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Prism-plot analysis of the reaction vr p ~m vr m. +p at 13 Gev/c

J. A. Gaidos and W. L. Yen

(Received 30 June 1978)

Fourteen reaction channels contributing to the final state have been separated by a prism-plot analysis of
e p ~m m m+p interactions at 13.2 GeV/c. The results of this study are presented in terms of partial and
differential cross sections, invariant-mass and decay-angular distributions, and comparisons with other
separation techniques for the various resonant states.

I. INTRODUCTION

We present a study of the reaction

at 13.2 GeV/c wherein the technique of a prism-
plot analysis' (PPA) is utilized to separate the
contributions of noninterfering resonant channels
and diffractive enhancements. 'This analysis is
based on 16804 events obtained from a 500000
picture exposure of the SI AC 82-inch hydrogen
bubble chamber. The data were measured on
scanning measuring projectors and processed by
standard TVGP and SqUAW reconstruction and
fitting routines. Our cross section was measured
to be 1.00+0.04 mb.

Reaction (1) has been studied over a wide range
of incident pion momenta in a series of bubble-
chamber experiments. ~" Strong production of
&'+(1236), A„A„and p substates is clearly ob-
served at all energies. In addition, moderate
contributions from f, A„b,'(1236), N*(1520), and
N*(1688) are frequently resolved. These reso-
nances and enhancements can be attributed to one
of three dominant classes of reactions mechan-
isms: (i) pion diffractive dissociation, (ii) double
resonance production, and (iii) proton diffractive
dissociation. In particular, we enquire to what
extent reaction (1) can be described in terms of
resonant and diffractive channels.

One goal of phenomenological analyses of ex-
clusive high-energy production reactions is to
separate and study independently each different
final state contributing to a specific set of con-
strained interactions. However, the techniques
involving kinematical restrictions to isolate the
dominant modes are not effective in selecting sub-
samples of events in the less pronounced channels. ,

At our energy, a satisfactory separation of the
three dominant reaction classes listed above is
possible by longitudinal-phase-space analysis
(LPSA)." However, in order to isolate different
final states within the main classes, a technique
with improved resolution, such as that provided

by the PPA, is required. In the PPA, a com-
plete set of independent phase-space variables is
used to describe each event, which for reaction
(1) involves seven variables. Simultaneous
weighting in the independent variables provides
a more powerful alternative to cuts in invariant
mass and momentum transfer for selecting data
samples corresponding to specific reaction chan-
nels. The PPA has been employed by several
grOupS 1f 15f lv 22

We describe the performance of our analysis
and present the results in terms of partial and
differential cross sections and invariant-mass and
decay-angular distributions for each of the 14
reactions comprising the data sample.

II. THE PPA METHOD

The PPA is an approach which employs the com-
plete set of phase-space variables. An iterative
comparison is performed between the unseparated
experimental data sample and the Monte Carlo-
generated samples which are based on the infor-
mation obtained in the preceding step. The under-
lying scheme is that reaction channels produced
via different types of interactions occupy different
regions in the seven-dimensional phase space.
The seven independent phase-space variables used
herein are all evaluated in the overall center of
mass and include the three Van Hove longitudinal-
momentum variables, " the three independent vari-
ables from the Dalitz-Fabri kinetic energy sim-
plex, and the transverse momentum of the final-
state (v v ) system. After transforming these
variables to Cartesian coordinates, the prism-
plot variables are utilized in the following com-
binations:

x, = [3q, —(q, +q, + q,)],

x, = [2q, —(q, yq, )],
1

22
x, = &6 (q, -q,),
X = —'[3T, —(T +T +T )],
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X,= [2T, —(T, +T~)],
1

X,=~6(T, -T,),
X7 — PJS+pL4I

where q„ is the longitudinal momentum and T„
the kinetic energy of the nth particle with the
indices n =1 to 4 referring to final-state particles
P, v, v, v ~ respectively. Taking into account
the presence of two identical pions in the final
state requires only sign'changes of X, and X, to
specify coordinates for the other combination.

The PPA proceeds via the following steps:
(l) From one- or two-dimensional projections

of the experimental sample, guess the number K
of different reaction channels to be included.

(2) For each reaction channel, choose a set of
one-dimensional distributions such as invariant
mass, production angles, or decay angles. The
shapes Of these distributions are obtained from the

previous iteration, except the forms for resonant
masses, for which Breit-signer distributions
are adopted. For the initial iteration, flat an-
gular distributions are assumed as well as a
rectangular form for the diffractive proton mass
enhancement, and a triangular shape for the mass
distribution of pion diffractive dissociation.

