring
to the tetrad fields e, is related to (I), by the local
Lorentz transformation (10.2);

2GM

+ Igravitational
radiation terms that
die out as 0(1/r)]

{gravitational
radiation terms that
die out as o(1/r) t

where (-e) is the electric charge of the electron,
and the electromagnetic potential fA") = (A', A)
is given by

(10.7)
A'= —e'/r = —A„
A=(eg, /2M, )(Vx S, ) — .

Here the vector potential A is due to the magnetic
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moment of the proton; M~, S~, and g~ are the
mass, the spin, and the gyromagnetie ratio of the
proton, respectively. The Dirac equation (10.4)
then becomes

fi y" (s „+ieA „)—n a „y'y" —m] $, = 0, (10.8)

for the electron in hydrogen atom.
For the proton at rest at the origin, the axial-

vector current of (9.13) is given by

8„=0, X, =Sp6'(x) . (10.9)

Use of this in (9.11)-(9.12) shows that space-
spaee components of the antisymm etric part of

T„„,T,„s„vanish identically; therefore, we
find that

ANS =o (10.10a)

around the proton. On the other hand, the (On)
components of an antisymmetric field are given
by (9.35):

The last term of (10.15), which consists of two
parts, describes the spin-spin interaction of the
electron and the proton: One is due to the magnet-
ic moment of the proton, and the other due to an
antisymmetric field.

The spin-spin coupling due to an antisymmetric
field is not restricted to the case of the electron
and the prot;on, but quite universal. For any two
spin--,' parti. cles, A and B, separated by r, we
ean show in the similar way that in the nonrela-
tiuistic approximation the coupl2ng zenith an anti-
symmetric field leads to universal spin spin c-ou-

pling,

A.

spin-spin = S '[VX (VXS )]s~ B

A. 8g=——(S S )63(x)
Bm 3

S„~ ~ ——, S„x S~ x, 10 16

(A, ) =-—(vx fp) — . (10.10b)

a'=0, a= — srx(gx fp)—
12m r (10.11)

In order to evaluate the effects due to an anti-
symmetric field, we rewrite the Dirac equation
(10.8) into two-component .wave equations,

~ B e 32

i —+ —+ —a ~ v =o. p+eA XBt r 4
(10.12a)

B' e 3i —+2m+ —+ —a c y=v. (p+eA)P,
Bt r 4

Using (10.10a)-(10.10b) in (9.6b), we obtain the
axial-vector part of the torsion tensor around the
proton at rest,

where S„and fs are the spin vectors of the spin-
partieles, A and B, respectively. This spin-

spin coupling makes a contribution to the hyper-
fine splitting of energy levels in atoms and muon-
ium (the bound state of an electron and a positive
muon).

Let us first consider the hyperfine structure in-
terval b. v(H) of the ground state of the hydrogen
atom. We denote by 6 vzpD(H) the theoretical value
which is based on conventional quantum electrody-
namics and on the assumption that the proton is a
Dirac particle without internal structure. Adding
possible corrections to b, v&ED (H), we express
av(H) as

(10.12b)-
b. v(H) =S v „(H)[1+6'„"+6„(H)]. (10.17)

where we put

(10.13)

and used the standard representation of the y
matrices. " Here p denotes the momentum opera-
tor; p"= i&/sx" -. In the Pauli approximation,
in which (10.12b) may be approximated to

Here 5'„" is the correction due to internal structure
of the proton: The precise value of 6'„" is not
known at present, but it is estimated to be 1-2
ppm. " The last term 6„(H) is a possible correc-
tion which arises from universal spin-spin cou-
pling of (10.16): From the expression (10.15) for
the Hamiltonian, we obtain

(p+ eA) ~ oP,2m
(10,12b' )

6„(H)=, = 0.012x —(Gey)' .X/16g A.

e'gp 4mMp 4v
(10.18)

we get

i =Hps
Bt

(10.14 )

The theoretical value b, vs»D (H) is in good agree-
ment with the experimental value'4;

