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Critical behavior of harmonic matter: Critical-point exponents
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In statistical physics, the principle of maximum entropy provides conditions on the singular behavior of
thermodynamic functions near a critical point, in the form of inequalities for the critical-point exponents.

Hadronic matter, when described by an exponentially rising density of states (dual resonance, statistical
bootstrap models), exhibits critical behavior at a finite temperature T, . We calculate the basic critical-point

exponents for such systems and investigate the range of validity of the corresponding inequalities.

I. INTRODUCTION

In statistical physics the principle of maximum
entropy, as a basis for equilibrium, is assumed
to be valid even in the vicinity of a critical point.
By requiring the first derivatives of the entropy
S(E, V) with respect to energy E and volume V
to vanish, this principle ensures uniform tempera-
ture and pressure throughout the system under
consideration. For the resulting extremum to be
a maximum, the second derivatives must satisfy
the inequalities'

(s'S/sE'), 0,
(8'S/BE') (O'S/a V') (O'S/BEB V)' ~ 0

(la)

(lb)

to make the determinant of the second derivatives
negative. In terms of thermodynamic response
functions, this leads to the stability conditions

Cv = (sU/sT)„~ 0,

K, '= V(sP/sV)-, o 0

(2 a)

(2b)

then x is the corresponding critical (point) expon-
ent, which is more generally defined by

x= lim Ilnf(t)/lnt].

The ~ sign in Eq. (4) is chosen according to wheth-
er t approaches zero from above or below. Vari-

for the specific heat at constant volume and the
isothermal compressibility, respectively; here
U(T, V) denotes the internal energy of the system
and P(T, V) its pressure.

At a critical point T = T„ the logarithmic deriva-
tive of the partition function Z(T, V) becomes sin-
gular above a certain order. One can investigate
such singularities by studying the behavior of dif-
ferent thermodynamic quantities in terms of

t = (T —T,)/T, = T/T, —1

near t= 0. If a thermodynamic function f(t) has for
t=0 the form

ous possible critical exponents thus provide a
scheme for classifying the singul. ar behavior
associated with a given critical point. Qf particu-
lar interest here will be the exponents associated
with the specific heat at constant volume

with the order parameter

1 —v/v, -(-t)~,

where v=N/V, the particle density, and v, is the
most singular part of v as T- T„with the iso-
thermal compressibility

~r -(-t) ~

and with the critical isotherm

1 P/P, 11——v/v, I

in terms of the order parameter. We have for
definiteness taken t& 0 (T- T, from below) and used
the standard notation for the critical exponents. '

The thermodynamic stability conditions (2) can
now be used to obtain inequalities for the critical
exponents. One thus finds' the relations

n'+2P+y' ~ 2, (10)

n'+P(1+5) ~2, (11)
which are commonly called Bushbrooke and Grif-
fiths inequalities, respectively. We recall that
they result from the requirement of maximum en-
tropy, as a prerequisite for a statistical descrip-
tion, in the vicinity of a critical point.

Of special interest for statistical physics is the
case when inequalities (10) and (11) become equal-
ities: The a Priori independent critical exponents
can then be expressed in terms of a smaller set of
parameters.

In Sec. II, we briefly review the essential fea-
tures of hadronic matter when governed by an ex-
ponentially rising mass spectrum, concentrating,
in particular, on the resulting critical behavior.
In Sec'. III, we then calculate the critical exponents
for such systems' and investigate the range of
validity of the corresponding inequalities.
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H. THE STATISTICAL DESCRIPTION OF HADRONK

MATTER

The behavior of a system of many strongly in-
teracting particles is at present far from solved.
In accordance with dual resonance and statistical-
bootstrap models, we shall assume that the dom-
inant feature of hadron physics is the formation
of resonances whose number q. (M) grows for large
mass M linearly exponential in M (Refs. 4, 5):

with A, denoting the (relativistic) fugacity and E'
=P„P" the squared total c.m. energy of the sys-
tem. Note that for

~(m) = b(m —g), p, = pion mass, (14)

relation (13) would reduce to the level density of
an ideal relativistic pion gas. Quantum statistics
will not be explicitly considered here.

For the grand canonical partition function

~(M) = cM'e'", a, b, c = constants. (12) Z (d, te, X)=f pdee ( d, te),e, (15)

The parameter b is of a rather universal nature
in both models mentioned. In the dual resonance
model, it is essentially determined by the slope of the
Hegge trajectories governing resonance distribu-
tions; in the statistical-bootstrap model, it is
fixed by the range of hadronic forces. Both cases
lead to b '-150 MeV, i.e. , b is roughly an inverse
pion mass. The constant a, on the other hand, is
somewhat more dependent on the version of the
model used. Statistical-bootstrap schemes give
a ~ —~2 (Ref. 6); the most stringent version has
a = -3.' In the dual resonance model, a depends
on the dimension d of the corresponding oscillator
space; for d= 4, one has a = —~, while higher-di-
mensional spaces lead to larger values of -a.'

