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We report on a simple mass formula for the relativistic bound state QQ system which describes remarkably
well the family of mesons (p, te, PJ/Q, Y; m,K,K",D,D~,F,F"):

.M' = (m& + m2)' + [2m, m, /(m, '+m, )](m, + m, )Q(n + 2) —c(m, + m, )'/(m, '+m', )

where m„m2 are the constituent quark masses, 0 is a universal constant ( = 0.6624 GeV), n is the
quantum number for the state, and c is an effective constant which measures how far off-shell the quarks are
in their bound state, i.e., &'p, + m, '+ p,'+'m 2) = c. c depends weakly on the spin-triplet or singlet nature
of the QQ system. The parameters found in our fit are (in GeV units) m„= md ——0.83869, m, = 0.87988,
m, = 1.50967, m„= 4.39312, c(triplet) = 2.77690, c {singlet) = 2.S0840, c~(singlet) = 2,49276. A
derivation based on a parton picture of a constituent-bound-state system of QQ is given. Implications of this
mass formula for higher-mass states are discussed.

I. INTRODUCTION

In this report we present a simple mass formula
for the family of linear meson trajectories associ-
ated with the QQ bound-state system, where Q can be
any one of the I, d, s, c, 5 "discovered" so far. The
mass formula is given by

M'=(m, +ms)s+, ' ', (m, +m, )n(n+2)
m +m

(p,'+an, '+ ps'+m, s) =C.

The parameters used in our fit' are

m„=m„=0.83869, m, =0.87988,

(2)

m, =l.50967, mb=4. 393 12,

c(triplet) =2.77690,
(3)

c,(singlet) =2.508 40, cs.(singlet) = 2.492 76

in GBV units.

(m, +m, )'
C

m, '+m, ' '

where m„m, are the coristituent quark masses, Q

is the level spacing of an internal relativistic os-
cillator assumed to be flavor and color indepen-
dent, tt is the quantum number for the state (see
Sec. II), and c is an effective constant which
measures how far off-shell the quark and &nti-
quark are off their individual mass shell, viz. ,

Equation (1) summarizes the vast store of know-
ledge concerning the meson trajectories made up
of noncharmed quarks' and antiquarks. It includes
the masses of the well-known vector mesons
p, &o, P, K*, and the Regge recurrences and
daughters where known. It also includes the
pesudoscalar mesons p and K and their presumed
Regge recurrences. For the J/P family of tra-
jectories, a set of linear trajectories with slope
=-,' is known' to give a good accounting of the psions
including the X intermediate states. For the 7
family, the trajectories have a Regge slope of
1/5. 82=& and the masses of the three lowest 1
mesons in the family are then (in GeV)

9.440 vs 9.46 + 0.01 (Refs. 2 and 3),

Yz s 10.037 vs 10.0 (Ref. 2),
T„" s o 10.601 vs 10.4 (Ref. 2).

The generic spectrum associated with Eq. (1) is
shown in Fig. 1 with J values for natural-parity
states. This figure also displays, for the Y
family, a comparison of calculated values versus
experimental. ' Figures 2-5 enable similar easy
comparisons" for psion, p, ~, and K* families.
Other QQ families of experimental interest, such
as the unnatural-parity families, currently all have
less than three daughter candidates. The situation
for these will be discussed later on in the text.

In this simple picture, charmed meson trajec-
tories are also included. %ith the parameters
given in Eq. (3), we find the following predictions
(ignoring electromagnetic mass differences):
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Natural Parity, I = 0
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FIG. 1. Natural-parity states of the Y family described by a simple mass formula with 5-quark inass 4.39312 GeV.
Calculated masses in GeV lie below the horizontal axis for comparison with experimental values listed in parentheses
followirig each assigned state. Predicted Regge slope is 1/5.82=—6 . Note that the approximate equality M[T']-M[T]
=M[/'] —Mtgj in mass differences, not in mass-squared, for heavy-quark families is a consequence of the fact, that 0,
the oscillator frequency, is universal. The procedure for fixing parameters of the model is explained in Bef. 1.

1.876 vs 1.866 (Ref. 6),
D* 2.084 vs 2.007 (Ref. 6},
F 1.950 vs 2.040+ 0.001 (Ref. 7),
F* 2.156 vs 2.140+ 0.060 (Ref. 7).

