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Effective Lagrangians at finite temperature
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We compute the one-loop effective potential at finite temperature for scalar and spinor QED in the
presence of a constant magnetic field.

I. INTRODUCTION

A few years ago Weinberg' and the authors of
Ref. 2 computed the temperature-dependent poten-
tial of various models in field theory. It was
shown how finite-temperature effects could restore
a symmetry which is broken at zero temperature. '
Several models were investigated, and the one-loop
effective potential at finite temperature was then
calculated using various computational methods.
Weinberg used operator techniques, while Dolan
and Jackiw employed functional methods.

It is the purpose of this paper to study in some
detail thermal effects in QED. That is, we want
to examine the Heisenberg-Euler Lagrangian at
finite temperatures. To our knowledge, this prob-
lem has not been dealt with in the literature. We
also offer a new approach to the computational
side of the problem by employing the elegant meth-
od of proper time. 4 This method is introduced by
way of illustration within a simple scalar field
theory. It is assumed in this article that all chem-
ical potentials vanish, i.e. , we are interested in
states of thermodynamic equilibrium in which all
conserved quantum numbers have mean value zero.
Pair production (or annihilation) may be consid-
ered, from the thermodynamic point of view, as
the "chemical reaction" e'+ e .—y. The chemical
potential of the photon gas is zero, and hence the
equilibrium condition will be of the form p,, + p.
= p, =0. Since the number of electrons and posi-
trons is equal, the equilibrium condition relating
to pair production (annihilation) is therefore sim-
ply given by p., = p, =0. We will then show that the
one-loop effective potential at finite temperature
represents —in the language of thermodynamics-
the contribution of the vacuum energy to the total
free energy in presence of an external constant
field. The free energy, or, equivalently, the
thermodynamic potential of a relativistic Fermi
(Bose) gas, will be given for massive and mass-
less spinor and scalar particles. As a particular
check of our procedure we will rederive Planck's
formula by setting the mass of the particle as-
sociated with the loop equal to zero.

Our whole treatment of the problem is based on
a fairly old representation of the Green's function
of a charged particle in a constant external Geld. '
This "momentum" representation has been rede-
rived by Tsai using Schwinger's proper-time tech-
niques and has been applied with great success to
numerous problems in QED in presence of exter-
nal fields. Hence, it seems to us to be the most
natural representation in the context of one-loop
thermal corrections in any field theory with con-
stant background field.

II. CALCULATION OF THE THERMAL EFFECTIVE
POTENTIAL IN A SCALAR FIELD THEORY

iW&'&(y) = Tr ln(1-gy~, )-'
= Trin(S, [g]/a, ). (2.1)

Here the Green's function in configuration space
is

~,(x, x'~y) =i dSe- i sK e- Y (i s)2

where

X(s) = c 'tanh(cs),

1
fts& = -2ic '( 1 — 5,cosh(cs)

1'(s) =-,' tr in[cosh(cs)]

+ b c '[tanh(cs) —cs] b,

(2.2)

(2.2)

In this section we want to consider a field theory
with scalar particles, mass w. , coupled to an ex-
ternal field»&&(x):

[-8'+m' -g&&&&(x)]h, (x, x'~ &I&&)
=

t& (x —x') .
The one-loop effective potential, i.e. , the physical
process that describes the effect that the-external
field Q(x) can have on a single-particle loop, is
given by the vacuum-to-vacuum amplitude

(0, ~0 )@ = exp[iW"'(p)],
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)(' =m' -gy (x)

b„(x)= -gs„p(x), (2.4)

So far, everything holds for zero temperature,
T =0. In order to include a finite temperature, we
have to make the replacement"

c'„„(x)= -2gs„s,y (x) .
Making use of the re1.ation

(2 )' F.~ (2.)"
P = —())s +p, P=1/kT,

(2,9)

gg (&)

2 2
= Z

BK
ds exp[-is(m' s-' -gy)]

(2.5)

where (d„= 2Y(in/p.
Time-translation invariance is guaranteed by ob-

serving that for constant external field
a, (x, x'[y,)

g(l)[y] e-isK —'Y(is)
S

d A e-pX(i s)pe —. f (is)p
(2)))'

This effective Lagrangian has been worked out
several times in the literature and has become
known as the Coleman-Weinberg Lagrangian. "
For a constant background field ()))„ i.e., for the
special case where the external field transfers
zero momenta, the result is

(2.8)

~..fe.]-=-&"Ie.]

