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The consequences of a phase transition associated with symmetry restoration to SU(2) X SU(2) in nuclear

matter are investigated. The changes in the mass spectrum due to the phase transition (a) at zero
temperature and high nuclear density, and (h) at high temperature with zero nuclear chemical potential are

evaluated in the o. model of particle physics. The experimentally observable effects necessitate the

measurement of current correlation functions. In this paper we consider the vector-vector-axial-vector

(VVA) and the vector-vector-pseudoscalar (VV@) current correlation functions. The relation between the
VVA and VVP correlatioii functions is obtained and it is shown that the Adler-Bell-Jackiw anomaly in the

divergence of the axial-vector current remains unaltered in the nuclear medium, even though the VVA and

the VVP correlation functions have additional contributions from processes specific to the many-particle

system. The VVP correlation function is related to the neutral-pion decay amplitude. The changes in the

decay rate of m ~2y in the nuclear medium are evaluated by including the effects of changes in the mass

spectrum of particles, and by using the cutting rules of many-body field theory for the real and imaginary

parts of the amplitude. The photon in the nuclear medium is dressed by polarization effects and propagates
as a plasmon. This effect is taken into account by evaluating the plasmon frequency or the plasmon mass.

The changes in the mass spectrum due to symmetry restoration affect the decay rate of no~ 2y by at least 2

orders of magnitude and these results are tabulated. It is suggested that the Primakoff effect might provide

the signal for the presence of the "abnormal nuclear matter" phase.

I. INTRODUCTION

The progress in elementary-particle physics
over the past two decades has been in the under-
standing of the symmetries exhibited by particle
spectra and by particle scattering amplitudes.
Given that the central reason for the thrust to-
ward high-energy research was the hope for a
better understanding of nuclear-matter theory, it
is now important to employ the techniques and in-
sights gained in high-energy physics for the study
of the properties of elementary particles in the
aggregate. We are aware that we should expect
new properties for particles in bulk, The disper-
sion curves for these "excitations" differ from
the free-particle situation and the effective mass
differs from the free mass due to renormalization
effects produced by the medium. Furthermore,
changes in the collective behavior and in transport
properties, as exemplified by metallic supercon-
ductivity, ' could also occur.

The nuclear potentials do have attractive com-
ponents so that superconducting states' may be ex-
pected in nuclear matter. There are other special
features which may be possible in nuclear matter.
Recently, T. D. Lee' considered the possibility of
"abnormal nuclear states" in nuclear matter in
which at very high density the nucleons revert to

a massless phase called the "abnormal phase. "
Yet another possibility, proposed independently
by Migdal and by Sawyer, ' is the existence of pion
condensation in dense nuclear matter. All of these
effects, depend not only on the density of nuclear
matter but also on the temperature of the ensem-
ble. In other words, elementary-particle physics
provides us with information at just one point on
a density-versus-temperature plot for the system,
and a development along the lines of many-body
effects for elementary particles stemming from
the application of statistical mechanics to this
area is possible. This general approach has ap-
plications pot only to nuclear-rnatter theory but
also to astrophysics —since stellar cores and neu-
tron stars are composed of nuclear matter —and to
multiparticle production in high-energy collisions
in the context of statistical models or the hydro-
dynamical model of Landau' for particle produc-
tion.

The possibility of symmetry changes as a func-
tion of temperature in gauge theories of weak and
electromagnetic interactions was proposed by
Kirzhnits and Linde' and was investigated by Wein-
berg. ' The symmetries of particle spectra are
considered to be spontaneously broken symmetries
since the mass spectra typically exhibit lower sym-
metries than are implied by the dynamics of scat-
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tering amplitudes, and it was suggested that at
hj.gh temperatures the spectra change to multiplet
structures corresponding to a higher symmetry.
This wouM affect the cooling rates of stellar mat-
ter since, for example, certain decays which now
take place could be energetically disallowed at
higher temperatures, and vice versa.

At present, observable consequences of such
phase changes and the resultant changes in the ex-
citation spectra have not been fully explored. It is
therefore desirable to investigate the response of
the (many-particle) nuclear medium to external
disturbances using current correlation functions.
In the present paper we consider the process m'

-Sy in the nuclear medium.
The neutral pion decays primarily into two pho-

tons through polarization effects in the medium.
In the vacuum, the process proceeds via the pion
transforming into a virtual charged-particle-anti-
particle pair which then annihilates into the two
photons. In the nuclear medium with protons pres-
ent, the conversion of m' into 2iy is enhanced by
new' physical effects related to the presence of the
medium: A proton from the Fermi distribution of
the nucleons iri nuclear matter could absorb the m

and be excited above the Fermi surface, emit two
photons, and then return to the Fermi sea. This
may be viewed as a kinematical constraint on the
available phase space for the intermediate parti-
cles (arising from the Pauli principle). There is,
in addition, the dynamical effect of the changes in
the mass spectrum of the intermediate particles
due to phase changes in nuclear matter at high
temperature and density. Thus, sharp changes in
the lifetime of the pion would signal the existence
of changes in the phase of nuclear matter. It is of
interest to indicate the formal analogy with posi-
tron-annihilation experiments on metals' where
the lifetime of the positron(ium) in the metal is de-
pendent on the Fermi distribution of electrons in
the metal, and such experiments provide informa-
tion about the many-electron system, through cor-
relation measurements on the photons escaping the
metal.

The photons emitted in pion decay will be dressed
by polarization effects in the charged nuclear medi-
um. They will therefore propagate as transverse-
ly polarized plasmons, representing the collective
response of the medium to the electromagnetic dis-
turbance. We have taken these effects into con-
sideration while focusing attention on a single m'

in the medium. We have reported the results for
'

the decay widths of the m as a function of nuclear
density. " Here we include the effect of tempera-
ture on mo-Ry and the details of our calculation.
We find that the decay width of the pion is substan-
tially increased above the critical temperature or

critical density.
The decay width of the neutral pion is experi-

mentally measured by the "Primakoff effect" in
which m' production is measured at near forward
directions. " The results of our calculation sug-
gest that if the incident photon is capable of de-
positing very high energy within the nucleus, it
might be feasible to detect changes of phase in
nuclear matter through measurement of the life-
time of the pion, in view of the substantial change
in this quantity.

