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Tensor component of the two-nucleon interaction in the quark-bag model
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A previously developed method for computing the interaction energy of the two-nucleon system at short
distances in the static MIT bag model of confined quarks is extended to all isospin and spin channels

available to the two-nucleon interaction. The present study is restricted to spherical geometries and short
distances (separations less than about one F) to simplify the computation. The tensor component of the
interaction in the isosinglet an'd isotriplet channels is found to agree in sign with the accepted
phenomeiological two-body tensor potential.

I. INTRODUCTION

In recent months the bag idea for quark and
gluon confinement has become increasingly appeal-
ing. ' Attempts to explain confinement from first
principles in quantum chromodynamics (QCD)
have suggested that two vacuum phases occur, the
stable vacuum having the property that it excludes
color-electric flux lines. Hadrons are then re-
gions of ordinary vacuum in which quark and gluon
fields may exist, the energy difference per unit
volume between the two vacuums being e constant
B, which can be calculated from the color coupling
constant and renormalization scale in QCD. Dif-
ferences in some details are to be expected be-
tween the bag model as derived from QCD and the
MIT bag schemes of confinement. However, cur-
rent indications are promising that the general
picture of a hadron in the MIT bag model may well
result from a more fundamental theory.

As a phenomenological description of hadronic
structure, the MIT bag model must be tested in
confrontation with experiment. In this spirit we
have studied the two-nucleon interaction at short
distances in the static cavity approximation to the
bag, using the same parameters and approxima-
tions which gave good values for the masses and
other static parameters of various light hadrons.
We found that in addition to accounting for a re-
pulsive core, the bag model gives a strongly at-
tractive interaction at intermediate range in the
channel I=0, $=1 with spin projection m, =1
along the deformation axis. ' Here we report
results of a straightforward extension of the cal-
culation of Ref. 10 to all isospin and spin. channels
available to the two-nucleon system. Since we are
mainly interested in a qualitative result, given
our present uncertainty in the precise nature of
confinement, we have for the sake of simplicity
confined our attention here to hadrons of spherical
shapes. It was found in Ref. 10 that the six-quark
system assumes a nearly spherical shape for

short distances throughout the repulsive core and
out to distances of maximum attraction. In Fig. 1
we reproduce the deformation energy for the chan-
nel I=O, 8=1, m, =1 computed for a general
three-parameter class of "hapes as described in
Ref. 10 and compare; " Ceforimation ener-
gy for the same channel. wiI;I» ', ..~y -, clerical shapes
admitted. It is evident that only for 5 ~ 1 F does
a substantial deviation occur. (For spherical
shapes a "deformation" constitutes a shift in the
internal quark orbitals and a variation in the radi-
us.} Instead of using the variationally conetructed
quark orbitals and gluon fields of Ref. 9, w'hich

enter into the curve of Fig. 1, we may take the
exact solutions for the sphere, "' the use of
which in any case results in only few-percent dif-
ferences in the field- energies. Another advantage
of working with spherical geometries is that the
self-energy and zero-point energy may be treated
exactly as in Ref. 8, thereby sparing us the nec-
essity of estimating their behavior for nonspheri-
cal geometries. '

In Sec. II we summarize the principal formulas
needed from Ref. 10 and describe the computation.
In Sec. III we report and discuss the results.
Appendix A summarizes the computation of field
energies in the sphere and Appendix B and Table
II summarize the internal-symmetry "configura-
tion factors" for the various channels. The com-
binatoric results of Appendix B are of general in-
terest in calculations in the nonrelativistic quark
model as well.

II. REVIEW OF THE MODEL

We review briefly the key ingredients of the
model ~

8-10

A. The configuration

The spherical cavity of radius R contains six
massless quarks, three of which are placed in a
"left" orbital and three in a "right" orbital. These
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300

200

q~ql. which shows a leftward shift as p, increases. 'o

The eigenfrequencies co& and co& are chosen so that
when x=R the linear bag boundary condition

in rq„=- pq„ (2.4)

is satisfied, where a and P are the Dirac matrices.
Thus

100 s =2.043~ m~=3-204 (2.5)

The normalization factors are defined so that

J q qd V= 1 for each orbital.
Corresponding to each orbital there is a cavity

fermion creation operator for the quark

-100
~Ref m ~Scfm+ ~P~Pcf m

/ t
~I cfm bScfm i I ~Pcfm r

(2 6)

-200

-500
0

gO
8(fm)

FIG. 1. Comparison of deformation energies for the
two-nucleon configuration with I=0, S =1, m, =1 with
the three-parameter cavity shape of Ref. 10 (triangles)
and strictly spherical cavities (dots).

