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The leptons v,, e, v,, K, v, 7, and analogously the quarks u, d, c, s, t, b, are unified within the
Weinberg-Salam SU, X U, gauge model without enlarging the gauge group. The result is a theory in which
the familiar leptons, quarks, and gauge bosons, plus some extra Higgs bosons necessary for unification, all
carry a new multiplicatively conserved quantum number 7 = + 1. The most striking results of this
unification are (1) 7 conservation forbids u— ey but allows the Higgs-boson-mediated decays 7—ly (I = e
or p) and T—pee or eup, at a calculable rate with a calculable lower limit; (2) for quarks, two of the
three Cabibbo angles must be zero, so that the b quark (assumed lighter than t) decays only via Higgs-
boson exchange, always semileptonically and always with lepton-number violation, e.g., b—de *u~. This
singular prediction will confirm or exclude the model as soon as b-flavored mesons are discovered. These and
other phenomenological consequences of this unification are explained, and rates are estimated.

I. INTRODUCTION

The old puzzle of e-u similarity has recently
been exacerbated by the discovery of the 7 lepton!
with properties apparently similar to its lighter
relatives. If there is an independent neutrino v,
associated with it, gauge theories of weak inter-
actions must now deal with at least six leptons
(e, €), (vy, 1), and (v,, 1), all with identical gauge
interactions, and whose only distinguishing feature
is the different masses of the charged leptons e,
4, and 7. In this paper I discuss the consequences
of unifying these leptons via a simple permutation
symmetry that treats all leptons identically before
spontaneous symmetry breaking. I also show that
the six quarks (#,d), (c,s), and (;,b) may be
similarly unified in analogy with the leptons. Some
of these results were previously reported.? Here
the model is elaborated upon, the extension to
quark unification examined, and the phenomenology
of leptons and hadrons discussed.

Previous attempts®'* to unify fundamental fer-
mions have usually involved enlarging the gauge
group of the theory so as to group formerly un-
related fermions in multiplets of the larger group.
This necessarily leads to many new gauge bosons,
mediating peculiar and unobserved decays, with
typical gauge coupling strength; they must there-
fore be made very heavy by somewhat contrived
symmetry breaking. Here instead I adopt the
more cautious approach of assuming that all gauge
bosons, leptons, and quarks are already known
(consistent with the apparent success of the stan-
dard SU,x U, gauge theory of weak and electro-
magnetic interactions®%). The unification of the
three lepton doublets of SU,X U, is then achieved
by assigning them to one representation of a group
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G’ that is not gauged. The three quark doublets
are unified separately but analogously.

A natural choice for G’ is S;, the permutation
group of three objects acting upon both the three
known lepton flavors and the three quark doublets.
This mathematically expresses the observed simi-
larity of the different flavored leptons (as well
as the different quark doublets) with regard to
their interactions with gauge bosons, since these
are already flavor permutation invariant in the
standard model.? S, flavor invariance is therefore
the simple discrete symmetry I shall investigate
as a means of unifying different fermions prior to
spontaneous symmetry breaking. Technically, I
assume that both the leptons of flavor'i=1,2,3,
the three up quarks of charge ‘23-, and the three
down quarks of charge —3 all belong to the three-
dimensional reducible representation of S; in
which their flavors simply permute under six
group operations.” (This proposed appending of
the discrete symmetry S, to the gauge group SU,

X U, can obviously be used to unify similar fermion
multiplets in models with larger gauge groups too,
and has recently been considered as a way of re-
lating different multiplets in SU; grand unified
models® by Glashow and collaborators.®)

The physically motivated assumption of S, flavor
invariance appended to the standard model has the
following consequences for leptons. First, the
dual requirements of spontaneously broken e-px-7
S; symmetry and nondegenerate lepton masses
demand the existence of Higgs fields which carry
lepton flavor. I shall assume there exists only
one Higgs boson for each lepton flavor. Assuming
T invariance for leptons, I shall then demonstrate
that only one vacuum of the theory can generate
an e--7 mass matrix with three nondegenerate
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eigenstates. This uniquely determined vacuum
still preserves a residual S, symmetry for the
total Lagrangian and this ensures multiplicative
conservation of a new quantum number 7 of eigen-
value +1 assigned to all particles. 7 is a generali-
zation of the multiplicative-lepton-number scheme
of Feinberg and Weinberg.® The apparent pro-
hibition of i - ey then constrains the assignment
of physical leptons to the theory’s eigenstates:
One finds that 7 and either e or yu must carry
m=+1, the other (1 or ¢) musf carryr=~1. In
the unitary gauge the extra Higgs bosons mediate
the violation of additive 7, L, and e number, but
still conserve m. They have large Yukawa coup-
lings ~J_G_Fmr to all leptons, and thus cause rela-
tively large Higgs-boson-exchange even among
light leptons. For example, as discussed below,
for a typical reasonable Higgs-boson-mass of 5
GeV, the branching ratios for 7—~ fee (or et i)

is ~7x 107, not too far below the current upper
limit of 6x107%. Similarly the expected branching
ratio for 7— Uy or ey is about 4x10*#, smaller
than the present upper limit of 0.02 but still not
negligible. All these results, as well as lower
bounds on various rare 7 decays that serve as
tests of the model, and other phenomenological
consequences, are discussed in the main part of
the paper starting in Sec. II. In particular, if

the model is correct, the branching ratio B(r

— Uy or ey) = 2x107° and could be much larger.