321T'
(m -g()I),) ln 1—g4'o

Pl

+gled —.(g4o)

In the sequel we always want to assume the ex-
ternal field to be constant, so that its only effect
is to change the mass of the scalar particle. Ex-
pression (2.6) then simplifies to

(2.7)

g (1)[y ] i -esK(e (Ps-S ~ 2 dp -i
o , s (2)))' (2.8)

since F(s)-0, f-0, and X(is)-is in the limit of
P =(YI)o= const.

we can immediately compute the one-loop effec-
tive Lagrangian by a simple integration. However,
according to Eq. (2.1) we need only the diagonal
part of b„(x,x'~ g), which we take from Eq. (2.2).
Together with, (2.5) we then obtain

4d P eip (x-x~)
(2)T)'

2 2
dse is(P -+K ) (2 10)

Substituting (2.9) into (2.8) yields, after perform-
ing the Gaussian integration with respect to the
space components p,

(~) 1 1 dS ~ K2 i 4gs
«, e —8, 0, —

~qi 8n, s P

where (2.11)

8, 0, — = exp -is

which becomes by taking out n —0

(2.12)

In the light of this simple formula we can rewrite
(2.11) according to

denotes the Jacobi function. 2") has to be prop-
erly normalized so as to reproduce the result
(2.7) when we go to the T=0 limit. This can easily
be done by, the following trick (o =is(«'/P. )):

(i 1 ds „s 1 1 ds ~ 2 i 41(s 1 P2"'f(t)„T]=18, —,e ""+c.t. + . 8,&, «, e ""—8, 0, —16m, s P 2))'S
(2.13)

The first term, including the contact terms, is identical with expression (2.7), i.e., it represents the T= 0
result, whereas the second term contains the combined effect of external field and temperature. We can
easily isolate the pure temperature contribution by putting po =0 in E(l. (2.13). We then obtain

16' 4
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+IJ 1 ezp + y+ 2 Q 2$0Iy
0

(2.18)

so that we end up with

g' [o, rj=, P2 „Z,(Pmn)
8g „, p

The integral occurring in (2.14) can be found in
Ref. 9 [s- (1ji)s],

Obviously, the evaluation of (2,18) only changes
the mass term in (2.16) by m' z'=m'-gy, .
then is our result of the Coleman-%'einberg effec-
tive potential at finite temperature:

g&'&[y„7"j=[Eq. (2.7)] —~, Q —,K,(pan)

w m -gQ~'=[Eq. (2.7)]-,+ ~
'+ ~ ~ ~,

(2.18)

, P —,Z, (Pmn).
n=l + (2.16) where the last line shows the first two terms of a

high-temperature expansion.

(2.17)

Finally, we turn to the computation of the second
term of Eq. (2.13) for P, eo, which we call
&&"'[e &]:

gg &»[y„7'j=, g —,e"" exp i
4n=1 0

(2.18)

Ã, (pmn) denotes the modified Bessei function. '
At this point it is instructive to investigate fur-

ther the limiting situation of massless scalar par-
ticles. In this case, m=0, Eq. (2.14) leads to

-v„[rj=-z&' [o, 7]

III. HEISENBERG-EULER LAGRANGIAN AT FINITE

TEMPERATURE

iW&'&[A] = —Tr ln(1 —eyAG, )-'

= —Tr ln(G, [Aj/G, ) . (3 1)

The calculation is performed along the same lines
as in Sec. II. Hence, we need first of all the
Green's function G, [A] in a constant electromag-
netic field. If we choose the particular case of
parallel fields, e.g. , in the z direction, then F»=

21 .B d ~30 +03 @ Under these circum-
stances the Green's function is given by"

We now examine the effect that an external con-
stant electromagnetic field A„can have on a sin-
gle fermion loop. The starting point is the vacuum

persistence amplitude

(0,~0 &"= xp[W"'[Aj},
where

x
iP x'G, (x, x'~A) =exp ie A„(&)dg" 2,e'~" "'G, (p(A),x'

with

tanz 2 tanhz '
G+(p~A) =i ds exp -is m'+ p,'+, p~~'-ie ~, — ' ~, (r'p)~~ — r' )ipcosz cos

(3.3)

Here we used the notation (a b) ~~= -a'b'+a, b„(a b) = a,b, + a,b„z = esH, z' =esE, o, =iy,y„and o3=-y,y,.
Note that in absence of an external electric field, the longitudinal momentum components remain un-
changed. In particular, there is no modification of p,' (the magnetic field does not transfer energy). In
the sequel we want to focus on the magnetic part of (3.3) only. Since the trace in Eq. (3.1) operates in spin-
or as well as coordinate space, we only need to consider

trG, (x, x) =im I 2 ~ 2 talMds- exp is m +p~~ -+ p~ —ie tr(e"3'),cosz z (3.4)
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and use of isS "&/sm=trG, (x, x) then yields immediately

i "ds, , » 1 d, tanez"'[»j=— —e " exp -is p~~'+ j ' —ie) 4cosz.
2 s cose (2s)' [' e (3.5)

ln order to incorporate temperature in (3.5), we simply make the replacement

dp 'l ~ d p «»»» 1
(2s)4 P ~ (2 )» i Pll +» +P» i P hT t (3.6)

where

(iv/p)(2n+ 1), Fermi-Dirac
+n=

(iv/p) 2n, Bose-Einstein.