(3) Beginning with equal numbers of events for
each assumed reaction channel, generate K sam-
ples of Monte-Carlo events based upon the dis-
tributions of step (2) input; subsequent numbers
of events per channel will be given by a weight
8', described below.

(4) Draw a seven-dimensional "box" of suitable
size around each real event and count the number
of Monte-Carlo events (hits) of each type which
have phase-space location within that box (this
process will be referred to as "-tagging" the ev-
ents).

(5) Assign to each real event a weight WI defined
as

(number-of hits from Monte Carlo events of type i for the jth event)
(total number of hits for the jth event)

i =1,K; j =1,N; where N is the number of real
events. The weight 5'~ is the probabi:1'i;ty for the
jth event belonging to the ith reaction channel.
For the next iteration, the number of Monte-Carlo
events generated for each reaction channel will
be proportional to W, where W&=Z~ Wf.

(6) By weighting the jth event of the data sam-
ple with the probability W~„obtain the set of new
distributions corresponding to those chosen in
step (2). Examine the spectra of untagged events
to ascertain whether there are structures in-
dicative of omitted reaction channels. If additional
final states are necessary, include them in the
next iteration.

(7) Submit these new distributions to the Monte
Carlo generation program.

(8) Repeat the sequence of steps (3) to (7) until
convergence is achieved where the criterion is
that the distributions following a certain iteration
are statistically identical to those of the previous
iteration. It is important during a single tagging
process to utilize a set of different box sizes
B, in increasing order:

8 &8 «---------B
If N, of N events are tagged with respect to B„

the remaining (K-Ã, ) events will be attempted
using B„etc. For the analysis described herein,
six box sizes were used. Initially the box sizes
were chosen small to obtain rapid convergence and
to determine the approximate domain of population.
Subsequently, the sizes were increased to insure
complete coverage of the event sample.

The assumption of uncorrelated amplitudes in
PPA is apparent from the preceding description.
Interferences among particle amplitudes can be
resolved subsequently by other techniques, for
which the tagged data sample provides a very
clean input.

III. CONTRIBUTING CHANNELS

The question of which reaction channels con-
tribute to the experimental data and therefore
have to be introduced into the Monte Carlo gen-
eration must be answered by the iteration process
itself. Initially, the choice of channels is a con-
jecture derived from the original unseparated
data sample and from a.previous analysis of
conspicuous states selected by kinematical cuts.
Effective mass spectra of the unseparated data
are shown in Fig. 1, where there is clear evidence
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Reaction
final state

Number of Cross section
events (Vb)

1. pAf s A f p'm"

2. pA2, A2 p m

3. pA3, A3 f&

4. pA' (2000), A' pox

7 popo

+of

9 ~0

10. &+(1520)p

11. &*(1688)p'

12. &*(1688)f
(W'& ) DD"

14. (6++7-)»m-

3210

2000

1135

1032

281

461

863

1307

1765

200 +17

124 +13

71+ 9

64+ 9

67+ 9

17+ 5

39+ 7

33+ 6

29+ 6

54+ 8

65+ 9

47+ 7

81+10

110+12

for strong production of the 6++ (1286) isobar, p'
and A, mesons and the diffractive A, enhancement.
There a,re a.iso definite signals for f', A»
(1236), N +(1520), and N*(1688) contributions. A
listing of the included channels is given in Table
I; masses and widths of resonances and the initial
mass shapes of nonresonant contributions are spec-
ified in Table II.

TABLE I. Reaction channels considered and the cor-
responding partial cross sections obtained from the
prism-plot analysis of s p-w s w+p at 13.2 Gev/c. The
subscript DD indicates diffraction dissociation.

IV. RESULTS FROM THE PPA

Convergence in this analysis was attained after
thirteen iterations, when the cross sections and
differential distributions were observed to be
statistically equivalent to those of the previous
step. The number of events tagged by each chan-
nel included and the corresponding partial cross
sections are listed in Table I. A residual of 714'

events representing 4c/c of the data sample was
not attributed to any of the considered channels
and was consequently untagged. An examination
of the mass spectrum (Fig. .2) reveals no signifi-
cant structure indicative of channels overlooked.
For cross sections quoted, these events are dis-
tributed proportionately among the fourteen tagged
channels.

