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Equilibrium temperature in particle production
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Recent P1 distributions of n, X, p, f, etc. from m+p and m+d reactions at P„b = 6 to 100 GeV/c are

analyzed using the Bose-Einstein distribution modified for the Feynman-Yang scaling. It is found that the

temperature T, characteristic of the distribution, is independent of the nature of secondary mesons, that T
increases as the one-fourth power of the available energy in the c.m. system, and that T may be regarded

as the equilibrium temperature for meson production. The K+/ n+ and q/m ratios at 400 GeV/c are

analyzed under the assumption of equilibrium temperature.

I. INTRODUCTION

In a previous investigation of particle

product-

ionn in terms of the Bose-Einstein distribution
modified to account for the Feynman- Yang scal-
ing, ' it has been found that the temperature for
J-particle production in the original MIT-BNL
experiment' is T~ = 102 Me V compared to T = 130
+ 5 MeV, '"' whereas for the Columbia-Hawaii-
Cornell-Illinois- Fermilab experiment at 205
GeV/c, ' we find T~ = 142+ 25 MeV to compare
with T„=147+ 2 MeV; see Ref. 3(a) and (d), re
spectively. As the mass difference between z and
J(3.1) is very large, we therefore have the strong
feeling that; the temperature T describing the
meson production in terms of the modified Bose-
Einstein distribution is actually independent of
the nature of produced mesons. In other words,
T is the equilibrium temperature in the context
of the thermodynamical and hydrodynamical model
of particle production.

As regards the temperature estimate using the
modified Bose-Einstein distribution, we note that
T depends pnly on the average transverse mo-
mentum P» and is independent of the parameter
A. we have introduced to describe the Feynman-
Yang scaling. A discussion on this important point
has been presented elsewhere; see Ref. 3(a).

Recently, several high-statistics data of P» dis-
tributions for p production by m'p or g'd reac-
tions at various energies became available. The
purpose of this paper is to present results of our
analyses using the Bose-Einstein distribution in-
stead of the Gaussian distribution, the applicability
of which is rather limited in a narrow range of
P . The results of our analysis indicate that,
for a given reaction, the temperature T is found
to be the same for g and other mesons such as
p', f, K', and so on. This further confirms the
basic importance of this property, namely T rep-
resents the equilibrium temperature as is assumed

in the thermodynamical and the hydrodynamical
model.

An attempt is made to interpret the K /v ratio
of the large-P~ experiment by the Chicago-Prince-
ton group, ' and the g/w ratio of a recent experi-
ment by the Michigan-Fermilab group. '

where T is the temperature and

e(~) = (P,'+ ~'~ '+m')'", (2)

~ being the scaling parameter and m the mass of
the secondary meson. The validity of the distri-
bution (1) to describe the single-particle distri-
bution has been investigated extensively in the
case of pp collisions together with the scaling
properties of A. ; see Ref. 3.

We reca11 that the P» distribution derived from
(1) is the same as for that obtained from the orig-
inal Bose-Einstein distribution, namely

m»K2 (3)

where, for simplicity, we have denoted by m» the
transverse ~ass

m, = (P,'+m')'i',

and K, is the modified Bessel function of the sec-
ond order.

Noting that for particles such as p', K', f, etc.
which we are dealing with here, rn»T, we may
approximate K,(x) ~ (n/2x)'~'e ' and write (3) as
follows:

(5)

II. THE P» DISTRIBUTION

Consider the Bose-Einstein distribution modified
for the scaling as follows:

do' 1
dP dP

II
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It should be mentioned that in the case of n, we
may simplify (5) by neglecting m in the expres-
sion (4) for m, . This leads to the well known P,
distribution proposed by Hagedorn'; its validity
has been tested for g 's produced by g p, pp, and

pp reactions; see Ref. 3(a).
For the validity test of (5) in the case of other

mesons, we may plot the log of the experimental
cross sections du/dP~' divided by gm~ against
m~. %e should expect the points to lie on a
straight line with a slope equal to 1/T-. In Fig. 1
we have presented such a plot for Ã'p p +. .. at
15 GeV/c of the Columbia experiment. ' The dotted
line represents the least-squares fit, the y'/ point
being 14.7/15. A comparison of the experiment
points with the fitted line indicates that the test
is very satisfactory. The temperature deduced
from the slope is 118+3 MeV.

Finally, we note that for p as for z the Gaussian
distribution do/dP~'-exp(-nP~') can only fit a

small range of P,', see e.g. Fig. 3 of the Colum-
bia-Hawaii-Cornell-Illinois- Fermilab experiment.
Thus the coefficient n characteristic of the Gaus-
sian distribution depends very much on the way
to perform the fit; we refer the reader to Sec. VII
for further discussion on this point.