orbitals are hybrids of the lowest-energy even-
and odd-parity free-fermion cavity eigenmodes.
The Dirac spinors for these orbitals

qLm 'qsm ~P'qPm )

qzm=qS m+ ~A@Pm
(2.1)

are defined in terms of the S&/2 and P3» eigen-
modes'.

jo (ogx R +
4 4)$, t/8

io rj, (~sr/R)S )
Zi(~Pr/R)&P

qPm
t co~ t/B

io'rj, ((oPr/R)eP )
where

(2.2)

(2.2)

and%, if& ——(0), tt &f& ——(i). The ttP are the m
=+ &, j=

& odd-parity spinor harmonics. The axis
of separation is the z axis. As the parameter p,

ranges from 0 to 1 the left and right orbitals range
from a complete overlap to complete orthogonality.
The characterization of left and right can be seen
explicitly by computing the baryon-number density

where c and f refer to color and flavor indices.
An appropriate linear combination of products of
three creation operators b~ forms a creation op-
erator for a proton or neutron of the desired spin
component in the right orbital —likewise for the
left orbital. To form a state with quantum num-
bers of the deuteron with spin projection m& ——0
on the z axis, for example, the nucleon creation
operators thus defined are then combined as they
should be (in an obvious notation) as follows:

N(p) I I=0, S=1, m s ——0)

=[ps(4)nL(4) +pft (4)nL( f)

+PL(&)nB(&) +PL(&)nB(&)] ~0&

(2.7)

where N(p, ) is a normalization factor. As p, var-
ies from 0 to I the-state thus formed describes
a one-parameter path through configuration space
which characterizes the separation of two nucle-
ons. Because of the antisymmetrization of the
state (implicit in the fermion-operator notation),
the identification of the configuration with the two-
nucleon channel is unambiguous only when p. =1
and the right and left orbitals are orthogonal.
Similar constructions can, of course, be carried
out for other two-baryon combinations which com-
municate with the desired channel. More general
configurations which include admixtures of these
states are not considered here.

The even- (odd-) parity channels have even (odd)
numbers of quarks in P orbitals. At p. =0 the
even-parity channels have all quarks in the 8& /2
orbital and the odd-parity channels have five in
the S~/2 and one in the P312 orbital. " For general
p, the configurations are not eigenstates of total
angular momentum J. It is tedious but straight-
forward to project out states of definite J for the
spherical cavity, but this has not been done here
for the sake of simplicity. The expectation value
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FIG. 2. Effective cavity angular momentum defined by

J~ff (Jgff + 1)= g ) for two configurations as a function of
the orbital mixing parameter p.

FIQ. 3. Diagrams representing terms in the effective
Hamiltonian.

in Refs. 9 and 10. Basically what is required is
to evaluate the expectation value of

H = dV —8' + 8' -J'A', (2.9)

g') for the cavity as a function of p for two states
is shown in Fig. 2, computed as described in Ap-
pendix B. It is expected than an increased kinetic
energy of rotation at higher (J') will raise the de-
formation energy computed with the configurations
(2.7) compared with the deformation energy for a
state of a definite lowest value of J. Since p, in-
creases with separation, the curves at larger
separation will be distorted, but at small values
of p. thi's effect is unimportant.

The kinetic energy of the quarks in the cavity of
radius 8 is given by

VZ'=J', V XB'=J", r &R

with the bag boundary condition

y"'E'=0, P xB'=0, x=R .
The relevant part of the quark field is

(2.11)

(2.12)

where the color-electrostatic fields are derived
from the quark current

(2.10)

by solving Maxwell's equations

&Q =[&8(P)&8+&8(P)&J]IR1 (2.8)

where ns(p, ) and np(p, ) are the average numbers
of quarks in the S and P orbitals, computed as
described in Appendix B. The cavity eigenenergy
for the P orbital includes, of course, the rotation-
al energy of that level. Thus the kinetic energy
8@ includes a centrifugal-barrier term for the
odd-parity channels (which have the lowest two-
baryon orbital angular momentum 1.=1.) How-
ever, our baryons are formed from quarks in the
lowest cavity eigenmodes and so have an impre-
cise center-of-mass position. Thus it is not pos-
sible to achieve a precise zero separation of the
centers of mass and no infinite centrifugal repul-
sion appears.

B. Gluon terms

The interaction energy for the quarks in a given
configuration is computed to second order in the
color cqupling constant. The procedure is detailed

(a)

Wsug 0 176
W~yg P 335A

W+~3 -0.067n

W@2 0.108o'.