In Sec. II we describe the a model of particle
physics which provides the framework for the con-

. sideration of phase changes in nuclear matter, In
Sec. IG the nuclear plasmon effect is calculated.
This is for the sake of completeness and also to
indicate some general features of interest. In
Sec. IV we consider the triangle graph for m'-Piy.
The decay amplitude as calculated in the nuclear
medium differs from that in the vacuum due to the
many-particle system affecting the phase space of
the intermediate state and due to the collective be-
havior of the medium leading to a changed mass
spectrum for the "elementary particles" in the
medium. The numerical results for the decay
width of the pion are given in this section, and
concluding remarks are reserved for Sec. V.

rr. THE MooEI.

We. first note that the idea of spontaneous sym-
metry breaking has its roots in many-body theory
and most models in particle physics are variants
of the Landau-Ginzburg theory of superconductiv-
ity. Hence it is all the more interesting to study
the consequences of the spontaneously broken sym-
metries for the many-(elementary)-particle sys-
tems. To emphasize the parallel we note that the
presence of a nonzero vacuum expectation value
for fields is the abstraction of the idea from many-
body theory of the existence of an order parame-
ter describing a condensate in a many-body sys-
tem. The generation of masses by the presence of
a nonzero classical component to the field in par-
ticle physics is easily understood in terms of the
many-body counterpart of the interaction with the
condensate leading to modifications in the mass
spectrum. Nambu' and Schwinger" were the first
to recognize the importance of such a mechanism
for the dynamic generation of masses for elemen-
tary particles. In elementary-particle physics the
device of having a large number of "condensate
particles" in the ground state is an inconvenience
which is dispensed with and the vacuum is consid-
ered to be the ground state; and with spontaneous
symmetry breaking the symmetry of the vacuum
is reduced. The advantage of such a mechanism,
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where all the terms except Qx are invariant under
chiral-SU(2} transformations. The o field is now
allowed to have a nonzero vacuum expectation val-
ue o'0 =(O~o~0), which is the order parameter in the
spontaneously broken symmetry phase. The spon-
taneous symmetry breaking generates the nucleon
mass and the explicit symmetry-breaking term
Go in (1}ensures a nonzero mass for the pions
which are the Goldstone bosons in the system.
The pion mass is given by (C/a, ), where C ~F,m, '
is determined by the excitation spectrum in the
absence of the nuclear many particle system. The
parameters in (1}are given by

y=(3jz, ')(m, ' -m, '},
(2)

p, o = 3('kg 3'~ )
We use m, —850 MeV. The nucleon mass is M„
=go,. The order parameter 0, has the value F, =94
MeV at zero temperature and density, and we let
g = 10 in the model studies to follow. This theory,
which is well understood at zero temperature and
density, is extended to the entire positive quad-
rant of the temperature-versus-density plane, for
the many-particle system. The matrix elements
of various operators are then defined by taking
thermal averages over a grand canonical ensem-
ble. Correspondingly, the order parameter is
temperature and density dependent. " At high tem-
perature the thermal fluctuations in the system

reduce the order parameter to nearly zero. Sim-
Qarly, at high density vrith zero temperature, the
nucleons being fermions have high kinetic energy,
and again this leads to the removal of spontaneous
symmetry breaking. The excitation spectrum is
then altered such that the m and o become nearly
degenerate and the nucleons become nearly mass-
less.

We shall consider two specific circumstances:
the problem of symmetry restoration with (a) in-
creasing nucleon density at zero temperature, and
(b) increasing temperature with the nucleons chem-
ical potential p~ being zero at all temperatures.
The calculation proceeds by evaluating the minima
of the effective potential V(o,) as the nucleon den-
sity, or the temperature, is increased from zero."

Let us consider the calculation at finite density.
The presence of the explicit symmetry-breaking
term Co in (1) leads to an asymmetric effective
potential with the absolute minimum being the one
chosen by the system for its ground-state energy.
It has been shown by Lee' that there is a first-or-
der phase transition for nuclear matter at a criti-
cal Fermi momentum k~, . The order parameter
corresponding to the minimum of V(c,) decreases
discontinuously as k~ is increased beyond k~, .
This feature is illustrated in Figs. 1(a)-1(c).

The minima of the effective potential at the one-
loop level are given by the solutions of"

2 ~o'o C &o() d'k 'n, (&„) n~(E, ) t, , d'p n~(E„~, g j,) + q„(E'„~,g~)

Here~~, g~, and~B are the distribution functions for fermions, antifermions, and bosons,
1 1

E e(g-Py ) /T+ f & +B //T

and 1' is the temperature. At zero temperature, withe~=0 and zero chemical potentials for bosons, we
have the exact result'

( Xo' C +Z ( 2 mo 2)&4 gc 2)&&21 PF+(P~ Ã &o }

The order parameter o, is proportional to M* and
in Fig. 2 the behavior of the effective maes as a
function of k~ is shown. The variation of the o and
7t masses with increasing nucleon density is shown
in Fig. 3. At high temperature, we retain only the
leading terms in (3) to write"

In Fig. 4 the behavior of the effective nucleon mass
3P and of the o and m masses as functions of tem-
perature is shown. The pion mass at finite tem-
perature and density is given by

while m, ' is given by the second derivative of V(co)
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at its absolute minimum. The excitation spectrum
thus obtained is used in the calculation of m0-2y.

The renormalizability of the o model has been
discussed at finite temperature and density. " It
has been shown that in relativistic many-body the-
ory there are temperature- and density-dependent
infinities in Feynman integrals at intermediate
stages of the calculations in addition to the usual
infinities. 'of field theory. ""' How'ever, these di-
vergences were explicitly show'n to cancel out
among themselves when the dimensional regular-
ization technique and renormalization procedure
of 't Hooft" is used. In the present paper we are
interested in the phenomenological aspects of the
model, and we restrict ourselves to calculations

c9 4—
C4

at the one-loop level. Also, the presence of the
explicit symmetry-breaking term Co in (1}does
not allow' the order parameter to become identi-
cally equal to zero. This feature is taken into ac-
count in the numerical analysis.

It should be noted that the model includes only o
and yion fields so that there would be a lack of
saturation for the nuclear binding energy, and
large three-body forces as shown by Barshay and
Brown, "and also the phase transition is sensitive
to the o mass. Despite these aspects it was felt
that the consequences of the model, which predicts
a Lee-Wick phase transition, should be explored
systematically for m0-2y.

