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Elastic'hadron-hadron scattering at ultrahigh energies and existence of many dips
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Recent experiments on high-energy, large-t elastic pp scattering are discussed in the context of the
geometrical picture. Detailed computations for elastic pp, mp, and mm scatterings based on this picture are
presented. It is emphasized that at very high energies there will be many dips in elastic scattering.

Recently there have been published a number"
of new experiments on high-energy, , high-t elastic
PP scattering. 'The present paper is an effort to
discuss these experiments in the context of a geo-
metrical model3 of high-energy elastic scattering
first proposed in 1967.

I. GEOMETRICAL MODEL

In the geometrical model3 one adopts the eikonal
approximation for very small wavelengths and
writes

(
I

I f~'"'t. —«pf-+~6"*~ I*dt, qa, ti, 4m

.where b is the two-dimensional impact parameter,
% the two-dimensional momentum transfer, and
Q(b) the blackness at impact parameter b. To re-
late the elastic differential cross section with the
hadronic form factor, a further assumption is
adopted; one assumes

Q(i ) =K[G,(I )]' (2)

for PP scattering, where 0 is the two-dimensional
Fourier transform of Q(b), and Gz(k) is the
"electric" form factor of the proton. ' The constant
K in (2) is to be adjusted so that the total cross
section o~ is equal to the "imaginary" part of the
forward scattering amplitude:

a~=2 1 —e ""'d'b

since we have assumed Q(b) to be real.
Originally it was thought' that at very high ener-

gies, or approaches a numerical constant of about
40 mb. In that-case K would be a constant. With
the discovery of increasing 0~ with increasing
energy, it was pointed' out by Hayot and Sukhatme
that the only way to generalize the geometrical
model without destroying the underlying physical
concepts is to make K dependent on the incoming
energy.

The geometrical model incorporating the Hayot-
Sukhatme generalization has been successful in
the following comparisons with experiments, all
of which. contain no adjustable parameters other
than to fit the constant K to the observed o~ via
Eq. (3).

(a) It produced' excellent agreement with high-
energy pp elastic differential cross section, down
to details in the ~tf

~

& 1.2-(GeV jc)2 region.
(b) It predicted" the existence of a (first) mini-

mum and a (second) maximum which were later
found in CERN ISR experiments. " 'The calculated
positions of the minimum and maximum' were in
good agreement with the experimental results.

(c) It predicted' a shift of the position of the
first minimum and a concur rent rise of the second
maximum which are in general agreement with the
newest expe riments. '

It should be emphasized that no other model has
had such predictive successes. In fact, no other
model has quantitatively any predictive statements
to make at all about the existence of a minimum.
Furthermore, all other models involve several
adjustable parameters. 'This does not mean that
the other models are incorrect or irrelevant.
They may be complementary to the geometrical
model in certain aspects. In particular, the
questions of the real part of the scattering ampli-
tude, and the spin-dependent part" of the scatter-
ing amplitudes, oftentimes central problems in
other models, are both neglected in the simple
geometrical model outlined above. They must
evidently be dealt with to complete the detailed
physical description.

II. DISCUSSION OF RECENT EXPERIMENTS

As mentioned earlier, with the Hayot-Sukhatme
generalization, the geometrical model predicts'
the shift with increasing energy of the positions of
the first dip and the second maximum and the rise
of the second maximum. We have repeated the
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Hayot-Sukhatme calculation using the dipole fit
for Gs(k'). The result is exhibited in Table I. The
sign of the change, with increasing energy, of the
minimum and maximum positions and the height
of-the second maximum are all in qualitative
agreement with experimental results. Quantita-
tively the agreement is not particularly impressive.
As pointed out in Ref. 6, inclusion of the real part
of the scattering amplitude is likely to produce
considerable changes in these quantities.

Summarizing the above discussions we are of
the opinion that the geometrical picture is one
excellent way to understand elastic scattering. It
contains no adjustable parameters, and is con-
sistent with time-tested physical concepts for
wave propagation at small wavelengths.