W@0 0.011n

Wsm&

Wxoi 0

Wx@( -0.008 &

Wx@2 -0.094m

(b)

W~s.
W~s~

W~pi
Wesz
Wesz~
W@D

QPs

COg

-0.0475
-0.0475
-0.025
-0.047
-0.022
-0.044

0.020
2.043
3.204

W~xi
Wax~
Wgx~

Wax~
W~x
Wax
Eself

—0.020
0.029

-0,0253
0.0

-0.002
0.116
0.0

TABLE I. (a) Values of reduced gluon multipole ener-
gies for the unit sphere and (b) values of terms appearing
in the field energy for the unit sphere with n =0.54.
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c,f, m
(q Scfmbscfm IPcf m~Pcf m) ' (2.13)

Thus the fields are bilinear in the quark creation
and annihilation operators and the interaction
terms H~ are at most quadrilinear in these opera-

tors. The several resulting contributions to the
energy together with the fermion kinetic energy
are represented pictorially in Fig. 3. The total
field energy exclusive of the zero-point energy is
summarized by the following expression [See
(2.12) of Ref. 10]:

REX +SlDS + +PlDP +( WNS ~S + WNS J~SJ) + (WMP ~Pz + WNP)~PJ) + (WNSPgC SP + WNSP ~s P + WEDCD)

+ [WNX. + WEX.)&x.z+ (WNxg+ WExg)&xzz+ (WEx" WNX+xz]

+ [(WMx). WExl)~xlO + (WNxg WExg)C xgO (WEx . WNX+xO] (2.14)

The seven terms have been grouped in order so as
to correspond to.the first seven diagrams of Fig.
3. The self-energy contribution of Fig. 3(h) is
treated the same way as in Ref. 8. A general de-
scription of the terms in (2.14}follows. The sub-
scripted factors 5' are basic configuration-inde-
pendent gluon interaction energies. They are con-
structed by solving Maxwell's equations for the
c-number quark currents formed from the various
orbitals and substituting the resulting fields into
expressions for the field energy. For example,
the current

~ss =NQ's&Qs

gives rise to the field Bss which satisfies

& ~&ss =~ss

and the term 5» through

[z(BSS) ~ss'Ass]dV = WMsgagO2+ WNS)ag 'O'2,

(2.17)

where o& and a, give the spin coupling at the upper
and lower vertex. of Fig. 3(a}. The values of the
various terms for the sphere are given in Table
I and Appendix A. The subscripted coefficients
C and n are configuration-dependent and rise from
the evaluation of the expectation value on the given
state of the combination of quark creation and an-
nihilation operators implied by the diagrams of
Fig. 3. Thus, for example,

(2.18}

Here color and flavor indices have been suppres-
sed. The values of the coefficients C for the vari-
ous channels are given in Appendix B and Table
II.

C. Deformation energy

EO(R) =-Z /Ro, (2.20)

where Z, =1.84 has been chosen to give the cor-
rect masses for the p, N, and b. From the point
of view of the static cavity approximation the
stable configuration is the one which minimizes
E with'respect to both p. and R. We find that in
all two-nucleon channels, the overall stable mini-
mum occurs for a finite value of p, between 0 and
1. This is the end of the story as far as the static
cavity approximation is concerned; in all channels
we find semiclassical stable six-quark states,
consisting of two partially separated nucleons.
However, one expects large quantum fluctuations
in the two-nucleon c.m. coordinate just as in the
conventional potential model of the two-nucleon in-
teraction.

To study these fluctuations, it is necessary to
go beyond the static cavity approximation. %hat
is needed is a dynamical treatment of the collec-
tive motion of the system as a function of a few
parameters which characterize the gross distor-
tion of the system away from the point of semi-
classical equilibrium. If the kinetic energies of
the collective motion are small compared to the
internal excitation energies, the motion may be
treated adiabatically~3 —i.e., one allows the quark
and gluon fields to adjust instantaneously to each
small change in the collective coordinate. There
are four steps leading to a full dynamical treat-
ment of the collective motion. First, a collective

The energy of the bag for a given configuration
is found by minimizing with respect to R expres-
sion

E(p, R)=E, p(p, ,R) +Eo(R) + QRSB, (2.19)

where the quark and gluon energy E~ is given by
(2.14) and the zero-point energy is
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TABLE H. Configurations factors, two nucleons. (a) I=O, S=l, ms=1 (cf. Appendix 8).
(b) I=1, S=l, ms=1. (c) I=0, S=l, ms=0. (d) I=1, S=l, ms=0. (e) 1=1, S=O. (f) I=O,
&= G. The overbars indicate repeated digits. For example, 42.6=42.666. . . .