A feature of this model study worth mentioning
is that the entire nucleon mass is generated by the
interactions with the 0 condensate. The ground-
state energy given by the minimum of the effective
potential at each k~ is then essentially the nuclear
binding energy. Even though there is no saturation
in the model the binding energy per nucleon as a
function of k~ can be shown to pass through =- 16
MeV at 0~=240 MeV/c. Furthermore, the effec-
tive mass of the nucleons at normal nuclear den-
sities is 3P'=0.8M„and this value is close to the
usual expectations in nuclear matter theory.

III. PLASMONS AND NUCLEAR MATTER

0 . I .2
k (GeV/c )

FIG. 3. Mass spectrum for the 0 and x mesons with
increasing Fermi momentum.

The collective response to an electromagnetic
disturbance by the nuclear medium has to be taken
into account before studying physical processes in
many-particle systems involving photons at high
energy. The perturbation-theoretic calculations
must involve the excitation spectrum which reflects
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these collective effects. The plasmon effect has
been extensively studied for the relativistic elec-
tron gas. ' Here we wish tp illustrate the appli-
cation of field-theory rules and cutting rules for
the calculation of the real and imaginary parts of
the dressed photon propagator in the nuclear medi-
um having the charged particles of the o model,
namely protons and the charged pions. The meth-
ods of this section will be used on the triangle
graph for wo-Sy in the next section. The many-
body effects are of interest to us here. It has
been shown by Schwinger'4 that the requirement
of gauge invariance for a vector field coupled to a
dynamical current does not automatically imply
the existence of a corresponding particle of zero
mass. A direct physical realization of this idea
was illustrated by Anderson2' with the example of
the plasmon. The plasmon frequency is equivalent
to the mass, since below that frequency the elec-
tromagnetic disturbance in the medium cannot
propagate. Despite this, gauge invariance and
particle conservation are satisfied. The propaga-
tor for the photon is shown in Fig. 5 in which the
polarization effects are represented by the proton

p+k

P

p+k

PIC~, 5. The dressed photon propagator ( ~ ) in
terms of a free piton propagator ( ~ ) plus polariza-
tion effects represented by proton (or charged pion)
loops.

loops and by charged pion loops. In second-order
perturbation theory the polarization tensor II „is
given by

II,„(k„k)= 4ie' ~'P g„„(J[f"-P'-P &)+P.(P+&).+P.(P+&):
~ (2~)' ([(p+u)' -M*']]([p'-m*']}

where the first integral in (8) represents the fermion contributions from vacuum polarization, and from
the density- and temperature-dependent polarization of the many-nucleon system, while the second term
corresponds to the charged-pion contribution. In (8) we are using the double-bracket notation" for the
propagators: For fermions we have

~ ( )
P'+~ (P+~) 1 -n, (E„g ) n,(Z„p„. ) 1-n (Ep, p ) n (E„p, )~

QP -M ]) 2Ep P(&-Ep+'IF Po-Zp-fc Po+Zp -$f Po+Zp+ lE'
and for bosons the propagator is given by

1 1 '1+n(E, T) n (E,T) 1+n (Z, T) n (E,T)
[[p -m ]] 2' (. po -E~+ie po-Eq ie po+Eq ie -po+Eq-+if (10)

The new terms dependent on temperature and den-
sity in (8) constitute the extension to mariy-body
theory. of the expressions for II,„from the vacuum
polarization first evaluated by FeynmanP' From
Eqs. (8)-(10) it is straightforward to verify that

k%„,=0,

which ensures gauge invariance. The dressed
photon propagator is given by the Dyson equation

I

ia,„(u„k)=iD'„„(~„k)
+ ~D'„,(~. , k)[ill "&r „k)]i+,„(~„k),

while the lowest-order photon propagator is
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gD„'„=S(-g„„+k, k„/k'}/(k'+&~). (12) det[~1= o. (15)

The solution for Q~„ is given by

~P P +g)0 Il)EP

The dielectric function e~„ in (14) has an imaginary
part which is not the same as the imaginary part
in the usual dielectric response function. The dif-
ference arises from the fact that the dielectric re-
sponse function governs the retarded response of
the system, while the function we are studying is
the causal polarization function. The relation be-
tween the two is given by a dispersion integral. 2'

Since Q,„=[aj ',Dz„, the excitation spectrum is
obtained" by solving for the roots of

(e,)'(e~) =0.
We shall be interested in the solutions of

or=(1+II/ =0,

(18)

for the transversely polarized excitations, where

Iir=il„/k~ . (18)

In the dimensional-regularization scheme" it is
straightforward to show' that the vacuum-polariza-
tion terms in (8) lead to

In the frame of reference with k"=(k', 0, 0, ~k~), Eq.
(15) is expressible as

(1+11„/k„')(1+11„/k,')(1+(11„-11„)/k.2) = 0,
or

/e' ~ 2 1, QP' 5 4M' 2 2M*' 4M*' '~ ., 1
~ kr' 3(n-4)+ 3 ~~

' 9 3 k' 3 k' k' (1 4M*'/k'-)'" ~

2 2) ] + 1 ~ 2 k2 1/2)~

The imaginary part of H~ ' will be treated separately below'.
The real density-dependent polarization is obtained by cutting one of the internal lines in the one-loop

graph in Fig. 5. Physically, the process corresponds to a particle (antiparticle) absorbing the initial pho-
ton and being excited, and then returning to the original Fermi distribution by reemitting the photon. This
real contrlbutlon to Ilp ls

-e' "@p' ' [-2(p,.k')'+k, 'p~(1-x')]
(E )j ~

[(k ) 4(p ~

"@p' -, , ( 2k'
k.'2~', E "' & ~ "

~(k ')2-4(j k')'~ ' (20)

It has been shown by Chin" that the neglect of (k, ')' in the denominator in (20) provides a closed form ex-
pression for H, at zero temperature, and q„=0 and ns=0 at T=0, so that we have

=1+II'0~+ — ~ -1+ 1- 0- 1 — 0-]. (21)

where k~ and p~ are the Fermi momentum and
energy, P~=kz/p, and C, =k J~k~. The dispersion
relation is then given by a~=0, and after renormal-
izing II~0~ we obtain

A =8 kp /37f pp ~ (23)

In the nonrelativistic limit at low densities p =M
and we have the familiar result

k,'=A'+ /k/'+-', P ')%f'+. .. ,

for small /k/. Here

(22) A =Npe /M & (24)

for the square of the plasmon frequency. In (24),
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FIG. 7. The singularity structure in the complex Ao

plane for Iir. Note that the threshold occurs at
~ ka )

=2yI and not at ~ko( =2M, as for the usual vacuum
process. The arrows indicate the way in which the dis-
coni;inuity across the branch cuts for 0& was evaluated.