'The most conspicuous disagreement" between
experimental. data and calculation based on the
geometrical model is that the former does not ex-
hibit so far a second minimum and a third maxi-
mum while the latter does. We believe the reason
for this is simply that the present experimental
data are not at high-enough energies. 'Table I and
Fig. 1 indicate that, according to the geometrical
picture, when the total cross section is sufficiently
high there will be not only a second minimum, but
many additional ones. It is not surprising that
this should be the case, since increasing blackness
would produce an effective black disc as the scat-
tering center at sufficiently high energies. [This
was already discussed by H. Cheng and 'T. T. Wu,
in Phys. Rev. Lett. 24, 1456 (1970); and also H.
Cheng, J. K. Walker, and 'T. 'T. Wu, in report
submitted to the XVIth International Conference on
High Energy Physics, Chicago, 1972 (unpublish-
ed). ]

Are there already hints in the present experi-
mental data of the existence of more than one dip
in PP elastic scattering? In an earlier publication"

2
dO'

oT '— = independent of energy
t~ty T

for fixed a. (5)

One implication of (5) is that the slope parameter

increases with energy proportionally with oT in
the region (4). This tendency is in general agree-
ment also with the data of Ref. 1. If this tendency
remains valid for higher energies, then the slope
parameter P will increase to higher values. This
increase is indicative of a possible development
of a, second minimum, as emphasized in Ref. 13,
since a comparison of the data of Refs. 1 and 2
indicates that in the higher- (f (

region of 7 to 10
(GeV/c)', p decreases with increasing energy.
Thus the general validity of the geometrical-
scaling rule in the region (4) is consistent with
the possible development of a second minimum.

In Ref. 15 the development of the first minimum
in pp scattering as incident momentum increases
from 30 to 260 GeV/c was plotted. It is a very
interesting study and is reproduced here in Fig. 2. We
also reproduce as Fig. 3 a plot from Ref. 2 for bigh-

(
t

(
data at ISR energies. A compa rison of the two

curves in these two figures indicatedby arrows sug-
gests to us that the development of a second minimum

we have compared the change of slope at two (t(
regions between the 200-GeV data and the 1500-
GeV data" and suggested that there are already
such hints. In the meantime, it was pointed out in
Ref. 2 that for

(t( =2 to 6 (GeV/c)', vs =23 to 62 GeV, (4)

the do/dt curve follows generally a geometrical-
scaling" rule:

TABLE I. Parameters in elastic pp scattering at ISR and ultrahigh energies. The param-
eters include positions of the first dip and the second maximum, height of the second maxi-
mum, elastic cross section, the slope. parameter po at t =0, and the X, F parameters.

(-&)2nd max
O'T [(GeV/c)2] [(GeV/c) 2j

(mb) cal. expt. cal. expt.

(dO/dt)2nd max

[pb(oeV/c) 2j

cal. expt.

0 el X +el po a' T
(mb) ~T [(GeV/c) '] 16',
cal. cal. cal. cal.

38.9
40.2
41.7
42.5
43.0
60
80

100
120 '
200

1.46
1.38
1.30
1.26
1.23
0.78
0.55
0.42
0.34
0.19

1.44 1.85 1.97 1.5 x10
1.42 1.76 1.93 2.8 x10 2

1,36 1.67 1.92 5.4 x 10
134 163 181 73X10
1.31 1.61 1.81 8.3 x 10

1,10 4.5
0.83 5.4 x10
0.65 2.7 x102
0.54 8.2 x102
0.32 8.6 X10

4.5x10 2

4.2 x 10
5 2x10
5.8 x 10
6.3 x 10

6.46
6.87
7.30
7.53
7.70

13.6
21.5
30.0
38.8
74.7

0.165
0.170
0.175
0.177
0.179
0.226
0.269
0.300
0.323
0.373

12.3
12.4
12.4
12.5
12.5
13.6
15.1
16.9
18.9
29.6

0.161
0.166
0.171
0.173
0.175
0.225
0.270
0.303
0.324
0.344
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FIG. 1. Differential cross sections for proton-proton
elastic scattering computed from the geometrical model
for oz —-40, 60, 80, 100, 120, and 200 mb. The vertical
scale shown is for crz-40 mb. The other curves are dis-
placed from each other by a factor of 10.

at
] t ~

& 7 (GeV/c)' at v s & 53 Ge V maybe an attractive
hypothesis.

