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Quantum chromodynamics has placed the problem of hadronic symmetry breaking on a rational basis. The
current-quark mass ratios can be shown to be renormalization-group invariants up to small and controllable
corrections from flavor interactions. We calculate the mass ratios of the light u, d, and s quarks using the
pseudoscalar-meson mass spectrum, the baryon mass spectrum, and the q~3m decay. The main theoretical
assumptions are that low-lying-resonance and Born terms correctly estimate the photonic contribution to
isotopic mass splitting and that chiral perturbation theory —equivalently kaon partial convervation of axial-

vector current —correctly estimates chiral-symmetry breaking, Taking account of all leading-order chiral
corrections to the meson spectrum and from the baryon spectrum and q ~37r decay we obtain

m„/m„= 0,38+0.13 and m„/m, . = 0.045 +0.011. We conclude that while a vanishing up-quark mass ip

not rigorously ruled out it is unattractive from the standpoint of the presently consistent phenomenology of
hadronic symmetry breaking.

I. CURRENTQUARK MASSES AND QUANTUM

CHROMODYNAMICS

In any discussion of the quark mass spectrum it
is important to distinguish between current-quark
masses and constituent-quark masses. To provide
a framework for our discussion, we will adopt
quantum chromodynamics (QCD) as our strong-in-
teraction theory. ' The Lagrangian for the SU, (3)
gauge theory with N quark flavors is
ZocD =- ,'E'„„E;„+iq,—pq,+ nZ@co+gauge terms,

(1.1)
m', qp, ,

where

—s Qa spa ++fabc~b~c

is the Yang-Mills field strength and D is the co-
variant derivative. Here m',. is the bare current-
quark mass of the ith flavored quark. An import-
ant feature of QCD in the absence of weak (flav-
ored) interactions is that the current-quark mass
term 4Z~c is the only term that can break the
chiral-SU(N) x SU(N) symmetry of Coco and main-
tain renormalizability.

Constituent-quark masses are the physical mas-
ses of the quarks as they make their appearance
in hadrons. This constituent-quark mass is not
the same as the current-quark mass since QCD
presumably undergoes a PCAC (Partial conserva, —

tion of axial-vector current) phase transition.
This implies that even in the absence of explicit
flavor breaking (m', =0), the chiral Z, symmetry
of the vacuum is broken. All the quarks then can

acquire a common mass M by the Nambu-Jona
Lasinio mechanism. When explicit flavor break-
ing is turned on (m',.o 0), then the constituent
masses are shifted and split.

The problem with discussions of constituent-
quark masses is that the constituent-quark mass,
to the author's knowledge, has never been given a
precise definition independent of a specific appli-
cation and its dynamical details. If quarks could
exist as free physical particles then the consti-
tuent-quark mass could be precisely defined as the
mass of that particle. However, if quarks are
permanently confined inside hadrons, the consti-
tuent-quark mass depends on the details of the
dynamics, and a precise definition has not yet
been given. - In spite of this difficulty, the use
of the concept of a constituent, physical quark
mass in specific phenomenological applications,
especially nonrelativistic potential models of
permanently bound quarks, is quite useful.

By contrast, the current-quark masses can be
given a precise phenomenological meaning. The
reason is that the divergences of the currents that
are measured in electroproduction and neutrino-
production experiments are given by m',.qp,. and
m',.q, y,q, . These operators make their appearance
in the operator-product expansion for the current
correlation function near the light cone. For ex-
ample, the TV~ and W, structure functions mea-
sured inneutrino production from nucleons vanish
in the chiral limit as m', -0.' Collins has shown
that moments of these structure functions give
direct information about current-quark masses. 4

While in principle it is possible to determine the
current-quark masses in this way, it is nearly
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impossible in practice since the distributions are
multiplied by a lepton mass, and hence are very
small for the light leptons.

Actually, what one obtains from such experiments
that probe the light cone is not the bare mass
m',.(A) which depends on the cutoff A but the cutoff-
independent quantity m, (p, ) where p is the renor-
malization mass. The relation of m, (p) to the
bare mass m', (A} is

m, ((u) =Z(A/p)m', (A) . (1.2)

In (1.2), Z is defined using the Weinberg renormal-
ization prescription. ' Z ', which renormalizes the
operator q & q „ is to be calculated in the theory
with 4Z c =0. Hence, Z is flavor independent.
Equation (2) implies

m, (p) m', (A)
m (p) m {A) '

so that the ratios R,&
of the current-quark masses

are cutoff and p. is independent. The renormaliza-
tion-group-invariant quantities R,.~ are unambig-
uous pure numbers that can, in principle, be ex-
tracted from experiment. It is the determination
of these ratios that will be the subject of this ar-
ticle.

