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The differential cross section for scattering of photons by electrons in a strong magnetic field is calculated.
The relativistic treatment is perférmed for electrons in the lowest Landau level. By specializing to the
nonrelativistic region, cross sections for Thomson scattering are given for an arbitrary direction of the
photon with respect to the magnetic field. These results are in agreement with previous calculations. The
relativistic cross sections are numerically calculated to compare them explicitly with the nonrelativistic case
and to present numerical values which can be used, for instance, in practical applications to neutron stars.

I. INTRODUCTION

Inthe strong magnetic fields (10'*-10'® G) which
are present at the surfaces of neutron stars the
interaction of electrons and photons is greatly al-
tered, because the electrons are restricted to
moving perpendicular to the field in Landau orbit-
als. Recent experiments for the binary x-ray
source Her X-1 have shown!'? that in this case
the distance between the Landau levels is approxi-
mately 58 keV. This result leads to a magnetic
field of roughly 0.1B,, where the critical field is
Bo=m?/e=4.414x10" G (we use natural units zZ=¢
=1 throughout).

In those circumstances the cross section for
scattering of photons by electrons (Thomson scat-
tering in the nonrelativistic region) is strongly
changed in comparison with the results without
magnetic field. This can already be seen by clas-
sical calculations in the nonrelativistic case.’™®
These results have been used to explain the radia-
tion from accreting x-ray pulsars.®”® If the value
of the magnetic field approaches B, quantum ef-
fects and relativistic corrections become essential
so that a relativistic quantum treatment is neces-
sary. This is performed in this paper in order to
show the difference with the nonrelativistic results.

Considerable work has been done on quantum-
electrodynamic (QED) effects in strong magnetic
fields.®”!! But frequently only the weak-field limit
(B/B, «1) is considered. Moreover, many authors
deal with the region where the electrons are highly
relativistic, a domain in which the discrete struc-
ture of the electron levels is negligible. In the sit-
uation in which we are interested both conditions
are not valid.

As for relativistic Compton scattering in arbi-
trary high magnetic fields, Hari Dass et al. have
treated this problem.'?:*% In this work the authors
calculated the cross section under the restriction
that the incoming photon propagates parallel to the
magnetic field. They stress that it is necessary
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to relax this constraint in further work.

We shall do this in the present paper wherein we
calculate the Compton scattering in the more gen-
eral case, in which the directions of the incoming
photon and of the magnetic field do not coincide.
This task is performed by the conventional ap-
proach of summing over intermediate states with
the help of the exact electron propagator in a mag-
netic field, in contrast to the method of Ref. 13
where Schwinger’s source theory is used. This
calculation is carried out in order to present nu-
merical results explicitly.

As for the applicability to the situation near the
surface of a neutron star, it is assumed that the
photon frequency is well above the plasma fre-
quency of the electrons. Therefore the photon
scattering can be treated as an elementary process
between photon and electron, and the influence of
plasma effects as discussed for QED processes by
Melrose! can be neglected.

II. CROSS SECTION FOR COMPTON SCATTERING IN A
STRONG MAGNETIC FIELD

The process we will describe is characterized by

(a) a magnetic field in the z direction, B=B¢,,

(b) an incoming photon with momentum k and
polarization vector &, (s=1, 2),

(c) an electron in the lowest Landau level N=0
with momentum p,=0, ‘

(d) a scattered photon with momentum kK’ and
polarization vector €,,,

(e) a recoiled electron also in the lowest Landau
level N'=0 with momentum p.. ‘

The assumption p,=0 for the initial state of the
electron is no restriction, since the results for
p.#0 are easily determined by a Lorentz trans-
formation in the z direction. The assumption N’
=0 for the final state of the electron is fully cor-
rect if the photon frequency w is less than the cyc-
lotron frequency w,=eB/m, otherwise the excita-
tion of the electron into higher Landau levels may
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additionally be taken into account (which corres-
ponds to Raman scattering).