To test this hypothesis we have suggested in
Ref. 13 ISR experiments to measure the energy
dependence of dv/dt at fixed t, for 1t

~

=4 to 9
(GeV/c)'. An alternative test would be to repeat
the v s = 53-GeV measurement at -t = 8 to 10
(GeV/c)', and to extend it to higher

~

t, ] values to
see whether a "shoulder" [i.e. , a. point of inflec-
tion al.ong the ln(do/dt) vs t curve] already exists
for the v s = 53-GeV curve. We believe this test
to be of cruciaL importance since the four points
at Ms= 53 GeV at t=8 to 10 (Ge-V/c)' reported
first in Ref. 16 and replotted in Ref. 2 indicate the
existence of a shoulder. If this is confirmed it is
hard to escape the conclusion that a second mini-
mum is in the process of formation. If on the
other hand these four points turn out to be statis-
tical fluctuations, all on the high side, then there
is at present no experimental hints of any second
minimum at all.

FIG. 2. Differential cross sections for proton-proton
elastic scattering from 30 to 250 GeV jc, reproduced
from Fig. 3 of Ref. 15.

( t)& & d }}:1 39 (GeV/c)

for o = 120 mb. (6)

On the other hand, Fig. 2 clearly shows that
during the formation 'of the first minimum, the
slope parameter P for ~t I

values below the first
minimum increases quite rapidly over an energy
region in which the total cross section o.~ does not
change very much at all. If this pattern repeats
itself, the geometrical-scaling rule would not re-

At what t values will the second minimum appear
and at how high an energy will the development of
a second minimum be evident? There is no clear
way of answering this question. If the value of
P remains proportional to oz, as the geometrical-
scaling rule states, then it will require very high
values of or) 120 mb before P increases to a
value as large as 6 (GeV/c) '. The energy re-
quired to reach. such a high value of o'~ would be
enormous. We have computed from the geometri-
cal model the do jdt curve for several high values
of v~ and exhibit the results in Fig. 1 and 'Table
L The ~lt] value at the second dip at such high
values of v~ is quite small, as is obvious from
Fig. 1:
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FIG. 3. Differential cross sections for proton-proton elastic scattering at Ms=23, 31, 45, 53, and 62 GeV, repro-
duced from Fig. 14 of Ref. 2. The five different curves are displaced by a factor of 100 from each other.

main valid for higher energies, and the second
dip may show up at a higher

~

t
~

value and a lower
total cross section or than indicated in (6).

III. FURTHER COMPUTATIONS

We have also computed the value of o„lor for
various values of o& in Pp scattering, using the
geometrical model. 'The results are tabulated in
Table I.

Application of the geometrical model to mp scat-
tering has been used" to determine the pion radius.

We applied the geometrical model to compute
high-energy zm scattering by using the pion form
factor given in Ref. 18. 'The differential cross
section for different values (11 mb and 1t mb) of
the total cross section a~ is plotted in Fig. 4. It
is interesting that the two curves are very little
different. The values of a„/oz, are tabulated in
'Table II.

So far np and Ep el'astic scattering do not show

any dips at all. For the same reason as for the
case of pP scattering we believe many dips would

TABLE II. Parameters in elastic x7( scattering at ultrahigh energies.

0'z

(mb) (mb)
(d~/u), p

[mb(GeV/c) 2]
Pp

I:(GeV/c) ']
&e1

Oz

0'g
Y=

167('Pp

11
13
15
17

1.07
1.45
1.88
2.36

6.18
8.63

11.50
14.77

7.26
7.37
7.49
7.60

0.097
0.112
0.126
0.139

0.077
0.090
0.102
0.114
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FIG. 4. Differential cross sections for pion-pion elas-
tic scattering computed from the geometrical model for
0'~—-11 and 17 mb.
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FIG. 5. Differential cross sections for pion-proton
elastic scattering computed from the geometrical model
for 0+=40 and 200 mb.

develop for sufficiently high total cross sections
in gP and Kp elastic scattering. We exhibit a
sample calculation for mp scattering in Fig. 5
using" the geometrical model, taking 0~=40 and
200 mb. The elastic differential cross sections
for mp and pp scatterings at a~=200 mb are re-
markably similar. In fact the locations of zeros
for both cases are almost identical, and, to a good
approximation, coincide with the zeros of scatter-
ing from a black disc.
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