= (2.5+ 4.0)x10 ' . (10.19)

x o (vx(ixSp)] —, (10.15)
Since the correction O'N2 is of the order of 1 ppm,
we estimate the upper limit on 6„(H) as
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(10.20)5„(H)s 5x10-'

Because of ambiguity in the correction 5'~", it
seems difficult to estimate the value of b„(H) with
higher precision than (10.20). Combining (10.18)
and (10.20), we get

—s 4x10 ' (GeV) ' .
4x

(10.21)

5„(ep, ) s 10 ' . (10.24)

This upper limit can be improved, provided that
the fundamental constants p, „/p~ and n would be
known with higher precision. 'Using (10.23) in
(10.24), we obtain

I

Next we shall consider the hyperfine structure
interval of the ground state of muonium. The
theoretical value h voEo(ep, ) based on conventional
quantum electrodynamics agrees well with the
experimental value";

= —(0.45 ~1.5) x 10-'
av„,(ep)

(10.22)

The value of 6 v,„,(ep, ) is known with much higher
precision than 6 voEv(ep), due to uncertainty in
our knowledge of the fundamental constants p, „/p~
and n; here p.„and p, ~ are the magnetic moments
of the muon and the proton, respectively, and n
is the fine-structure constant. Possible fraction-
al correction to 6 voE„(ep, ), 5„(ep,), which arises
from universal spin-spin coupling of (10.16), is
obtained from, (10.18) by replacing the proton
parameters, M~ and g~, with the muon paramet-
ers, M„and g„;

b„(ep, ) =, = 0.0037x —(GeV)' .X/1 6m

e2g AM„' 4g
{10.23)

Here M& is the muon mass and g„ is the gyro-
magnetic ratio of the muon. From (10.22) we es-
timate the upper limit on 5„(ep) as

vacuum. When we considered the static, iso-
tropic gravitational field in Sec. V, we assumed
that the state of a central gravitating spherical
body does not change under space inversion,
besides it is invariant under time reversal and

space rotation. This is the case either if con-
stituent particles of a spherical body are spin-
less, or if the spin of constituent particles is ran-
domly distributed and can be ignored. If the spin
of cons-tituent particles of a spherical body hap-
pens to be pole. rized to outward (or inward) radial
direction, however, the spin state of the gravi-
tating body changes under space inversion: In

fact, if the spin of constituent particles is po-
larized to outsv gxd radial direction, then after
space inversion the spin is polarized to inward
radial .direction. Therefore, we assume here
that the parallel vector fields b =Lb )=fb„")and
their dual b* = Qb~) = fb" }are form invariant
under space rotation (5.1c), but not necessarily
form invariant under time reversal (5.1a) and

sjace inversion (5.lb). It is shown in Appendix
B that we can then take the following expression
for b*=Lb')= fb', }:

p.

k (Hx ' Db'o + EE,~qx j
(11.1a)

where C, D, F, and B are unknown functions of
i and r=(x'x')' './The parallel vector fields
b =Lb~}=fb;) are then represented as

& (1/C
(by") =

H
CD

F
k 0 D5, + x'x +F&,~8x D +r F

(11.1b)

and the invariant distance ds is expressed in a
rotationally invariant form,

—s 3x10-' (GeV)-' .A.

4m
(10.25) ds = —(C —r'H )dt + 2DHdt(x dx')

Summing up, we conclude from (10.21) and
(10.25) that the square of the coupling strength
of an antisymmetric field is bounded by &/4e
& 3x10 ' (GeV) '. This result is in agreement
rvith the quantum-field-theoretical estimation of
Miyamoto and Nakano. '

XI. TIME-DEPENDENT SPHERICALLY SYMMETRIC
FIELDS

(g g &ijmnb Pb e
) 0 (11.3)

The axial-vector part (a') of the torsion tensor
is expressed in terms of the unknown functions,
C, D, F, and H, as

+(D +r E)dx dx —E (x dx ) . (11.2)