The p, dependence of m,.((u) is established' from
the renormalization-group equation

mass ratios as emphasized by Collins. 4 However,
for quarks of the same electric charge, since the
electromagnetic interaction couples only to the
charge, the renormalization is still universal,
Hence, the quark mass ratios

m', (A)
f~g =

oIA) )m

for quarks of the same charge are unambiguous.
For quarks with different charges the mass

ratios m, (tu)/m&(p) are not renormalization-group-
invariant. The renormalization-group equation in
the presence of electromagnetism is

(
8 8 ) 8

+() (8;e)8 +'P(e)&g+T, ,(l, )) (4m)=0,

(1.8}

P,(g, e) =-(bo/2)g'+ O(g'e2),

P'(e o}= {e'/12m')q'+O(e'g')

y, (g, e}=y.g'+y, e'p'+

Although P is flavor independent P,' and y, are
not. Expanding in powers of oL =e'/4p and defining

m, =m, (yo), where po is arbitrary, one finds'
using Eq. (1.8),

a 8
+p(g) —+y(g) m (q)=O,

Bp, Bg
(1.4)

&&,(u) = ' „= -' [I+»(e&'- e,')»(u/u. )],
(1.9)

m, (p, ) = m,E(p) . (1.5)

Clearly R,, =m,./m, , and for large p, asymptotic
freedom implies

where P(g) =- (bo/2)g'+ is the Callan-Syman-
zik function and y(g) = y, g'+ the anomalous
dimension of the operator m&q&q& which is inde-
pendent of the specific flavor, i. Equation (1.4)
can be solved for m, ((u) up to an integration con-
stant m„

mhere A. is a numerical constant of order unity.
This equation exhibits the ambiguity if q,' Wq2~

since B,&(p, ) is p, dependent.
Although this ambiguity exists, it is numerically

unimportant. If we compare the mass ratio R,,(p)
at two different values of p, (p, and p,,) the differ~
ence is small compared to the mass ratio itself,

/

' = eA(q, ' —qq') In((u, /)u, ) (1.10)

«].
E(p, ) = (intu) "o)'o. (1.6)

We can define m, to be the renormalized current-
quark mass.

The above discussion shows that current-quark
mass ratios R,&

are unambiguous in QCD if we
ignore flavor-breaking interactions due to weak-
interaction gluons [quantum flavor dynamics (QFD)].
However, if we examine isospin breaking the pho-
ton interaction must be taken into account. We
will, however, ignore the usual weak interaction
for Q' «m~'-(60 GeV)'. As a consequence of the
electromagnetic flavor-breaking interactions, the
operator m&q, q, is no longer universally renor-
malized and there are ambiguities in the quark

providing p, ,/p, is not oi' O(e '~~). This is certain-
ly the case for experimentally available energies.
Equivalently, the cutoff dependence in mo(A)/mo&(A)
is small compared to the ratio itself and we can
ignore it. We conclude that quark mass ratios in
QCD, even in the presence of electromagnetism,
are unambiguous up to very small an'd controllable
corrections of O(c(}.

Having reached this conclusion, there remains
the problem of actually extracting the values of
the quark mass ratios from experimental data.
The remainder of this article will be devoted to
this task. The technique me mill use is the chiral
perturbation theory previously developed by us."
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The basic observation of chiral perturbation theory
is that many strong-interaction amplitudes approach
their chiral SU(N) x SU(N) values as m, -0 in a
nonanalytic fashion such as m

&
ln m

&
or m&'~'.

Chiral perturbation theory is a systematic calcula-
tional technique for calculating the coefficients of all
such nonanalytic terms which are usually the lead-
ing order terms in chiral-symmetry breaking.
The main assumptions are that these nonanalytic
terms are the dominant contribution to symmetry
breaking, and that one can do perturbation theory
in the chiral-symmetry-breaking parameters, the
renormalized-quark masses m &. The current-
quark mass m

&
is not a dimensionless parameter.

A typical dimensionless parameter that makes its
appearance in chiral perturbation theory is y,.
= p, '/16m'E, ', where p, is a, pseudoscalar mass
thai vanishes as rn, - 0 and F,= 93 MeV is the pion
decay constant. As long as this parameter is
small, we have confidence that chiral perturbation
theory is applicable.

For the lightest quarks, u and d, perturbation
theory about the SU(2) x SU(2) limit is very good
since y„=y~=0.014. For the s quark y, =0.1, so
there is reason for less confidence in perturbation
theory about chiral SU(3) x SU(3). However, we
remind th'e reader that in the Gell-Mann-Oakes-
Renner' scheme, which is consistent with all
available information on chiral- symmetry break-
ing, ' the breakings of chiral SU(3) x SU(3) and

ordinary SU(3) are comparable, both breakings
being generated'by the strange-quark mass rn, .
Consequently, the corrections to kaon PCAC,
equivalent to chiral perturbation theory, and or-
dinary SU(3) are comparable Conve.rsely, any

attempt to give up kaon PCAC will have to account
for the success of SU(3) symmetry in a new way.
This seems to us to be an unattractive and unnec-
essary option, although it is not strictly ruled out.

For heavy quarks such as the c, we have no
reason to believe that chiral perturbation theory
is applicable, since y, =1. It is difficult to sup-
pose that the D mesons are approximate Nambu-

Goldstone bosons such as the r and K. In fact, it
is possible that as one increases a current-quark
mass there is a phase transition at a critical val-
ue rn =m„«beyond which there is no remnant of
the Nambu-Goldstone states for that flavor. In
any case, we have no reliable way of determining
the ratio of light (u, d, s) quark masses to heavy
(c, f, b . . ) quark mas.ses with the methods available
at this time. For this reason we restrict ourselves
to examining the light-quark mass ratios.