III. TEMPERATURE ESTIMATES

%e have analyzed currently available data from
w'p reactions at P„b = 15 to 100 GeV/c and included
two w d reactions at P» = 6 and 24 GeV/c. '-" Be-
sides p' we have also considered K', f, and other
mesons whenever there are available data. As
for secondary n''s, we limit ourselves to z . Fi-
nally, for comparison, we have, in addition, anal-
yzed two n p reactions at P»=16 and 147
GeV/c 7 19

For each reaction we have estimated the tem-
perature T by least-squares fits of the experimen-
tal data to the distribution (5). The results are
summarized in Table I.

As an illustration, we have presented in Fig. 2

the fits to w, p', and f data from w p at 16 GeV/c
of the Aachen-Berlin-Bonn-CERN- Cracow-Heidel-
berg-Warsaw collaboration. ' Note that for clarity
only a few of the original m data points have been
plotted in Fig. 2. A comparison with experimen-
tal points indicates that the fits we have performed
are indeed very satisfactory. In this regard, we
note that because of the curvature shown by the
points of the m and p data, it is obviously impos-
sible to fit these data with a simple Gaussian dis-
tribution as has often been attempted. Thus it is
clear that the distribution (5) here considered is
more adequate to describe the properties of the

P, distribution. Crucial tests of these two dis-
tributions have been investigated in detail in Ref.
3(a).

IV. PROPERTIES OF T

0.6 0.8 1.0 l2

m~ = P~~+ rn GeV

FIG. 1. Plot of
1

ln ~ (dg/dPJ )~82J

vs Pl J (PJ +m )
~ ~ . The data are taken from the Col-

umbia experiment, Ref. 8. The dotted straight line rep-
resents the distribution Eq. (5) derived from the Bose-
Einstein distribution. A validity test requires the plot
to be linear, its slope being equal to the reciprocal of
the temperature.

In an attempt to investigate the energy depen-
dence of T, we plot in Fig. 3 the values of T
against the incident momentum P„b for g and p'
from z'p and z'd reactions. Clearly, both tem-
peratures iocrease with the incident energy. If
m, and m~ are the masses of the pion and proton,
the energy available for meson production is

W= ~s —m„-mp

s being the square of c.m. energy. The behavior
of T can be described by the empirical power law

T=Cg

where the parameters C and 0. are determined by
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TABLE I. Temperature estimates.

Reaction P (GeV/c) T (MeV) Ref.

~+d-~-+ ~ ~ ~

~p + ~ ~ ~

7I' p~7f + ~ ~ '
~P +e ~ e

~f + e ~ ~

~K + ~ ~ ~

t p~X + ~ ~ ~

~po + ~ ~ ~

~f + ~ s ~

g p~p +e ~ v

+ ~,~ ~

+ ~ ~ ~

g+p~KO + ~ ~ ~

g p~g +ttf
-K'+ ~ ~ ~

g p~p +0 ~ e

'f d~x +'»'
~po+ ~ ~ ~

p~K + ~ ~ ~

g p~p + ~ ~ ~

w J + ~ ~ ~

F p~7l' + ~ ~ '
0~P + ~ 0 ~

~K+ (890)+ ' ''
7f p ~1K +' ~ '

~p0+ ~ 0 0

15

16

16
18.5

22
24

100
150

147

107+ 1
106+ 10
118+ 3
119+ 3
97+ 5

120+ 2
121+ 1
121+ 3
95~ 8

118+ 5
135+ 3
147 + 11
122 + 5
119+ 3
122 6 3
127+ 3
128 + 2
129+ 3
136+23
160+11
135+ 17
133+ 2
131+ 3
99+ 8

153+ 4
163+ 5

0.99+ 0.09

1.01+ 0.04
0.82+ 0.06
1.02+ 0.03

1.00 ~ 0.02
0,79+0.07
0.96 + 0.04
1.12 + 0.02
1.21+ 0.09
1.09 + 0.03

1.03 + 0.03

1.01+ 0.01

0.98 + 0.05
0.74 + 0.08

1.07 + 0.04

11
12
13
14
15

18
19

a least-squares fit to the data listed in Table I.
Consider first the case of p'. We find for P») 15 GeV/c

Cp = 85.4+ 7.3, Q. p
= 0.23+ 0.04 .

The fit is shown by the solid line in Fig. 3, the
dotted line being its extrapolation. Likewise we

find for g

C„=78.7+ 2.6, 0.„=0.27+ 0.02 .
It is interesting to note that these two sets of

parameters, one for p' and the other for g, are
found to be the same within statistical errors,
and that the power n is consistent with 4 as pre-
dicted by Fermi's statisticaI model" and Landau's
hydrodynamical model"; see Ref. 3(b) and (d).