In empty space the antisymmetric part (7.3) of
the gravitational field equation reads

We now turn to a spherically symmetric, but
not necessarily stgtic gravitational field in

P, for p. =0,
v'-g a' =

Qx, for p, =n,
(11.4)
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with P and Q defined by

P = 2DF + ,r(D—F' —D 'F), (11.5)

sion tensor must vanish,

a'=O (11.16)

Q = zH—F+ z(DF —DF),

where a dot and a prime denote s/Bt and e/sr,
respectively. Using (11.4) in (11.3), we get

for a sPkerically symmetric gravitationaL field
in vacuum. The symmetric part (7.2) of the
gravitational field equation now becomes the Ein-
stein equation in vacuum,

HP+ DQ2F 2
—

2 2
x'=0

D +rF (11.6) G,„(())=o (11.17)

chz. p + 2r ~ p $g 7

for (i,j) = (a,b). Equation (11.6) gives

F=0, (11.8a)

or

for (i,j) =(O, a), and

c H
so (HP—+ DQ) e,~,x' —8 (HP+ DQ) &,)„x'x

According to the Birkhoff theorem45 in general
relativity, a spherically symmetric solution of
(11.17) must be static and is given by the Schwarzs-
child solution.

We have thus shown that a sPkerically sym-
metric solution of tke gravitational field equa
tions (7.2)—(7.3) u)itk source terms absent must
coincides zuith the static, isotropic field in va
cuum studied in Secs. V and VII, i.e., the Schwarz-
schild solution. This is just the Birkhoff theorem
of new general relativity.

HP+DQ =0. (11.8b) XII. CONCLUSION

(
C ' F C—I' +2r ~ 2 2

—P=O, (11.9)

which can be readily integrated to give

(11.10)

It follows from (11.5) that if F= 0, then P and Q
vanish identically. On the other hand, if (11.8b)
is satisfied, (11.7) gives

We have formulated new general relativity and

proved the following:
(1) The equations of motion for spin-2 funda-

mental particles and photons are approximated
by the WEB approximation method to yield, in
the classical limit, the geodesics of the metric@
the extremal curve. This is the "corresponding
principle" in new general relativity.

(2) In the case of cz ——0 =cz the gravitational
action is of the form

with f (t) an unknown function of t. We impose
the boundary condition at spatial infinity as I= dry-g R +—a a" +I.z

9
(12.1)

lim b~ =—5~ lim b~~ = 5„".u (11.11)

Then unknown functions, C, D, F and H, satisfy

lim C (t,r) = lim D(t, r) = 1,
)zo

lim rH(t, r) = lim rF(t, r) = 0,
00

and hence from (11.5) if follows that

lim rP(t, r) =limrQ(t, r) =0.
oo

(11.12)

(11.13)

(11.14)

Because of the boundary condition (11.13) for F,
the integral in the exponent of (11.10) converges
for r-w, and so the exponential factor of (11.10)
approaches a finite positive value for r-~.
Therefore, in order to satisfy the boundary con-
dition (11.14), the unknown function f (t) must
vanish, and hence we get

(11.15)

by virtue of (11.8b) and (11.10). It then follows
from (11.4) that the axial vector Part of-the tor-

Here z is the Einstein gravitational constant,
« = 8wG/c = 8zzG, and l). is a new parameter,
bounded by X/4zz &10 z Ic/(GeV) z from precise
experiments in quantum electrodynamics. (We
leave open the possibility that A. would be equal
to «, i.e., X= «.) What differs from general rela-
tivity is the second term, which consists of the
axial-vector part (av) of the torsion tensor.
From this action follows the gravitational field
equation,

where

(12.2)

I )Lv (a [guvvx(7v 7' v) + qvvvz(7 Pqv)].

(12.3)
Here a, = b;~a„ is a vector with respect to global
I orentz transformations, but a scalar with res-
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pect to general coordinate transformat:ions. Ob-
viously, the field equation. is invariant under
global Lorentz transformations but violates the
local Lorentz invariance in general.