The origin of the quark mass spectrum is a deep
problem. This problem, evidently, is connected
with the problem of establishing mixing angles
such as Cabibbo angle and other mixing angles'

which arise upon diagonalizing the general quark
mass matrix m, z. A solution to this problem may
come from the interplay of QCD and QFD in a
unified theory and from the systematics of the
quark vs lepton spectrum. In the present state
of the art of unified gauge theories such connec-
tions remain speculative.

II. QUARK MASS RATIOS AND CHIRAL PERTURBATION
THEORY

What are the motivations for examining the cur-
rent-quark mass spectrum? There are at least
two reasons: (a) In most weak-interaction models
(QFD) the current-quark mass term is generated
by spontaneous symmetry breaking of a local
Qavor group. A knowledge of mass ratios is use-
ful in providing constraints on model building. (b)
The vacuum of QCD will in general violate P and

T invariance since one can add to Z~ the term
(8/32m')E„, E „without altering renormalizability. "
This term gives a nontrivial contribution to the
action from instantons if 0 c2m and will violate
P and T symmetry. But this interaction term is
not invariant under a chiral transformation on a
single quark field, such as u~ -e' u~, and couldbe
rotated away if 2@ + 4C~ were invariant under
this chiral transformation. This is possible pro-
viding m'„= 0. While a massless up quark is not
the only solution to the problem of potentially
strong P and T violations, " it is of interest to
see if this solution is phenomenologically viable.

Our plan is as follows. First we describe the
problem of determining the AI=1 quark mass dif-
ferences and then give the formulas for determin-
ing the quark mass ratios in terms of meson and
baryon masses. We give a careful treatment of
symmetry breaking which is controlled by chiral
perturbation theory. We will discuss separately
the isosinglet-isosinglet mass ratio (m~+m„)/2m,
and the isovector-isosinglet mass ratio (m„—m„)/
2m'

The ratio (m~+m„)/2m, of SU(2) x SU(2) to SU(3)
x SU(3) chiral breaking can be determined in chiral
perturbation theory to lowest order to be given by
p', /2pr. Including the complete leading-order cor-
rections from chiral perturbation theory we find

d 1l —0 P31
2m

(2.1)

The ratio (m~- m„)/2m, of isospin to SU(3) break-
ing is far more difficult to determine in a reliable
way. The reason for this is that electromagnet-
ism is known to violate isospin and require diverg-
ent counterterms in the quark mass matrix. Be-
cause these counterterms are divergent (in most
QFD theories), in the presence of electromagnet-
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ism there is a m„-md mass difference which is a
free paraineter. In practice, the m„-md mass dif-
ference is determined from: (i} the ground-state
pseudoscalar meson mass difference K'-E', (ii)
the bI = 1 baryon mass differences, (iii} the q-3n
decay. Below, we will review the theoretical
problem of defining the m„-md mass difference
and the phenomenological problem of extracting
it from the data.

From the meson mass spectrum we obtain

" =0.0175,
2m.

(2.2)

and from the baryon spectrum the consistent val-
ue

" =0.0105y0.003 .
2m.

(2.3)

The extraction of this ratio from the q-3m decay
is sensitive to the details of SU(3) x SU(3) symmet-
ry breaking (an extrapolation on the order of the
rl mass is required}. So the q-3n decay is in-
herently less reliable. If one ignores SU(3) x SU(3)
symmetry breaking, one obtains from the mea-
sured rate a ratio which is consistent with (2.2)
and (2.3}obtained from the hadron mass spec-
trum. Depending on the treatment of symmetry
breaking, one can obtain results that improve or
spoil the agreement with (2.2) and (2.3).

From (2.1) and (2.2) or (2.3) we have

— —"=0.38,
md

— d = 0.045,
m

(2.4)

which rules out a vanishing up-quark mass. The
main ways to avoid this conclusion are: (i) The
contribution of the low-lying states to the Cotting-
ham formula for the electromagnetic mass shifts
of the hadrons is underestimated by a, factor A.
(ii) Kaon PCAC or equivalently chiral SU(3) x SU(3)
perturbation theo. ry fails. If the latter is the case,
then we also lose the rationale for an approximate
SU(3) symmetry. Further, it is not clear that if
an alternative approach is adopted it will lead to
a consistent account of all symmetry breaking.
8'e conclude that zvhiLe a vanishing up-quark mass
is not rigorously ruled out, it is unattractive from
the standpoint of the currently consistent phenom-
enology of hadronic symmetry breaking

i

A. Chlculational procedure for BI=1 mass terms

The symmetry-breaking part of QCD that we will
consider is

4Z CD =m„uu+m„dd+m, ss, (2.5)

EM = (EM)~cD+ (AM)'m (2.3)

to which is to be added the conventional electro-
magnetic effective action

, fd'xD""(r)2'(V~ (2) V~(- —)),
(2.6)

where V~ is the electromagnetic current and

d'q e"'"(g„„+gauge terms) . (2.7)
q +jE

Before proceeding with calculations, it is nec-
essary to discuss the extraction of the electro-
magnetic mass shifts of quarks (tadpole) from the
conventional electromagnetic interaction. 'This. has
been discussed in detail by Gasser and- Leutwyler, "
Gunion, "and more recently, from the viewpoint
of the renormalization group, by Collins. " We
will simply review the conclusion of these articles.

