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Multivortex solutions of the Ginzburg-Landau equations. (or, equivalently, of the Abelian Higgs model) are
considered for a special choice of parameters. It is shown that for every n there is a 2n-parameter family of
n-vortex solutions. It is conjectured that the parameters are just those needed to specify the positions of the
vortices and that the vortices behave very much like noninteracting particles.

I. INTRODUCTION

The existence of vortex solutions to the Qinz-
burg-Landau equations of superconductivity has
been known for some time. ' These solutions are
also of relevance in elementary-particle physics,
where they occur as classical solutions to the
Abelian Higgs model, which is mathematically
similar to the Qinzburg-Landau theory. ' Although
they arise in three-dimensional. theories, the
vortices are invariant under translations along a
fixed axis, and thus may be viewed as finite-
energy solutions to a theory in two space dimen-
sions. Associated with them is a topological in-
variant —the quantized conserved magnetic flux.

Although the equations depend on three param-
eters, two may be eliminated by an appropriate
reseal. ing of the fields and lengths, leaving only
one, ~, which is of physical significance. De-
pending on whether X is less or greater than one,
the superconductor w'ill be of type I or type II.
The case ~ = 1 is of particular interest, as it is
known to have a number of rather special proper-
ties. Bogomol'nyi' has shown that for this case
a lower bound on the energy of an n-vortex con-
figuration can be obtained. Since the vortex num-
ber is a topological invariant, any configuration
which achieves this bound will be a minimum of the
energy, and thus a solution of the Ginzburg-
Landau equations. Furthermore, to find fields
which achieve this bound one need solve only a set
of first-order differential equations, rather than
the second-order Ginzburg-Landau equations.
Final. ly, Jacobs and Rebbi4 have recently done @

detailed numerical study of the interaction energy
between a pair of vortices for various values of

For A. =1 they find that, to a very high accura-
cy, the energy is independent of the vortex sep-
aration.

In this paper we study the theory with X =1.
We show that for every integer n there is a 2n-
parameter family of n-vortex solutions satisfying
Bogomol. 'nyi's bound. Furthermore, every solu-
tion satisfying this bound must belong to such a

II. SOME PROPERTIES OF THE THEORY

The potential energy in the two-dimensional
Abeiian Higgs model (or, equivalently, the free
energy per unit length in the Ginzburg-Landau
theory) is

8~ —i~g + 4F~a Fga

.I (lii'-")'].
Here p is a complex scalar field and

aV ~ rV

QfQ ~jALg ~/A

(2.1)

(2.2)

is the field s.trength. Hescaling fields and lengths
according to

family. We conjecture that these parameters may
be chosen to be the 2n coordinates needed to
specify the positions of the vortices. As we do
not find explicit expressions for the solutions, we
must use indirect means to study their properties.
Assuming the existence of an arbitrary solution
of minimal energy, we consider the problem of
finding small fluctuations which leave the ener'gy
unchanged. We derive a special case of the
Atiyah-Singer index theorem' and use it to show
that there are precisely 2n independent solutions
to this problem. Combining this fact with the
previously established existence of solutions for
n vortices superimposed at the same point' yields
our results.

The remainder of this paper is organized as
follows. In Sec. II we review some properties of
the theory, including Bogomol'nyi's results. In
Sec. III we derive a form of the index theorem as
well as a related vanishing theorem, and apply
these to the problem of small fluctuations. In
Sec. IV we consider the case of n vortices at the
origin, and show directly that the small-fluctua-
tion problem has exactly 2n solutions; this serves
as a check for the more formal calculations of
Sec. III. We conclude in Sec. V with some re-
marks.
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A, f =vAf,

xi = (I/ev)x~,

leads to

d X 2 f ZA. f + +I fQEfI{f

(2.3)

(2.4)

where Q, and Q, are the real and imaginary parts
of the scala'r field g&. The first integral is posi-
tive-semidefinite while the second is simply a
multiple of the vortex number n. Taking the upper
or lower sign according to whether n is positive
or negative yields

(2.10)

with equality if

o = (si&i+A|&2)+ (62&a -A24i)
where

A, =8h/e'.
= (6,4, +A,4, )+ (s„

O=F„+ a(Q, '+Q, '-1).
(2.11)

For the remainder of the paper we shall set
A. =1.