There are several important features of the
multiplicative 7 conservation law emerging from
the model. Firstly, additive e, &, and 7 number
is calculably violated. In contrast, such violations
and the ensuing rare decays of leptons in the Fein-
berg-Weinberg scheme® could only be said to be
not forbidden, but in no way quantitatively esti-
mated. The present model gives the only known
dynamical realization of multiplicative lepton-num-
ber conservation. Secondly, since all additive
lepton-number violations and other unorthodoxies
occur because of Higgs bosons, their effects (even
for light Higgs-boson-mass) are naturally smaller
than those of the usual gauge-mediated interactions
and thus do not spoil the good agreement with ex-
periment of the standard model. Nevertheless,
since the S; symmetry ensures that the lepton mass
relevant to determining Yukawa couplings is m,
rather than m, or m,, Higgs-boson couplings to
leptons are suppressed only by m, /m, compared
to W-boson couplings, and thus still lead to non-
negligible effects. :

The analogous unification scheme for the quark
SU, doublets (,d), (c,s), and (¢,b) has equally
interestingly structured consequences. I shall
show that ¢ and b quarks must carry 7= -1, where-
asu, d, ¢, and s have 7=1. Assuiming b to be the

heavy quark hypothetically responsible for the T
structure in hadron-hadron scattering,® so that

b is lighter than ¢, the b quark is therefore unable
because of 7 conservation to decay via a W* into
a light quark, with 7=+1, and so is stable under
gauge-mediated interactions. This provides a
natural explanation of the apparent universality
of gauge weak interactions in the (,d) and (c, s)
sector alone, despite the existence of two heavier
quarks, since the 7 assignments for quarks
naturally necessitate that two of the Cabibbo mix-
ing angles for quark charged currents are strictly
zero. The model does nevertheless predict that b
decays, always semileptonically via Higgs-boson
interactions which violate additive lepton number,
e.g. b—~de* ™. This singular signature of b -
flavored particles will allow a conclusive (and
certainly the best) test of the model as soon as
b-containing hadrons are found, say in e*-e”
collisions. If a nonleptonic decay mode is ob-
served, the model is wrong.

Real Higgs-boson production is not considered
here. The 7 =1 Higgs bosons willbe shown toallow
K°-K° mixing as well as 7— ev via scalar cur-
rents, and must therefore have masses of several
hundred GeV to ensure experimental compatibility.
The 7= -1 bosons responsible for most unorthodox
effects can in principle be as light as 5-10 GeV.

The results of this paper are presented as fol-
lows. Section II is a diversion summarizing the
idea of a multiplicatively conserved quantum num-
ber in field theory and its relation to the permu-
tation group. Section III defines the flavor-per-
mutation-invariant SU,X U; model postulated here,
and shows that flavored Higgs bosons must exist
to guarantee nondegenerate lepton masses. Sec-
tion IV examines the properties of the Higgs vac-
uums of the theory. Section V discusses Yukawa
couplings and the lepton mass matrix in different
vacuums, concluding that the condition m,#m,
+m, chooses a unique vacuum. The physical lep-
tons are then assigned to the mass eigenstates
s0 as to be compatible with L4 ey and m, >m,
>m,. Section VI derives the total unitary gauge
Lagrangian, in preparation for the phenomenology
of Sec. VII. In Sec. VIII hadrons (quarks) are in-
corporated into the model, and some experimental
consequences analyzed.

II. MULTIPLICATIVELY CONSERVED LEPTON NUMBER
AND PERMUTATION SYMMETRY

Multiplicatively conserved lepton number was
first introduced by Feinberg and Weinberg,® who
assigned a quantity called muon parity which was
-1 for p, v, and their antiparticles, +1 for e,

v, and all other particles. They postulated that
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muon parity for systems of particles was given
by the product of individual particle values, and
was conserved—hence the name multiplicative
conservation law. Their motivation was to “ex-
plain” the absence of L — ey, 3¢, and up—ep, all
forbidden by this assignment of muon parity.
This scheme allows L*e™—~ u~e* for example but
makes no prediction for rate or mechanism.

Feinberg, Kabir, and Weinberg!! and Cabibbo
and Gatto'? then showed that such a scheme follows
from assuming invariance of all interactions under
permutation of two primitive leptons e, and e,.
Their argument in essence was that if the Hamil-
tonian H(e,, e,) is invariant under the permutation
P: e¢,~—e,, then PHP'=H, with Pa unitary sym-
metry operator, and P2=1. Thus P is Hermitian
and commutes with H, and is therefore conserved
and has real eigenvalues 7=+ 1. Allphysical states
are simultaneous eigenstates of H and P, with 7
multiplicatively conserved. For example, |u)
=3le,—e,) and |&) =}|e, +e,), with7,=~-1and
Te=+1.

This simple invariance scheme was extended
to weak interactions,'? where it predicts the exis-
tence of two neutrinos, as can be seen by con-
sidering 7 conservation in i~ evy’. Sincen,=-1
and 7, =1, 7 conservation necessitates 7, = -7/,
so that v+’ ‘

This old (pre-gauge-theory) scheme of 7 assign-
ments does not constitute a complete model, since
it cannot predict rates for multiplicatively allowed
processes (such as p~e* - u*e”) that are not
mediated by standard weak gauge interactions. In
a sense, the main point of this paper is to extend
leptonic permutation invariance also to the Higgs-
boson-lepton couplings that exist in modern weak-
interaction theories.® Analogously to the deduction
of two neutrinos, one can deduce the existence of
extra Higgs bosons. These Higgs bosons dynamical-
ly mediate processes such as L' e”— [1"¢* and now
allow their calculation. This paper is an extension
(partially discussed in Ref. 2) of the principle of
lepton-permutation invariance to three leptons
e,, e,, and e, in the standard gauge theory. I
shall show below that a residual 1-— 2 permutation
invariance still survives in the theory after spon-
taneous symmetry breaking, and so leads to 7
conservation in the whole theory, as explained
above.

L (SU;X Uy )gauge X(S3)gavor MODEL AND THE NEED
FOR NEW HIGGS BOSONS

As outlined in Sec. I, I shall unify the leptons
by requiring invariance of the Lagrangian £ under

lepton flavor permutation. The standard SU,X U,
model® for three lepton flavors contains the usual
F\” and B, gauge bosons, three left-handed (LH)
lepton doublets I; = (v;, ej),, three right-handed
(RH) lepton singlets 7; = (ej )z, and Higgs doublets
of the form ¢; = (¢;, #7). The covplings of A, and
B, to all three leptons are identical:

£,W=il;y"(au+ﬂ2.—lk—“-%“)lk 3.1)

+i7y* (8, —ig'B, )7y .

&£,y is invariant under all six S, permutations act-
ing on the lepton flavors i=1 to 3.