(a) I=0, S=l, ms=1
p2 p3

N

s
Ng„

5
30
0

67
268
134

67
134
268

NCs.
NCsi

42.6
-69.3

0

298.6
-202.6

85.3

85.3
186.6
298.6

NC~,
NCue
NCspi

0
0
0

186.6
341.3

1621.3

-202.6
341.3

1621.3

-69.3
0
0

NC
NCxg
NCx
NCx~

NCxgo
NCx~p
NCxp

0

0

128
565.3

-320

597.3
426.6
-85.3

-1109.3

426.6
2112

-1749.5

597.3
426.6
-85.3

-1109.3

128
565.3

-320

10 702

p,
p

b) I=1, S=l ms=
p,
'

p,
'

p
3

N
N&s
Nn~

NCsg
NCsi

8.3
41.8

8.3

-49.V
7.r
0

55.3
166
166

21-3
177.7
21.3

8.3
' 8.3
41.6

0
0

-49.7

NCg i
NCszz

0
56.8
69.3

177.7
711.1

1027.5

7.1
56.8
69.3

NCD
NCx~
NCx~g
NC~

NCxzp
NCxip
NCxo

44.4
-35.5
-12.4
-88.8

412.4
583.1

-355.5

266.6
14.2

394.6
-1415.1

412.4
583.1

-355.5

44 4
-35.5
-12.4
-88.8

NCg 39.6 467.3 95.6



CARI ETON De TAR

TABLE II. (Continued) .

(c) I=O, S=l, ppgs=0
p2 p3

N
Nns
Nnp

5
30

0

67
268
134

67
134
268

5
0

30

NCsz
NCsi
Nag

-112
85.3

0

-501.3
597.3
101.3

101.3
170.6

-501.3

0
0

-112

NCpi
NCsp~
NCsp

170.6
1280

682.6

597.3
1280
682.6

85.3
0
0

NCD

NCxzy
NCx~
NCxy

597.3
-512

853.3
-1109.3

597.3
-512

853.3
-1109.3

NCxzo
NCxip
NCxp

437.3
256

-320

1685.3
853.3

-1749.3

437.3
256

-320

NCg 10 457 856

(d) I=l, S=a, ~s=0
pf p2

N
Nns
Nnp

8.3
41.6
8.3

55.3
166
166

8..3
8.3

41.6

Csz
Cs~

NC pz

56.8
-99.5

0

156.4
42.6

156.4

0
0

56.8

NCpi
NCspg
NCsz~

0
12.4

113.7

42.6
316.4

1422.2

-99.5
12.4

113.7

NCD

NCxzg
NCxig
NC~

44 $
23.1

-71.1
-88.8

266.6
380.4
28.4

-1415.T

44.4
23.1

-71.1
-88.8

NCxzo
NCxip
NCxo

170.6
824.8

-355.5

170.6
824.8

-355.5

NCg 46 527.3 108
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TABLE IL (Continued)

(e) I=1, S=O
p2 p3

N
N~s
Ngp

5
30
0

67
268
134

67
134
268

5
0

30

NCsg
NCgg
NCpg

-26.6
-53.5

0

-103.1
-206.2

72.8

72.8
145.7

. -103.1

0
0

-26.6

NCp~
NCsp»
NCgpj

0
0
0

145.7
824.8

1649.7

-206.K
824.8

1649.7

-53.3
0
0

NCg)

NCxgg
NC~~ '

NCxd,

0
0
0
0

597.3
-56.8
11307

-1109.3

597.5
-56.8

-113.7
-1109.3

0
0
0
0

NCxgp

NC~gp
NC~p

266.6
533.3

-320

1116.4
2232.8

-1749.3

266.6
533.3

-320

NCg 0 334.3 435.5 45

{f)I=0, S=o
p2 p3

N
Nng
Nnp

22
66
66

NCsg
NCs~
NCpg

0
0
0

71.T
142.2
71.1

0
0
0

NCpg
NCspg
NCsp

0
-5.3

-10.6

142.2
124.4
248.8

0
-5.5

-10.6

NCD
NCxg
NCgj
NCX~

5.3
1% 7

-3.5
-10.6

32
145.V
291.5

-661.3

5.3
1y.7

-3.5
-10.6

NCxgp
NCxj. p

NCxp

56.8
113.7
-42.6

56.8
113.7
-42.6

NCg 116.6

variable or variables (5}are selected. Second,
a deformation energy V(5) is computed as a func-
tion of this variable. Third, one must find the
kinetic energy K(6, 5) associated with small rates
of variation of the collective variable. Finally,
the effective Hamiltonian K + V is quantized to ob-
tain the wave function in the collective variable.

So far we have carried out only the first two steps
of this program.

To some extent the choice of collective variables
is arbitrary, provided they characterize a macro-
scopic property of the motion. Most arbitrariness
is removed once the kinetic energy is known. For
example, a change from a parameter 5 to a func-
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tion of the parameter f(5) results in a compensating
change in the kinetic energy.