(bu) = (bd) =5.147

singlet( (bs}

(bc)

=5.200 ) pseudoscalar mesons

= 5.969

The corresponding mesons formed from the 5
quark with u, d, s, c can also be predicted:

(bu) =(bd) =5.235

triplet( (bs}

(bc)

= 5.29 1 ) vector me sons .
R6.129

Qur mass formula' arose in a study of the par-
ton picture' of composite particles. %e argue that
a quark in a bound state is no longer on-shell, and
introduce an effective constant to describe how far
the quark and the antiquark are off their indivi-
dual mass shell, Eq. (2). Assuming an internal
oscillator'0 binding force (see Sec. V), the con-
straint leads immediately to Eq. (1).
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Natural Parity, I = 0

M = 2n + (2.75)2 2
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FIG. 2. Natural-parity states of the psion family described by simple mass formula with c-quark mass 1.509 67 GeV.
Assignment of P~/X (3508) is not unique; it is shown as a 1 ' state but a 1"assignment in unnatural-parity cc family
is also allowed. Question marks denote states not well. established.

II. Y AND J/P FAMILIES

We begin with the phenomenology of our mass
formula and reserve for Sec. V a discussion of its
derivation. We turn first to the natural-parity
states of the psion family because there exists
here the largest number of well established can-
didates for daughter states, and because there is
here remarkably good agreement' (AM'/M'& 8%)
with a simple description of these states by mass-
squared linear Regge trajectories, with Regge
slope equal to —,', and anchored at J/P mass (com-
pare Fig. 2). These equally spaced, mass-squared
linear Hegge trajectories with the existence of the
X(2880) psion are suggestive of the level scheme
of an O(4) harmonic oscillator. The J~c assign-
ment and the increasing multiplicity of the lower-
lying daughter states for the members of a family
(compare Fig. 1), are based on O(4) wave functions

Jpc =1:multiplicity = (~ + 1)/2,

Zpc =0": multiplicity =(n+2)/2,
(4)

where z is the oscillator quantum number for the
level. It is easy to exhibit the associated O(4)
wave functions:

which are symmetric, but are not necessarily
traceless. The experimental discoveries of two
approximately degenerate 1 levels near 3.7
GeV, of two possibly scalar levels near 3.4, and
of the multipeaked structure of A in the -3.8 to
-4.2 region are suggestive of the larger family
of symmetric O(4) tensor fields.

For example, with symmetric O(4) tensor fields
for the natural-parity states displayed in Figs. 1
and 2, the multiplicities of.the vector and scalar
levels increase with mass according to
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Natural Parity, I = 1
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FIG. 3. Natural-parity, I= 1 states of the p-A2 family described by a simple mass formula with degenerate I and d
quark mass 0.838 69 GeV. Question marks (see text) in this and the following graphs denote states not listed in "Meson
Tables" of the 1976 compilation of Particle Data Group, Ref. 4.

(() 6 (1]2 3)e-(1/4) t

(5)

Experimentally, "very little is known about
the y(3454) since to date it has only been observed
in the double-y-ray cascade from the g'(3684) to
the Z/g. As for the X(2830), we wish to strongly
emphasize the importance of a measurement of
its parity. " Both of these states are somewhat
problematic in the nonrelativistic charmonium

approach, but both are naturally suggested by
mass-squared linear Regge trajectories for a
relativistic, QQ composite system. For the -3.8
to -4.2 region, 8 is multipeaked and, ignoring
the question of relative normalizations, the ex-
periments' error bars are too large for a clean
systematic determination of the number of states
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6 — Natural Parity, I = 0
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FIG. 4. Natural-parity, I= 1 states of co family.

present by combining the SLAC-LBL, PLUTO,
and DASP data. " The g(4.03) and g(4. 16) struc-
tures are consiste'nt with the data points from
all three groups. The $(4.16) is most clearly re-
solved in the MSP data but, nevertheless, more
structures might be present in this region. Only
the SLAC-LBL data have many points from -3.8
to -4.0 and they suggest a P(3.96). The question
marks in Fig. 2 are to emphasize that one should
wait before making any strong statements regard-
ing the quantitative aspects of R from -3.8 to
-4 2