Consider now the Yukawa couplings of an arbi-
trary number N of Higgs doublets to leptons:

3 N
ep= 0 2 Tiowr; (AN, +Hee. (3.2)
i

WJ=1 R="1

Theorem. Let £y also be flavor-permutation
(S;) invariant. Then if the Higgs doublets carry
no lepton flavor, £, cannot describe the leptons
e, KL, and 7.

Proof. If ¢, are all S, singlets, then S; in-
variance in (8.2) (with S, operators acting on [,
and 7; alone) implies (A*);; has three equal diago-
nal elements and another six equal off-diagonal
elements. The general 3X3 mass matrix M
=2 (A%);; (D) e has identical structure, and al-
ways has two degenerate eigenvalues, incon-
sistent with mg#m , #m .

Some Higgs doublets ¢; must therefore carry
lepton flavor.®® I shall assume there exist only
three Higgs doublets ¢; = (¢;, ¢7), one for each
lepton flavor. S, invariance requires the total
Lagrangian £ be invariant under S; permutations
on the flavor labels of leptons and Higgs bosons
simultaneously. One easily then sees that the 27
A%, (for N=3) in (3.2) reduce to five independent
coupling constants such that

Ly=al;0,7, +b-l—,'¢;(7j +7) + el (@; + du)ry

+d(l; + 1) +el;¢;7, + Hec. (3.3)

Here i,j, k in each S;-symmetric term range from
1 to 3 subject to the constraint j# k#¢ and a, b, c,
d,e are independent. [To be specific, 1;¢,7;
=107, + 17, + Loy and Lo, (r; +7)=1,0,0r,+75)
+1,0,0r +73) + 10,0, +7,).] Only the Higgs po-
tential itself need now be specified to ensure a
totally S, flavor-invariant SU,X U, model. This is
done below.
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IV. HIGGS-BOSON POTENTIAL AND VACUUM SYMMETRY BREAKING

In this section I analyze the S;-invariant Higgs-boson potential and prove some results about the sym-
metry structure of its vacuums.
The most general SU,X U, X S; Higgs-boson potential for the three flavored Higgs doublets is

V()= Zj (-0} b, +A (] 64)7]

(3 E,(@] 9) (@] ¢,) + Hoc.]

izj

. +§{%Y(¢I¢]+HC)+C(¢:¢,)(¢; ¢f)+6|¢r¢jlz+é‘D[(¢I ¢j)2+H-C-]}’+

+ ; Ek . {% Ez[(¢': ¢,)(¢; ¢;) + H-c-] +% Es[((ﬂ ¢;)(¢; o, + HC)] + % Eq[((ﬂ ¢,)(¢I Gp) + H-c-] } ’ ‘4.1)
#j#R,G<
where A, ?,A, C, E,D,Ei are real by requiring T invariance ab initio, with A>0 for spontaneous symmetry
breaking.*
At the minimum of V(¢), let ¢; be written

O;eia‘
(i) =274 ; - ' .2)
piei 04
where 0;,p; for =1 to 3 are real and positive, and the angles 6; and ¢; are real. The global SU,X U,
symmetry always allows the minimum to be chosen such that ¢,=0 and @,=@;=0. In order to then obtain
a naturally T-invariant theory (spontaneous T violation will be considered elsewhere), the minimum must
occur for all 4, identical so that all relative phases are zero. Rewriting (4.1) using the angular variables
6=6,-0,and 0’=0,-0,, one can straightforwardly observe that V(¢) has a local minimum at 6=6"=0
provided v, C+D, D, E; are all negative, so that T invariance is naturally obtained. Furthermore, writing
p; =¥;cosw;, 0; =7;Sinw,; for i=2,3 in (4.1), one can show that the negativeness of y, C+D, D, and E;
guarantees a minimum at w; =0, so that the charged fields ¢; all naturally have zero vacuum expectation

values to ensure charge conservation.

In terms of the neutral fields p; the potential V(¢) takes the S;-invariant form

4V = = 20(P % + Py% + Pg®) + 27(0,0, + PoP3 + P30y +A (0% + Py* + Py°)
" (P 7P+ P3P+ P%P1%) + EL[P*(Py +Pg) + P57 (P3 + Py) + P (01 + Po)] + E'P10oP5 (P + P2+ P3) (4.3)

where C'=C+C+D and E' =E,+ E,+E,.

Theorem. The S;-invariant potential V for the
neutral fields has no natural spontaneously broken
minimum with p,# p,# p,.

Proof. The proof consists of assuming all p;
different, and showing this leads to an unnatural
constraint on the independent coupling constants.

Consider the extremum conditions V;=8V/3p,=0.

Equation (4.3) then yields

Vi=Vy=(p,=p)F =0,
(4.4)
Va=V3= (0 =Py)Fy3=0,
where F;; are functions of p,, p,, and p;. Since
P,# P, +P; by assumption, F;;=0. The equation
F,, - F,;,=0 then becomes

(pl_ps)(p1+pz+p3)(4A "'ZCI _E1+EI)=0)

and since p,#p,, cannot be satisfied unless 4A

—2C' —E,+E’=0, an unnatural condition.

One can now see that there are only two possible
types of local minima of V, both of which main-
tain some residual permutation symmetry. The
first is vacuum I with p; =[(A =¥)/(A +C'+2E,
+E')]Y2 for all i. This vacuum is still S, sym-
metric. The second is vacuum II with p,=p,=p’
and p;=p, where the values of p and p’ are dis-
cussed below. The important feature of vacuum II
is that though it has broken S; invariance, it still
maintains an unbroken S, invariance under 1+ 2
flavor exchange, and will therefore lead to a
multiplicative conservation law as explained in
Sec. II.

p and p’ in vacuum II are complicated functions
of the coupling constants A, v, A, C, C, D, and
E;. However, the crucial and interesting feature
of multiplicative lepton-number conservation (to
emerge below) depends only upon the equality p,
=p,, and not on the value of p’. In order to illus-
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trate this feature in the remainder of this paper,
without undue algebraic complication, I shall pro-
ceed in the approximation

€=-E,/A<1,
e'=-FE'/AK1, (4.5)
d==y/AK1.