N~ is the number density of fermions. In the fol-
low'ing w'e shall retain only the leading terms and
write

(28)

T2

which includes the contributions from the protons,
antiprotons, and m particle distributions at finite
temperature. The excitation spectrum for the
plasmon effect2' is given by

k,'=A'+
)
I )',

2t-' 7'
9 (2V}

as an acceptable input in the calculations for m'

-2y. The behavior of A' as the nucleon density is
increased is shown in Fig. 6, which includes the
variation in nucleon mass as the density increases.

At high temperature 7, the dielectric function ~~
is calculated within the same approximation as at
zero temperature. The leading term correspond-
ing to the neglect of masses has the form

So fax we have included only the effect of virtual
intermediate states in the photon propagator. Let
us now' evaluate the imaginary part of II~ which
arises when the photon propagation proceeds via
intermediate states which correspond to energetic-
ally accessible physical states. The damping in
the photon propagator then arises due to the open-
ing up of new channels leading to a dissipation of
the original photon propagation. In order to evalu-
ate the imaginary part of II~ we find it convenient
to return to the original integrals in (8) and con-
sider the p, integration. On the complex p, plane
the integrand has two poles below the real axis
and two above for both p, &0, corresponding to the
four poles in each propagator, for each of the in-
tegrals in (8). The ie prescription provides all the
necessary conditions for evaluating the integrals.
It is easy to show that when two poles are on the
same side of the real axis the contour may be
closed (on either side} to give sero. Thus the real
part is obtained by enclosing one pole at a time by
contour closing. Upon performing the po integra-
tion, the resulting expression is to be viewed as
an integral expression for IIr(k„k). On the k,
plane this integral develops a "pinch singularity"
when the two poles in the p, plane appear on either
side of the p, contour at the same location. " The
imaginary part of II~ is obtained by taking the dis-
continuity across the cut in the k, plane as shown
in Fig. V. On performing the p, integration and
then evaluating the discontinuity in k, across the
branch cuts in the k, plane we obtain, for the nu-
cleon contribution,
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2

ImII ~"'(k(p k) =~,&, ~
p' sin'8 cos'y+ "2

p P+k

x (6(E~ -E~,), +&0){[1-n~(z~)]n~(z~))) +n~(z~)[1 -)T|,(z~~)]}

+ 3(Z'p+ Zp. k+ I DH~F«$)%«~k) - [1-~z(zp)1[1-q (Z„,)]])

+
2& 2 p sin (9cosy-d'P 2 . 2 2 P ~ &"

P P-k

x(g(z +E~ -g )(~ (E~)~ (E~ ) —[1—& (z)1[1—n (z, ,)1}

+ &(E~ E~-, —&0)(nz(z())[1 -n~(z~, )]+n~(z~, )[1-n~(Z~)]}) . (29)

For k=0, ko&0 the imaginary part corresponds to fermiori pair creation and we have

e'l 1') 4M*')'" 2M*'
tmpl»(Pair creation) = ——

(
1 —

( rt) [[1—&k(kn'2))[t-&k(k/2)) —n (ka'2)n (2/2)'}. (29)

The Fermi distribution functions in (29) correspond
to a positive imaginary part in II~ arising from
pair creation, with the proviso that the particle
and the antiparticle be created above their respec-
tive Fermi seas. The probability amplitude for
this is proportional to (1-g )(1-~z). There is al-
so a negative term in (29) corresponding to the prob-
ability amplitude for the recombination of a fermi-
on and an antifermion, from the many-particle
background, so as to revitalize the photon propa-
gation. This amplitude, proportional to ~n~, sub-
tracts from the usual damping represented by'

(1 -n~)(1 -~). These features are new to relativ-
istic many-particle systems. The effect of the
Pauli exclusion principle thus leads to a threshold

dependence of (1 -n~(k J2, p~).-n~(k J2, p )). In the
absence of an antinucleon distribution we have the
threshold for pair creation occurring not at k,
=2llP, but rather at A, =2p . The imaginary part
of II[r"' in (28) in the region P (=pjz) &C, had contri-
butions from terms proportional to n~(1-n~) and

n~(l -n~). These terms arise from the excitation
of a fermion or an antifermion, in the correspond-
ing Fermi distribution, to an energy above the
Fermi energy. These terms are known as the
Cherenkov (or the Landau) damping terms. We

shall be concerned with. the pair-creation damping
only. The imaginary part of the polarization func-
tion II~' & is given in the cases of m' pair produc-
tion and of Cherenkov damping as

d pImii~' )(ko&0, k; pair creation)[= — (p2 el~~a cosa')g(Z +Z Q )
p, ~ p p k

([1+m,(z,)][1~,(z, „)-n,(z,)ngz„)]} (30)

2

Imii(r )(k, &0, k; Cherenkov) =, , d'p(p'sin'coos'y) g(Z -k, -Z, )—
P p p-k

( ~ )
[1+n„(z,)]n,(E4,) (31)

With n~=n~, E(I. (30) reduces to

tmp»' (k 0, 2=0; pair creation) =(4—)(a)(1 —4&n, '/k ) n[t ekn&(kn'2)) t(k —4m, ). (32)
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In concluding this section we note the presence
of the new feature in the imaginary part of the
propagator, associated with the recombination of
particles from the many-particle background, in
relativistic many-particle systems. The analytic
properties of the Green's functions are not the
same as in usual field theory, and the shifting of
branch points and other singularities has to be
taken into account in many-body theory. Some as-
pects of the analytic properties of the Green's func-
tions in many-body theory were studied earlier. "
An interesting application of 8-matrix methods to
superconductivity theory is given in Ref. 31. We
also note that the Rayleigh-Langmuir" plasma fre-
quency is changed from A=(~~e /1VP')'~2 to its re-
lativistic form A= (e'k~'/3v'p, „)' ', while at finite
temperature it is given by A=(Qe'T'/9)'~', where

Q is the number of particle-antiparticle pairs in
the theory.