(3) In the static, isotropic gravitational field
the axial-vector part of the torsion tensor is
identically vanishing, and the solution is given by
the Schwarzschild solution.

(4) New general relativity agrees with all the
experiments which have so far been carried out,
as general relativity does.

(5) In the weak-field approximation to the grav-
itational field equation, it splits into two separate
equations; one is for the symmetric field Pk, „},
and the other is for the antisymmetric field (A „},

A'~p 2KT( y p) (12.4)

(12.5)

with the conditions, e„h'"= 0 and B„A~"= 0. The
first equation describes the propagation of a
graviton with zero mass and spin 2, and the se-
cond means the propagation of a zero-mass and
zero-spin particle, which exerts spin-dependent
force among spin-2 fundamental particles.

(6) In microscopic processes the equivalence
principle is violated by means of the antisym-
metric field described by (12.5), which is coupled
to spin- —,

' fundamental particles. However, in
the macroscopic scale the equivalence principle
is recovered.

(7) In new general relativity the Birkhoff theo-
rem, that a spherically symmetric gravitational
field in empty space must be static, with a me-
tric given by the Schwarzschild solution, is
proved.

At this point we summarize several important
features of new general relativity in comparison
with general relativity; see Table II.

Finally, we emphasize that new general relativity,
originally due to Einstein in 1928, is a gravita-
tional theory that is acceptable on the experimen-
tal and theoretical grounds.

At present it seems impossible to detect the
differences between general relativity and new
general relativity. Among other things, it is
highly expected to see what are Kerr-like solu-
tions, i.e., stationary and axially symmetric
solutions, in new general relativity, since the
Kerr solution in general relativity has the total
angular momentum, to which the axial-vector
part (a }of the torsion tensor in new general
relativity may contribute.
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where a cosmological term is neglected. Because i

of the identity,

(A2)

we can drop the a, term, absorbing it into the
a, term. Accordingly, the gravitational action of
(4.18) involves one additional parity violating
term;

I~ = d xg-g L~

d'x~)l (
—R (( )) + c,(t ' ""t,„„)

+e,(v'U„)+c, (a"a„)+c,(v"a„)),

where the parameters, c„c„and c„are given
by (4.19) and c~ is given by

(A3)

c4=a, . (A4)

'The gravitational field equations are then given
by (4.22) with the tensor (E,„„}of (4.24) involving
an additional term,

y'uux c (trav)( P)(v) (
)) v 1 ggx v)

3 e)')')(Pa + 4
(g s&ax Qxa)' eou)(P

)

y QXP
(A5)

The tensor (H""}is still defined by (4.25), and I.'
is

I-' = c,(t"""t„,„)+c,(v"v„)+c,(a"a„)

+ c,(v "a„). (A6)

It is to be noticed that the choice of parameters
in Ref. 4 corresponds to the case of c, =04 c,.

In a static, isotropic gravitational field, for
which the parallel vector fields b are of a diagonal
form (5.2), there is no appearance of the para-
meters, c, and c„ in the gravitational field equa-
tion. 'Therefore, all the results of Sec. V still
hold true independently of the parity-violating

APPENDIX A: PARITY-VIOLATING TERMS, (vttu„) AND
(e t~t "t' pa)

p, vpv

In Sec. IV we constructed the gravitational
Lagrangian density Lc of (4.12) by postulating the
basic principles (1)-(4). We now lift up the
postulate of (3), then we can add to LG of (4.12)
parity-violating terms like (v"aJ and (e„„„t""t„"):

I.a=a, (t ""t~„„)+a,(v'v„)+a, (a"a„)

(A1)
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TABLE II. Comparison of new general relativity with general relativity.