We use the Landau gauge for the vector potential
of the magnetic field: A =Bx€y. Thus, for com-
pleteness, we will give the well-known solutions
of the Dirac equation in a homogeneous magnetic
field'® that will be used in the following
(N=0,1,2,...):

(a) positive-energy eigenstates (electrons)

€+m\/2
( 26)

Unp, 1 (X5 1) = R W, 8,
h [
)

(b) negative-energy eigenstates (positrons)

o e-m)‘/z

h(§)e -iet ;

(1a)

2¢

€ +m\?
()

Unp » h(is t)= wN-,z —pyh(x)e‘et'
zy

(1b)
with the spinors

- 1 - .
wm,‘,y,,(x)= 5 {1 - np(e? -m?) 1/2]1/zw<”)’

27y
— ih[1+hp,(e? —mz)"/z]l/"’wﬁ;',",,y}

(2)

S,,=(—ie)"’f dtf dt’fdsxd3x'(2Vw)'1/2(2Vw’)'1/2

i,

and the abbreviation

Wiy = (L) Vot et
X ¢, ((eBWV2(x+p,/eB)eBW* |1, (3)
[n=N-(1+7)/2, 7=21],

where ¢,(£) are the normalized eigenfunctions of
the one-dimensional harmonic oscillator. The en-
ergies ¢ are given by €(N, p,)=(m? +p,? +2NeB)"2,
Besides the p, degeneracy [number of p, values
= (eB/ZTr)LxLy],‘ the N >0 levels are double and dif-
fer by the helicity #=+1 [eigenvalue of the operator
G+ (F—eA)/(e2=m?)2]. The N=0 level has only
possibility for z, namely h==p,/|p,| or T==1.
The S matrix for Compton scattering (as a sec-
ond-order process) can be written as

0 t
s@=(-)? [ @ [ arm,m,w)
with
H/(t)=e fdax: IR, e (X, 8): AP (%, 0), (4)
where \I/(?g1 t) is the (second-quantized) electron
field and AP (X, ¢) is the photon field.

Inserting the initial and final states !)\)eIE, s)Dh
and |1"),|K’,s"),,, we obtain the matrix element

x Z{u{,&, t)a,[; Upn(X, D) ufu(®’, 100t = ') = D vyn(X, Dola&’, )8t - t)]
XII

(% 1Rty % =R X 0t —iRe Rt BT -we
xa, uy (X', 1) (ege €s15€ +ed e T e  gICCXTWINN, | (5)

In terms of Feynman diagrams we have the well-known graphs, shown in Fig. 1, corresponding to the two
photon terms in the above expression. The sum in square brackets in (5) is the relativistic electron prop-
agator in the magnetic field, i.e., the positive-energy electron propagates “forward in time,” the negative-
energy electron “backward in time.”

The kinematic restrictions following from (5) are momentum conservation in the z direction and energy
conservation, i.e.,

btk =p,+ks,
w+(m? +p,2 +2NeBW? = w’ + (m? +p)? +2N'eB)2

(6)

We denote the angle between the incoming (outgoing) photon and the magnetic field by 8 (9’). Thus, for
N=N’=0, the energy of the scattered photon, determined from (6), is given by

w’ = {m+w(1 - cosd coss’)— [m?+2mw cosg’(coss’ — cosp) + w?(coss’ - cosh)?]¥?} /sin%’ . (7

This replaces the well-known Compton formula without magnetic field where the electron motion is not
restricted to “one dimension.” .

Inserting the wave functions (1) into the S matrix (5), the differential cross section is obtained by a
straightforward but lengthy calculation. In this task the paper of Canuto and Ventura'” has been found to be
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very useful. We omit the details, but mention only that in the time integration the step functions 6(¢ - ¢’)
are replaced by well-known integral representations (in this way, energy denominators appear). More-
over, it must be averaged over the p degeneracy of the initial electron level.