First we note that 4g has no 4I=2 part. On
the other hand, 2', if one examines the operator-
product expansion of the T* product, has finite
matrix elements for its 4I = 2 part. 'Therefore,
the Cottingham integral is convergent for ~I =2
mass shifts such as p.„'-p.~' and ~~ +rn~-
—2m~o. As is well known, saturation of the Cot-
tingham formula with low-lying states for these
combinations yieMs excellent agreement with ex-
periment. " The ~I=2 mass shifts are evidently
well understood, but they give no information on
the quark mass spectrum.

By contrast, the 4I=O, 1 parts of 2' can be
shown from the operator-product expansion to
give divergent contributions. These divergences
are canceled by the mass counterterms in 42~
to yield finite results for symmetry breaking.
While the subtraction of the logarithmically diver-
gent part is unambiguous in a renormalizable
theory such as QCD, there can remain a finite
term after the subtraction. This finite term in the
quark masses is ambiguous because it depends on
the subtraction procedure used; different subtrac-
tion procedures treat finite parts differently.
However, this set of finite rescalings is precisely
that which is controlled by the renormalization
group, and the ambiguity is due to the fact that the
renormalization subtraction can be carried out at
different renormalization masses. This has been
discussed in detail by Collins. "

To see how this works in practice, let us reg-
ulate 2' by the introduction of a, cutoff A in (2.7)
according to the replacement 1/q'-1/q' —1/(q'
—A'). Then, if we consider the contribution of
6@ 0+2 to a, physical mass shift aM, it can
be written as
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where the two terms correspond to the matrix
elements of 4ZQ and Z', respectively. Now as
A -~, we have

(AM)» ~ „nC in(A/p, ), (2.9)

with C a constant and p. the renormalization mass.
By the renormalizability of QCD and QFD, AM

must be A independent, so that
B,A'„(x) =i['Q', 2], (2.15)

mass ratios. The g and g' can mix, and this intro-
duces an additional parameter rendering this sys-
tem useless for our problem of determining quark
mass ratios. This leaves the & and K system.

We use the standard method invoking the PCAC
relation for the axial-vector currents A'„(x),
0 1p ~ ~ ~ p8p

(n, M)~@ n~~-aC in(A/p, ) .

Defining the finite quantities

(AM)' =(AM); —nc ln(A/I ),
M)»' d (&M)@en+ nC ln(A/p),

(2.10)

(2.11)

g —gQcD + ~ gQGD+ gem with Q gQcD and g~~

given by (2.5) and (2.6). Zoon is chiral invariant,
so [SQ' Zo ]=0 We will take the matrix ele-
ment of (2.15) between the vacuum and the physical
m and K states. With the definitions

we can split up the contributions to the physical
mass shifts as

&0 ~A:-(0) ~» PC)) =i~F,.Z„,
(0 ~diy, u ~»') = vY Z~' ~', etc (2.16)

AM =(AM)' +(AM)'" (2.12)

where tad means tadpole contribution. Here
(AM) represents the contribution of the low-ly-
ing states, Born terms, and resonances, before
the onset of scaling behavior in the structure func-
tions in the Cottingham integral. The scaling part
of the structure functions which gives the diver-
gence in the Cottingham formula" has been ex-
plicitly subtracted out of the definition of (4M)
and is not to be included in numerical estimates.

The finite ambiguity mentioned above is simply
reflected in the fact that we can change the nu-
merical value of (&M) or (4M)""by a different
choice of cutoff A, or equivalently, a different
choice of renormalization point p, . This ambiguity
we see from (2.12) is given by

&(&M)' = aC ln(A, /A, ), (2.13)

where A, and A, are two choices of cutoff. The
constant C has been computed by Collins' with the
result

(~M)"" 4m„-m,
12m m„- m

(2.14)

where m„„are the renormalized quark masses.
To estimate the ambiguity, we choose m„/m„= —,',
A, /A, =100, so that &(hM)'*~=4.4x 10 '(AM)"~
The ambiguity due to change in cutoff by a factor
of 100 is 10 4, compared to the tadpole term we
are computing. Our conclusion is that we can
extract the tadpole contribution from physical
4I = 1 mass differences if we subtract just the non-
scaling Born and resonance terms in the Cotting-
ham integral from the physical mass difference
up to a small and negligible ambiguity.

[in the chiral limit the Z's are proportional to
Z(A/p) of (1.2)] we obtain the equations

2 —Z 1l2( 0m+ mo) +F (6+ 2)™
r+

E o p, O' =Z ' '(m'+m')+E o(&p 0')'

F~ p»+' = Z»+'~'(m,'+m'„) +E».(&p, »+')'

F„0p, »o' =Z»o' ~'(m', + m', ) +E»0(&p»o') ',
where (6p,')' is the contribution of 2' and is ex-
plicitly of order e. We have dropped the ~'-g
mixing terms in the m' equation, which are second
order in isospin breaking. Otherwise, (2.17) is
exact. The quantities Z'~', m', (I5p,')' are all
divergent. After the renormalizations and ratios
are taken, everything will be finite as we have

previously discussed. To extract information
from (2.17), we will make the safe assumption
of (i) dropping terms of second order in isospin
breaking relative to terms of first order in isospin
breaking, (ii) dropping terms first order in iso-
spin breaking relative to terms of first order in
SU(3) breaking, and (iii) using 5,' jp, ,'
= 3n 1n2&n, '/4zg'„+ O(n lnp, ,') and 6p, ,o' jp,,o'