General relativity New general relativity

Space-time

Connection

Basic structure

Gravitation

Transformation
group

The Birkhoff
theorem

Static, isotropic
gravitational
fiel.d

Static, axial. ly
symmetric gravi-
tational field

Very strong,
static, isotropic
field

Newtonian

approximation
Weak-f ield

approximation

Quantum

Theory
Equivalence
pr inc iple

Riemann space-time

Levi-Civita connection
Tx {x}

Metr ic tensor
x=4 }
Riemann-Chr istoffel

curvature tensor
General coordinate
transformation group

(Local Lorentz group)
Yes

The Schwarzschild
solution

The Kerr soluti. on

Black holes

Yes

Symmetric field {h~};
Cl h —-2~T

with $5~=0

Gravi. ton;
spin 2 and massless

Macroscopic
Yes

We itzenbock space-time
-absolute parallel. ism-
Nonsymmetric affine

connection

Parallel vector fields
b={b,'}-x=4 }

Torsion tensor

General coordinate
transformation group

Global Lorentz group
Yes

The Schwarzschild
solution

Not yet found

Black holes

Yes

Symmetric field {h~};
0$„„=-2KT(~)

with e„h =0
Antieymmetric field {A»};

ClA~= -gT ~„)
with ~~=0

Graviton;
spin 2 and massless

Scalar particle; positive
energy, spinless and
massless

MicroscopI. c
Yes, for macroscopic

phenomena
No, for microscopic

phenomena

G'„'„'({)) ', «c,s"(s„A—„„—+ s„A„~)= aT(,„), (A7)

c4 term of I ~. In particular, the values of the
parameters, c, and c„are severely restricted by
the solar-system experiments, as is shown in

(6.16).
We shall thus assume henceforth in this appen-

dix that c, =O=c,. Furthermore, in order to
elucidate effects of the parity-violating c, term of
L~, we here apply the gravitational field equation
to weak-field situations, where (9.1a) is satisfied.
Using the notation introduced in Sec. IX, we find
that the symmetric and antisymmetric parts of
the gravitational field equation are given by

-~9c, [ A„„+& (&„A„~—&„A„„)]

+c [-—&" &( „A„„„A„„)
+ —,'e „„,&"s,(-,'X" Ao')] = T&

&
(A8)

where (A„„] is the dual of {A„„},
j.

A.„„=~g„„,A.~'. (A9)

The nonsymmetric energy-momentum tensor
(T~„] satisfies the ordinary conservation law (9.9).

Corresponding to the invariance of the gravita-
tional field equation (4.22) under general coordi-
nate transformations, the linearized field equa-
tion (A7)-(A8) is invariant under gauge trans-
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formation,

(A10)

Multiplying &" on (A7) [or (A8)], we get

of which the retarded solution is given by

(A. 11)

where A„are four small but otherwise arbitrary
functions that leave Itt„„)and (A„„)weak. For the
symmetric field Ib„„), the most convenient choice
of gauge is to put the harmonic condition (9.15),
which we shall assume henceforth.

It is to be noticed that the field equation (A7)-
(A8) is not invariant under space inversion and
time reversal, when e, does not vanish. This is,
of course, a direct consequence of the fact that
the gravitational Lagrangian density of (A3) in-
volves the term c,(o"a~), which changes sign under
space inversion and time reversal. 'This apparent
parity violation, however, does not lead to any
observable effects in the weak-field approximation,
as will be shown below.

&"A„„(x,t) =
Bmc,

where

T„&»&
——

~ (B„T„„+B„Tx„).
The retarded solution of (A13) is

(A13)

(A14)

since c, i.s assumed to be nonvanishing. Using
(9.4), (9.15), and (A12) in (A7), the field equation
of h~„reads

Oh —-2KT(

I I ~1
( t)=— d' ' '""'~x, t —~x —x I)

Pv
27T Ix 8g2

~&~,»(x, t — x —x
~

—~x -x ~)
fx-x' ix'-x"

i

(A15)

which is interpreted as the gravitational radiation
produced by the source {T„„}.Inspection of (A15)
shows that if (&„T"")does not identically vanish,
the field (b„„)propagates inside the light cone as
if it is massive.