Next consider the ratio of temperatures T/T,
with respect to I of the same reactions. The
values thus obtained are listed in Table I. A com-
parison of these ratios indicates that within sta-
tistical fluctuations, they are all consistent with

unity, the average being

(T/T„) =1.00+ 0.12

the property that the average is about 1 also holds,
although at a given energy 7 for the z p reaction
is higher than that for g'p.

We are thus led to the conclusion that the tem-
perature we have estimated using the Bose-Ein-
stein distribution (5) actually represents the
equilibrium temperature of secondary mesons.

V. K+im+ ratio

As a further investigation of this important prop-
erty that T is the equilibrium temperature, we
consider the K'/p' ratio measured at 90' c.m.
angle for pp collisions at 400 GeV/c of a large-P,
experiment by the Chicago-Princeton group. '
Their data, Table II of Ref. 5, are reproduced in
Fig. 5. This case is of special interest, firstly
because K and n have different quarks, the strange
quark being heavier than the ordinary quark ac-
cording to the quark model, and also because, here,
we are dealing with large P reactions.

From a previous study of large P, distributions
of an earlier experiment by the same group, "
we know that in this case the appropriate distri-
bution is

This result is shown in Fig. 4.
Referring to other ratios T/T„ listed in Table

I for m and p' from the m p reactions, we note that
C &z-&s &&~r

dp P~
(8)
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FIG. 3. D pendence of T on P» for ~ and p from
x'p and e'd reactions. The solid line is the least-
squares fit with the power-law behavior, Eq. (7), for
P&~~ 15 GeV/c and the dashed line is its extrapolation
to Py~ 6 GeV/c; see text of Sec. IV.

FIG. 2. P~ distributions of x, po, and f from x'p at
16 GeV/c, Hef. 9. The curves represent fits with the
distribution Eq. (5). The temperatures estimated from
the fits are equal within statistical errors; see Table I.

where E = (P + m')'!' is the total energy of the me-
son under consideration, 'C is the normalization
constant, and a is a parameter describing the
transverse velocity of the fireball motion. For a
detailed discussion on the properties of (8), we

refer to Ref. 3(d).
Therefore, assuming the same temperature for

K' and z' production, we may write

we find it reduced to 2.9/9. This indicates that
the fit is actually very satisfactory.

The equilibrium temperature thus estimated is
in good accord with what we deduce from T= 152
+4 MeV for pp-pa+. . . at c.m. angle 90'and ~s
= 23.5 GeV of the CERN-Columbia-Rockefeller

12.

I +I

K CK +- ~E&-E )/7
C~

By a least-squares fit we find

(9)

7=152+ 8 MeV,

C~/C, =0.55+ 0.03 .

The fit is shown by the solid line in Fig. 5, the
g'/point being 16.9/10 which is mostly due to the
point at P~ = 5.38 GeV/c. If we exclude this point,

FIG. 4. Plot of the ratio of temperature of p, K,
to that of m of the same reaction of x.'p and x+d. The
average of T/T, is 1.00+0.12, ihown by the straight
lines.
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K+

T = 129+ 47 MeV,

C@/C, =0.22+ 0.08 .
The fit is shown by the solid line in Fig. 6. Note
the temperature thus estimated is lower than 152
MeV obtained previously for K /a from pp col-
lisions at the same P„,=400 GeV/c but with x= 0
instead of 0.08, and that a comparison with the
data points indicates that this fit is less good, al-
though g'/point = 12.9/12 is not unreasonable.

Finally, we have tried to fit the data assuming
T=152 MeV and found

0.2-
+

0.1 '-

0

p (GeV/c)

C,/C. = O. 18+ 0.O5 .
The fit is shown by the dotted line in Fig. 6,
y /point = 21.6/12 being comparable to that of the
previous fit.

VII. CONCLUDING REMARKS

FIG. 5. Plot of E '/m' ratio vs P, of a large-P~ ex-
periment at 400 GeV//'c by the Chicago-Princeton group,
Ref. 5. 'The solid curve is the fit to the data using a
Bose-type distribution, Eq. (8) assuming the same T for
X ' and m''. The least-squares fit yields T= 152 + 8 MeV,

experiment"; see Ref. 3(a). Using the empirical
power law (7), we find T corresponding to P„b = 400
GeV/c to be about 155 MeV. This further con-
firms our assumption regarding the equilibrium
temperature.