Finally, this calculation results in the following formula for the differential cross section, where d’
is the solid angle of the scattered photon (the recoiled electron is not observed):

do =1 2_9__’. - w’)! —_w! - — b’ -1 _M) 3 " oo !
a5 @m+w—w) Y m+w—w = (k,—k.)cossd’] ! exp 505 N;o[al(N,s s’)
2
+ay(N",s~s")] (8)
with
” 7y = 1 1 klki N iN"(o-¢") "2 ’ ’ ’ *b
@(N", s~ s")= 2mw ~k2+2N"eB | N"1\ 2¢B € [0/ @m+w=w)+hilk.= kel
1 klki)N”-l HN"=1) (=9 [0 (2 ’ ’ ’
. i m+w—w)=-kik,~k
) e {le )= kilk, k)]
X(ey, +ieg,) ek, — iek,)
+ (k= kL) E, +ik, e, (ek, — iek,)
e, = Bk = el e,
(9a)
and
" ' 1 1 (R RN ihmiomor , ,
az(N yS§—=S )= 2mw+kf—2N”eB Il-_N/q(ZJééL) e N <p)[(‘0(2”1""(")_“" )+kt(kz'—kz)]este:’l
_.___1_ kikiyu-l NP 9"
= (268 €

X{lw@m+w=-w) =k (k- k)] (e, ~ie, ) ek, +iek)

+ (kz - kz,')(kx - iky)esz(e:’x + ie:’y) + (kz - k;)(k; +7’kglr )e:’z(esx - iesy)}]

X exp (i kelzi sin(p - ¢ ’)> . (9b)

In this formula, N” characterizes the Landau lev-
els of the electron intermediate states. We have D \
not tried to sum up over N” (this would yield con-
fluent hypergeometric functions), because the con-
vergence of this sum is very fast, which makes -
the unavoidable numerical calculation quite easy.
The abbreviations %, and £/ in (8) and (9) mean the
photon momenta orthogonal to the magnetic field:
k, =wsing, k) =w’'sing’.
III. DISCUSSION AND RESULTS

Before we present numerical results we want to
describe some properties and limiting cases of the
general formula (8).

The photon scattering shows resonances where
the denominator in the amplitude (9b), corres-
ponding to the second diagram of Fig. 1, vanishes:

2mw+ w? sin®9 - 2N"eB=0.

This leads to the resonance energies FIG. 1. Diagrams for Compton scattering in a mag-
netic field. The double line indicates electron propaga-
W{(9) = [(m? + 2NeB sin%2 = m] /sin% . (10) tion in the uniform magnetic field. -
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For 9=0 (photon parallel to the magnetic field),
these are multiples of the cyclotron frequency wy:

wM(9=0)=NeB/m=Nw,. (11)

Generally, the resonance energies are smaller.
This can be seen by the expansion for B/Bcr <1,

W(6) =Nwy[1 - N(B/B,)sin®g+-+-], (12)

Ies

and additionally by Table I which gives the first
resonance energies for two values of the magnetic
field and for three angles 6 #0.

Nonrelativistically, there is only one resonance,
the well-known cyclotron resonance at w=w,. This
can be shown if we specialize formula (8) to the
nonrelativistic case which means

w/m<1, B/B,=eB/m?=wg/m<«<1, (13)

In this case, the general formula greatly simplifies
(from the sum over N” only the N”=0 and N” =1
terms remain) and we obtain (v, = a/m)

do
a’
with

=37r2la(s=s)|? (14)

a(l ~1)=2sing sing’ +cosH cosh’

x(e“""*") +e Hemon o ),
w+wg W=~ wp
a2 ~2)=ei?¢" +e iemeh s ,
W+ wy W=~ wg
1-2 —-icosf
a =\. ,
2-1 icosh
X(e“"’"”"——w——
wW+wg
-io- w
- i(o-9’) )
€ - ). (15)
W= Wy

Here we indicate by 1 the linear polarization of
the photon parallel to the plane built up by the mag-
netic field and the incoming photon, and by 2 the
linear polarization orthogonal to this plane.

The total cross section, obtained by integrating
over ' and summing over the scattered photon

TABLE L. Cyclotron resonance energies w{¥)(6) in

units of wg for two values of B: (1) B/Bg =1.0, (2) B/Ba
=0.1.