In this case one can easily extremize (4.3) to ob-
tain the approximate solution

p= (K/A)l/z )

4 ~——M (e +20) o
T o vy A
with corrections ~¢?, €’?, and 62, By examining
92V /8p;6p; this extremum can be shown to be a
true local minimum for small €, €', and 6, pro-
vided C’ >24 >0. Furthermore, in this approxima-
tion, C’>2A also guarantees that vacuum II lies
lower than the S;-symmetric vacuum I.

Having shown the existence of a true minimum
of type II for a continuous range of small pa-
rameters €, €’, and 8, I shall henceforth proceed
in the limit €,€’,06=0, so that the vacuum ex-
pectation values in vacuum II are

(oD =(oP =0, (=272, “.7)
p= (/A2

This greatly simplifies obtaining explicit expres-
sions for the Lagrangian in the unitary gauge, but
causes no essential changes in the structure of the
theory as regards the multiplicative conservation
law.

Which of these vacuums, I or II, can describe
the world in which e, i, and 7 exist is determined
in Sec. V below. Once the unique vacuum is speci-
fied, the Higgs mass eigenstates and their inter-
actions will be listed in Sec. VI.

V. YUKAWA COUPLINGS, LEPTON STATES, AND
UNIQUENESS OF THE VACUUM

The lepton mass eigenstates are determined by
the general S;-invariant Yukawa Lagrangian of
(3.3):

Ly=al;p:7; +bT5¢i(7’f +7R) + CTi (@ + s
+d([;+ 1), +el;¢;7,+Hee., (5.1)

where a,b,c,d, e are assumed real from 7 in-
variance. One can now compare the mass eigen-
values of £, in vacuums I and II with those of the
e-L-T system. '
Vacuum I, with all (¢{) equal for all i, produces
an e-K-7 mass matrix identical in strueture to the

one discussed in the theorem of Sec. III, where
all Higgs bosons were S, singlets. This leads to
two degenerate lepton mass eigenvalues and so
cannot describe the physical leptons. (Since even
the spontaneously broken Lagrangian is still S,
invariant in vacuum I, this mass degeneracy per-
sists to all orders in perturbation theory.)

Vacuum II with (¢9) =(¢3) =0, (¢ =p/~2, is
therefore the only candidate, and leaves the La-
grangian £ still invariant under S, transforma- .
tions on flavor indices 1 and'2. p is later related
to Gp. In this vacuum the charged-lepton mass
matrix between left-handed (LH) and right-handed
(RH) e, states is

¢ e d
_ P
M—-Tf-ecd, (5.2)
b b a

with a manifest 1— 2 symmetry which allows M
to be explicitly diagonalized such that U LMU;Q has

" the three diagonal mass eigenvalues

m =2-12Fp _
m"=2"/sz sin(y,/2) , - (5.3)
m oy =2"Y2Gp cos(xo/2),

with
G=[a?+2b%+2d%+ (c +e)? /2,
F=|c-el|, (5.4)
siny, = 2a(c+Gez)—4bd )

Note that sin®,<1, and x, can be chosen in [0, 7/
2], withm  <m.

The three masses determine F, G, and x,, and
thus three combinations of the fundamental a, b,
c,d, and e. The remaining two may be defined
in terms of two angles g*, with

s V2(dxb)
tang _—_—_(a¥c¢e) . (5.5)
The linear combinations
$=3@"+87),
(5.6)
9'=36" -p7)

determine the left and right diagonalizing matrices
U, and Uy, which are given by

1 -1 0
U= % cos® cos¢ —v2 sing (5.7)
sing sin¢ V2 cos¢p
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with Ug given by replacing ¢ by ¢’. a, b, c, d,
and e can thus be explicitly found in terms of
three masses and the two angles ¢ and ¢’.

The left and right lepton eigenstates correspond-
ing to (5.3) in the e; basis are determined purely
in terms of ¢ and ¢’ from (5.7):

1) =271, -1,0), m=-1

), =2-Y2(cosd, cosp, —V2 sing), m; =1

(5.8)

1) , = 2-'%(sing, sing, V2 cos¢), T=1.

The ), eigenstates have ¢ replaced by ¢'. The
7 value of each state is its eigenvalue under the
residual 1-— 2 permutation operator which com-
mutes with the total Hamiltonian. 7 will be the
‘multiplicatively conserved generalized lepton num-
ber.

The lepton eigenstates of (5.8) must now be
identified with |¢), |1, and |7). Since my >m ,
e cannot be assigned to [III). The only possibilities
for [1,11,1m] are then (1) [e, &, 7], (2) [K,e,7], and
(8) [7,e, 1]. I shall show in the next section that =
is multiplicatively conserved, and that gauge
bosons carry m=1. The decay |m1) -~ |II) +7 is
allowed and so assignment (3) predicts the unob-
served decay u— ey as well as [ — 3e; this assign-
ment is therefore excluded. [In Sec. VIII shall
discuss more carefully to what extent assignment
~ (3) is actually forbidden by the small upper limit
on |~ ey.] Assignments (1) and (2) differ only in
which one of the light leptons, e or 4, has the
same 7 value as 7. Present information about the
T is insufficient to distinguish (1) from (2); pos-
sible distinguishing features will be discussed in
Sec. VII. In what follows I shall for definiteness
use assignment (1) with

Ie)L=2—l/z(1; -1,0), me=2-1/2FP , Mg=-—1

|1y, =2""%(cose, cose, - V2 sing),

m, =2-12Gp s'ml(z-Q , my=1

|7, =2"2(sing, sing, V2 cosd),

Xo

m, =2"2Gp cos 5 Tr =1 (5.9)

with ) states given by replacing ¢ by ¢’, but al-
ways recall that e and ¢ can be interchanged.

VI. INTERACTIONS IN THE UNITARY GAUGE

The nondegeneracy of leptonic masses has se-
lected vacuum II of Sec. IV. It is now possible
to evaluate the total Lagrangian in the unitary
gauge and to explicitly demonstrate 7 conservation.
Below the Higgs-boson threshold the main inter-
actions of experimental interest are the Yukawa
couplings, but all interactions are listed below
for completeness, using the approximation of
(4.7) for the vacuum expectation values.