= O(o in', ,') we find we can drop 6p, ,' relative to
For the quark mass ratios we can replace the

bare values with the renormalized values and ob-
tain

m, +m„p, ,'(1 —a)
2m, 2 p,»' —p, ,'(1 —e) '

(2.18)

2m, 2p»' —p,'(1 —E) 2 '

and

B. Pseudoscalaf mesons

The ground-state pseudoscalar mesons are a
good source of information about the current-quark where

2 + 02 (A + 2)em+ 6 ~ 2 (2.19)
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and

g g 1/2 ~ 0

K K

Z +~/2 ~ 0~
K K

g 1 /2

Z 1/2
r E

(~ p 2)em —(5p 2)em (5p O2)em

(gp 2)em —(5p 2)em (5p &&2)em

(2.20)

(2.21}

Ze (Pe —Pe ) 2 2' ' ="192'7 g

Z I /2 (n p 2)ted

Z "/'= '192 'F' '"
K

(2.25}

model, to leading order in the chiral-symmetry
breaking. The results of these calculations are'"

2 2

64n2E, 2
"= 1+ ~ '

j,n(M2/p2)
y

are the conventional photonic contribution to the
meson mass differences from just the low-lying
states in the Cottingham formula. In Eq. (2.20),
~, K are of the order of isospin violation while e
is of the order of SU(3) violations. If we also drop

. terms of the order of isospin violation times chiral
SU(2) x SU(2) violation relative to isospin viola-
tions (2.19) implies the well known result

so

(g 2)t ad

2 25P. 'ln(M /p, ')
24m2E,

p.'- p~'=(&p, ')™. (2.22)
where

To determine the quark mass ratios from (2.18)
We need tO knOW (Lpga')™, ~r, and e. TheSe quan-
tities cannot be obtained directly from experiment,
and one is required to make theoretical assump-
tions.

The contribution from the low-lying states to
the kaon maSs difference (&pr2)' ='2 pr(rh p„)'
was estimated by Socolow" in 1965 with the result

(+p 2)ted p 2
p p2 (+p .2)em

Here, E,= 93 MeV, M is a cutoff we will take to be
the nucleon mass, and p,'=mean (mass}' of the
ground- state pseudoscalars = 0.1V GeV'. Using
those numbers and (2.23) we obtain from (2.25)

Z X/2~=1.21, , /2 =1.023, a =0.18

(&p„)' =3 MeV (Socolow). (2.23)
g X/2

~ -1=-6.3x 10 ', K»2-1=-V.Ox 10-4,
K K

Recently, use has been made of the Dashen sum
rule" which implies

(~p 2)em —(gp 2)em

which upon using (2.22) implies

(2.24}

(hp„)™=1.5 MeV (Dashen sum rule) .
8

However, it has been emphasized by us" that the
Dashen sum rule is obtained in perturbation theo-
ry. The corrections to the Dashen sum rule are
as large as the terms one is retaining, and hence,
the assumption upon which it was obtained is
false. This could be the explanation for the dis-
crepancy between the Socolow calculation and the
Dashen sum rule. In view of this, we will use
Socolow's estimate (2.23) for (6pr) . It should
be noted, however, that the final results obtained
for the quark mass ratios are insensitive to which
value is used.

Since the quantities ~K and & involve the ratio
Ztr/2/Z', ', etc. they cannot be obtained from any
experiment. However, if we assume the validity
of chiral perturbation theory, then these quantities
can be calculated exactly, independent of any

&K = 5.6x 10 3. (2.26)

The above calculation in chiral perturbation
theory can be checked against experiment for the
quantity Er/E, . From K„decay one finds

= 1.26 +0.02 (2.2V)

"=1.22+0.02, (2.28)

in excellent agreement with the calculated ratio
(2.26). This gives us confidence that our other
estimates in (2.26} are roughly correct even
though they cannot be directly obtained from ex-
periment.

Using the results of chiral perturbation theory
(2.26) and Socolow's estimate of the kaon electro-
magnetic mass difference (2.23), the quark mass

with f,(0) the At2 decay vector form factor. From
the nonrenormalization theorem" we know that

f,(0) is near 1.0. An explicit calculation of the
exact first-order correction in chiral-symmetry
breaking gives22 f (0) = 0.97, so that we obtain
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ratios can be gotten from (2.18) with the result

" =0.031 (0.038),
2m.

"=0.0175 (0.015),
2m

(2.29)

where the numbers in parentheses are what would
have been obtained if we had ignored the correc-
tions of chiral perturbation theory and set e =0,
5» =0. Equation (2.29} implies

~=0.28 (0.44),
mg

(2.30)

so the' up quark has nonvanishing mass.
Some attempts have been made to obtain m„=0.

Since Z»'~'/Z, '~' is not obtainable from experi-
ment, some authors" have supposed Z»' '/Z, ' '
=0.36, which is drastically different from the re-
sult of chiral perturbation theory. Such an as-
sumption implies huge violations of ordinary SU(3)
symmetry. Dominguez" has pointed out that the
ratio Z»' '/Z, '~' makes its appearance in the non-
renormalization theorem for f,(0), and a value
very different from 1.0 would wreck the agree-
ments of Cabibbo theory. Further, if Z»'~'/Z, '~'

were wildly different from unity, there would be
no good reason to suppose that a similar ratio
of wave-function renormalization constants that
makes its appearance in tht, baryon mass-differ-
ence calculations should be near unity. Then one
loses the Gell-Mann-Okubo formula. It seems to
us unlikely that if Z»' '/Z, ' ' differs greatly from
the result of chiral .perturbation theory than the
impressive agreement of broken SU(3) with ex-
periment could be maintained.