6=30° 6=60° 6=90°
(2) (1) (2) (1) (2) (1)

2

0.9878 0.8990 0.9651 0.7749 0.9545 0.7321
1.9524 1.6569 1.8690 1.3333 1.8322 1.2361
2.8952 2.3246 2.7221 1.7936 2.6491 1.6458
3.8178 2.9282 3.5321 2.1943 3.4164 2.0000
4.7214  3.4833 4.3050 2.5540 4.1421 2.3166

QW

polarizations, is given by [0, = (87/3)r,*]
- cap 1o e @? w?
Opot (1)—0Th{sm9 +7% COS el_(w“"a)z * s o

2 2
Omt(z)=0'vrh'%[(w:)wa)z + (w_wwﬂ)z] . (16)

In an analogous way the results for circular polar-
ization (+) may be calculated. This leads to

Oel) = oTh{é sin% +% (1 +cos%)

[ w? w?
x[(w+w8)2 * (w—wa)z]

2 2 :

¥ %cose[(w:)ws)z - (w:uwg)z]} . @am
It is seen that, nonrelativistically, there is only
the resonance at w=w,. The reason for this is the
well-known fact that in the oscillator only neighbor-
ing levels are coupled by the momentum or posi-
tion operator. This feature vanishes in the rela-
tivistic treatment.

The nonrelativistic formulas (16) and (17) are in
agreement with the results of the classical calcu-
lation of magnetic Thomson scattering.® They
show a strong dependence of the scattering cross
section on the direction of the incoming photon.
For instance, for §=0 and w < w, the cross sec-
tion is strongly reduced in comparison with the
Thomson value (0y, ®0,w?/ w,2), but for 4 #0 this
property disappears, at least for polarization 1.
For §=u/2 the cyclotron resonance is completely
suppressed for polarization 1.'®

In order to discuss the general formula, we cal-
culated the cross section numerically. For this
purpose we have written a FORTRAN program

B/Bgr= 0.1

w/wg= 0.5

Rl
X
o
1
N

FIG. 2. Polar diagram of [(do/d9’)d¢’, given in units
of 7,2, for photon polarization 1 (parallel to incoming
plane). The various incoming angles 6 are given in de-
grees at the distinct curves.



2872 H. HEROLD

TABLE II. Total cross section Oyt in units of 'roz as a function of w/wg, in the nonrelativ-
istic limit (nr, B/B¢ < 1) and for two values of B: (1) B/Be =1.0, (2) B/By =0.1.

" (a)