It seems natural, however, to restrict the
theoretical f ramework of gravitation by requiring
that gravitational radiation should propagate on
the light cone with the speed of light. In view of
this criterion, the case of c440 should be disre-
garded unless the energy-momentum tensor satis-
fies

8 Tilt 0 (A.16)

8„A ~"=0, (A. 18a)

in addition to the ordinary energy-momentum con-
servation law (9.9). Therefore, gee shall assume
(A16) hereafter Then the s.pin tensor (S""")is
totally antisymmetric with respect to its three
indices, and is represented as (9.12).

It follows from (A13) and (A16) that the symme-
tric field (b,„) satisfies the field equation

Qhtt 2KT( p ) (A. 1'l)

which is nothing but the field equation (9.17) in the
case of c, = 0. Consequently, we find that the
symmetric field (h„„}is not influenced at all by
the parity oiolating c, term o-f I o.

From (A12) and (A16) it follows that'

which, in view of (9.6b), is equivalent to the
vanishing of the axial-vector part of the torsion
tensor;

a'= 0. (A. 18b)

Therefore, IA„„) can be represented as curl of a
vector field jBj,

Using (9.11)—(9.12), (A18a), and (A19) in (A8), we
find that the field equation of (A„„)is rewritten as

3
2c~

(A.20)

the retarded solution of which is given by (A19),
with B„defined by

(A21)

It follows from (A18b) that an antisymmetric
field does not couple with spin-~ fundamental
particles [see the Dirac equation (3.13b)]. On the
other hand, the electromagnetic field is decoupled
from an antisymmetric field, since the former
interacts with the gravitational field through the
metric tensor Q„„). Consequently, an antisymme-
tric field (A19) does not interact with fundamental
particles and fields, and so it is entirely devoid
of physical reality.
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(A22)QA„= 0.
It follows from (A21), however, that (B„jsatisfies
the inhomogeneous d'Alembert equation,

'The present case of c,& 0 is invariant under the
gauge transformation (A10). Using this gauge
freedom, we have put the harmonic condition
(9.15), which is necessary to eliminate unphysical
components of the symmetric field(h„„]. We are
still left with the freedom to perform a gauge
transformation (A10) with A„satisfying the
d'Alembert equation,

t'=y(t, r), x"=y(t, r)x, (as)

with @ and g arbitrary functions of t and r
Under arbitrary coordinate transformation x"

-x'", the parallel vector fields (b',}transform
like covariant vectors

b ".(x ) = (ex"/ax") b'„(x) .
For a redefinition (B3) of t and r, the transform-
ation coefficients (ax"/ax'") are given by

(B4)

free to redefine the time coordinate and the radius
by

3oa„=
2c&

(A23)

if matter exists. Accordingly, a gauge trans-
formation (A10) with (A22) iVs insufficient to make
an antisymmetric field (A19) vanishing in that
space-time region where there exists nonvanishing
source, {Z,g4 0.

Therefore, an antisymmetric field (A19), al-
though it is unphysical, cannot be eliminated by
a symmetry transformation of the present case of
c44 0. 'This situation is to be contrasted with that
of the electromagnetic field, in which unphysical
components of the electromagnetic potential (A„]
can be eliminated by choosing an appropriate
gauge. It is unreasonable to accept a theory in-
volving such unphysical degrees of freedom that
cannot be removed by a symmetry transformation
of a theory. Consequently, we should disregard
the case of c440.

at/at' = ($+ rp')/n. ,

ex /et' = -(j/n)x,
at/exl™= (y /r-t )x",

1 1 ~, x,x~
ex /ex'=- 5 + —(y j- jy')8

where

j=ey/at, y =ay/er,

$ = a)/at, 5' = a5/ar,

e(t' r') ~ ~

= Pd& r+(pt)' —&f&'g) .
a(t, r

Using (B5) in (B4), we obtain

b'"', = —[(P+rP')C —r'(G],1

(B5)

- (B6)

(B7a)