Next we return to the region of the X states
near 3.4. The assignment of the P,/ (X3 580) based
on Eq. (1) is not unique, for although its charge-
conjugation quantum number is +1, its parity has
not yet been measured. Therefore, it could be
either a 1 ' and assigned to an n =2 level of the
natural-parity psion family as shown in Fig. 2, or
be a 1"and assigned to any& =1 level of an un-
natural-parity psion family with CP =+1 for the
leading trajectory. A 1"state would be analogous

to that for the A, family. Unfortunately, although
the g, now seems better established, " the A, is
broad with a width -400 and with an associated un-
certainty in its central position -(1100-1200).
Equation (1) is consistent with such a mass (see
Sec. III), but because of the inherent uncertainties,
we think one cannot reliably use Eq. (1) to make
any quantitative prediction for the mass of
the analogous (cc), J~c =1", except to note that
such an assignment of the y(3508) would not be in-
consistent with Eq. (1). It would be prudent for
experimentalists to measure, rather than infer
in any theoretical model, the parity of the X(3508).

.Both 1 ' and 1"forbid decay into 2m, KK. Both
allow decay into mEX. But 1"allows decay into
(K*K+X*K) and 5p (where 6 is I = 1, g~c= 0"),
whereas 1 ' forbids these modes. Note that ~E*
is allowed by both 1 ' and 1"; its decay distri-
bution could be used for a parity determination. "

There could, of course, also be another unnat-
ural-parity family with J c =0 ', 1', 2 +, . . .
for the leading trajectory which would be the (cc)
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Natural Parity, I 1/2
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FIG. 5. Natural-parity, I= 2 states of K* family. States with question marks following are from Ref. 5.

analog of the q-q' family. Here Eq. (1) cannot be
used to make quantitative predictions for anchoring
(cc)' levels because of the large q-q' splitting and
the related mixing ambiguity. However, the n =o,
0' and two n=2, 0 ' may, respectively, lie near
the J/g and P'(3684). The 1' would be hard to
observe.

The straightforward extrapolation to the Y fam-
ily is shown in Fig. 1. Here, because of unknown
dynamics concerning higher-order splittings not
included in Eq. (1), we think one must wait for
more data from production of the resonances in
this region in ee annihilation before drawing con-
clusions about aspects which are very sensitive
to the interplay of different features in the dynam-
ics and of the precise values of the parameters.
Most of these 1 states are not expected to have

been seen to date. In particular, as in the psion
family, e.g. , compare the $(3772) and P (3684),
fncreasing hadronic widths and/or decreasing
leptonic partial widths can obscure the presence
of massive-vector-meson levels in hadroproduc-
tion and photoproduction. [While our study of the
phenomenology of Eq. (1) was in progress, the
fit of m, = 3m, and the lack of motivation for b in
the present knowledge of the structure of weak
processes, suggested to us (and see Ref. 15) that
we interpret m, not as a new fundamental quark
of nature, but as a colorless block of three c
quarks. However, an immediate numerological
consequence would be a colorless (ccu) block and
(cuu), (uuu) blocks which would give rise to new
states at 8.15, 6.55, and 4.89 GeV. Since the
T(9.48 + 0.01) width is presumably less than 10
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MeV, these lower-lying states with such narrow
widths would presumably have shown up if they
were to exist. ]

III. ORDINARY QQ FAMILIES

~e turn next to the ordinary QQ families com-
posed of u, d, and s quarks. It is well known that
fits to the experimental data have been claimed by
models based on nonrelativistic quark binding and
also by linear Regge trajectories. Until the data

,
with respect to higher excited states are clarified,
the possibility remains that the low-lying mesons
are relativistic bound states. Our mass formula
belongs to this latter school of thought, and ex-
plores the fit among the low-lying states.

Frankly, we find no candidates for odd daughters.
But, since it was not until 1976 that data for
the ordinary mesons have established that even
daughters exist, odd-daughter states —if they
should indeed exist —may show up first in the
new meson spectroscopy through y-ray cascades
from C-odd states.

