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New null experiment to test the inverse square law of gravitation
I
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A "source-independent" null experiment for the Newtonian law of gravity is proposed. The new sch me
involves detection of the I.aplacian of the gravitational potential ~ $(f) in free space, i.e., where p(f) == 0.
This quantity should vanish identically regardless of the mass distribution in the rest of the universe if the
inverse square law is exact. A departure from null in g'P(f) could be measured by monitoring the breathing
mode of a sphere or by summing three gravity gradients at a single point along any three orthogonal
directions. The "source-independent" behavior of the proposed technique will allow a test of the inverse

square law in the intermediate range between 1 m and 10 km in which large geological objects might be used
as sources.

I. INTRODUCTION

The Newtonian inverse square law of gravitation
agrees with astronomical data to a very high ac-
curacy and has been widely accepted as the cor-
rect law in the static weak-field limit at all dis-
tances. Contributing to this belief is the fact that
most viable metric theories of gravitation con-
verge to Newton's theory in the nonrelativistic
limit. However, it has been pointed out recently
by various authors' 3 that existing experimental
data cannot exclude a possibility that Newton's
law may be violated at distances less than 10' km.
From a theoretical point of view, an additional
short-range field could be added to the Newtonian
component without being detected at large dis-
tances. The potential due to a point mass M could
have the form

y(r) = —
I &+a&"),r ~

where x is the separation between the source M
and the test mass. Such a departure from the in-
verse square law could be conceived of in a gen-
eralized scalar-tensor theory of gravitation. 4 6

A value of e as large as 3 has been predicted. '5
A most likely range of force in which a signifi-
cant departure could have gone undetected would
be 10 m & p

' ~ 1 km or p
' «1 cm where experimen-

tal data are poorest. "
After performing a modified Cavendish experi-

ment for gravitation, Long' has published a result
asserting that the inverse square law is violated
by over 0.3% between 4.5 and 30 cm. If ot = —', is
assumed, the data could be interpreted to yield
P '=0.6 cm or 2 m. The implications of Long s
result, if verified by others, are significant.
First, one will have to alter the mass scale of all
astronomical objects which in turn may affect our
understanding of the universe. Moreover, the new

force may play an important role in connecting
gravity to other branches of physics. " Long's
.experiment should be repeated with greater pre-
cision in order to obtain a unique set of values for
n and P. A null experiment will be desirable in
which deviation from the Newtonian force law is
detected directly.

In this paper we will first review the traditional
source-dependent null experiments. We will find
that the uncertainties in the source geometry and
density severely limit the precision of measure-
ments. We will then propose a new source-in-
dependent null experiment. In this experiment,
the measured quantity will be identically zero for
an arbitrary source if the inverse square law is
exact.

II. TRADITIONAL SOURCE-DEPENDENT NULL

EXPERIMENTS

On contemplating a null experiment, one might
first consider a gravitational analog of the elec-
trostatic experiment by Cavendish and Maxwell.
In this classic experiment, they tested for elec-
tric field inside a charged spherical shell, ob-
taining an upper limit of 5x10 in ~q~ where the
force law is written as x ''. A series of im-
provements have been made on this experiment~'
and now the experimental upper limit in

~

&
~

stands
at 3x10 ' . One could attempt a similar experi-
ment in which gravitational force inside a spheri-
cal shell of uniform mass density is measured as
a test of the inverse square law of gravitation.
For the general potential of Eq. (1), one can show
that the specific force (force per unit test mass)
insi:de a thin shell is

—Vg(r) = — e s
s (1+Pr)e s"

2pR r
—(1-pr)e",

1979 The American Physical Society



19 NEW NULL EXPERIMENT TO TEST THE INVERSE SQUARE. . . 2321

where B is the radius of the shell, r is the test
mass position measured from the origin, and I
is the mass of the shell. For the inverse square
law (o. =0), Eq. (2) becomes VP(r) =0 as in the
case of electrostatics.

In performing the test, however, there is an
important difference between the two physical
phenomena. In electrostatics, any imperfection
in the sphericity of the shell is exactly compen-
sated for by a redistribution of electric charges,
ensuring perfect cancellation of the field inside.
This is not true in a gravitational experiment.
Gravitational "charges" in a rigid body do not have
a mobility to make the shell surface a gravita-
tional equipotential. Therefore, unlike in its
electrostatic counterpart, dimensional uncer-
tainties and density inhomogeneity of the source
(shell) will put severe limitations on the precision
to which Newton's law can be tested.