Empirically, one has obtained b from transverse-
momentum spectra in a great variety of collision
experiments, ' and the remarkable agreement found
with both an exponential form and b '-150 MeV
provides strong support for a density of states
(12). However, present models and data have not
yet led to any significant information on a.

The essential input for the form (12) is a hadron-
ic scale parameter (Hegge slope, interaction
range). If hadrons are composed of pointlike con-
stituents, one may expect such a scale to lose its
significance at sufficiently high energy density, at
which hadronic matter would turn into quark mat-
ter. Such transitions are currently under inten-
sive investigation, starting either from a con-
stituent interaction theory" or from a Van der
Waals type approach. " Here we want to study the
aspects of critical behavior already inherent in
the hadronic picture itself.

To obtain a statistical description of hadronic
matter, we follow Beth and Uhlenbeck' and Belenmm

kij" and consider an ideal gas containing the "basmm

ic" hadrons (for simplicity pions) and all possible
resonances as noninteractive constituents. Such
a system, in a volume V, then has the level den-
si

&(E V y) = Q J II[dm,.T(m, )d'p, . ]

p,.—,13
1

with p-=(p„p")'~'= I/T as inverse temperature,
we have from Eq. (13)

In Z(Pj, V, X) = A, Vy (P),

with

(16)

e, (d)=- f dm e(m) f d'de

The virial equations for the pressure P and the
particle density v are then

I' = (X/P V) inZ(P, V, X)

= (&/p) y, (p),

v = ()(./ V)s ln Z/s )(. = )(.y~ (p) .
(18)

(19)

Eliminating the fugacity X in Eqs. (18) and (19)
yields

p= v/p, (20)

q, (d)= (dee(d) f dm m" e' tt, (md), (21)

where K, (x) is a modified Hankel function, which
for large argument becomes

K,(x) =(w/2x)'~'e "[1+O(x ')] . (22)

Near P=b, this yieMs

y, (P) =.(2~/b)"'(P -b)-"'"
&& I"(a + —,', p (P —b)), (23)

with I'(x, y) denoting the incomplete I' function.
For a+ —,

'
w 0, -1, -2, .. . , we have

which is the equation of state of an ideal gas. The
presence of strong interactions is reflected only
in the fact that N= pV is the mean number of pions
and resonances, not the average pion number.

We now insert the mass spectrum (12) into the
generating function (17) to find
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F(s+ l, (/(p —b))(p —b) '" "=F.(p —b)

( 1))!+). 5+((+5/ 5

(p b)-(a+5/5)Z (s+ 5) ~(()+5/5)//(((+ 5)+ (p —b)5
0+a+ —', k!

while for a= ——,',
F,/, (p —b)= -ln(p-b) —]u-C +o(p-b)

(24)

(2 5)

n-1

z. (5 —l)=(-()""((/I!) P( (l'), !(~(() b)]"-'-' +(u((! —h)]"!n(v(5 —()]+o((!)—b) )I" (26)

for a+ —,= -n = -1, -2, . . . .5

From Eqs. (23)-(26) we see that T = T,= 1/b
constitutes a critical temperature of the sys-
tem"": Above a certain order, all derivatives
of (j)), (p) with respect to p [or already (t), (p) itself]
become singilar as P- b (T- T,). The nature of
this critical point becomes more transparent if
we consider the energy density

(3o)

/const, a & —~5 .
Hence the critical exponent z' is given by

2 J 2a+ a~—

0, a &-~2.

(P b) "' '-F(a+, ), a& —,
C = C(2](/b)'/'x( -ln(p —b), a = —,

& = I//V= (-1/V)B lnZ/Bp

= -XB(/), (P)/BP, (27)
Using Eq. (20), we next obtain the isothermal com-
pressibility of an ideal gas,

where U denotes the internal energy of the system.
From Eqs. (23)-(26) we find

~, '=-V(BZ/BV)„, = &/P,

which, with Eq. (19), yields

((r '=~((), (p)/p.

(32)

(33)
/ (p b)-(5+v/5)

e -
I -ln(P —b), a = +~

&const, a & —+
(28)

as P- b. Thus for a ~ —,, the temperature of the

system approaches its critical value only as the

energy density becomes infinite: T, =1/b in this
case is a limiting temperature. 4 For a & —~2, 7'
= T, is reached at a finite energy density e, : the

system thus exists for e& c„and we have, in gen-
eral, some type of phase transition. "" v, —

( -ln(P —b), a= ——,
'

t const, a& --',

(35)

Inserting the hadronic form (23)-(26) leads to the
critical exponent y'.

f 2 0 2 (34)
0, a& ——', .