Higgs-boson self-couplings. The Higgs doublets
¢; of (4.1) can be perturbed about vacuum II of
(4.7), and the resulting boson mass matrix diago-
nalized to yield the physical Higgs eigenstates.
The resultant fields, tabulated by charge @ and
multiplicative 7 number (their eigenvalue under
¢, ¢, exchange), are

Q=1 Q=0
m=1 Q n,L,X . 6.1)

7=-1 H KL

Their independent masses are determined by the
coefficients A, y, A, C, C, D, and E; of (4.1),
and by the vacuum expectation value p and p’ of
vacuum II. The approximation €,€’,6~ 0 of (4.5)
leads to p’ ~0, and thus My=M,, M,=M, and
M, =M, but this is an accidental degeneracy due
to the approximation scheme, and in general all
masses are different.’®

In terms of these fields

Q+H
=9-1/2
¢.=2 n+K+i@¢+L) )
V2
Q-~-H
—9=1/2 6.2
=2 n-K+ig-L) ) (6-2)
V2
0
¢3= p+XEX"
V2 V2

Clearly ¢ ;behaves like the one Higgs field in the
standard model,® but ¢, and ¢, are new. The w
values of all fields can easily be read off by ex-
amining their sign change under ¢,~—¢,. (T=1
fields are denoted by Greek letters, 7= -1 by
Roman.) In terms of the physical Higgs bosons
V(¢) in (4.1) takes the form
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V()= -ApRTQ + HTH+5Mm2+ 2+ X2+ K2+ LA)] +5QA+O)[QTQ + BT H+ 1 (% + 2+ K2+ L?)?

+3(C+D)RTQ -H'H+3(m?+¢® - K2 - L?)]?

+3(24 ~C)QTH+H'Q +nK+¢L)?

+1(C-D)[-iH'Q =@ H)+ K -nL]2+: Ay *+icx2@tQ + HT H) (6.3)

+5(C+ OO + £+ K2+ L?) + 3 DY (0% + K* = £* = L,

2),

Since V(¢) is an even function of all the 7= -1 fields H, K, and L, 7 is multiplicatively conserved, as

guaranteed by the discussion of Sec. II.

Gauge coupling of Higgs bosons. ¢, behaves like the usual single Higgs doublet of the standard model,®
and produces the standard W*, Z, and y physical gauge bosons, with M, =pe/(2 sind,) and M, /M, = cosf,,
where 6, is the Weinberg angle. y, Z, and W carry no lepton index and are therefore permutation in-
variant, with 7, =m; =m, =1. Their self-interactions are those of the standard model.

S, invariance requ1res that all ¢; couple 1dentlcally to the A* and B* gauge bosons. From (6.2) and the
usual definitions of W, Z, and y in terms of A and B, one obtains the unitary gauge couplings of Higgs

bosons to gauge bosons:

£ Higgs - gange = 1€(A, +c0t26,2,)Q0,0% -QT8,Q+Ho ,H' —H"0 H)+—Z“—-(€3u77

-ma,&+Lo,K—Kd,L)

n26,
%g— Qo (n-14¢) - (n-1i)s,Q + Hoy (K —iL) - (K ~iL),h] + H.c.
% @W W +Z, %sec®0,,) + QZ(QTQ+ H'H) [(Ap +COt29WZ“)2+2—Z%EW2—§;]
2_5117(‘4 - tan6, Z, AW [@ (0 - ic) + H(K - iL)]+H.c.}
m(ZW WE+Z,2sec?0,) (x3+ 2+ 52+ K2+ L?). , (6.4)

It is clear that the 7= -1 fields H, K, and L al-
ways appear bilinearly so that 7 is again con-
served.

Gauge couplings of leptons. The S;-invariant
gauge couplings of leptons are given by (3.1). Us-
ing (5.8) and (5.9) to transform from the primitive
e; basis to the physical e, K, 7, v,, v, v, basis,

one straightforwardly obtains the standard model’s®

gauge couplings to physical leptons. (The mass-
less v,, vy, and v, are defined in terms of v; by
their charged gauge couplings to e, K, and 7,
respectively.) As is usual, the Higgs vacuum
expectation value of (4.7) is determined to be

p2=2"12G, "1, (6.5)

Yukawa couplings of leptons to Higgs bosons.
Below the Higgs-boson threshold, the crucial
difference between this S;-invariant model and
the standard model lies in the unorthodox additive
lepton-number-violating interactions to be dis-
played below. Using (5.4), (5.5), (5.6), (5.9),
and (6.2), £y in (5.1) can be rewritten in terms
of physical lepton and Higgs states, with all
coupling strengths expressed in terms of m,, m,,
m. and the observable angles ¢ and ¢’. The re-

r

sulting expression becomes particularly simple
and transparent in the physically good approxima-
tion me/m, =m,/m, =0 when F,x,— 0 in (5.9).
Then in terms of the neutrino and charged lepton
vectors

v= (e, Vy, V), €=(e, K, T), (6.6)

one finds

£y= (m,/p)TTx

. 3m, (V2Q7F e +H.c.+nme Fe+irey Fe ]
2/2p +VZHTIF e+H.c.+KEF e +iL ey Fe))"

(6.7)

Here §* and F~ are 3x3 Hermitian matrices in

(e, 1, 7) flavor space, with F* linking only states

of similar 7 (so that &,,=5.,=5;,=%;,=0), and

%"~ linking only states of opposite 7 (so that only
Feus Fer, Fre, Fpe are nonzero). [Recall that assign-
ment (1) for the leptons is used here.] The non-
zero elements of both F* and F~ are given by

255 =ffi Ay +fifi(1 -7y, (6.8)

where 7 and j range over e, I, T and
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fo=sinp, f,=V3simpcosy, f,=V3 sin@+z)sin@y -z),

fo=siny’, fL=V3 siny’cosy’, f;=V3 sin@Y’+z)sin@y’ —z)

withz=tan' V2 and p=¢ -z, y/'=¢' —z.