A. Natural-parity-trajectory families

p and e trajectories. In our picutre, the two
trajectories are degenerate. The Qg system is
now in a triplet spin state. c, appropriately, is
different from c, [see Eq. (3)I. As we have pointed
out in the Introduction, c is a measure of the
binding effect on the spin nature, triplet or singlet,
of the QQ system. However, it should not depend
on the flavor of 'the quarks.

The family of p trajectories here have a slope
of n =0.9, with the leading trajectory passing
through J= 1 at the p mass (n=1). By exchange
degeneracy, the next state which occurs for z =2
has four states J=2, 1 and two J=O. The leading
state, with 3=2, can be identified with the A,
meson, Jpc=2". The 6(976), with I=i, J~c=O",
is in the Meson Table of the Particle Data Group. '
In Ref. 16, a structure has been recently reported
in s-wave K K' 10-GeV production data at -1300
MeV with a width -250 MeV. This candidate for
the other 0" is not displayed in Fig. 3. [This new
structure is not the same as the 5'(1255) of Ref.
17 which was shown by Ref. 18 and by reanalysis
to have I =0, and hence be consistent with the
c'(1200).] At the n =3 level, both the g and p' are
well established. At still higher mass, there are
the A,*(1950), K~ =1, Jp =4', with a width of
-200 MeV, '9 and the resonances" suggested by

using both polarization and differential-cross-
section measurements in pp- v m', i.e. , T(2150
+30) with I'=200+ 25 MeV and Jpc =3, I~ = 1'
and V(2480+ 30) with 1" =280+ 25 MeV, J c =5
I~ =1'. Other high-mass states also may have

been seen such as the bump" in diffractive 6p
photoproduction which might be the p"(-2200).

The leading & trajectory states in Fig. 4 for n = 1
to 4 are from the Meson Tables, as is the c'(1200)
with I'-200 MeV. We have shown, despite its
controversy, the e(700) having a very broad I'
-700 MeV which is suggested by the pw phase shift
which passes slowly through 90' in this region.
We have listed this state in part because of the
apparently similar phenomena' in the Kz system
(see below). The recently discovered" ~(1778)
is the I =0 analog of the p'(-1600), and the It(2310
+30) with I'=210+25 MeV, J~c =4", fo =0' is
another of the structures from the study" of PP

P trajectory. Here we used the p mass to de-
termine m, and find M' =1.165' —0.1285 in, GeV' so
the Regge slope is e' =0.858 GeV '. At the n =2
level, we find a mass of 1.49 GeV versus the
f'(1516); the scalar S*(993)which apparently
couples dominantly to KK is assigned as one of
the spin-zero daughters with the other yet to be
found. The P' is predicted to lie near 1.84 GeV
and the p', near 2.39 GeV.

K* trajectory. This is the last of the natural-
parity trajectories for the ordinary gQ mesons.
The states shown with question marks in Fig. 5

are from Ref. 5. The K*(1650+50) has a width
of 275 x 50 MeV and is a J =1 in Kp phase-shift
analysis of K'P collisions at 13 GeV/c. As ex-
pected, based on symmetric O(4) wave functions,
there is an interesting double multiplicity of
scalars in this s wave Km phase-shift analysis
with a very broad tc(1250+ 100), I'-450 MeV, and
at higher mass another v'(1425+ 10), I'-(250+ 50
MeV).

B. Unnatural-parity trajectory families

m apped K A.ajectoxies. In our fit, we took as input,
the pion (kaon) mass and used it to determine c
(c~). As our Eq. (3) reveals, the numerical fit to
c„and c„shows a good but not exact agreement
between them. For the m-B family we find M'
= 1.1111n +(0.138)' in GeV', so n' =0.9 GeV 2 and
for the K-Q~ family we find M'=1. 137n+(0.495)',
so e~ =0.88 GeV '. Thus, for the m trajectory we
find 0.138, 1.06 [1.127], and 1.50 [1.587] GeV vs
v(138), B(1228+ 10) with I' = 125.+ 10 Me V and
A, (1640) with I'-300 MeV. The values in the
square brackets are for o.', =0.8 GeV ', which
would correspond to a value of 0 of 0.7452 GeV,
instead of 0.6624, for the unnatural-parity states.
This would imporve the agreement, but an extra
variable is not clearly warranted since the number
of unnatural-parity states with Regge recurrences
are few and these are generally broad. For the K
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trajectory, we find 0.495, 1.176 [1.235], and
1.587 [1.674] GeV to be compared with K(495),
Qs(1350), and L(1765+ 10) with I' =140 + 50 MeV.
Again from the isobar analysis of the Kzz final
state, ' there is a J~ = 0 in K(pw), „„,at K(1405
+ 15) with I'=230+ 20 MeV, which would be one of
the two 0 ' states predicted at the m =2 level.