We have continued to use the variable of Refs.
9 and 10, namely

2~v(1+ V)
j+ 2 ~sp&+ p,

(2.21)
zs& —— qs r qz r zdV,

which was motivated in Ref. 9 as a measure of the
separation of the orbitals. Another choice with
perhaps more dynamical significance would be a
measure of the rms separation of two groups of
three quarks using the baryon-number density as
a probability measure. This is not a well-defined
quantity since the antisymmetrization of the wave
function mixes quarks among the orbitals. How-
ever, a rudimentary measure can be constructed
by computing the expectation value of

0
0

FIG. 4. Values of the rms separation 7 computed as
a function of the constrained separation parameter 5 for
I= 0, S=1, ms=1

~r+ r2 + r3 r4+ r, + rz
3 ' 3 (2.22)

on the ordered sta, te

&(ri" rs) =n(r&)wr, (r2)ai(r~)~~(r4)eR(r5)ez(r8)

(2,23)

The values of the energy and separation at the
stationary points E(x) and 5(X) define a point on
the deformation energy curve. Because the energy
(2.14), (2.19), and separation (2.21) have a simple
dependence on R, the variational expression (2.27)
may be written

I(R, p, ,X) =c(p)/R+QR~B -xd(p)R (2.28)

(1+~)' "ei(r) =4.(r) ~is~(r),
(1+V )'"e~(r) =e.(r) + ~i~~(r) .

Thus we might use

2 2g&s +P&s + ~ 4P
9 ly~ 8 (1+~)2 BP

where z» is defined above (2.21) and

s = qsqs& dV xz = qIqrr dV.2 t 2 2 t 2

(2.24)

(2.25)

(2.26)

and the stationary points are given by the values
of p which satisfy

R'(~) =c'(u)/1&'(~)

&d(p) + b'd'( p) + 16~Bc(p)]' '
8mB

(2.29)

for a given value of X. Results of the computation
are shown in Figs. 5(a) and 5(b) for the various
channels. They are discussed in the following sec-
tion.

I(R, p, a) =E(p,R) -X6(p,R) (2.27)

with respect to variations in 8 and p, with x fixed.

For the sphere vs=0.729 R, x& ——0.787 R, z»
=0.342 R. In Fig. 4 a plot of F vs 6 is shown for
the state I=O, 8=1, ms ——1. The separation rate
in 7' is slower tha, n that in 5 for small separations,
but they begin to approach each other in value at
larger separations. The function r(5) depends
weakly on the choice of channel since R(5), the
radius of the sphere, depends weakly on the chan-
nel.

The deformation energy is computed by calcu-
lating the energy of the bag constraining the col-
lective variable. This is easily done using the
method of I agrange multipliers. One seeks a
stationary value of the variational expression

III. DISCUSSION

The soft repulsive core seen in the even-parity
channels [Fig. 5(a)] is more repulsive in the iso-
triplet channel the. n in the isosinglet channel.
Whether the additional repulsion is sufficient to
prevent the occurrence of a two-nucleon bound
state in the isotriplet channel in accordance with
experiment cannot be determined without a full
dynamical calculation. However, the fact that a
higher isotriplet energy is found throughout the
entire range is reassuring. In the spin-triplet
channel the deformation energy is found tp be sub-
stantially higher in the state with ms =0 along the
separation axis compared with that of the ms ——1
state. In the conventional decomposition of the
two-nucleon potential
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V = V, + Vga' (r2+ VrS(2+ Vga' L,

300 where o& and (r2 are the nucleon spinors, S and L
are the total nuclear spin and orbital angular mo-
mentum, and

200
S)2 = 30' (3.2)

l00

0
OP 0

UJ

-l00

-200

-300

30

200

~g~
8(fm)

is the tensor operator (in our case Fq2=z); the
difference between the curves for m &

——0 and m &

=1 is simply proportional to the tensor interaction
energy. This i;s shown in Fig. 6 for both even-
and odd-parity channels. The sign of V&= agrees
with that found in more conventional models. ~4

An attractive tensor term in the isosinglet channel
ensures the correct sign for the quadrupole mo-
ment of the deuteron. The sign of V'&' also agrees
with that of the Yale, Hamada-Johnston, and

Paris potentials. " It should be emphasized that a
more quantitative comparison between the bag de-
formation energies in Fig. 5 and 6 and standard
two-body potentials is not possible without a full
dynamical treatment of the collective motion,
particularly in view of the flexibility in defining
the separation parameter 5. It is amusing tha, t the
isosinglet tensor interaction vanishes at 5 =0.
This follows simply from the rotational symmetry
of the 8=1 six-quark state with all quarks in the