+ CROSSEO TERMS

FIG. 9. Feynman diagrams with the nucleon lines cut
{dashed lines) one at a time, representing the contribu-
tions to the real density-dependent part of the neutral-
pion decay amplitude.

IV. THE TRIANGLE GRAPH FOR mo ~ 2y

The a model provides a convenient basis for the
evaluation of v'-2y in nuclear matter. We are in-
terested in extending the Steinberger model, "in
which the decay proceeds via virtual proton-anti-
proton statqs, to include further contributions

arising from the nuclear medium. This is in con-
trast to pion decay proceeding via virtual quark-
antiquark intermediate states. The numerical esti-
mates in either model for m' 2y in vacuum are in
agreement with each other provided color symme-
try is invoked and quarks coupling to m' have three
colors. Here we are interested in the density de-
pendence of the lifetime for the pion in nuclear
matter and the a model seems to be the more tract-
able candidate.

7r

q

k)

FIG. 8. The triangl;e graph for pion decay. The in-
ternal nucleon lines ( ~~ ) and the external pion (-——)
and photon ( ~ ) lines corresponding to the dressed
pxopagators.

FIG. 10. Feynman diagrams with the fermions put on
the mass shell by cutting (dashed lines) the fermion
lines ad)acent to the external pion leg, for the evaluation
of the imaginary part of the neutral pion decay-amplitudp
in nuclear matter.
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A. The pion decay amplitude
]

Let us include electromagnetic effects in the'0
model Lagrangian so as to allow' z to decay into
two photons. The photons couple to the neutral
pi.on through polarization effects represented by
the triangle graphs of Fig. 8. The amplitude for
vo 2y is evaluated using the interaction terms

aesop =gslyjyp2+p (33)

(34)

0ZC~=G„+ 2 y„y,4 ~m ) (35)

and

2 y~.=e@~y„A'4 ~ ~

This amplitude is related to the vector-vector-
pseudoscalar (VVP) current correlation function.
The axial-vector coupling of the pion to the nu-
cleons

together with ($4) leads to the consideration of the
vector-vector-axial-vector (VVA) current corre-
lation function. The relation between the VVP and
VVA correlation functions and the gauge invariance.
of these functions have been fully investigated for
the amplitudes in the absence of a nuclear medi-
um."" Here we w'ish to include the effects of the
many-particle system. %'e first evaluate the am-
plitude for m 9] before comparing the VVP aud

yyA amplitudes.
The calculation requires the effect of the collec-

tive behavior of the many-particle system to be
taken into account and this is implemented by us-
ing the effective mass of the nucleons and the
dressed pion mass as given by the order parame-
ter, and the plasmon mass, at each temperature
and density.

The pion decay amplitude is given by"

y,„(y(((=O)-y(S„y ) y(k, y ))=- eSf- 'Tr((y S (P )Ppyy(P)ySy(PIP )) y(P, —I„ II—V)], (36)

where Sz(p) are the nucleon propagators (9) for the many-particle system. We have not included in (36) the
covariant normalization factors and factors of [p22(k) +1]'~2 connected with the thermal background of photons
of finite temperature. These factors are deferred to the phase-space calculation. On performing the trace
in (36) we obtain

7' =~4 e2M~ u'a' d' 1
)I)J g )Il)xp 1 2 (2~)4 $[(P k )2 J]fIs2]}([( +k )2 ~2]}([2 ~2]} ( I 2) (37)

The terms in (9) are separable into the usual vacuum Feynman propagator and terms which are density de-
pendent; hence by applying the cutting rules of many-body field theory, " the amplitude (37) is expressible
as (a) the vacuum amplitude, (b) a real density-dependent amplitude obtained by cutting one nucleon line at
a time as in Fig. 9, and (c) an imaginary density-dependent amplitude obtained by cutting both nucleon
lines adjacent to the external pion leg as in Fig. 10.

A straightforward calculation w'ith k,' =4,' =A' leads to the vacuum amplitude

2 a &-x

e,„„pk~k2' dx dy[M2-q2xy-A2(x+y}(1-x-y)] '.
0 0

(38)

I

For the densities and temperatures we have considered, A4«4''. The "plasmon mass" A is typically
small and A is neglected only in the real part of the amplitude. (The imaginary part of T~„ is treated se-
parately below. } This leads to a closed-form evaluation of the real part, and we have

4m'q', , [sin '(vq /2m)]' q' ~4Ms',

(39
—ln —', q ~4M)sys y I

where

x,=1+a, a=(1-4M*'lq, ')'". (40)

The real density-dependent amplitude of type (b) discussed above corresponds to diagrams with a single
cut in the fermion loop. These diagrams represent the physical processes in which a proton from the nu-
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(41)

clear medium absorbs the pion, emits two photons, and then returns to the Fermi sea of protons. The
various terms of this type refer to the temporal ordering of the absorption of the pion and the emission of
photons in various ways. This amplitude is

ReT &") =4 e'M*~ k"k'
Ikv ge Ikv)kp 1 2 (2+)2 2E )I

2(A')' —8(P. k,)(P. k,) 2q'A'+8(P q)(P k, ).[(A')'-4(p k,)'][(A')'-4(p k.)'1 [(q')'-4(p q)']I(A')'-4(p k)']
2q'A'+8(p. q)(p ~ k,)

I(4*)'-4(k 4)*1&(k*)'-4(k 4, ')*] I
'

The approximation of A «(p. k) allows further simplification. Specifically, for Q =0 we have

(b)—ReT)kp 4' ~~)epkp kl k2 4 2 I' 2(1 2) 4Me)e2]
ln

C ~[%(Ep )eF T) +%(Ep V/k T)]

where

(42)

C, =kg)i ]. (43)

At zero temperature we setn~=0 and note thatn„(Ep, t1~) provides a cutoff for the integral in (42) at the
Fermi velocity p=p~ =k~/y~. For the specific mass spectrum in the model the branch point at which T„„
develops an imaginary part associated with q2 -2pz is such that the integr and in (42) does not develop a
pole in the range 0 &p&p~. The integral in (38) is then evaluated in terms of dilogarithmic functions, and
we have