If the energy is to be finite, then as r approaches
infinity, lgl must tend to 1 and (&& -&A&)Q must
vanish. Thus, asymptotically

eix( &)

(2.6)
Af= ~. X

Since Q must be single-valued and continuous,

X must satisfy

HI. AN INDEX THEPREM

Let us assume that we are given an n-vortex
solution of Eqs. (2.11) (for the sake of definiteness,
take n& 0),' and count the modes of fluctuation
about this solution which l.eave the energy un-
changed. ' Many of these are simply gauge trans-
formations and are of no interest; these can be
el.iminated by imposing a gauge condition, e.g. ,
the Coulomb gauge'

X(e+2m) =X(e)+2~ (2. t) 0=&,A, +&P, . (3.1)

for some integer n. Continuous variations of the
fields, subject only to the constraint of finite
energy, cannot change. n; it is therefore a topo-
logical invariant. From Eqs. (2.6) and (2.V} it
follows that

zn= —— ding
277 C

0 =x)g,

where

g = (5$„5$„5A„5A,)'

(3.2)

Expanding Eqs. (2.11) and (3.1) about the solution
and keeping terms linear in the fluctuation, we
obtain

dl/ ~ A
2n' ~

1
d xE

2m 12 P (2.8)

1@1+ 1 2 2 2 2 1

+ a[(s.4, +A.4', )+ (8142 -Alki)]'

+ 5[A.+ a(4|'+ 42' -1)j')
Q2

d xE
2 121 (2.9)

where the line integrals are to be taken around a
contour at x =~. Because of the continuity of Q,
the contour may be deformed into a sum of con-
tours enclosing the zeros of &P. If there are n,
points where Q vanishes like [(x+iy) —(xo+iyo)j,
then n =n, -n . We shal. l say that there are n,
vortices and n antivortices.

For the case X =1 a lower bound on the energy is
obtained' by using an integration by parts to re-
write Eq. {2.4) as

(9, +A, ) (-&, +A, )

A, ) (s, +A, )

~1 42 2

(3.3)

0

The index of the elliptic differential operator S is
defined by

S(S) =dim(kernel S) —dim(kernel S*), (3.4)

where

(-s, +A.,) -{&~+A, ) P, 0

(&+A) ( s+A} Q, 0
(3.5)

-8 -9
is the adjoint of S. We will first obtain a formula
for e(S) and then show that the kernel of S*van-
ishes, so that e(S) is in fact the desired number
of modes.
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Ne begin by noting that the kernels of Q and S*
are identical to those of *@and *, respec-
tively. Furthermore, if g is an eigenfunction of
&*&with nonzero eigenvalue, then $$ is an eigen-
function of QS* with the same eigenvalue. As-
suming that the eigenfunctions form a complete
basis, it fol.lows that'

where

0 0

(3.13)

' }="~a*a+~ )-" ~~*+~ )
where M' is an arbitrary parameter. It will be
most convenient to evaluate this expression in
the limit M -~.

A short calculation shows that

0 = [-(&,'+ &,') + Q,'+ P,']g, ,

o = -(8,'+ e.')P. ,

o = (4~'+ 42')4~ + (4'282 —4'~~~)k~

(3.14)

Using the equations satisfied by the unperturbed
fields to reexpress &;Q&, Eq. (3.12) becomes

S*$=4 —L

SQ~ =6 -L
(3.7}

—(4.8 + 0 8.)f.

where

6 = -j(s,'+ 8,') (3.8)

and I, and L, are first-order differential opera-
tors. We may write

, =I'[(~+m2) '

+(&+M') 'L,, (b, +~')-~+ ~ ~ .]