A, trajectory. To avoid a light J =0 state
we anchor the family at zero mass so M'=1. 111~
GeV'. This predicts an A, mass of 1.054 GeV
versus" A, (-1100-1200)with a broad I'-400 MeV.
With a slope of a' =0.8 GeV ' and the observed
mass, the 0 mass-squared is negative. Clearly,
here too little is known to draw any firm conclu-
sions regarding implications for g, -like members
of the new meson families.

IV. CHARMED AND OTHER NEW-FLAVORED

QQ FAMILIES

In the Introduction we discussed the least mas-
sive pseudoscalar and vector composites contain-
ing a single c or a single b quark. Note that a
progression of successively flatter Regge slopes
for more massive new quark flavor's does not
follow from Eq. (1), except for QQ families of
hidden flavor. In fact, already [o.'(ub) =0.783
GeV ']&[n'(D*) =0.757 GeV '] and [n'(sb) =0.743
GeV '] & [o.'(F") =0.726 GeV ']. The tensor levels
should lie at about

380 +gal 2 455

(ub)**-5 355, .(sb)**-5.417

(in GeV).
By lepton-quark symmetry, one might naively

entertain the possibility of even more massive
states such as a nominal (tt) composite, J~c =1
near 30 GeV (nominal input). By Eq. (3) we find
m, =14.6 GeV, 1/n', =19.3 GeV', and approximate-
ly equal-mass spaced J = 1 excitations. For
the flavored levels, the pseudoscalar (tb)~ =15.38
GeV and the vector (fb)» = 15.4 GeV are approxi-
mately degenerate. The Regge slope is again
greater with o. (tu) =0.854 GeV '. This slope ap-
proaches the limiting value of (—,'m„Q) = n~ as the
mass of m, is increased. The universality of Q,
the oscillator frequency, again implies an approxi-
mate equality in mass differences, M[(tt) ]
—M[(t7)]=M[/]-M[/]. The mass difference in
this approximation is simply 2Am(quark)/M[(qg)]
which by our mass formula approaches Q (0.6624)
GeV as m. (quark}- ~.

The apparent systematics of p, p, psion, and, T
trajectories suggest that the progression of tra-
jectory slopes is l'(1), F(2), I'(3), I'(4), . . . , so
by our mass formula, the m, mass would then be

about 18 GeV with the lowest (tt) vector state at
about 37 GeV [I"(n+ 1)=n!].

V. SIMPLE MASS FORMULA FOR QQ FAMILIES

We turn now to the derivation of the mass
formula. Consider the wave function of a particle
with structure

P=e' "
P ($)

where (m=- m, +m, )

(6)(x, —x,}„.

P„(g) is the complete set of solutions for the re-
duced mass problem with the potential taken here
to be an internal oscillator. The equation for P„
reads (p =m,m, /m)

(
8 8 p, Q———~ —+—h (, y~.($) =(n+2)f~4.($),

2p, 8$ 8$ 2

(7)

where $ $ -=g ~ g+($,)'.
In Eqs. (6) and (7), $ is an internal coordinate.

As is well known, keeping $,(=- -i$,} real leads to
non-normalizable wave functions. The convention-
al way out is to impose constraints on Eq. (7)
which suppress the timelike modes. The resulting
spectrum and degeneracy of energy levels for such
a conventional approach usually conform with the
general pattern of energy levels of a nonrelativis-
tic quark model and is certainly different from the
psion family assignment we have made.

We have taken advantage of the fact that $„ is
not an observable and simply assert that $„ap-
pearing in Eqs. (6) and (7) is an internal coordin-
ate, with g and g, all real. The quark time coor-
dinates $, and t, are also not observables and in
our formalism are in fact not Hermitian. As we
now show, this does not contradict the observabil-
ity of parton distributions.