The critical part of the particle density is found to
be

/
(P b)-(5+5/5) 5

III. THE CRITICAL EXPONENTS OF HADRONIC MATTER

For the specific heat at constant volume, we
have from Eq. (2V)

TABLE I. Critical exponents.

a ~ ~ ~ ~ a ~ eLc 9 9c c a ( MÃp

2 2 2 2 2 2

C =—(-V/T )( &B/B)P

= (~ V/T')(B' y, (P)/BP'), . (29)

From the definition of p, (p) it is clear that the
stability condition (2a) is always satisfied. In-
serting Eqs. (23)-(26) in Eq. (29) yields for P= b

a+—9

2
a+—9

2

-(a+-)5

2

Q+—9
2

a+~
2

—(a+-)5

2
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TABLE II. Rushbrooke end Griffiths inequalities.

( 8 9( ( 7a ———a ———
2 2 2

7 ( ( 5 5 (~a ———a
2 2 2

(a+p}—0

(a+-') —o
2

-(a+-) —0
2

-(a+-') ~ o
2

2(a+-) —0
2

3(a+-') —o
2

yielding for the critical behavior of the order pa-
rameter

Rushbrooke and Griffiths inequalities for critical-
point exponents. Such a description thus fulfills
the prerequisites of a statistical approach even in
the vicinity of the critical point implied by the
spectrum.

The results obtained here suggest two further
directions of- investigation. In statistical physics,
equalities in the relations between critical expon-
ents are obtained if scale invariance is assumed
for suitable thermodynamic quantities. ' One then
finds expressions for the four exponents ~', P,
y', and 5 in terms of two parameters x, and x, :

(P -I )"",
-1/ln(P —b), a = ——,

'

/ ( (P h)-(a+Sj2) 5
& a &

(P -I) In-(P I),-a= -.
(P —h) a& -~.

(36)

Q =2 —x

P = (1 —x,)x, ,

y' = (2x, —l)x, ,

6=x,/(1 -x,).

(42a)

(42b)

(42c)

(42d)

For the exponent P %e thus have

5a+2' a &~-2

P = ( —(a + —,') —~ & a & ——'

a &-~3.

Do these relations hold for our problem? From
Table I we see that

x =2 x =-' a&-~
1 y 2 && 2

Finally, we consider the critical isotherm as a
function of the order parameter, obtaining

1 ' 5 (44)

1 P/P, -1 —v—/v,

from Eq. (20), so that

(38)

+2P+y -2,
Aa ——~'+P(1+ 6) —2;

(40)

(41)

they must be greater than, or equal to, zero,
whenever the Hushbrooke and Griffiths inequal-
ities hold. In Table II the values of A~ and A~
are shown for the various intervals of a. We see
that both inequalities are satisfied for all a, and
that for a = ——,

' and a ~ —,the inequalities become
equalities.

IV. CONCLUSIONS

We have shown that the statistical description
of hadronic matter, a,s obtained with an exponen-
tially rising resonance spectrum, satisfies the

for all a, as a consequence of the ideal gas char-
acter of the systems considered here.

Our results for the critical exponents are sum-
marized in Table I. We note here already that
their values are determined if one para, meter, the
exponent a in the spectrum (12), is fixed.

Consider now the quantities

r' & P(6-1),
w(6 + 1) & (2 —o )(6 —1),

(46)

(46)

which both break down here for a & --g (above a

indeed lead to our exponents in that range of a,
where A„and A~ both vanish. Moreover, such a
parametrization is possible only there; for
example, for —~2&a& —~2, relations (42a) and

(42d) imply x, = -(a+-,'), x, = —,', which disagrees
with both P and y' from Table I.

Our results are thus in accord with the predic-
tions of thermodynamic scaling, and it would be
of great interest to study the relation between the
statistical-bootstrap approach (as a means of ob-
taining the hadron thermodynamics of Sec. II)
and the scaling-law hypothesis or considerations
leading to such scaling laws (Kadanoff construc-
tion, renormalization group).

Another line of investigation appears if one con-
siders further critical-point inequalities. By mak-
ing additional assumptions of physical plausibility
and/or mathematical simplicity, and also by con-
sidering the exponents associated with the critical
behavior of other thermodynamic quantities than
the ones above, many more inequalities can be
derived. ' Examples are the "further" Griffiths in-
equalities
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= —~2, both P and v diverge as T- T,). An in-
vestigation of' such further relations, their under-
lying assumptions, and their range of validity,
should provide further information about the cri-
tical behavior of hadronic matter.
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