ReT"'(T= 0) = [4ge'M*c„„),p k, k2/(81/'q, ')]

Co B I)B-—g~ I(CO+B )I C2+B) ' C()-B II,B+g/, '
I(IC 2 B)I --I

(t"-"Li
~

'
~

-('/6) -'in' (44g ~ n

(46)

where B is given by (40) and

(1 4A2/q 2)1/2

The physical interpretation of the terms in (46) is analogous to the discussion given in Sec. 111. The term
proportional to (1-~)(1-n~) represents the probability of the pion decaying into a fermion-antifermion
pair, which has to be created while taking the restriction of the Pauli exclusion principle into account.
The negative term proportional to ~a~ represents the probability for the replenishment of the original

At finite temperature with ~=@ and with zero chemical potential for the fermions we have

ReTt„„~(4,k„k;T)=4pe kPe„„x k, k
4 J ) )e( ex)( ( 4

eI+(
I

(44)
1 ) P(N (C2+P ( M*

2&/ o q() 1 — -4M* . ),C() -P I T 1-P
While the integral in (45) is expressible as an infinite series in dilogarithms, we find it convenient to eval-
uate it by numerical methods. At finite temperature, the range of integration includes the threshold Qo
&2M4' for the nucleon-antinucleon absorptive part and the Cauchy principal part of (45) is evaluated numeri-
cally.

We now evaluate the imaginary part of T„„by returning to (3V). On the complex'p, plane the nucleon prop-
agators provide three poles in each quadrant. The po integration is performed using the ze prescription as
usual. As in the discussion of the photon propagator in Sec. III, we calculate the imaginary part of 7„„
which arises from the presence of the pinch singularity associated with the propagators on either side of
the pion vertex providing a pole on either side of the p2 contour at the same value of Re(p,). This corre-
sponds to the cutting of these fermion lines as depicted in Fig. 10. For q, &0, /=0, we have

q~& (q~&1 (q~) 2A2 -q,' -q, '~B)~'-~~
~pl -~l ~g)I~~j~g I

'
2A2)- E ) ( ) o +go B
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channel through the recombination of a fermion and an antifermion from the many-particle background.
The decay width for m -2y is given by

7;,. =e"(a„X,)e"(a„z,)V'.„
=

&ppxp&~ 4 &~ &2 &.

The factor [1+»»s(k«}][1+ns(k„)]in (48} represents
the "thermal broadening" of the decay width. It
corresponds to the probability for the photon de-
tectors registering not only the direct photons
from g' decay, but also the photons of the same
energy originating in the thermal background of
photons. We note that the effect of thermal pho-
tons recombining to reverse the reaction m'-2y
mould lead to the replacement of the factor
(1+»»s,)(1+»»s,) in (48) by

(I +ns, )(1+n»», ) n»»~»»q2 -~
Similarly, if we have a thermal distribution of
pions, or a pion condensate, an integration over
the initial phase space of pions will become neces-
sary. These aspects of the problem will not be
considered in this paper. Substituting (49) into
(48) we obtain

&( '-2y)= ™(i-',)(&-,)

xnan,

(Z, =m, /2, T)+ 1)'. (50)
The numerical results for the decay width of the

pion at various nucleon densities, at zero tempera-
ture, "are reproduced in Table I. With values of
parameters in the model as in Sec. II the abnor-
mal nuclear matter phase, in which the nucleons
are nearly massless, sets in at kz ——270 MeV/c.
The decay w'idth of the pion is seen to increase
dramatically as the density of nuclear matter ex-
ceeds the critical density.

In Table II we present the results of the calcula-
tion at finite temperature. The nucleon mass de-
creases with increasing temperature. In the ab-
sence of the explicit symmetry-breaking term Co
in (1), the symmetry restoration to SU(2) xSU(2)
occurs at 7=—80 MeV. In the model with Cc0 in
(1), the decay width is seen from Table II to in-
crease sharply at T ~80 MeV. A discussion of
these results is given in Sec. V. We now turn to
the relation between the VVA and VVP correlation
functions.

TABLE I. The decay width of & 2y at various nucleon Fermi momenta in nuclear
matter. The parameters used give the critical Fermi momentum at which phase transition
occurs as &q =270 MeV/c.

Nuclear Fermi
momentum k&

(Me Vt'c~
Pion mass

(MeV~

Nucleon effective
mass M*
(Me V)

Plas mon
mass A

(Me~

Decay with

(eV)

0.0
50.0

1OO.O

150.0
200.0
250.0
260.0
270.0

135.0
135.08
135.68
137.40
141.42
152.08
156.37
163.55

940.0
938.8
930.5
907.03
855.7
740.6
700.56
640.43

0.0
0.20
1.82
3.37
5.31
7.87
8.54
9.37

7.50
7.53
7.75
8.43

10.20
16.40
19.65
26.31

271.0
275.0
280.0
300.0
350.0
400.0

582.23
603.04
627.77
717.5
913.26

1091.78

50.54
47.11
43.47
33.27
20.54
14.37

15.0
15.2
15.5
16.65
19.46
22.26

1.79x 104
1.46x 104
1.20x 10
7.01x 103
2.91x 103
1.51x 103
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TABLE II. The decay width of x 2p at various temperatures in nuclear matter. The
parameters used give the critical temperature at which phase transition occurs, in the
absence of explicit symmetry breaking, at T, =—80 MeV.