Since the 7=1 Higgs fields 2,7, appear only
with F* which links similar 7 states, and the 7
=-1 H, K, L fields with F~ which links opposite
7, 7 is explicitly conserved. [This is of course
true even when the approximations m,=m, =0
and (¢9) =(¢2) =0 in (4.7) are not made.]

x in (6.7) has only flavor-conserving couplings,
as in the standard model. However, the unortho-
dox Higgs bosons H, K, L,,7,¢ all have unusually
large couplings ~ GzY%m, ~4.5x 1073 to all lep-
tons, even to the light 1 and e. These Higgs-
boson-lepton interactions, while naturally small
compared to gauge interactions of strength
Gg*?M,, are nevertheless at least twenty (m,/m,)
and sometimes thousands (m,/m,) of times larger
than in the standard model, and can lead to large
systematic violations of additive lepton number.

VII. EXPERIMENTAL CONSEQUENCES: UNORTHODOX
LEPTONIC INTERACTIONS

In this section I assume assignment (1) with
m, =W, = -1, for leptons, but recall the possibility
of e— L interchange.

Below Higgs threshold the most dramatic con-
sequences of the model arise from the fact that
Higgs exchange between leptons conserves only
7, but not 4, e, or T number separately. Thus
although U # ey, eee, so that there are no easily
observable rare [ decays, rare T decays (unex-
pected in the usual sequential lepton scheme)
such as

T=-31, T=Uy, T—Uee (7.1)

are predicted to proceed via virtual Higgs-boson
exchange, with amplitudes only ~ (m, /m )
smaller than usual gauge-mediated decays.!®> The
superficially similar decays

T3¢, T—ey T—ell (7.2)

are, however, strictly forbidden. Note than an
experimental choice between lepton assignments
(1) and (2) is made by observing whether (7.1)

or (7.2) are the observed rare 7 decays. In either

case an unavoidable prediction is that 7 must decay

toly and 3/, wherel=¢e or L.

Other heterodox Higgs-boson-mediated reactions -

‘are pte”—~puTe’, e"e”~ 7777, and LT~y T, e",
all of which must occur in any assignment scheme.
These Higgs bosons of large coupling strength

(6.9)

—

could also produce anomalies (relative to the
usual charged- and neutral-current expectations)
in processes such as v, +e—v, +e, provided they
were not too heavy. Rates for some normally
forbidden processes are estimated below, and
compared with current experimental limits.

A 7oy

I shall assume M >m, >m,, where M repre-
sents a typical Higgs mass. The dominant dia-
grams for 7— 4y are shown in Fig. 1, where only
neutral Higgs boson emission and reabsorption
is considered, since amplitudes involving charged
bosons are relatively suppressed by factors
~(nM?)~!. The dominant amplitudes lead to a
predicted branching ratio :

3 Ln_,,)‘l 2(Mz)
1T(M n* ()7 (1.3)

5
B(1~ py) = 27a
where 7, a function of the angles ¢ and ¢’ and of
mass ratios of Higgs bosons, is generally of
order unity.

For m, ~2 GeV and M =~ 5 GeV (a not excluded
value of the Higgs-boson mass), B=~4x10"* This
is appreciably below the present upper limit'® of
0.026 for 7— ey and 0.013 for 7— Ky, but much
larger than the upper limit'" of 1.1x107° for p
—-ey. .

I shall show in the next section, where I extend
this S;-invariant model to the quark sector, that
the b quark decays solely via Higgs-boson ex-
change to a semileptonic final state, and that the
apparent instability of b -flavored mesons!® neces-
sitates thatat least one Higgs boson must be lighter

7,8 7,8

- ~ FiaEEN

<
<

~
[+
®

FIG. 1. Dominant diagrams for the rare decay T
—py. The values of the Yukawa vertices may read off
from Eq. (6.7) in the text.
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than M ~ 250 GeV. From (7.3) this yields a lower
limit
B(1~ py)z2x107°, (7.4)

The important point to emphasize is that, for
Higgs-boson masses in the range of current preju-
dice (say 5-20 GeV), one naturally expects B(7
— Wy or ey) to lie two to three orders of magnitude
below the current upper limit, so that the sensi-
tivity of present experiments on rare 7 decays is
just beginning to approach the values suggested
by this model. Secondly, this model can be dis-
proved, albeit by the difficult means of observing
no radiative 7 decay down to the branching ratio
(7.4).

A note about the possibility that 7, =7, =1 [i.e.,
assignment (3) of Sec. V] is appropriate here.

If this were correct, the decay - ey would occur
via diagrams similar to those of Fig. 1, with a
branching ratio

3 6 2 2

3_1g_z_n_77(_£?1nM_x2 _L m_ﬂ&?)
2% m 2 \Mg* m, M, m,
x [sin®@ +¢’) + sin®@ - 9')] , (7.5)

assuming Mg, ,>m, >m, .. In order to suppress
this below the observed upper limit'? 1.1x10~°
without contrived and unnatural cancellations re-
quires Mg, ; = 500 GeV. I shall not consider this
possibility here, assuming instead that u— ey is
strictly forbidden. The (not necessarily pro-
hibitive) difficulties and peculiarities arising from
such large Higgs-boson masses have been dis-
cussed, for example, by Veltman.®

B(u—ey)=

B. 7> 3u

This process proceeds via exchange of 1=1
Higgs bosons, as illustrated in Fig. 2. Using the
Yukawa vertices of (6.7) in the limit M,  >m,
>m,, one obtains

3m

Br-30-(29) 70,7, 00

3 3 2
X(M,,4+M§4+M,TZM;2)' (7.6)

CROSSED
DIAGRAMS

FIG. 2. Feynman diagrams for rare decay 7— 3u.

fi» My, and M, are experimentally unknown, but
assuming M, =M, ~M and  ~ ¢’ ~45° implies

B(r=31)~0.42M4. (1.7

The experimental limit!® is B <6x10~3, which only
sets the mild bound M, . 2 3 GeV. For M =5
GeV, B ~"Tx10"%, not far below the current limit.