Time-translation invariance is guaranteed by observing that we can write the gauge-sensitive phase factor
in (3.2) as exp[,'ieH(x,—+x,')(x, —x,')].

When we make the substitution (3.6) in (3.5), we obtain after performing the trivial Gaussian integrations
1

S"'[H, T]= —. » &» e " (esH) cot(esH) —g e"~ +»c.t. ,
0 oo

whereby

2 ''0 4vs
exp —is = 8, 0—,for bosonsp»

ef S&I1
2

n=-~

I g exp is (n+-») =8, 0,—,for fermions .. 4v' i» 4vs

So far we found for the spinor case

»"'[», r] =(—.)
-csm' 4ws

S,&» e " (esH) cot(esH) —8, 0, —
p . 2 7 p2

This expression has to be properly normalized, i.e. , we want to reproduce the free theory if we switch off
the external environment (H, T). This can be achieved by extracting the n=0 term in the above series.
Hence, we employ formula (2.12) in a slightly modified version:

e 'i" "'= p (
—)' 'exp(- —'n' —iran)

where we have used s = ——,', [&=is4v'/P . Thus our result so far can be expressed as

S&'&[H, T]=S"&[H]+~S "&[H, T],
whereby S"'[H] denotes the T = 0 Heisenberg-Euler Lagrangian":

Se&[H]=S['&[H, T=0]=, —,e ""[(es.H) cot(esH) —1 ——', (esH)']

m' 1 2

, [4t'(-1, h—)+h' ——,
' —(2h' —2h+ —,') lnh], h = (3.7)

and the temperature effect is contained in

i&,S&' & [H, T]= — »&» e ""(esH) cot(esH) 8, 0,——'~' P
s'~' P

' ' 2 its 2
(3.8)
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In the case of scalar QED, Eqs. (3.7) and (3.8) have to be multiplied by --'„cot(esH) (sinesH) ',
8,(0, —4»s/p') —8,(0, —4»s/p'), and ,'(—e—sH)' has to be replaced by +(esH)'.

If we for the moment disregard the magnetic field, II=0, we are left with
t

e&'&[0 T]= g (-1)"
8& n=-

-&am'3e exp g

which according to (2.15) is given by

(,&

2m' " (-1)""
Z,&,'&[0, T]=~, P, Z, (Pmn) .

Likewise, for the scalar case we obtain

(3.9)

2,"&[0,T]=,g —,K,{pmn).px n yn
(3.10)

I

As a useful check of our procedure we now can relate the results (3.9) and (3.10) to wel)-known findings of
statistical thermodynamics. For this reason we investigate the limiting situation of massless fermions
(bosons) somewhat closer. This caee, m=0, is not an unreasonable a.ssumption at high temperatures. If
we therefore set m =0 in bR"' of (3.8), we end up with

Z,'&,'f0, T] = 3&20»'k T—', Fermi-Dirac

Vol Vol
goo'[0, T] =~6 ~»~'O'T', Bose-Einstein.

(3.11)

(3.12)

@&i),[O, T]=-—,2 1 3

e /ItT (3.13).

g&&f0 T]
11 oo 3

eyer 1
&&

P

(3.14)

with the correct Planck and Fermi distribution,

Vfe must emphasize that these expressions are
derived for charged pairs, hence the factor of 2.
Equation (3.12), in particular, is identical with the
Stefan-Boltzmann Law for the free energy per unit
volume of a gas of scalar massless particles in
thermal equilibrium. It is also the free energy
per unit volume of a photon gas if w'e think of the
equal particle-antiparticle contribution in (3.12)
represented by the two polarization states of the
photon. " Hence, (3.12) leads to the well-known
expression for the total energy of blackbody radia —.
tion:

z'k
15(k )'

Vhth the aid of the definition of the Bernoulli num-
bers

2n-1
dx- (1 2& -2n)(2&)2~

0 e"+

and

1 m 1 " x'
—,= g(4) =—= — „dx,„~n 90 6 0

e" —1

we can rewrite expressions (3.11) and (3.12) in the
form

respectively, in contrast to the Lagrangians of
Ref. 12 which are not related to temperature
Green's functions. Finally, in order to evaluate
hZ "&[H, T] for nonvanishing magnetic field H, we
first observe that it can be rewritten as