(B7b)

APPENDIX B: SPHERICALLY SYMMETRIC PARALLEL
VECTOR FIELDS b"'o = —[(P+rP')H- P(D+r E)]x',1

(B7c)

Consider the parallel vector fields for a, spher-
ically symmetric (but time-dependent in general)
system. We mean by "spherically symmetric"
that it is possible to choose a "quasi-Minkowskian"
coordinates, x', x', x', x'= t, such that the parallel
vector fields b* =(5') =(b'„j are form invariant
under space rotation

F
+ —& 8x

Inspection of (B7b) shows that the (Oo!) compo-
nents, b"', can be eliminated by setting

xs b (.) ~ b(c)
0tg 0 ac (al)

where R = (R„)= (R z) is an orthogonal 3 x 3 matrix

ZZ'=A 'a=1, detx=1. In particular, if C, D, E, F, G, and H are all
time independent, &f& can be taken as

The most general expression of (b~„] can then be
given by

p, Q = t+ &f&(t), — —G = 0 .C dP
r dr (B9)

(bk )
xg DQ + gxcxot +Fq g8

(B2)
where &f&(r) is a function of r. Now we assume G

to be zero, then theE term in b"' can be elimin-
ated by putting

where C, D, E, F, G, and 8 are unknown func-
tions of t and r =(x x')'~'. We are, however, still

y=t E ———=0. (B10)



KEÃ JI HAYASHI AND TAKESHI SHIRAFUJI 19

The parallel vector fields (B2) then take the fol-
lowing form:

&t '„& =
I

Hx' D5, +Fc, ax~

(B11)

Further reduction of (b'„) is impossible: Any
of C, D, F, and 8 cannot be put to zero in ad-
dition to E and G. This is evident from (BVa) and
(BVd) for C, D, and I'. To prove this for H, we
assume that the (a0) components, f&"'„were el-
iminated from (Bll) by a suitable redefinition of
f and r, then Eqs. (BVb}-(BVd) show that the func-
tion &t& must satisfy

&I&' = 0, $H —gD = 0 .

t- t, t&&»--I&«& —(time reversal) (B12)
x" —-x, f»„ ——I&

&, &
(space inversion) (B13)

in addition to space rotation (Bl). Hence the (a0)
components, f&"„and the F term jn the (ao)

However, these two conditions of g are not com-
patible with each other, since D and H are, in gen-
eral, functions of ~.

Now we turn to a static, spherically symmetric
system. We assume furthermore that the spin of
constituent particles of the system, if it exists,
can be completely neglected: This means that
there is no physical distinction between the left-
and right-handed coordinate system to describe it.
Then the parallel vector fields are form invariant
under time reversal and space inversion,

components, b "', must vanish. The parallel
vector fields (Bll) then become

(c 0 'I
(B14)

D5, f
where C and D are unknown functions of x alone.

[1 —K(c —2c )]A +[1+K(c,+4c )]B =0 (Clb)

in the Newtonian limit. (Dividing (C1) by
[1+&&(c, +4c,}]gives (5.7).) Assume that 1
+ &&(c, +4c,) =0, then (Clb) gives [1 —&&(c, —2c,)]A'
=0. If A'=0, the equation of motion (5.11a) for
a nonrelativistic test particle becomes

d2g 1 9 1
goo(x) = — A =0,

which contradicts the Newton equation of motion.
If 1 —&&(c, —2c,) =0, on the other hand, c, and c,
are given by c, =1/3&& and c2 = —I/3&&, respectively.
Using these values of c, and c, in (Cla) gives

0 = &Too

which is a contradiction. Therefore, [1+&&(c, +4c,)]
should not be zero.

APPENDIX C: PROOF OF 1+(cl+4c2 )4 0

The field equations for the static isotropic gravi-
tational field become

—&&(c, +c,)A" —[1—~(c, —2c,)]B"
2——(&&(c, + c2)A'+ [1 —&&(c, —2c,)]B']= T", (Cja)
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