There are two other source geometries that pro-
vide a null environment for the inverse square
law: two- dimensional (infinitely long cylindrical
shell) and one-dimensional "spherical" shell (in-
finite plane). Inside a cylindrical shell, the
gravitational force on a test mass due to the shell
is zero. For the infinite plane, it is the force '

gradient that vanishes on either side of the plane.
In practice, however, one has to use a truncated
cylindrical shell (long cylinder) or plane (disk).
In this instance one no longer performs a null
experiment, but instead looks for departure from
the Newtonian field due to the missing mass. In
spite of this drawback, experimenters have com-
promised by choosing a long cylinder' ' or a
disk'3 as the gravitating body because they are
inherently easier to fabricate than a sphere. It
seems that uncertainties associated with the source
dimensions and density will limit the resolution
of the force law to one part in 104 in these'exper-
iments even with such simplified source geom-
etries. This resolution is at least eleven orders
of magnitude inferior to the value already achieved
in electrostatics. ' In a direct force measure-
ment, a most careful Cavendish-type experiment'
has not yielded resolution in G better than one part
in 10 after two hundred years of elaboration on
the experimental technique and apparatus. Al-
though this poor resolution is partly due to the
weakness of gravitational interaction, it is im-
portant to realize that little improvement ean be
expected even when more sensitive detectors are
developed.

In view of this unpleasant situation, one is for-
ced to seek a new experimental scheme in which
the measured quantity does not significantly de-
pend on the source geometry. This is a parti-
cularly important requirement for tests of the

force law in the range between 100 m and 10 km,
where a natural object such as a rock or a moun-
tain may have to be used as a gravitating body.
In the following section, we discuss a new ap-
proach to the problem and propose a different null
experiment which does not require knowledge of
exact mass distribution of the source. Because of
its essentially source-independent characteristic,
the new experiment will allow a test of Newton's
law on the geological scale as well 'as laboratory
dimensions. As the detector technology improves,
the experimental uncertainty in the force law,

'

which is better than the present source-limited
value of one part in 104, may be obtained.

vg(H=Gf p(T')
~

~gdx (4)

where V is the volume of the source and p(r') is the
mass density. Notice, however, that one more
differential operation on the potential yields a
quantity which is specified solely by loca/ mass
density, i.e. ,

V Q(r) = —4mGp(r). (5)

This well-known Poisson's equation has, signifi-
cant implication, as we will see, for a new possi-
bility of testing the force law. Unlike Eqs. (3)
and (4), Eq. (5) holds locally indePendent of mass
distribution in the rest of the universe. Outside
the source where p(r) =0, V Q(r) vanishes iden-
tically regardless of the source geometry and
density variation. In a noninertial frame rotating
at an angular velocity 0, the centrifugal acceler-
ation will contribute an additional term 2Q on the
right-hand side of Eq. (5). The local character-
istic of V P(r) is a consequence of a unique math-
ematical property of the Newtonian potential func-
tion I/ ~r —F

~

under the Laplacian operation"

(6)

Therefore, any modification of the force law will
in general produce a nonlocal term on the right-
hand side of Eq. (5). For the potential given by

III. NEW SOURCE-INDEPENDENT NULL EXPERIMENT

.In the gravitational null or near-null experi-
ments discussed in Sec. II, the experimenter tries
to create artificially a region over which either
the gravitational potential Q or the force -VQ is a
constant. Such quantities depend on the global
mass distribution as ean be seen from the inte-
grals (for r 2 force in an inertial frame)
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Eg. (1), it is easy to show that

where p(r) = 0 is assumed and Q, (r) denotes the
short-range component of the potenti:al.

In general relativity, Eq. (5) is replaced by
Einstein's field equation

R „-2g„„R= SmT „,
where units are chosen such that G =c=1. There-
fore, all components of the Ricci tensor R,„van-
ish in free space. In particular, R« ——R 0, =4mp
depends on the local mass density alone. Since
the tidal force sensors discussed in this paper ac-
tually measure R 0 0, the output of the devices
will vanish even in the limit of strong gravita-
tional fields. " In the absence of a Yukawa-type
force and in the presence of a cosmological term,
the experiment could in principle measure the
cosmological constant A since

R 0 ()
—4gp —~A.

ment (no breathing). Hence the breathing mode
of a sphere can be excited by gravitational coup-
ling to a source only when the inverse square law
is violated. This is shown mathematically below.

The spatial. eigenfunctions of radial modes of a
thin spherical shell can be written as

Tti, „(8,f) = (a,n+ b,RV') Y,„(e,p), (8)

Here we used a normalization condition

dx$, .g*, =5„,5 „, .

For the monopole (breathing) mode, Y00= (4v) '~2

so that the driving force becomes

foo ——— '&s2 d'x n ~ VP(r)
(4v)

where a, and 5, are constants, n= r/r, and 8 is
the radius of the shell. The driving force on each
mode due to a gravitational potential P(r) is

Detection of A in such a laboratory experiment,
however, is beyond reasonable hope with our pres-
ent technology.

The new null test involves measuring the quant. —

ity V $(r) outside a gravitational source and com-
paring it with zero. In order to discriminate the
signal against a direct current (dc) level arising
from the constant mass density of the detector
itself and from a rotational motion of the platform
due to the earth's spin, etc. , and avoid the 1/f
noise spectrum of the measuring instrument, one
will have to perform an alternating current (ac)
experiment by modulating ~r —r'~ periodically
and detecting the signal at appropriate frequen-
cies. The question that needs to be answered is
whether one c@n design a detector that measures
V2$(r) directly. We give a few alternatives for
such a detector below.