Nuclear temperature
r (Mev)

Pion masd
(MeV)

Nucleon effective
mass M*

(Me V)

Plas mon
mass A

(Mev)

Decay width
r(~'-2y)

(eV)

0.0
10.0
20.0
30.0
40.0
50.0
60.0
70.0
80.0
90.0

100.0
110.0
120.0

135.0
135.50
137.06
139.87
144.32
151.19
162.22
181.89
224.89
320.29
435.12
539.99
636.16

940.0
933.05
911.92
875.67
822.53
749.41
650.98
517.82
338.71
166.99
90.49

, 58,77
42.33

0.0
1.43
2.86
4.28
5.71
7.14
8.57
9.99

11.42
12.85
14.28
15.70
17.13

7.50
7.71
8.90

11.76
17.07
27.13
49.19

125.82
495.17

1.12x 10'
1.61x 10
1,12x 10
7.80x 10

B. The VVA current correlation function and gauge invariance

The axial-vector coupling of the pion to nucleons as given in Eq. (35) allows us to relate the VVA current
correlation functiontotheyiondecayamplitude. In the o' model, with no nucleon resonances present, the
Goldberger- Treiman relation reduces to

g=M G~,

and with

(51)

we obtain

GA=T p, . (52)
' For the moment, if we allow s+"(x) to be the interpolating field for the v', the decay amplitude is expres-
sible in terms of

q r„,„(q, u„u,) = " q" I,Trf(r,~„S (p a,)r„S,(p)r„-S,(p+e,))+(I,—a„q—v)] (53)

As before, the amplitude (53) is separable into the "vacuum" part and a density-dependent part, since the
the nucleon propagators (9) themselves are so separable. We denote the vacuum amplitude by q "T„"„'„dan
the density-dependent amplitude by q "T„"„'„.

The VVA amplitude T „, must satisfy the vector Ward identity"

k, T~„~=0=@2T~v~ (54)

arising from vector-current conservation. The generalization to many-body theory of the propagator iden-
tity

gP'- P, -I]}-'g,fQ -M]}-'=QP'-P, -M]} '-(Q -M]} '

allows one to derive

(55)

~;T.,= "; .' „'4»fb a.f9-&,-~]}'r.(V+&.-M']}')-b,r.(V-&2-M*]}'r (9+&,-M']} ')] (55)



1596 ROGER %. MINICH AND L. R. RAM MOHAN 19

The density- and temperature-dependent terms in (56) are finite, as can be verified by doing the po integra-
tion, so that a shift in the integration variable is permissible for these terms. Hence, k, T „,would vanish
provided the vacuum terms also permit a shift of the integration variable. As is well known, ""such a
change of variables for linearly divergent integrals leads to a surface term. ' Maintaining gauge invari-
ance requires the surface term to be specified appropriately. This leads to the "anomalous" term in the
axial-vector Ward identity to be discussed below.

With k,' =k,' =A', a lengthy but straightforw'ard calculation leads to

y& ) = +
—, ((k, +k, )~„„k',k2S;(q', A')+[(k, -k,g~„„„.k,"k;+(k, -k, ),~„„~k,"k',]F2(q', A')+~.„„„(k,- k, )"F,(q', A2)},

where

1 1-x

F,(q', A') = 2 dx dy[(x +y) —(x +y)'+4xy]/R,
0 0

).1 1-x

F,(q', A') =2 dx J dy[(x+y)(1-x -y)]/R,
~O 0

1-x
F «' A') =&+4 J~ dx ~ [I-x6(x+y -1)]Rln(R/M*')

0 0

(@2 A2
+) 4

(~+y)(),—«-y)-)))"*— 2)x+))[)-2(x+))]I,

with

R=[Af4'-q'xy -A'(x+y)(1-x -y)]. (58)

2

q &„'"„)= I~,~.„„.k,'k;(q'F, —2F,)

In the expression for F, in (58) we have shifted the
fermion loop momentum integration variable p of
Eq. (53) by the arbitrary amount [(k, -k, )"a]. We
now' have

k 1 T+gp k 1 TQpp

Q
2

1+2
R )

E,„X.kikk2, 2 + .2 dX
lm I", 2m

(62)

=[k, (k, —k2)F2+F~]e „) k, k, . (59)

Gauge invariance of T „„requires k,'T„„=o, so
that from (59) we have

Comparing the amplitude for the pseudoscalar
coupling T„'„')given in (38) with the expression q"T«~&