Sq~z orbital: It is an eigenstate of total J=8=1.
It is tempting to try to isolate the spin-spin

component V& by subtracting an odd-parity curve
from an even-parity curve. Unfortunately, the
odd-parity curves include some effects of a cen-
trifugal barrier (See Sec. II A). Thus the term
V~ in (S.l) must be regarded for the purposes of
our computation as having an L dependence. The
collective rotational kinetic energy associated with
the barrier need not have a simple I, jf(5) depen-

0

UJ

30

20

-iOO

-20

0
4J

-l 0

-20

-300
0 8(fm) -30

FIG. 5. Interaction energy for the toro-nucleon config-
uration in a spherical bag as a function of the constrain-
ed separation parameter 8 (a) for even-parity two-nucle-
on configurations, and @) for odd-parity configurations
with rotational kinetic energy included. -

-40 I

8(fm)

FIG. 6. Isotriplet and isosinglet tensor contributions
to the two-nucleon interaction energy derived from Fig.
5.
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dence. Thus it may not be possible to isolate all
of the terms in (3.1), except in some approximate
sense.

There has been considerable interest recently
in studying the two-nucleon interaction in the con-
text of the nonrelativistic quark model. ~'~ This
traditional model has a distinct advantage in ease
of computation even if it is lacking in a fundament-
al theoretical justification. Liberman~5 has calcu-
lated the separation energy of two Gaussian clust-
ers of three colored quarks. In his model interac-
tions between pairs of quarks are given by a
simple harmonic-oscillator potential, partially
modified to correspond to a nonrelativistic reduc-
tion of a colored-vector-gluon exchange, '~

(S.S)

where v(r) =kr'/2. Since the associated spin-or-
bit and tensor terms are omitted, his calculation
does not yield a tensor interaction. However, it
is amusing that there are qualitative similarities
between his results and ours. In both models in
the even-parity channel, the isotriplet combina-
tion has a more repulsive core than the isosinglet.
This effect is a consequence of the color-magnetic

- interaction between the quarks at short distances
and depends only on the expectation value
(-X; Xp; v~) in the two states —not on the details
of the interaction. A greater repulsion in the 'odd-

parity isosinglet channel compared with the iso-
triplet channel is also found in both models. Thus
it is likely that the broad qualitative features of
our results follow from the color-vector nature
of the gluon interaction.

In detail the results differ. We find a strong at-
traction in all channels which results from two ef-
fects: a strong color-electrostatic attraction
among three quarks forming a color singlet, and
a geometrical effect. The latter effect lowers the
energy when the boundary between two nucleons
is removed, since the cavity eigenenergies are
lowered when the fields occupy the larger region.
This latter effect is not present in the nonrelativis-
tic quark model. However, the color-electrostatic
attraction is present. Although Liberman's com-
putation did not give a negative potential in any
channel (no deuteron), his results were based on
a variational approach; it may be possible to do
better with a more sophisticated trial wave func-
tion or a modification of the potential (3.3).

We should also mention a different approach to
the nonrelativistic colored-quark model discussed
in a recent note by Kislinger. He argues that a
semirelativistic treatment of vector-gluon ex-
change gives the correct sign for the spin-orbit
term in the two-nucleon interaction. ' The calcu-

lation is based on a simplified treatment of the
motion of the quarks within each nucleon, but the
result is amusing and the method deserves further
study and refinement.

In conclusion, we have shown that the deforma-
tion energy of the two-nucleon system in the MIT
bag model in configurations of various spins and
isospins shows a number of qualitatively desirable
features. In particular, the two-nucleon tensor
interaction has the proper sign. The even-parity
isotriplet channel is uniformly more repglsive
than the even-parity isosinglet channel.

A number of important questions remain to be
investigated. Obviously, an understanding of the
dynamics of the collective motion would permit
a more quantitative treatment of the interaction.
Following the same approach described in the
present work, other two-baryon channels may be
studied for indications of states bound with respect
to higher channels. Adiabatic mixing between the
~b, channel and the NN channel can be examined.
This study is of interest in determining the amount
of a &4 component present at short range in the
deuteron. ~9
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APPENDIX A: GLUON-INTERACTION TERMS IN THE UNIT

SPHERE

1. Diagonal fields

For the sake of completeness we review the
evaluation of the various gluon-interaction terms
in (2.14). There are three currents required:

Jss =glsy pVs ~

Jpp g Y~gQ p &

p -RotJs& =gVs'Y f A»~

where the fermion spinors are defined in (2.2).
The color dependence is given by an overall factor
of g', which has been omitted. The currents Jss
and J» are static, but the transition current has
a frequency ~ =&a& -&os. The field energy is to be
calculated in the approximation of degenerate sec-
pnd-prder perturbatipn thepry, ~ i.e., fpr u «uo
where ~0 is the lowest relevant gluon eigenfrequen-
cy. However, for the purposes of evaluating the
fields associated with the S-P transition it is con-
venient to solve the time-dependent Maxwell equa-
tions. Thus we must solve the static equations
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2:& Ass =-Jss ~
& Ass =Bss ~