VI. yj~- RATIO

10-
p+Be~ + -" at %0 GsV/c

From the results of our analyses presented in
this paper, we conclude that the Bose-type dis-
tribution (1) we have considered for the single-
particle distribution, account being taken of the
Feynman- Yand scaling, is adequate to describe
P~ distributions of secondary mesons n, p, K',
etc. observed in various m'p and m'd reactions

Consider next p(1020) production by p-Be at
400 GeV/c by Akerlof et al. These'authors have
measured the ratio of invariant cross sections of
P/w at fixed Feynman variable x=-0.08, corre-
sponding to c.m. P~~ = -1.170 GeV/c. We propose
to use the Bose-Einstein distribution (1) to ana-
lyze their measurements which are reproduced
in Fig. 6.

Assuming thermal equilibrium, we expect
10-

where

e
&

= (P~ +AP,
~

+ ~ )'~'. ).0 2.0
Pg {GeV/c)

30

and a similar expression for e~ As regards the
scaling parameter A. , we may estimate it using the
scaling property Xy, =2, as discussed in Ref.
3(c).

By means of a least-squares fit we find for the
two parameters

FIG. 6. Plot of g/g ratio vs P~ at fixedly=0. 08 from
p-Be at 400 GeV/c ef an experiment by Akerlef et al. ,
Ref. 6. The solid line represents the fit with the Bose
distribution Eq. (5) assuming the same temperature:
T =129+47 MeV. The dotted line is the fit with T= 152
MeV of Fag. 5.
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from P» =6 to 100 GeV/c. We find that the tem-
perature T, characteristic of the distribution, is
independent of the nature of secondary mesons
under consideration, in spite of the difference in
mass and in strangeness.

This property w'hich also holds for z p reac-
tions (see Table I) is likely a very general one
for particle production and constitutes the basic
assumption of the thermodynamic and hydrody-
namical model.

As regards the P~ distribution of m, we note
that the distribution (5) gives an excellent fit in
the whole range of P '

up to -2 (GeV/c), a re-
sult already known from our previous investiga-
tion on this subject [see Ref. 3(b)]. Consequently,
according to our present analysis, there is no
indication that the m's can be separated into two
groups, one from the direct production and another
from the decay of certain resonances p', etc. as
interpreted by Kirk et a/. '4 using instead the Gaus-
sian distribution to fit their data, Ref.. 9.

In this respect, we note that since more p' are
produced than p' in the m'p reaction, m' is expected
to outnumber g, and according to their interpre-
tation, .the slopes n of

are different for secondary n and p' observed in
the same reaction. Lacking information on g'p- r'+. . . at 16 GeV/c, we have instead analyzed
the 15-GeV/c data of the Columbia experiment. '
For this. purpose, we have tentatively set P»' & 0.4
(GeV/c)' and found by least-squares fits

(y- =9.3Vy 0.92

for n and

@0=10.VV+ O. VV

for g . We note that o. =o.o within statistical er-
ror s contradicts their interpretation. "

On the other hand, we note that since the mass
of x is much lighter than that of p' and other res-
onances, and since the average P, is approximate-

ly proportional to m' ', it would be difficult to
think that its "direct" prdduction amounts to
10-20% as given by these authors" unless there
exists some unknown mechanism which inhibits
g production to favor those resonances.

Furthermore, we note that because of the bunch-
ing effect, characteristic of Bose particles, the
production of is such that the g's tend to get close
together; this favors the formation of resonances,
provided that the temperature T is the same. In-
deed, consider two n's of energy-momentum (E„
P,) and (Z„P,) such that the resultant (Z,P) turns
out to be near the mass shell of a certain reso-
nance; then the condition imposed by the probabili-
ty due to the Bose statistics, i.e. , e & e
= e ~~~is identically satisfied in view of the en-
ergy-momentum conservation. In other cases,
resonances that can be formed by p's produced
directly through the final state interaction cannot
be excluded.

Of particular interest is T» = T, (see Table I):
this property is further supported by the result
of the analysis of the K'/z' ratio of the Chicago-
Princeton experiment. ' Thus, in the context of
the quark model, the principle of equilibrium tem-
perature app]ies to ordinary as well as strange
quarks.

As for the g/m ratio. ,
' it is worth noting that

the coefficient C&/C, = 0.22 turns out to be com-
parable to Cr/C„=0. 55 for K /n' of the Chicago-
Princeton experiment' at the same energy. This
indicates that for large-P~ production near 6I, ~
=90, P production is less inhibited than what is
expected from the Zweig rule, ' a result different
from forward production. It would also be inter-
esting to know by future experiments if this ratio
reaches a plateau as in the case of K' jr' (see
Fig. 5) or rather if it turns down at larger P as
has been observed for K /n of the Chicago-
Princeton experiment. "
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