In a bound state, the quark and antiquark must
be off-shell. With respect to our overall wave
function, we have (m —= m, +m, )

1 8 m, l,p.„B
z sx,„m ~ i s$„0 =—'P„f+—. e"'* P.(h).

Therefore,

+ [4(n +2) p, Q —2 p, '0'( ~ $]P.

(8}

For an oscillator, endowed with a proper Hilbert
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space,

&~fit $) =(~+2}~

Therefore, Eq. (8) becomes

(-M')+2(~+2) ' ' 0+m, '+m, '=c

(10)

and our mass formula results.
The Hilbert space, with respect to which (t)„($)

is normalizable, is the O(4) („space (i.e. , g, and

$, all real) with measure

d'$ =d(,d$—,d$,d$,

and the inner product is, as usual,

f d'b b)(b)b, (b).
b

As a consequence, while the individual quark
three-momentum is Hermitian, the quark energy
operator is strictly not Hermitian. The non-
Hermitian part has precisely to do with the binding
effects. In the infinite- momentum limit

p& l&„(O}I )5(p, +& —p„)& I&,(O)l.&,

and the only requirement is that these quantities
be real and Lorentz covariant. As we have shown
in our work' on psions, current matrix elements
with respect to the O(4) Hilvert space are both
real and Lorentz covariant.

The approach we have taken here, of an imagin-
ary $„ is somewhat akin in spirit to the Wick-
roiated Bethe-Salpeter approach of Bohm, Joos,
and Krammer (see Ref. 10), who have also made
use of O(4) classification of levels. In our assign-
ment the meson family bel.ongs to the complete set
of symmetric O(4) tensors, which are to be dis-
tinguished from other spinorial representations of

O(4). The very simple alternating J~c quantum

numbers (0' ', 1, 2", . . . , along the leading tra, -
jectory) fit very nicely in this symmetric tensor
representation. In this regard, the spin-parity
determination for X(2830} is absolutely vital, if
nothing more than to confirm the nonrelativistic
nature of charmonium.

(])p =—E — ——E
i etM m s(, m

the quark energy becomes proportional to P, and
is the "measured" quantity in the parton picture.

Strictly speaking, what is measured in deep-
inelastic scattering is not directly the individual
quark momenta P„', PO, but the expectation values
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APPENDjX A

In the language of nonrelativistic physics, it is well known that J =0, and the series 0', 1 ', 2+3,. . . , cannot be formed out of a quark-antiquark pair. For relativistic bound-state systems, however,
this is no longer true, as Thirring" and I ow" have already observed. Because this is apparently not so
well known, we include a detailed argument here pointing out how this is possible.

For purposes of comparison, first we review the argument for the selection rule in nonrelativistic phy-
sics. Consider the QQ bound state, in the center-of-mass frame, with, say, spin J =0 for simplicity.
Rotational invariance implies that

(b= d), D= p) Df'dpdp (=Pb+ ) pf(P(, )+p(p p')d(P, P')l, „c„,b'(p, )d -(P';i)lp), (A1)

where f, g are rotationally invariant functions of the argument

Under 6, the state transforms into

6 lli(d= D), P = D) =fd'pd'p' b(p+p')(f((i', p) +ir. ip - p')d((d, p)]„C..b (pb)di(p'i, )lip), , . ,

where we have used the anticommuting property of bt, d~ and

CoC =-0*.

(A2)

(A3)

Now the crucial point of the argument in nonrelativistic physics is that f, g are functions only of (p —p')
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and hence are automatically symmetric under exchange of p with p' and we have the cases

(I) f=O: Z=O, L=l, S=l, C=+, P=+

(II) g=O: J =0, L=O, S=O, C =+, P=-. (A4)

For relativistic physics, the Hamiltonian contains particle-creation terms and the state vector for a
bound state consists of, in addition to the original QQ state, an infinite sequence of QQ plus gluons, as
well as QQ with a virtual sea of QQ pairs. The QQ state by itself is not an eigenvector of H, but in current
folklore, it is a good choice as a first approximation. We write

3 3

IP(&=0) &=0)= „~ ~5+V')lf(P P» }+ ~ (P-P)a'(P P» )1. ~ C & (p, )d (p', &)~0)+ ~,

where ~ ~ ~ represents the other virtual states, and f, g are now functions of the arguments

(P-P) ~

Under 8, the state transforms into

(A5)

d'Pd' '
6~((J =0), P =0)=,— 5(p+p')[f(p', p, ~', &o)+v (p-p')g(p', p, &v', ~)],„C p~(P, s)d'(p', f) ~0)+ ~ ~ .