0=0°
cire. polar. + circ. polar. —
w/wg nr (2) (1) nr (2) (1)
0.1 0.1034 0.1014 0.0861 0.0692 0.0680 0.0585
0.2 0.5236 0.5029 0.3723 0.2327 0.2250 0.1735
0.3 1.539 1.448 0.9520 0.4461 0.4254 0.3010
0.4 3.723 3.433 2.032 0.6839 0.6440 0.4245
0.5 8.378 7.565 4.074 0.9308 0.8666 0.5372
0.6 18.85 16.67 8.235 1.178 1.085 0.6372
0.7 45.61 39.50 18.02 1.420 1.295 0.7239
0.8 134.0 113.6 48.17 1.655 1.494 0.7979
0.9 678.6 563.2 222.8 1.880 1.680 0.8601
1.0 res. res. res. 2.094 1.854 0.9116
1.1 1014.0 805.8 281.0 2.299 2.015 0.9535
1.2 301.6 234.6 77.17 2.493 2.164 0.9868
1.3 157.3 119.7 37.25 2.676 2.301 1.012
1.4 102.6 76.39 22.55 2.851 2.426 1.031
1.5 75.40 54.89 15.40 3.016 2.541 1.044
1.6 59.57 42.42 11.33 3.173 2.646 1.052
1.7 49.41 34.40 8.772 3.321 2.742 1.055
1.8 42 .41 28.87 7.037 3.462 2.828 1.055
1.9 37.34 24 .84 5.799 3.596 2.906 1.051
2.0 33.51 21.80 4.879 3.723 - 2,976 1.044
2.1 30.53 19.41 4.173 3.84_:4 3.039 1.034
2.2 28.16 17.49 . 3.617 3.960 3.095 1.022
2.3 26.22 15.92 3.169 4.070 3.144 1.009
2.4 24.62 14.60 2.803 4.174 3.188 0.9941
(b)
6=30°
lin. polar. 1 lin. polar. 2
w/wg nr (2) (1) nr (2) ()
0.1 2.159 2.154 2.120 0.0863 0.0850 0.0748
0.2 2.378 2.359 2.237 0.3782 0.3667 0.2912
0.3 2.839 2.783 2.474 0.9924 0.9480 © - 0.6918
0.4 3.747 3.609 2.924 2.204 2.075 1.418
0.5 5.585 5.262 3.842 4.654 4.325 2.843
0.6 9.605 8.859 6.004 10.01 9.217 6.115
0.7 19.73 17.98 12.69 23.52 21.61 16.06 -
0.8 52.98 48.86 51.71 67.85 63.62 73.60
0.9 257.3 ©264.1 52 544 340.2 356.6 771740
1.0 res. 16312 60.92 res. 22238 86.73
1.1 383.1 230.0 18.02 508.0 311.5 23.96
1.2 116.1 76.42 9.573 152.0 101.9 11.70
1.3 62.09 41.67 6.549 79.99 54.51 7.389
1.4 41.65 27.99 5.398 52.74 35.85 5.829
1.5 31.50 21.06 6.185 39.21 ) 26.41 7.146
1.6 25.62 17.01 26.30 31.37 20.91 37.16
1.7 21.87 14.50 52.69 26.37 17.52 75.48
1.8 19.30 13.30 8.008 22.94 15.93 9.886
1.9 17.44 21.27 4.549 20.47 27.05 4,921
2.0 16.06 26.19 3.472 18.62 33.95 3.440
2.1 14.99 11.33 3.090 17.19 13.39 2.976
2.2 14,14 9.461 3.752 16.06 10.85 4.052
2.3 13.45 8.541 47.33 15.15 9.629 68.15

2.4 12.89 7.904 8.133 14.40 8.799 10.39
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(c)
8=60°
lin. polar. 1 lin. polar. 2
w/wg nr (2) (1) nr (2) 1)
0.1 6.305 6.276 6.053 0.0863 0.0856 0.0799
0.2 6.378 6.310 5.832 0.3782 0.3722 0.3300
0.3 6.531 6.410 5.639 0.9924 0.9707 0.8362
0.4 6.834 6.640 5.5632 2.204 2.149 1.872
0.5 7.447 7.154 5.702 4.654 4.551 4.344
0.6 8.787 8.370 7.085 10.01 9.939 12.55
0.7 12.16 11.71 21.11 23.52 24.32 76.85
0.8 23.25 24 44 187.6 - 67.85 78.48 745.1
0.9 91.34 151.6 12.83 340.2 617.6 32,56
1.0 res. 611.2 6.924 res. 2574.0 11.03
1.1 133.3 53.36 5.344 508.0 203.9 6.414
1.2 44,29 . 23.79 5.180 152.0 78.47 7.307
1.3 26.28 15.73 25.14 79.99 44 .55 82.60
1.4 19.47 12.26 11.58 52.74 30.21 26.61
1.5 16.08 10.39 5.053 39.21 22.73 6.312
1.6 14.13 9.283 4.031 31.37 18.51 3.879
1.7 12.87 8.797 4.283 26.37 16.98 5.696
1.8 12.02 11.61 332.2 22.94 29.92 984.8
1.9 11.40 32.94 5.094 20.47 124.3 6.048
2.0 10.94 8.672 3.978 18.62 18.15 2.970
2.1 10.58 7.219 4.389 17.19 12.32 3.596
2.2 10.30 6.614 261.1 16.06 10.22 678.5
2.3 10.07 6.214 pos. 15.15 9.004 3.872
2.4 9.882 5.901 pos. 14.40 8.168 2,229
(d)
6=90°
lin. polar. 1 lin. polar. 2