Invariant mass, four-momentum transfer, and
decay angular distributions in the Gottfried- Jack-
son frame are shown for channels 1 14 in Figs.
3-15.

Previous studies of m g m'p final states, es-
pecially partial wave analyses""" "have re-
vealed interferences between adjacent production
channels, in particular between A, and A, states.
However, in the PPA analysis the A, and A, chan-
nels have been treated as noninterfering states.
Consequently, the values presented in Table I for
separate A, and A, channels are only an approxi-
mation and spectra for the sum of these channels
are given in Fig. 3.

An interpretation of the results of this analysis
is closely connected with the degree of separation
achieved among the contributing reaction chan-
nels. A measure of the resolution obtained can
be expressed in terms of a simple overlap matrix
between channels i and j, M, &

(Ref. 20) defined by

Product Mass shape Mo (MeV) Width (MeV)

p

f
g

A2

A3
A'

&(1236)
+*(1520)
& *(1688)
(P7ill )DD
(&"& )DD

BW 770
BW 1270
BW 1690

1100
BW 1310

1600
2000

BW 1232
BW 1520
BW 1670

1700
1700

150
180
180
300
100
200
200
110
125
155
500
500

TABLE II. Initial parameters for the reaction prod-
ucts. BW= Breit-Wigner distribution centered at M0. 4
= triangular distr ibution centered at Mo. 0 = rectangular
distribution centered at Mo. DD= diffraction dissociation.

f I w', —w", I' t

Here N, is the total number of events with non-
zero S'~. Elements M,&

are proportional to the
amount of common phase space for channels i
and j; however, because N, cN, , the overlap ma-
trix is not symmetric. Values of the various M,-,.
are listed as percentages in Table III. With few
exceptions, the overlap elements are well below
ten percent, thus indicating that the separation of
mechanisms contributing to reaction (1) is satis-
factory. Major overlaps in phase space occur for
the proton diffractive subsample, the A, and A,
channels, and the N*(1520)p and N*(1688)p final
states.

Slope parameters, assuming an exponential t'
dependence, are given in Table IV. for each of
the reaction channels, for two t' intervals.
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FIG. 13. Effective-mass, momentum-transfer, and decay-angular distributions for the reaction z p N*(1688)f.
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TABLE III. Overlap matrix; percentage.

A2 A.3
A' 4 +m r & r+r D p D f 6 g N(p Nmp N2f (&g+7r )~D (4 g )DD

A2

0.5

27.0

6 15

9 3 1

12 1

24 3 1 0.1

0.2
0.1 0.1

0.4 0.1

0.2

7 10 3

0.1

0.1

0.3

0.2

0.4

0.6
A'

popo

gof

0.5 1 2 3

6 7 1

4 5 4

2 6 13

1 2 2 9 0.4

5 3 2

1 3 4

6 9 7

12 3

12

8

19 12

4 13 13

14

~0

N p

N2po

N2f

0.1 0.2 0.3 3

8 12 -7 7 1

13 16 9 6 1

2 5 . 12. 10 4

4 14

12 4 1

5 9 3 11 13

10

(P&'& ) DD

(4"x )» 0.3

'
N& -N*(1520).' N, =N*(1688).

0.4 2 9

0.1 Q.l 0.3 1 3 7 13

2 5 8 4 30

37

V. COMPARISON PATH OTHER SEPARATION
TECHNIQUES

As we mentioned earlier, the reaction s' P
-w w m p has been studied over a wide range of
energies using different methods of investigation.
A comparison between different analyses should
therefore take into account the special method
which has been used to identify and separate con-
tributing channels. In Table V., we present a
survey of the most important results obtained in
analyzing reaction (l) in the energy range from

8 to 20 GeV/c. Cross sections for strong double
resonance channels have similar values regardless
of measurement technique whereas less conspic-
uous reactions require a PPA-type analysis for
resolvement; in particular, the A'(2000), which
is not readily observed in the raw data, emerges
from the PPA technique. Although pion and proton
diffractive reactions require a detailed partial-
wave analysis for separating interfering states,
the general isolation is consistent among tech-
niques when summed over contributing subchan-
ne1s.

TABLE IV. Slope parameter in exp(bt') fit for two (t') intervals, in units of (GeV/c) 2.