(Ae)

The point is, since f and g depend on additional variables &o, 4, symmetry under p, p' exchange no long-
er automatically follows. (See Thirring, Ref. 22.} Thus, for relativistic physics, we can have, in addition
to the states (I) and (II), the states

(III) f =0, gantisymmetric: 8'=0, L=1, S=l, C=-, P=+

(IV) g=0, f antisymmetric: J=O, L=O, S=O, C=-, P= —.
To illustrate further, consider a J=1 state,

d Pd P
~ 5(p+p')l~&F+(P -P')~G+(P -&')P (p-P}H+ ~~&~(P -f')p'P). ~(d QP

x«C~&&'(p s)d'(p', &) IO) + ~ . ,

(A7)

(A8)

CP8~J=1, p=o m, =x)=E,(x}f llpg+p)[ GE (0 0),G (0 0')ir'(p p)u+~(, (0 p)pJ)
x C grgb g)y s)d (p ~ f) iO) +' (A9)

where F, G, . . . are functions of (p-p )', e, &o and F, G, . .. denote the functions obtained by swapping p
and p'. Under 6', parity inver. sion, we have

dPdP+I~=I, &=0, ~, =~) =e;(~) 5(p+P')[-o F+(P- P') G —(P —P') o (P P')H+~;. (P -P'} ~A,r-
x C, P'(p, s)d'(i', &)IO)+ " ~

For relativistic physics, the exotic 1 ' state can arise in either of the following cases:

(I} G=H=I =0, F antisymmetric: J=l, L=O, S=l, C=+, P=—

(II) F =G =I =0, H antisymmetric: J= 1, L=2, S=1, C =+, P = —.

(A10)

(A11)

Generalization of these arguments to higher spins is self-evident, and it is clear how the exotic states can
be obtained in QQ dynamics in relativistic physics.

APPENDIX B

A careful distinction must be made between the
bound-state QQ system and a free QQ state vector

The state vectors (A5) and (A8) are not manifestly
Lorentz covariant. Under a boost, the virtual
gluon and QQ sea content of the state is affected.
On the other hand, a free QQ state, under a boost,
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x [rg, +o„,P~F, +i(p- p )„F,1
&& v(P', f)&'(p, s)d'(p', f) 10) .

Note that, in contrast with (A8), the energy-con-
serving P function appears in Eq. (Bl). The C =+
quantum number for the state would result if

F, (-P', -P",—(P+P')') = F;(-f', --P', (P+P')')-

(B2)

Clearly, no point coupling of 1 ' to a free QQ
state can satisfy Eq. (B2)." The question then is
whether induced couplings, 24 through higher-order
effects, can satisfy Eq. (82).

To any finite order in perturbation theory, the
domain of holomorphy for the vertex functions con-
sidered as a function of the three complex variables

P
2

Z2 P

z =-P2
3

includes the region"

Imz, &0, i=1, 2, 3. (B4)

Condition (B2) is valid within the domain of holo-
morphy of the function, and therefore, holds as an

equation for the analytic function

Ff (z» z» z, ) F,(z„z„z3)--
Then for z, =Z„F, must vanish in the upper half

Z3 planes. S ince the phys ical vertex function
is the limit from the upper half planes, the on-
shell vertex function must also vanish. Q.E.D.

We remark that the domain of holomorphy,
based on axiomatic field theory, as derived by
KNlen and Wightman, " is actually smaller than
that given by perturbation theory. For fixed y„
y, & 0 (z, =x, +iy„k=1, 2, 3), the domain of holo-
morphy given in (B4) is reduced by a new boundary

(F) above the z, real positive axis, where

f 2 +z2zs +zfz3 p(z& +z2 + z3) +p

(B6)

transforms into itself.
To any finite order in perturbation theory, there

exists the following remarkable theorem:
Theorem. Free QQ states do not couple to exotic

mesons (0, 0', 1 ', . . . ). We shall prove this
explicitly for 1 ', although the generalization to
other exotic 2 o is obvious.