Soper and Deshpande" have obtained m„=0 by
assuming ~~ = 0.036. This assumption represents
a huge violation of isospin. The value of 5~ is
almost an order of magnitude greater than what
we have calculated from chiral perturbation theo-
ry ~~ =0.0056. We think that the successes of
chiral perturbation theory do not warrant such a
large value of ~~, although it is not impossible
that there is some special dynamical enhancement
of &~ to which chiral perturbation theory is blind.
In the absence of a demonstration of such enhance-

ment it is not possible to justify the large- value of
~z.

We finally remark that the quark mass ratios
we obtain are not very sensitive to the precise
values of the chiral-perturbation-theory correc-
tions e, &», providing they are within 50/0 of the
va.lues we obtain and not different by orders of
magnitude.

(AM)'„'"=M (1+—

(~M)';,',—= 2M —, (2.31)

(d M)' -=M (
——1),

where E/D is the E/D ratio for the baryon mass
matrix.

The three nf = 1 mass differences in (2.31) are

C. Baryons

From the baryon mass spectrum it is possible
to establish an estimate of the ratio (m~-, m„)/2m, .
To do so one must extract the tadpole contribution
from the observed isotopic splittings according to

(&M))~= (&M)~)~ +(n.M)))~,

(hM})~ =M( —M~.

The low-lying-resonance and Born-term contribu-
tions to (hM);~ from the Cottingham formula were
calculated by Coleman and Schnitzer' for all the
baryons. There have been many calculations of
(hM)~„, and these generally agree with each
other. " The results of these calculations are
listed in Table I along with the experimental mass
differences and the calculated tadpole terms
(~M)',~.

In order to calculate the ratio (m, —m„)/2m,
we will (i) drop second-order SU(3) violations rel-
ative to first-order violations, (ii) drop SU(2)
x SU(2) violations relative to SU(3) violations so
m, »m„„. Then, by considering the matrix ele-
ments of the divergence of the vector currents
s V'„=i[@',2] between baryon states, one obtains
for the 4I=1 mass differences

TABLE I. Baryon mass differences in MeV (to near'est 0.1 MeV).

Mass difference (aM) (jM)em (~M)'d= (am) —(aM)

P —n
Z' —Z

Z +Z- 2Z()

-1.3
-8.0
-6.4
1.8

1.1
-0.7
-1.3
- 2.1

-2.4
-7.3
-5,1

0
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(a~',~+(~)tp, +(~M)p;, =o, (2.32)

not all independent in this model of symmetry
breaking. First, one finds from (2.31) the Cole-
man- Glashow formula

tent with our analysis of the mesons which gave
(m —m „)/2m, = 0.0175.

Allowing for experimental and calculational un-
certainties, we conclude from our analysis of the
mesons and baryons that

which is satisfied within expe"imental errors.
Second, one obtains the E/D ratio from the tadpole
splittings as

E (~M)P',
D {~M)'" +(~M)'

which should be equal to the E/D from the medium
strong splittings

" =0.014 y0.003,
2m

" =0.031+0.007 .
2m.

From this we obtain

" = 0.38 + 0.13,
md

(2.39)

F 2M~-M~
D 3 M~-M~ (2.34) ~ = 0.045 +0.011,

m

(2.40)

since it is the same octet that is responsible
for both splittings. These ratios differ by 18%%uo in
(2.33) and (2.34), and this gives us an idea of the
uncertainties in our calculations of the tadpole
terms.

Finally, we can compute the constant M in terms
of the ratio of quark masses with the result

(2.35)

Using this and the Gell-Mann-Okubo formula,
2(m»+m~) =3m„+mc, we obtain from (2.35) and
(2.31) the result

a.s our estimate of the quark mass ratios.
To improve this analysis, we suggest that new

estimates of the photonic contributions to kaon and
baryon isotopic splittings be undertaken to check
the calculations done over ten years ago."' Al-
though chiral perturbation theory corrections to
the pseudoscalar mesons have been done and pro-
vide important =20% corrections to the symmetric
estimates, a similar calculation taking into ac-
count second-order SU(3) breaking in the baryon
spectrum has not been done. This might improve
the agreement between the meson and baryon es-
timate of (m„- m„)/2m, .

m, —m„1 (b M)'„~+ (~M)~~
2m~. 2m++m + 2m+

(2.36)
D. The decay @~3m

From our previous analysis of the pseudoscalar
mesons we recognize the left-hand side of (2,36)
as (b p»o»+~)"4/2p»' to leading order in chiral
breaking so that

(2.37)

(2.38)" = 0.0105 y0.003
2m

with an allowed 30% uncertainty since the E/D
ratio comparison is good only to 18/0 and SU(3)
is good to only =15%. This result is not inconsis-

which is just the hybrid sum rule first obtained by
Coleman and Glashow. "

The point of these remarks is that if the quark-
mass-matrix model of symmetry breaking is cor-
rect it is equivalent to the old tadpole model, and
so no really independent estimate of (m~-m„)/2m,
is obtained from the baryons. However, we get
an idea of the uncertainties in our calculations by
seeing if the baryon mass spectrum gives a con-
sistent answer for the ratio (m, -m„)/m, . From
(2.36) we find

The purely photonic contributions to the q-3m
width vanishes in the chiral SU(2) x SU(2) limit
(Sutherland's theorem") and for broken SU(2)
x SU(2) has been estimated" to be two orders of
magnitude smaller than the experimental width.
The decay can, however, be induced by the iso-
spin-violating quark mass terms (which also in-
duce» -q mixing), and these are required in any
case as counterterms to the usual electromagnetic
interaction in QCD."