~S,",&[H, T]

m2
p= --, y=(~nP) eH .

dz
8 ~' "~'z cothz~3

(3.15)

There is little known about the sum and integral
of the combined field-temperature expression
(3.15). Notice, however, that in the range z s 1

and ~&10, cothz can be replaced to a very high de-
gree of accuracy by 1+ I/e. In the high-tempera-
ture limit this is certainly an excellent approxima-
tion since the dominant contributions to the inte-
gral stem from small ~ values. In the weak-field
limit we can further improve our result, although
we need: not incorporate this assumption in per-
forming the integration. Here then is our final
result for the temperature- and field-dependent
effective Lagrangian in spinor @ED (for pairs) in
the high-temperature limit:

Z,&,'&[H, T]=[Eq. (3.V)]

eHm p (-1)""
( )

&& g

2 m2 "
( 1)~+&+,~ Q, C, (pIn)m,

7T P
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whereby the first important terms are contained in

Z,&~&[e, r] =-[Eq. (3.7)]

eH

perature weak-field limit where we approximate
1isinhz =1/z, we find at last

7 1 eB
16 360»' I

(3.16) +2 —kT -™OT90 24 (3,20)

Finally, in the weak-field limit this equation be-
comes

2 7 2 4+
~

0nkT

Similarly, for scalar QED we find

Zi'&[a, r]= S&'&[a]+n.xu&fa, r],
where

2

Zu&[e]=, [ 2m'--', (ee)'] 1+1

(3.1 I)

and

2
—3m'- (4eF)*t; (-1;'2eII

(3,18)

0 oo

~z, &'&[If T]=
2 2g ~ g p 2

8
X

sinhe ' (3.19)

with p and y as stated in (3.15). In the high-tem-

In the framework of statistical thermodynamics
expression (3.16) is just the contribution of the
zero-point energy to the free-energy density of a
Fermi gas of electron-positron pairs in thermal
equilibrium in a prescribed constant magnetic
field. Formula (3.16) shows distinctly how the
equilibrium system of charged fermion pairs is
modified by the presence of magnetic fields.

In the light of various recent attempts to formu-
late a theory of astrophysical objects which are
surrounded by magnetic fields, it becomes more
and more important to know the thermodynamic
properties of a high-temperature electron-posi-
tron plasma. Our work presented in this paper is
an attempt to give a first understanding of the total
energy and equilibrium radiation in a plasma of
electron-positron pairs.

ACKNOVf LEDGMENTS

I am indebted to Steve Adler who brought this
problem to my attention. I also would like to thank
Neil Snyderman for several helpful discussions.
Last, not least, the Institute's hospitality is grate-
fully acknowledged.

~On leave of absence from the University of Tubingen,
Tiibingen, %. Germany.

~S. Weimberg, Phys. Rev. D 9, 3357 (1974).
2L. Dolan and R. Jackiw, Phys. Rev. D 9, 3320 (1974);

C. W. Bernard, ibid. 9, 3312 (1974).
30. A. Kirzhnitz and A. L. Linde, Phys. Lett. 423, 471

(1972).
J. Schwinger, Phys. Rev. 82, 664 (1951); S.Adler, Ann.
Phys. (N. Y.) 67, 599 (1971).
J. Geheniau, Physica (Hague) 16, 822 (1950).
W.-y. Tsai, Phys. Rev. D 10, 1342 (1974); 10, 2699

(1974); L. F. Urrutia, ibid'. l7, 1977 (1978).
~W. Dittrich, Fortschr. Phys. 26, 289 (1978).
S. Coleman and E. Weinberg, Phys. Rev. D 7, 1888

(1973).
I. S. Gradshteyn and I. M. Ryzhik, Table of Intervals,
Series and Products Q.cademic, New York, 1965).
W. Heisenberg and H. Euler, Z. Phys. 98, 714 (1936);
V. S.Weisskopf, K. Dan. Vidensk. Selsk. Mat. Fys.
Medd. 14, No. 6 (1936); J. Schwinger, Ref. 4;
W. Dittrich, J. Phys. A 9, 1171 (1976); 10, 833
(1977); W. Dittrich et al. , Phys. Rev. D (to be pub.—

lished).
~~L. Landau and E. Lifshitz, Statistica/ PPgysics

(Addison-Wesley, Beading, Mass. , 1958).
B. Muller, W. Greiner, and J. Rafelski, Phys. Lett.
63A, 181 (1977).