(3.S)
, =~'[(s+m') '

+(~+~2)-'r, (~+~2) '+ ].

trL, —trL, = 4(~,&2 —8,&,) ~ (3.10)

If these expressions are substituted into Eq. (3.6},
all terms beyond those linear in the .I; wilt. vanish
in the limit M'- ." The L; will thus only enter
through their traces, which satisfy

It is perhaps wise to check the formal methods
of Sec. III by an explicit example. This is easily
done by considering n vortices superimposed at
the origin. " De Vega and Schaposnik' have shown
that in this case there is a solution of the form

e(r, 8) = e'"'f(r),

n
A)(r, 8}= -eq)) x), ,a(r), — (4.1)

where the real functions f(r) and a(r) satisfy

+ (Aisi —0"2)&. ~

Since there are no square-integrable solutions
to the first two of these equations, g, and P,
must vanish. " The last two equations then require
that l(), and p, also vanish, and consequently so
must the kernel of +*.

Thus, about an arbitrary n-vortex solution of
Eqs. (2.11}there are precisely 2n modes of
fluctuation (other than gauge transformations)
under wh'ich the energy is stationary.

Pf. AN EXAMPLE

Therefore,

i(ii) = ((m fu viz (~)iii ('~l(~+„'i)'i'i~)
QQ~ aO

0 =r —n(l —a—}fdz
(4 2)

dk M
= lim )I d'x4E„(x)

(2 ), (b, M, ),
=

(3.11)

Ne now consider the kernel of S~. Any solu-
tion of

with f(~) =a(~) = 1 and f(0) =a(0) = 0. At the origin
f vanishes like r"

We may write perturbations about these solu-
tions in the form

5$(r, 8) =ne'" f(r)h(r, 8),

must also be a solution of

0 =D5)*P, (3.12)

&&,(r, 8) = —[-sin8b(r, 8) + cos 8 c(r, 8)], (4.3)

&&,(r, 8) = —[cos 8 b(r, 8) + sin 8 c(r, 8)] .
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Requiring that h be real. is sufficien, t to fix the
gauge. Substituting these expressions into Eqs.
(2.11) and keeping terms linear in the fluctua-
tions leads, with the aid of Eq. (4.2), to

O=r —+b,

(4.4)

1 ~b |ec
0 = —————+f'krr r

Substituting the first two of these into the third,
we obtain'~

(4.5)

If we now write

h(r, 8) = g [h~'l(r) cosk 8+k~i' (r) sink8j, (4,6)
4=p

we obtain

0 = - -—
I
r—k~"

I
+

I f'+ —. k' '
~ (4.»1d ( d;) t' k'

dr j ( r
Solutions of this equation will behave like C,r
+ C,r" at the origin and like C, e "+C,e" as r- ~.
We must require that 5Q be nonsingular; since
f(r) has an nth-order zero at the origin, k(r) may
be as singular as r ". Thus for,k &n we can always
obtain an acceptabl, e solution to Eq. (4.V) by
choosing the proper behavior as r- ~. For k&n
we must require that the solution be regular both
at the origin and as r- ~. However, by multiply-
ing Eq. (4.'f) by rk~i' and integrating we obtain

(4.8)

the case k=0.) There are thus 2n acceptable so-
lutions, as predicted by the arguments of Sec. III.

V. CONCLUSIONS

We have seen that for the special. value ~ =1,
static n-vortex solutions of the Ginzburg-Landau
equations may be obtained by solving a set of
first-order equations. Solutions of these equations
will have energy equal to n times that of a single
vortex. About any such solution there are 2n
physical modes of ftuctuation under which the
energy is stationary; thus, rather than being
discrete, these solutions belong to 2n-parameter
fami1. ies. It is tempting to conjecture that these
parameters are just those needed to specify the
positions of the n vortices; the results of Jacobs
and Rebbi lend support to this view. Since solu-
tions exist for n vortices superimposed at a
point, and should certainly be expected to exist
for n widely separated vortices, it is natural to
make the further conjecture that these parameters
may take on al.l real values. Stated somewhat
differently, the vortices appear to behave very
much like noninteracting point particles.