A free QQ state is a scattering state. The J'=1
projection of the state may be written

d p d p (4I~ de(p+p'-P)M(p, s)

with

(z,'+ y, ')y. +(z.'+y. ')y,
P1=

ly2 +2y 1

For p =p„F crosses the real positive z, axis
at the point P'.

For the point z, =z, =m'+is, the point P' is

Re z, = e'/m', Im z, =0,

and the point on the %curve where Re z, =Af' (the
1 ' meson mass squared) will have

Im z, =m'/2e

[the parameter p at that point is p= 2m'
+(4(M' —m')/m') q']. From axiomatics alone,
therefore, the limit z, = z, = m'+iq, z, =M + i&, as
q -0, isnot intheir domain ofholomorphy. The
theorem, then, does not follow. It is an open question
whether a sum over an infinite series of pertur-
bation graphs can produce a singularity on the 5
curve, invalidating the theorem.

For free p'p, K'K, . . . states there is a simi-
lar result to any finite order in perturbation
theory:

Theorem. Free m'm, K'K, . . . states do not
couple to exotic meson series 0', 1 ', 2'

APPENDIX C

Based on the perturbation-theory theorem, we
can conclude that exotic J states cannot be ob-
served in a formation experiment in N& scatter-
ing:

NN/- exotic J - anything.

This signature is also shared by the so-called
M-baryonium states" in which the diquarks are
in the color 6 representation. Their argument for
the decoupling of M-baryonium states from &pf
relies on the relative difficulty of producing three
qq pairs from vacuum polarization. However, if
the J quantum numbers of the M-baryonium
states are in the sequence (0, 0', 1 ', 2'3,. . . ) the decoupling is in fact rigorous, within
the context of finite-order perturbation theory.

The decoupling theorem does nest imply that
exotic J states totally decouple from all hadron-
ic physics. They couple to other free decay chan-
nels, e.g. , in the case of 1 . ', we have the allowed
point couplings (g„ is the 1 ' field)

I
~) pg8 prf

(C1)

etc.

While these exotic states cannot be formed in
&P or ee collisions, they can either be produced
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in association with other mesons or, as in the
case of our identification of P, /y(3. 51) with the
1 ' state, it can be produced as a result of the
cascade decay of a parent nonexotic meson.

APPENDIX D

Finally we comment again on the relativistic
QQ bound-state system in the exotic J~c series,
particularly in view of the decoupling theorem
for free QQ states. As the theorem implies, a
point coupling such as

(Dl)

vanishes on-shell, since for free Dirac fields it
can be shown that the coupling is equivalent to

However, for bound Dirac fields, the proof fails
because + no longer satisfies the free Dirac equa-

tion. The 1 ' does not decouple from a bound QQ
system.

To conclude, it must be pointed out that all our
remarks in these Appendixes go towards showing
that exotic states are not forbidden by present
theoretical understanding. We do not have an ex-
ample of a bona fide relativistic bound-state field
theory which exhibits it, although exotic states
have been found in earlier studies of Bethe-Sal-
peter equations. "

In the model of Bohm, Joos, and Krammer, they
found the exotic 1 ', . . . ' solutions which explicitly
decouple on she/jt, but are present in the bound-
state Bethe-Salpeter amplitude. "

In the S-matrix theory, the decoupling theorem
for these anomalous states does not of course
mean a total decoupling from physical Hilbert
space. They can couple to on-shell QQ+gluon,
QQQQ states, etc. Examples of such are the qq'
decay modes already cited in Appendix C.

'The seven parameters in our fit were determined as
follows: The p and J/g trajectories M(p)2= (1/0.9)g .

—0.518 and M(J/$)2=2n+ (2.75) in GeV units fix m~,
m„, P, , and c(triplet). The Y mass-squared splitting
M(Y') -M(Y) =11.64 fixes m& and $(1.0197) mass
fixes m . The K and m masses fix cz and c . Only
for the very light n with M(m) = 0.019 is the 0.6k dis-
tinction between c and cz relevant; otherwise this
distinction should be ignored.
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