2+ APP JPP + APP BPP s

2~ AD ~8S +~PP~ ~AD ED

and the frequency-dependent equations
2 2(& +(D )Asp=-Jsp» & Asp=Bsp

(AS
2 2(+ +(D )ASP +Sp t 4'SP+ i(dAS P SP

with boundary conditions at ~ =R =1,
Bss t' BPP =f ~Bsp 0

7'Ez ——r" Esp ——0.
(Only the difference between the 8-state and P-
state charge densities enters the computation be-
cause the state is a color singlet, )

The diagonal currents and charge densities have
the form9

Jss = r x +f2f s(c'r)j

where the scalar functions j&» j», j», po, and

p2 can be found by a straightforward computation
from (AI) (See Ref. 9). The magnetic dipole and
octupole and electric monopole and quadrupole
decomposition is explicit in (A5), and (AS) can be
integrated numerically by standard techniques.
The dependence of the fields uppp the quark spina
permits a net spin-flip or -nonf lip contribution to
the expectation value of the second-order terms
of the type (2.17}. Rotational symmetry relates
the spin-flip and -nonf lip contributions to the ener-
gy from each multipole term. Therefore the gluon
interaction energies W in (2.14}can be expressed
entirely in terms of "reduced multipole energies".
Thus in (2.17)

WMs = 1(101~2 2,' 2 —2& I WSMf

(A6)

~ 2 2 3 2 l~~[j,p(o rz --,m f' --,o r)

+Ap(o z -2o'r)t

~ss +pp po+p2(2z ~2 ) y

2 & 2

(A5)

WMS =21(11122 22&1 WsN( ~

In analogy with (2.17) we define

3 3(Bpp Bpp Jpp A-pp)dV= WMp, vf c'2 + WMp, of crf, .

3 3
2 (Bs s BPP Jss APP)d~ WMspcof ~2 + WMsplof o2 &

(A7)

2
p 8g d V = S"gg .

The relationship to the reduced multipole energies
is given by

given in Table I.
2. Transition fields

Npc= ( 12 2&2-2&l WPNf

+ l(S012 2, 2 -2&l WPMS,

WNP& 21( 12 2& 2 2&1 WPNf

w„„,=&loI„, , —,&

x &z2~ 2 —2110&WSPNf ~

WNSP& 2 &11122»2&&2222111&WSPN1 &

(AS)

gsp= ig(zr —,'r2io2)+i—p(re ~ r —f 2o)o.2+ vze x r,

sos p = g(z ——2'(T. ro'), (A9)

where the terms in the real functions g, p, and 1'

generate longitudinal and transverse electric
dipole fields and the term in 7 generates a magi
netic (luadrupole field. The solution of (AS) has
the form

The (off-diagonal) transition currents and charge
density have the form

w„= I(20I-.—., —.--.)I w„+ w„.
The values of the reduced multipole energies are

A{0)+ A(8) + A(N )

y(O)
(A10}
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in,")(o
A~a) Q " Vj( ((do( r)(z/r 2o. .ro).

y"'=Qn"'j ((o'r)(,z/r —'o f)o-')

A' '=Q in', s)V xj,((dz„r)X, ,

(A11)

A(N ) Q no() ((oNr)X

and where the vector spherical harmonics are

x, = rx v (z/r —,'o' ro 2—)

X, = rxv (3e «rz/r —o'),
(A12)

where the longitudinal and transverse fields are
given in the covariant gauge by

term. Direct calculation in the gauge P A=O
shows that the last term contributes less than
10%%uo to W». In the same spirit a further ap-
proximation can be made. The contributions to
Sx and Wx can be classified according to trans-
verse and longitudinal multipole moments. The
longitudinal moments contribute only to the elec-
tric field. The transverse moments contribute
to both electric and magnetic fields, of course,
but these electric fields are smaller by a factor
of (d/(o, where (d, is the lowest gluon eigenfre
quency for the mode. Thus the contributions of
the transverse fields to Es~' in (A16) are neg-
ligible (approximately'10%%uo). Finally, one may
classify the Hermitian and anti-Hermitian terms
in Es~ and Bs„by inspecting (A9). We find we
may write

wx=(wzx+wz»)+ (wzx. + wzx.)o)o2

and the gluon eigenfrequencies are. determined
by

+ (Wsx. + Wzx.)oi' o:
(A17)

j',(~, )=0, j,((o',„)=0, [rj.((d.'.r}]=0. (A 3}

Equations (A3) are readily solved. The resulting
fields contribute to the two interaction terms de-
picted in Figs. 3(f) and 3(g). The interaction en-
ergy contributed by the orbital-preserving term
[Fig. 3(f)] can be shown to be

wx = (wzx —wzx)+ (-wzx. + wzx. )n'o2

+ (-wzx. + wzx. )o( 'o2

where the subscripts E (M) distinguish contribu-
tions from electric (magnetic} fields in (A14). In
terms of multipole moments

W 1
X (~~s~&s~ —&s~ 'As~)dl' W~x=m, „W, ,=O, Wx, =W„,(0) (0)

(A18)
21 Etsp Esp-Btsp-Bsp dV.