in (62) we see that

(2A2 -q2/2)F2+F =0 (60) (a)
2

~~~p A 2F ~Ppkakl k2 +T4~F,
or

(61)
1 1-x

a= 1-
J dx J dy(A'[I -2(x+y)](y-x)}/R ~

0 0

For the choice of a given by (61) the amplitude
(53) is given by

The density-dependent terms q T~'~ and T,~» can
be shown to be identical using the standard mani-
pulations on the traces of the y matrices appear-
ing in T „, together with relations of the type

(P-P, -Af*)f+-P, -Af*]}-'=1,

with

0 To!pp 7 Tcxp p +0~cxpp
which are trivial generalizations to many-body
theory, of the usual relations with propagators in
the vacuum. %'e thus have for the full amplitudes
in nuclear matter



19 ELEMENTARY-PARTICLE SYMMETRIES IÃ RELATIVISTIC. . . 1597

(64)

The relation (64) is the extension to many-body
theory of the result of Adler3' and of Bell and
Jackiw." It shows that both T,„and 7„,pick up
additional contributions from processes arising
in the presence of nuclear matter while the anomal-
ous term in (64) with the coefficient ( e'-/4v'F, )
continues to have the same magnitude as in the
vacuum. In other words, the operator identity

a'g&''=m, 2S', e„o+(e'/32") Z Z„, :e'""
remains unchanged. This result is not unexpected
in viem of the Adler-Bardeen theorem which states
that the triangle anomaly remains unaltered up to
any finite order in perturbation theory. " Let us
now consider the question of taking the soft-pion
limit in (64). Since A'o0, the point q,'=0 is no
longer a chiral-symmetry point. This is also true
for the usual vacuum amplitude when the photon is
contiimed off its mass shell. 4' In this section we
have exploited the fact that the decay rate for mo

-Ry in the vacuum as evaluated in the o model is
in surprising agreement with the experimental
value. "~' Vfe have pursued the consequences of
accepting the o model as a model for the descrip-
tion of lom-energy m-+ phenomena and for nuclear
matter, for the pion's decay rate in the nuclear
medium.

The following comments are in order at this
stage. The calculations have not included exchange
terms in the self-energy of the nucleons so that,
in general, the mass shifts in nuclear matter will
have momentum-dependent terms. ~ Furthermore,
we have neglected the modifications in the pion-
nucleon coupling constant due to the presence of
the medium. The renormalization of the coupling
constant is expected to be sma11, 4' as is the re-
normalization of the charge due to many-body ef-
fects. Vfe have also ignored higher-order dia-
grams which mill have contributions in many-body
theory, including two-particle-tmo-hole terms.
All these effects are expected to be small in com-
parison w'ith the terms retained.

V. CONCLUDING REMARKS

The consequences of symmetry restoration and a
corresponding phase change in nuclear matter have
not been fully explored in the literature beyond the
computation of the changes in the excitation spec-
trum. The situation is akin to being given tmo sam-
ples of metal at low temperature, one of which is
said to be superconducting, while the other is not.
It is the passage of a current with zero resistance
which readily establishes, by the propagation of a

distu|bance through the medium and the corre-
sponding measurement of a current correlation
function, which sample is indeed superconduct-
ing. It is then of i.nterest to study the current cor-
relation functions in relativistic many-body theory.
Some aspects of this and the consequences of spec-
tral-function sum rules in many-body theory aris-
ing from current algebra have been investigated. "
In the context of gauge invariance we may mention
that the temperature dependence of the Lamb shift
in atomic hydrogen and the low-energy theorems
associated with Compton scattering at finite tem-
peratures have been studied by Walsh4' and by
Barton. 4' %e have considered here the specific
case of the VVI' correlation function and have shown
that the lifetime of the neutral pion is changed in
the nuclear medium so that this could be used as a
signal for pha, se changes. From Table I w'e see
that below the critical Fermi momentum, at zero
temperature, the decay width of the neutral pion
increases from its value of 7.5 eV at zero density
to nearly 26.3 eV at kz ——270 MeV/c. The lifetime
of the pion is experimentally measured by the
Primakoff effect ~i The numbers quoted in the
paper by Bellettini @gE."do show a slight trend
toward an increase in the decay width as the en-
ergy of the incident photon in the photonuclear
production of g' is increased from 1.5 to 2.0 GeV.
The present study suggests that a further refine-
ment, beyond the usual corrections for coherent
and incoherent productions off a heavy nucleus, is
needed. This is- because the y-y ~ vertex itself
is dressed. It also suggests that if the incoming
photon is capable of depositing very high energy
within the nucleus itself, it might be feasible to
detect changes of phase in nuclear matter through-
the measurement of the pion decay w'idth in nu-
clear matter, in view of the substantial change in
this quantity. Ne see in Table I that the decay
width goes up by at least two orders of magnitude
for k„&270 MeV/c in our model calculations. The
calculations w'e have performed for infinite nu-
clear matter can be extended (l) to other kinemat-
ic regions for obtaining theoretical estimates for
experimentally achievable configurations, and (2)
for finite nuclei.

We note that the production of a m in the photo-
production off a heavy nucleus has contributions
from (a) Coulomb production external to the nu-
cleus, (b) Coulomb production internal to the nu-
cleus, (c) coherent production off the nucleons in
the nucleus, and (d) incoherent production off the
nucleons in the nucleus. As has been emphasized
by Morpurgo, 4' the first two contributions have
angular and energy dependences distinct from the
latter two. For a fixed energy the peaks in the dif-
ferential cross section occur at different angles,
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FIG. 11. Lifetime of the neutral pion in-nuclear matter
with increasing Fermi momentum,

FIG. 12. Lifetime of the neutraj. p&o& in nuclear matter
with increasing temperature.

and this important feature is used in the experi-
mental detection of the Primakoff peak and for the
determination of its shape. Absorption effects low-
er the peaks but do not appreciably affect their
position. The shapes of the angular distributions
for gs5' could permit a resolution of the internal
Primakoff effect. This would entail a -more detail-
ed fit to the already available data to account for
the different values of the decay width of the m' in-
side the nuclear matter and outside it. Our pre-
diction of a very large change in the value of the
decay constant inside abnormal nuclear matter
might well allow an experimental detection of the
existence of the phase changes of the Lee-Wick
type. An estimation of the expected differential
cross section at higher energies, while taking re-
absorption effects into account, is the next step in
our program. In the context of reabsorption we
note that the pion dispersion relation in nuclear
matter is needed. "

In Table II, we have presented the results for the
decay width of the m' at finite temperature in the
case where the nucleon chemical potential is ne-
glected. The decay width increases more smooth-
ly in this case because of the absence of a first-
order phase trarisition in our analysis at finite
temperature. In Figs. 11 and 12 we have shown
the lifetime of the pion as a function of k~ and of
temperature, respectively, in order to summar-
ize the results in Tables I and G.

%e have discussed the gauge invariance of the VVA

amplitude and shown how the Adler anomaly re-

mains inviolate in the nuclear medium, though

q T~, and T,„have additional contributions in
many-body theory. We considered only the dress-
ed transverse photons or the nuclear plasmons in
the nuclear medium, since the electromagnetic
radiation escaping the nuclear medium will have
such a polarization in a realistic situation. The
problem of treating the longitudinal plasmons is
made more challenging by the fact that this mode
will mix with the o meson (or scalar density oscil-
lation} mode. This new feature requires the treat-
ment of mode-mixing leading to a plasmon dressed
by scalar density oscillations or the "nuclear po-
lariton. " This nomenclature is in analogy with the
similar situation for photons dressed by phonons
in solid-state theory. The mixing arises from the
fact that at finite density the polarization tensor
develops nonzero off-diagonal elements corre-
sponding to a photon coupling to a a meson via po-
larization effects. This effective coupling at the one-
loop level can easily be shown (a) to be purely den
sity dependent, and (b} to vanish when there are
equal numbers of charged Particles and antiPar-
ticles present in the medium (A discu. ssion of a
direct mode mixing in the context of the Abelian
Higgs model in field theory has been given by
B.W. Lee,"and this may be compared with the
mode mixing as discussed by Chin. ") These new
features together with the mapping out of the "po-
lariton" dispersion relation in nuclear matter are
problems for further study, as is the investigation
of the feasibility of the detection of such mixed
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modes.
Recently, the possibility of scalar and pseudo-

scalar couplings in the neutral-current weak inter-
actions has been raised, and it has been suggested
that this would allow the reaction yy PP to pro-
ceed, among other possibilities via the neutral-
pion intermediate state. " This would affect the
rate of stellar cooling. The present calculation
suggests that at higher temperatures, due to a

larger yyp effective coupling, the mechanism of
photon conversion to neutrinos via g could be
even more important than in earlier estimates.
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