The amplitude" for the g-m'w m' decay is pa, —

rametrized as

g, O=A+BEO. (2.41)

From the central value of the decay width" I', ,
= 203 eV and va.rious experimental values for B/A
one finds

0.5v & iAi&o. vo. (2.42)

Assuming the decay is due to the term (m'„- mo~)

(u u- dd), and using current algebra in the SU(2)
x SU(2) limit, one finds B/A =-2/p„ in good agree-
ment with the observed slope 8/A = -2.1/p, „.
Using current algebra in the SU(3) x SU(3) limit,
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one obtain"

—&Ed 8 P.g (2.43)

Assuming the sign of A is negative, we obtain
from the experimental range (2.42) the result

" = 0.0145 0.0015,
2m.

(2.44)

IH. CONCLUSIONS

The advent of @CD as a theory of the strong in-
teractions has placed the problem of strong-inter-
action symmetry breaking on a rational basis.
Current-quark mass ratios are renormalization-
group invariants up to small and controllable
terms coming from QFD interactions. Further,
we gee that the old wisdom of subtracting just the
lowest-lying Born and resonance (nonscaling) con-
tributions to the Cottingham formula from the ob-

in good agreement with our previous estimate
(2.39) based on the meson and baryon spectrum.

The range represented in (2.44) only takes into
account the experimental range (2.42) and not un-
certainties associated with SU(3) xSU(3) symmetry
breaking. The effects of symmetry breaking in
this amplitude can be considerable since extrap-
olations on the order of p,„' are required. In a
previous publication" we have found a chiral-sym-
metry correction factor =34% of O(pr'in'~') in
the g decay amplitude and a 20/0 correction in the
relation between rn, and p.~' suggesting that cor-
rections of O(p~') can be large also. So it is not
inconceivable that symmetry-breaking effects
could dramatically alter the estimate (2.44) which
is consistent with the meson and baryon spectrum.
Another analysis of symmetry breaking in g-3m
based on extended PCAC has been done by Dom-
inguez and Zepeda. " They find that quark mass
ratios so obtained are compatible with those ob-
tained from the meson and baryon spectrum and
have results consistent with ours.

We conclude that the estimate of quark mass
ratios from the g

—3~ decay is not inconsistent
with that obta, ined from the meson and baryon
spectrum, but that the estimate is sensitive to
potentially large symmetry-breaking corrections
which are difficult to take into account reliably.

served isotopic mass difference and identifying
the remainder as the tadpole can be justified using
the renormalization group.

To actually extract the quark mass ratios from
experimental data we have used {i) the meson
spectrum, (ii) the baryon spectrum, (iii) the

g -3m decay. Beyond this, one must make theoret-
ical assumptions. The main theoretical assump-
tions are that (i) the low-lying states in the Cot-
tingham formula contributing to (4M)' have been
correctly estimated, (ii) chiral perturbation theo-
ry —equivalently kaon PCAC —correctly estimates
the leading-order corrections to the symmetric
results. These assumptions, we emphasize, lead
to a completely consistent and coherent account of
all hadronic symmetry breaking.

We have done a careful analysis of the ground-
state pseudoscalar mass spectrum taking into
account all leading-order chiral corrections to
the quark mass ratios {m~+m„)/2m and (m„- m„)/
2m, . The baryon mass spectrum and g -371 yielded
values for these ratios consistent with those from
the meson, spectrum- and we concluded

~=0.38 ~ 0.13,
md

~= 0.045 y 0.011 .
m

These ratios are consistent with those recently
obtained by Weinberg, "Dominguez, and Zepeda, "
and earlier by Gasser and I eutwyler, "and incon-
sistent with those estimates which obtain a zero-
mass up quark.

ACKNOWLEDGMENTS

One of us (H. P.) would like to thank J.Collins
for making the results of his work on the renor-
malization group and the quark-mass problem
available before publication, and the Aspen Center
for Physics, where this work was completed, for
its hospitality. The other (P. L.) would like to
thank the theoretical groups at DESY and CERN for
their hospitality, and the Department of Energy,
under Contract No. EY-76-C-07-3071, for support.
The work of H. P. was supported in part by the
National Science Foundation Contract No. PHYS-

. 75-22514.

*Permanent address: University of Pennsylvania, Phila-
delphia, PA 19174.

/Permanent address: Rockefeller University, New
York, N.Y. 10021.

«LCD as a theory of the strong interactions has been re-
viewed by W. Marciano and H. Pagels, Phys. Bep.

36C, 137 (1978}.
2A description of this mechanism in @CD is given in

D. G. Caldi, Phys. Bev. Lett. 39, 121 (1977); C. Callen,
R. Dashen, and D. J. Gross, Phys. Lett. 668, 375
(1977); Phys. Rev. D 17, 2717 (1978).