C. 7> uee

Similar estimates apply to this mode, which un-
like 7— 31 is mediated by 7=1 and 7= -1 bosons.
Thus even if all the 7 =1 bosons were very heavy
(see Sec. VI where this condition is deduced
from the quark sector of the model) this decay
could still proceed via light 7= -1 bosons. For
M=5 GeV, B(1—~ lee)~ Tx107%, about ten times
smaller than the current limit.®

Such a decay would produce a striking signature
in e*e” = 7" 7" - leee + missing energy. The main
background would be from electromagnetic e”e”
brehmsstrahlung, suppressed relative to e'e”

— 777"~ ple+ neutrinos by a*~5%x107% This rare
T— llee decay mode would allow for genuine re-
construction of the 7 resonance from decay mo-
menta because of its neutrinoless final state.
Analogous to (7.4), B(7— pee) = 1071°,

Rare 7 decays to hadrons are discussed at the
end of Sec. VIII and shown to be purely =1
mediated, and therefore negligible.

D. ety e ut
Muonium to antimuonium conversion occurs in
this model via K or L exchange with amplitude
~Gpm,%/Mg, % Current experiments® are sensi-
tive to amplitudes ~ G, so that for a Higgs-boson

mass of 5 GeV, the model’s predictions are only
about 6 times smaller than present sensitivity.

E. p* e,

This decay of the muon to “wrong” neutrinos
occurs via H exchange, as shown in Fig. 3. Since
my = -1, this still proceeds with non-negligible
rate even if all 7=+ 1 bosons are very heavy (see
Sec. VIII). The amplitude is ~ Gpm,%/My®. The
upper bound on this decay comes from limits on

FIG. 3. p decay to “wrong” neutrinos.
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the additional 7, flux that such unorthodox decays
contribute to 7, beams at accelerators?®!; present
experiments are not sensitive to amplitudes much
smaller than Gg.

As shown in Sec. VI, 7= -1 Higgs bosons can
be light, though 7 =1 Higgs bosons must have
masses of hundreds of GeV. If some 7= -1 bosons
were in the 5-20 GeV range, many strange effects
discussed above would lie only one or two orders
of magnitude below current upper bounds, simply
because these effects are Higgs-boson-mediated
rather than W-mediated. Since this scheme with
7 conservation emerges so naturally from the at-
tempt to discretely unify different lepton (and
quark) flavors, it seems worthwhile to test it by
searching more carefully for rare 7 decays.

VIII. INCORPORATION OF HADRONS

As discussed in Sec. I, the quark weak gauge
interactions themselves seem to be flavor-per-
mutation-invariant. Assuming the existence of
three physical quark doublets (x,d), (c,s), and
(¢,b), with b lighter than ¢, I shall outline here
how S; flavor symmetry may be extended to the
quarks. I shall show that this leads naturally to
two Cabibbo-type angles being exactly zero. As-
suming m,<m,, the b quark will then be seen to
decay only via Higgs-boson exchange, always
semileptonically and always with lepton-number
violation, so that b -flavored mesons and baryons
have unique and striking weak decay signatures
in this model, which will be conclusively tested

the instant they are observed.

The zero value of the two extra Cabibbo angles
in this model provides a natural explanation of the
universality of the ,d) and (c, s) gauge inter-
actions, despite the existence of two extra quarks.

I shall also show that the apparent instability
of b-flavored mesons®® provides an upper bound
on the mass of 7= -1 Higgs bosons; the small
K; - K; mass difference similarly yields a lower
bound on the mass of 7=1 Higgs bosons. These
bounds yield better estimates for previously dis-
cussed rare 7 decays.

A. The model

Since the only substantial difference between the
leptons and quarks here is that all quarks have
both LH and RH states, the mathematical treat-
ment of the quark sector is exactly like the lepton
one with the addition of RH neutrinos. I shall
therefore rely on this analogy in describing the
model for quarks, and thus avoid repeating similar
calculations.

Let ¥; = (p;,n;)., with quark flavors =1 to 3,
denote the usual® weak isodoublet of up and down
LH quarks before spontaneous symmetry break-
ing. Similarly let p;.,n;, denote the RH weak
isosinglet states, and let ¢; be the same Higgs
bosons as coupled to leptons previously. The
quark-Higgs-boson interaction must then also be
invariant under S, flavor permutations on quark
and Higgs-boson labels simultaneously. Ana-
logously to (5.1), this gives the general Yukawa
interaction

Lon=Agd;p;n in +Ba¥;0; (n;+m) g + Ca¥hi(d; + ¢’k)niR+ Do+ V)P inig +Ed$i¢jnkR+ H.c.
+Au$i$ipiR+Bu$i$i(pj+pk)R + Cuipi (‘5] + (pk)pin+ Du (—4_)1 +—lpk)¢;ip iR+Eu$i(‘5jka+H'c' ’ (8'1)

where ¢3,~ denotes the conjugate spinor i0,¢#, and
there are ten independent coefficients, real from
assuming 7 invariance.

Determination of quark mass eigenstates now
proceeds analogous to Sec. V, except that the p;
quarks play the role of massive neutrinos. Physi-
cal quark eigenstates also carry the conserved
multiplicative “lepton” number 7, and as in (5.9),
there are two 7 =1 eigenstates and one 1= -1
state for both up (charge %) and down (charge —3)
quarks. The W* bosons carry 7=1, and thus
couple the two up 7 =1 quarks to the two down 7
=1 quarks, but not to the 7= -1 quarks. This
forces the identification of 7 =1 eigenstates with
the light quarks 4, d, ¢, and s, which are known
to involve Cabibbo mixing. The physical { and b

r

quarks must therefore be the 7= -1 states and
couple only to each other via W*.

In terms of the ten coefficients of (8.1), analogous
to (5.3) to (5.7) the mass eigenvalues are

W= 2"1/2de, 7=-=1
ms=2"1/2de cos(xq/2), m=1 (8.2)
md=2'1/Zde sin(y,/2), w=1

where
Ge=[Al+2B2+ 2D+ (Cq+ Eg) 1/
Fy=|Cq=E4l (8.3)
siny, = || 244(Cy* Eg) 4By |

GS



The up quark masses are given by similar formu-
las with d subscripts replaced by # subscripts.
The mass eigenstates are given by formulas such
as (5.8) in terms of four angles $;,8; defined
analogously to (5.5) and (5.6) for leptons.