Channel 0&(t'[&0.1 (GeV/c) 0& It'I&0.4 (GeV/c) Channel 0 & I
t'

I &0. 1 (GeV/c) 0 & It' I &0.4 (GeV/c)

Ag

A2

A3
A'
~++m x
~0~+~-
~op0

9.6+0.8
4.2 +1.2
3.0+1.6
6.4+1.7

21.1+1.4
6.6 +4.5

21.3+1.9

11.3 + 0.2
6.0 +0.2
5.9+0.3
6.4 +0.3

13.1+0.4
3.3 +0.8

12.6+0.5

~0f
go
N)po
N2po

N2f
(pa~ )»
&&"& )DD

13.2 +2.2
8.4+ 2.6

14.8 +1.6
14.3 +1.5
7.1+2.2

11.0+1.4
8.1+ 1.3

7.9 +0.5
6.6 +0.6
8.8 +0.4
9.1 +0.4
5.0+0.4
8.0 + 0.3
5.6+0.3
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TABLE V. Reaction cross sections and method of determination. PWA: partial-wave
analysis, PPA: prism-plot analysis, ML: maximum likelihood, CA: cluster analysis. Meth-
od not indicated implies kinematical selection.

P(beam) (GeV/c) 0 (Pb) Method Ref.

Ag 11
11
11.2
13
13.2
16
16
16
16
20
20

83 +18
118+22
216 +45
104 +22
200+17
294+ ~~~

96 +13
431
220 +18

88 +16
130+35

PWA
PWA
PWA
PPA
ML

PPA
CA
PWA

2
5

13
5

this article
7
2

15
27

5
2

8
11
11
11
11.2
13
.13
13.2
16
16
16
16
16
16
16.2
18.5
20
20

42+12
27+ 5
78+18
51 ~16
46 ~13
35+ 8
27+ 5

124 +13
23+ 4

158+2'
72 +10
50

180+60
136+23
46 +10
24+ 3
24+ 5
15~ 4

PWA

I WA
PWA

PPA
PWA

ML

PPA

CA

2
6
2
2

13
6
2

this article
6

2
15

2
27

2
6
6
2

11
11
11.2
13
13.2
16
16
16
16
18.5
20

37+ 8
64 +15
64+ 14
50+ 9
71+ 9
39~ 5

113+25
80 +14

106 +16
32+ 5
27+ 4

PWA

PWA
PWA
PPA
PWA
ML
PPA
CA
PWA
PWA

8
2

13
8

this article
8
7

15
27

8
8

A' 13.2
16
16

64+ 9
56
40+ 8

PPA
PPA
CA

this article
15
27

8
10.25
11
13
13.2
16
16
16
16
16

320 + 50
100+40
320+ 30
275 +28
67+ 9
44+10

123+ 22
. 240+50

182+12
80 +19

PPA
PPA
ML

CA

2
2
2
2

this article
15
. 7

2

27
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TABLE V. (Contingecg.

P(beam) (GeV/&) Method Hef.

11
13
13.2
16
16
16
20
20

150 +50
180 +34
17+ 5
45 +ll
50 +20

0
124 +21
46+ 6

PPA
ML

CA

2
2

this article
7
2

27
2
2

gonzo

8
ll
13.2
16
20
20

28+ 7
50 +15
39+ 7
30 +15
4+ 2

30

PPA

2
2

this article.
2
2
2

2.7
3.7

13.2
16

60
75 +25
54+ 8
48 +10

2
2

this article
27

13.2
16

33+ 6
11+ 4

PPA
CA

this article
27

13.2 this article

3.7
13.2
20

78 +25
65+ 9
9+ 2

PPA
2

this article
2

13.2 47+ 7 PPA this article

(pm'x ) DD 11.9
13.2'

16

80 ~30
81 +10

166
PPA
PPA

10
this article
15

ll. 9
13.2
14.2
16

220 +30
110+12
226 ~25
147

PPA

PPA

10
this article
14
15

VI. CONCLUSION

For noninterfering reaction channels occurring
in separate regions of phase space, the PPA tech-
nique provides an excellent tool for scanning the
phase volume and tagging individual events. This
procedure resolves the rarer resonant states and.
provides a reasonably clean data sample for a
partial-wave decomposition of the diffractive
excitation modes. Some 96% of this four-particle
final state was tagged with respect to specific
reaction channels. Our conclusion is that the

reaction m p-m w m+P can be described totally in
terms of resonant and diffractive final states.
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