B. Jaffe and C. Llewellyn Smith, Phys. Bev. D 7, 2506



LIGHT-QUARK MASS SPKCTB, UM IN QUANTUM. . .

(1973).
4J. Collins, Princeton University report, 1978 (unpub-

lished).
S. Weinberg, Phys. Rev. D 8, 3497 (1973); 8, 605
(1973); 8, 4482 (1973); G. 't Hooft, Nucl. Phys. B61,
455 (1973); H. D. Politzer, ibid. B117, 397 (1976); H.
Georgi and H. D. Politzer, Phys. Bev. D 14, 1829
(1976).

6P. Langacker and H. Pagels, Phys. Bev. D 8, 4595
(1973).

~Chiral perturbation theory is reviewed in H. Pagels,
Phys. Bep. 16C, 219 (1975).

M. Cell-Mann, R. Oakes, and B. Renner, Phys. Rev.
175, 2195 (1968).

~An early version of obtaining the Cabibbo angle from
the quark mass matrix is in H. Pagels, Phys. Rev.
D 11, 1213 (1975), and more recent work based on
gauge theories is S. Weinberg, Bef. 33; F. Wilczek. and
A. Zee, Phys. Lett. 70B, 418 (1977); 72B, 504 (1978);
H. Fritzsch, ibid. 73B, 317 (1978).

~PG. 't Hooft, Phys, Rev. Lett. 37, 8 (1976); Phys. Bev.
D 14, 3432 (1976).

"R.D. Peccei and H. R. Quinn, Phys. Rev. Lett. 38,
1440 (1970); S. Weinberg, ibid. 40, 223 (1978); F. Wil-
czek, ibid. 40, 279 (1978).

~2J. Gasser arid H. Leutwyler, Nucl. Phys. 894, 269
(1975).

~3J. F. Gunion, Phys. Hev. D 8, 517 (1973).
~4J. Collins, Princeton University report, 1978 (unpub-

lished).
' The problem of electromagnetic mass differences has

been reviewed by A. Zee, Phys. Rep. 3C, 129 (1972).
~~See Appendix 0 of Bef. 15 and references therein.
~~R. Socolow, Phys. Rev. 137, B1221 (1965).
~8B. Dashen, Phys. Rev. 183, 1245 (1969); see also

M. Weinstein, Phys. Bev. D 4, 2544 (1972).
~OP. Langacker and H. Pagels, Phys. Rev. D 8, 4620

{1973).
2 The nonrenormalization theorem was proved in SU(3)

by M. Ademollo and B. Gatto, Phys. Bev. Lett. 13, 264
(1965) and by R. E. Behrends and A. Sirlin, ibid. 4, 186
{1960). It was extended to chiral SU(3) && SU(3) by

P. Langacker and H. Pagels, ibid. 30, 630 (1972);
S. Wada, Phys. Lett. 49B, 175 (1974); M. Bace and
D. T. Cornwell, Phys. Bev. D 10, 2694 (1974).

2'A. Zepeda, Phys. Rev. Lett. 41, 139 (1978).
C. A. Dominquez, Phys. Bev. Lett. 41, 605 (1978).

23N. G. Deshpande and D. E. Soper, Phys. Bev. Lett; 41,
735 (1978).

24S. Coleman and H. Schnitzer, Phys. Rev. 136, B223
(1964).

5S. Coleman and S. Glashow, Phys. Rev. 134, B671
(1964).
D. G. Sutherland, Phys. Lett. 23, 384 (1966); J. S. Be]l
and D. G. Sutherland, Nucl. Phys. 48, 315 (1968).

27W. A. Bardeen, L. S. Brown, B. W. Lee, and H. T.
Nieh, Phys. Rev. Lett. 18, 1170 (1967); A. D. Dolgov,
A. I. Vainshtein, and V. I. Zakhanov, Phys. Lett. 24B,
425 (1967).
The original suggestion of a g3 term is due to S. K.
Bose and A. H. Zimmermann, Nuovo Cimento 43A,
1165 (1966); see also K. Wilson, Phys. Rev. D 2, 1478
1970)i 179s 1499 {1963)

9P. Langacker and H. Pagels, Phys. Rev. D 10, 2904
(1974) and references therein.

3 A. Browman et al. , Phys. Bev. Lett. 32, 1067 {1974).
3~This result can be gotten from the calculated value

A =-4&3/3v 3 F,3 in Bef. 29 and the relations

„=t(-.) ~ pp' (2/~3)F8]{m„-m&)/2m»

qo ———(—,)'~ Ez pz, qgeo=-W2, valid to lowest order
in SU{3)&SU{3) breaking.
C. A. Dominguez and A. Zepeda, Phys. Rev. D 18, 884
{1978).

33S. Weinberg, in Festschrift for I. I.Rabi, edited by
Lloyd Motz (N. Y. Academy of Sciences, N. Y., 1977),
obtains m„/m„=0. 56, m„/m8=0. 050; this result is ob-
tained by setting e =6&——0 in our Eq. {2.18) and using
the Dashen sum rule for {6A+2)~. This result is to be
compared with our Fqs. (2.30) and (2.40). Weinberg
has also discussed the baryon mass spectrum in Neu, -
trinos —78, Purdue University, edited by E. C. Fowler
(Purdue Univ. Press, West Lafayette, Indiana, 1978).