A. Spherical shell or solid sphere as detector

In Sec. II we discussed an experiment which
uses a spherical shell as a source of null gravi-
tational force environment. It is interesting to
note that the same object can be used as a null
detector of V P. In the latter experiment, one
utilizes the fact that the purely radial "breathing"
mode of a sphere does not couple to an external
source of arbitrary shape if the inverse square
law is correct. When V2$ =0, any source outside
a sphere (or spherical shell) tends to produce a
tidal distortion with zero divergence for displace-

"x V 4(r)i (10)

B. Three-dimensional gravity gradiometer

In Cartesian coordinates, V P is simply

where the last step was obtained by applying
Gauss's divergence theorem. It is clear from
Eq. (10) that the monopole mode will remain un-
excited if tQe force law is Newtonian and the
source is located outside the spherical volume V.
The same argument can be readily extended to a
solid sphere using the superposition principle. "

A null test would involve observation of the mon-
opole mode of a sphere. 'A source can be moved
sinusoidally at the eigenfrequency of the mode in
order to build up the amplitude of the sphere.
The problem is similar to the detection of scalar
gravitational waves by a sphere. ' Voile the new
null experiment does not necessitate accurate de-
termination of geometry and density of the source,
essentially the same burden is now on the detec-
tor. In the new scheme one could employ a solid
sphere which is easier to fabricate than a spher-
ical shell. However, its high-resonance freq-
uency may present difficulty in modulating the
source-detector separation for an ac experiment.
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The right-hand side of this equation is a sum of
gravity gradients in three orthogonal axes. . There-
fore, one could measure V2$ directly by using
three gravity gradiometers oriented orthogonal
to one another. '" The same job might be done in
principle with a single one-dimensional gradio-
meter by pointing its sensitive axis along the three
orthogonal axes and summing the. outputs for each
position of the source. In practice three ortho-
gonal gradiometers mounted rigidly on a common
platform may give-superior performance ip. axes

- alignment and data rate and will be easier to hand-
le. A satisfactory method of accurately matching
the three gradiometers should be found before one
can use a three-dimensional system reliably.

It is interesting to note that all sensitive exper-
iments on static gravity have been done with tor-
sion pendula to date. ' '4 Since the extremely low-
resonance frequency of torsional motion allows a
large deflection of the test mass under gravita-
tional force, very sensitive gravity gradiometers
could be constructed using a torsion balance. 2' 3

However, such a device mould necessarily con-
fine the experimenter to the two-dimensional
space of the pendulum motion. The superconduc-
ting gradiometer developed by Worden and Ever-
itt utilizes a low-frequency magnetic suspen-
sion of test masses and a low-noise Josephson-
junction magnetometer (SQUID) to obtain an im-
proved sensitivity. This gradiometer is inher=
ently one-dimensional and would not be applicable
for our three-dimensional experiment. The best
candidate for a V'P experiment seems to be the
superconducting displacement differencing gravity
gradiometer developed by Paik, ' Mapoles, and
Wang. In this device two cylindrical supercon-
ducting test masses are suspended by diaphragms
of the same material from a rigid coaxial rim.
Typic@ resonant frequencies of the diaphr'agm
suspension are between 50 and 100 Hz. The sen-
sitive axis of this device can be oriented in any
direction without altering its basic characteristics.

A three-axis gravity gradiometer could be con-
structed extending the principles employed in the
device of Paik et al. , and the suspension freq-
uency lowered below 10 Hz to improve the sens-

itivity. A detailed analysis of a practical appara-
tus and experimental sensitivity will be published
elsemhere.

IV. CONCLUSIONS

The Newtonian law of gravity should be tested in
a new range between 1 m and 10 km. The proposed
experiment in which V Q is measured will allow a
resolution of the force law in this range as well
as a true null experiment in the laboratory for the
first time. The new method does not require pre-
cise knowledge of mass distribution for the source.
As a result, experimental uncertainty in the force
1am can continue to decrease as detector technol-
ogy improves.

In a sensitive gravity experiment, vibration iso-
lation is always a challenge because of the diffi-
culty of distinguishing gravity from platform ac-
celerations. In this regard, a gradient measure-
ment is a superior experimental technique to a
force measurement because the unique tensor
characteristic of gravity gradient cannot be sim-
ulated by accelerations. The equivalence prin-
ciple does not prohibit distinction of gravity from
an acceleration when the force is measured at
more than one point. ' When three gradients are
summed, the output becomes proportional to V P,
which is a more fundamental quantity than Q or
VP from a field-theoretic point of view because
of its intrinsic local nature. Furthermore, V'P
is a null quantity for the inverse square law in
free space allowing an ideal null experiment for
one of the most basic laws of nature.
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