Many features of the X =1 Ginzburg-Landau
theory (e.g., the replacement of the second-order
field equations by a set of first-order equations)
are reminiscent of the problem of finding instan-
ton" solutions to Yang-Mills theory in four-di-
mensional Eucl.idean space. In fact, the methods
of Sec. III are just those which have been used to
count parameters for multi-instanton solutions.
Explicit expressions for some multi-instanton
solutions have been obtained, and recently the
prob1. em of finding al.l multi-instanton solutions
has been reduced to a purely algebraic one."
Whether the same methods can be fruitfully applied
to the Ginzburg-Landau theory remains an inter-
esting unanswered question.

ACKNOWLEDGMENTS

If h~' is nonsingular, the second term must
vanish; since the integral is positive-semidefinite,

must vanish. (Note that this also excludes

The author's work was supported by an Alfred P.
Sloan Foundation Fellowship and in part by the
U. S. Department of Energy.

V. L. Ginzburg and L. D. Landau, Zh. Eksp. Teor.
Fiz. 20, 1064 (1950);A. A. Abrikosov, ibid. 32, 1442
(1957) tSov. Phys. —JETP 5, 1174 (1957)].

~H. B.Nielsen and P. Olese~, Nucl. Phys. B61, 45
(1973).

3E. B.Bogomol'nyi, Yad. Biz. 24, 861 (1976) fSov. J.
Nucl. Phys. 24, 449 (1976)].
X. Jacobs and C. Bebbi. , Phys. Bev. 8 (to be pub-
lished).

~M. Atiyah and I. Singer, Ann. Math. 87, 484 (1968);
M. Atiyah, H. Bott, and V. Patodi, Inventiones Math.
19, 279 (1973).

6H. J. de Vega and F. A. Schaposnik, Phys. Bev. D 14,
1100 (1976).

The calculations for n &0 are the same except for
some changes in the signs; the final result is that there
are 2(n( modes of fluctuation.

Methods similar to those of this section appear in



3012 ERICK J. WEIN BERG

L. Brown, R. Carlitz, and C. Lee, Phys. Rev. D 16,
417 (1977); and C. Bernard, A. Guth, and E. Weinberg,
ibid. 17, 1053 (1978).

This condition does not rule out gauge transformations
with a harmonic gauge function. It is, however, suf-
ficient for our purposes since it eliminates those
square-integrable Quctuations due to gauge transfor-
mations which might be confused with physically
meaningful fluctuations.

~ The fact that the spectra of &+Sand $$* are not en-
tirely discrete should not cause any essential difficulty.
Since the Abelian Higgs model contains only massive
particles, there will be a gap between the discrete
zero eigenvalues, in which we are interested, and the
physical part of the continuum spectrum. There will
be a part of the continuum extending down to zero,
but this corresponds to gauge Quctuations and is in-
dependent of the values of the fields; it will therefore
have the same effect as it does for the vacuum case
(A~ =0, P =constant), where its contributions to the
two terms in Eq. (3.6) clearly cancel.

There a,re terms quadratic in the J-& containing two
derivatives which are potentially nonvanishing in the
limit M~ ~. However, these terms cancel after the
traces are taken.
There is of course the possibility of taking g& =0 and

g4 constant; this is just the lower limit of that part of
the continuum spectrum corresponding to gauge Quc-
tuations. In Eq. (3.6) it is canceled by the correspond-
ing part of the spectrum of S~X).

~~As in Sec. GI, we are assuming n & 0.
This equation is also considered in Ref. 3.

~5A. Belavin, A. Polyakov, A. Schwartz, and Y. Tyupkin,
Phys. Lett. 598, 85 (197').
V. Drinfeld and Yu. Manin, Funkts. Anal. Priloz. 12,
78 (1978);V. Drinfeld and Yu. Manin, Usp. Math. Nauk.
(to be published); M. Atiyah, N. Hitchin, V. Drinfeld,
and Yu. Manin, Phys. Lett. 65A, 185 (1978); N. Christ,
E. Weinberg, and N. Stanton, Phys. Rev. D 18, 2013
(1978); E. Corrigan, D. Fairlie, S. Templeton, and
P. Goddard, Nucl. Phys. B140, 31 (1978).