w/wg nr (2) (1) nr (2) (1)
0.1 8.378 8.329 7.943 0.0863 0.0859 0.0826
0.2 8.378 8.266 7.478 0.3782 0.3749 0.3505
0.3 8.378 8.191 6.990 0.9924 0.9822 0.9160
0.4 8.378 8.102 6.490 2.204 2,186 2.144
0.5 8.378 8.001 6.022 4,654 4.668 5.408
0.6 8.378 1 7.890 5.954 10.01 10.32 19.23
0.7 8.378 7777 25.66 23.52 25.83 360.7
0.8 8.378 7.714 14.03 67.85 87.66 86.76
0.9 8.378 8.886 6.869 340.2 861.8 15.39
1.0 8.378 11.03 5.449 res. 1477.0 7.079
1.1 8.378 7.791 4.846 508.0 170.8 6.716
1.2 8.378 7.354 10.81 152.0 69.91 60.73
1.3 8.378 7.101 8.724 79.99 40.68 24.90
1.4 8.378 6.891 4.920 52.74 27.96 5.780
1.5 8.378 6.696 4.218 39.21 21.29 3.985
1.6 8.378 6.509 5.819 31.37 17.76 16.51
1.7 8.378 6.340 7.976 26.37 18.39 15.35
1.8 8.378 6.795 5.311 22.94 114.5 3.647
1.9 8.378 6.205 6.960 20.47 40.90 3.373
2.0 8.378 5.836 pos. 18.62 15.70 res.
2.1 8.378 5.629 pos. 17.19 11.55 3.948
2.2 8.378 5.443 pos. 16.06 9.717 2.452
2.3 8.378 5.264 pos. 15.15 8.596 42.69
2.4 8.378 5.091 pos. 14.40 7.839 3.570
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FIG. 3. Total cross sections (unpolarized) in units of o, vs frequency w in units of w 5> for two values of B: (1)
B/B =1.0, (2) B/B; =0.1. The dashed line is the nonrelativistic limit (Thomson limit). The angle 6 varies from (a)

to (d) as indicated.

which computes the differential cross section (8)
for arbitrary photon polarizations and the other
input parameters. The cross section integrated by
@’ or by ¢’ and ¢’ is also calculated. As an exam-
ple, we give in Fig. 2 some §’-angular distribu-
tions for different values of 4 with fixed photon en-
ergy.

As for the total cross section, we decided to pre-

sent it as a function of the photon energy for two
values of B and for the angles §=0° 30°, 60° 90°
This is done in Table II where, for comparison,
the nonrelativistic limit is also shown. For §=0
the photon is assumed to be circularly polarized
(the natural choice), while for 6 #0 the photon is
linearly polarized, parallel or orthogonal, to the
incoming plane. This choice is suggested by the
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fact that the vacuum polarization in strong mag-
netic fields leads to photon porpagation in these
linearly polarized modes.?'??® Moreover, the
magnitude of this photon energy splitting!®™2!
shows?2 that the plasma effects (for the usual plas-
ma densities) which would produce elliptic polar-
ization cannot disturb the linear polarization; only
in the proximity of §=0°do the polarization modes
change from linear to circular, depending on the
plasma density.

As already mentioned, the cyclotron resonance
is related to the energy denominator of (9b). If,
on the other hand, the denominator in (9a) vanish-
es, this means that in the intermediate state of the
first diagram of Fig. 1 the virtual electron be-
comes real as a positron (pair creation in the mag-
netic field®). This effect occurs if the photon en-
ergy w is greater than 2»/sing. Above this thres-

hold the cross section (for polarization 1) can no
longer be calculated by (9). This is indicated in
Table II by “pos.”

Additionally, in Fig. 3(a)-3(d) the total cross
section for unpolarized photons is given together
with the nonrelativistic limit. With respect to this
case, the appearance of the higher cyclotron reso-
nances is an outstanding feature of the relativistic
treatment. This property disappears only for 6 =0,
because the N”>1 terms in (9) are not present for
k,=0. Moreover, the fact that for § #0 the reso-
nance energies are shifted to lower frequencies is
evident in particular for higher values of the mag-
netic field and large angles 4.
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