B. Quark-Higgs-boson interactions and selection rules

I shall not explicitly display the unitary-gauge
quark-Higgs-boson couplings here. It suffices
to state that in the limit m,,m,>m,, m,,m4,m,,
all quark-Higgs-boson couplings allowed by the
multiplicatively conserved 7 assignment

H,K,Lin=-1,
X>8R,n,5:m=1, (8.4)
t,bm=-1,

u,d,c,s,m=1

actually do occur, with a structure similar to that
of (6.7)-(6.9), but involving the four hadronic
angles ﬁ,f',, in the coefficients. All these couplings
have large strength ~VGgm, or VGym, (modulo
functions of the ; ;, which I assume not to dras-
tically change their order of magnitude).

C. The Cabibbo angle

The most remarkable prediction of this model,
emerging from the lepton-quark analogy, is that
since u,d,c,s carryr=1and ¢, b have n=~1, it
is natural for only one nonzero Cabibbo-type
angle to occur, since only # and d can decay
into ¢ and s via the 7=1 W bosons. Six quark
models generally contain three Cabibbo-type ang-
les (and one phase), and so this model provides
a natural explanation of Cabibbo universality in
the light-quark sector alone. The actual value
of the one nonzero Cabibbo angle is

0c =3By +By =Bz -B7), (8.5)
not calculable in the model in its present form.
D. Large mass of 7=1 Higgs bosons

The 7=+ 1 Higgs bosons 2,7,{ can mediate the
processes

T~Q-~ev,, (8.6a)
K°-(n,¢) ~K°, (8.6b)
K%~ (n,¢)~e'e” (8.6¢c)

with amplitudes ~Gpm m,/M.% where M, is a
typical m =+ 1 Higgs boson mass. All of the ampli-
tudes in (8:6) must be highly suppressed—(8.6a)
because the good agreement?® of I'(m —ev,)/T'(r

-~ Kv,) with V —A theory is spoiled by even small
scalar contributions which are not suppressed in
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the m, =0 limit, (8.6b) because the K; ~ K5 mass
difference is consistent with second-order weak
effects, and (8.6¢) because of the restrictive
bounds on the existence of strangeness-changing
neutral currents. Assuming that the angles B,,*.,,
that enter the Yukawa couplings in (8.6) do not
take on values that somehow drastically suppress
the typical order of magnitude of these processes,
the requirement that Higgs-boson contributions
not spoil compatibility with experiment requires
that M, be greater than several hundred GeV.
There is no such bound on the mass of 7= -1
bosons, since they mediate processes involving
t and b quarks which have not yet been carefully
measured. Since 7— Uy, T— lee, e* p"—e ",
and u*—-e*7,y, all receive contributions from
diagrams involving 7 = - 1 bosons, and since there
is no reason why these bosons should not be as
light as 5 to 10 GeV, these processes could occur
with fairly large rates. 7- 3u1, however, is )
mediated solely via 7 =1 Higgs bosons in tree ap-
proximation, and therefore has the negligible
branching ratio of less than 10~° [cf. Eq. (7.7)]
if this extension to hadrons is correct.

E. Remarkable weak decays of the b quark

The m assignments in (8.4) lead to the charged
weak current involving ¢ and b quarks

Jp(t,b)N‘t_')/p (1 -Ys)b . (8‘7)

Assuming b to be lighter than ¢, the b is stable
against weak (gauge-mediated) decay, thus ex-
emplifying dynamically a theory with stable hadrons
as considered by Cahn.?®* However, the b can de-
cay via virtual 7= -1 Higgs bosons (I assume here
that b is lighter than any Higgs boson), which
necessarily always lead to a final state with dif-
ferent flavored leptons, since all the light quarks
have 7=1. Thus, for example,

b—de*u~, se"u", ue v, , cuv,, de*1", etc.,
(8.8)

are all 7-allowed. A typical b-decay diagram is
shown in Fig. 4.

+/ d
b kil
\\\< F—
+

FIG. 4. b—de*p~, a typical semileptonic decay of the
b quark mediated by Higgs bosons.
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b-flavored hadrons are therefore only semzi-
stable, with decay amplitudes ~Gmym,/M_32,
where M_ is the typical 7= -1 Higgs mass. There
are no truly stable hadrons, only ones with life-
time ~M_*/(m,%n. %) greater than that expected
from ordinary weak decays. This lifetime is con-
sistent with the upper bound of 5% 1078 seconds
for long-lived hadrons'® provided at least one
7 =—1 boson has mass

M_<250 GeV. (8.9)

It is this bound that leads to the lower limit (7.4)
on radiative 7 decay.

Equation (8.8) shows that the lowest-mass b-
flavored hadrons always undergo semileptonic
decays, characterized by easily observable lep-
ton-number violation, e.g.,

(bu)—~(du)e* p-=nte* - (8.10)

(bu)~ (du)e - =1 e 17,

(bd) = e’p-
and in particular have large branching ratios to
final states involving 7 leptons. The eu mode in
(8.10) would allow exact reconstruction of the
meson and would be easy to search for. Since
this model allows no tree level nonleptonic b de-
cays, the model can be tested the instant heavy
b-flavored hadrons are observed. This is by far
the best test of the model (and of S, flavor sym-
metry) in the near future, since all b decays are
to peculiar states like those of (8.10), whereas
tests involving 7 decay require looking for rare
decay modes against a large background of normal
gauge-mediated decays which are absent for the b.

F. Weak production of b and ¢ quarks

The current (8.7) ensures ¢ and b will not be
produced via W exchange in vN scattering. They
will be produced via 7= - 1 Higgs-boson exchange,
with flavor violation at both léptonic and hadronic
vertices, e.g. v,d— 77¢, etc., with cross section

2
m.m
o7 Cr's ( M2 t) ’
which could be appreciable if m,ﬁM_.‘

G. 7 decay to hadrons

Energy conservation only allows 7 to decay to
states containing light quarks with 7 =1, so that
such decays are mediated by 7 =1 bosons which
were shown to be heavy. Thus

7= -1~ + (hadrons)®,

where [ denotes e or U (whichever carries 7=1)
is expected to be much rarer than purely leptonic
decays such as 7— [lee which can proceed via
light 7= -1 Higgs bosons.
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