The orbital changing (off-diagonal) term [Fig.
3 (g)] contributes

j.
Wx 2Re (JsJ (t)sp ~s) As), )dV.

'A14)

(A15)

It is necessary to interpret the phases of J~»
carefully in (A15). In the spirit of degenerate
second-order perturbation theory, the frequency
~ = ~p —co, is ignored compared with the gluon
eigenfrequencies. Thus the intrinsic time de-
pendence of the current J~» and therefore the
expression (A15) is ignored. The reality of g, p,

and f in (A9) follows from the phase at f = 0 of
the quark eigenfunctions (2.2), which is dictated
by the left-right convention in (2.1). The re-
maining difficulty with (A15) lies in its apparent
gauge dependence. A simple calculation shows
that

I 1W' = —Re (Es) ~ Es), RsJ, ~ IBs), 2i(oE .A )

(A16)

Thus the gauge-dependent terms vanish as co -0.
For convenience we have simply dropped the last

(E) (sr) (e)~~x = ~x, o ~~x.= ~2o ~~x.= ~2i

W)",.' =
I

&-'-'-' —-' I10& I'Wxz

w(2,)= I(—,",—,'--,'I10) I2w.„,
w)(.')) = 21&2222 I »& I'w

w, , =-, l&-, —,—,—, l»&l w..„
W2 0 I (22 2 2 I

20& I'wxz21

w,'",'=-, I&-,—,—,—, I21)l w „,.

(A19)

The values of these terms are given in Table I.

APPENDIX B: INTERNAL-SYMMETRY FACTORS FOR THE

TWO-NUCLEON SYSTEM

1. Configuration factors

Given the normalized, antisymmetrized states
of the form (2.7}which characterize the separa-
tion of two clusters of three quarks forming two
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nucleons, a.s the parameter p, varies from 0 to 1,
we wish to evaluate the expectation values of the
conf iguration factors"

n, =(b'b ), n =(btb ),

parity two-nucleon channels.
The results for all channels are summarized

in Table Q. Each rom of Table Q defines a
polynomial in p, , the coefficients of which are
given in the appropriate column. E.g. , for the
channel I=O, $=1, m~ =1 the normalization poly-
nomial N ls

N =—5+ 67(ir.'+ p4)+ 5 p,
s

(S2)

C s, = (42—', + 29SyP, '+ S5 ', P4)/—N .

C = 2(. b rFr 'X'b ~ b +o'A'b: ).

C»~= 2(: b~~o'Vbs bsr OX'b~': ),
C„,= 2(: b tX b, b tX'b, :),
C» =2(:b~osÃbsbptasX'bs:'),

C» =- 2(:bp~A'bsb~~A'b. s .), .

Cc= —(:bstA'bsb~~Ãb~. :) .

Notice that the calculation of these expectation
values is a. bookkeeping problem which is entirely
independent of the specific model for the colored
six-quark system or the spherical geometry.
These factors are also needed in the nonrelativ-
istic colored quark model, for example, where
the orthonormal states $ and P are replaced by
even and odd linear combinations of right and
left orbitals. Since no simple and direct analytic
procedure for evaluating all of these coefficients
is known, a computer was used. The method has
already been described briefly in Ref. 10; it has
been extended to include all of the even- and odd-

2. Angular momentum

The states (2.V) are not in general eigenstates
of the total angular momentum. The expectation
value of the total cavity angular momentum

is readily computed in terms of the expectation
values of the same fundamental operators that
entered into the computation of the configuration
factors above 1o The effect of the operator J&

upon a pair of quarks depends upon the orbital
assignments of the quarks i and j. If they are both
P quarks

3 3 3J] Jf ~1 4C gO f+ 2P]f ~

where the operator P', f permutes the spin as-
signments of the quarks. If they are both 9 quarks

1 1 yJf Jf 4+ 2P)f p (85)

and if one is P and one 8
~ 1 1 3 . 3

Jg Jf Q 40 go f+Pgf o

C~(P) -=(Js) = g (bstbs)+'~' (bp~b~)- (:b~~bpbp~bp. ) —g (:bpr esbpb~~ob~:)'

+ 2(:bp~bzPf, b~~b~:) —(:b~~bpbtsbs; )-—,
' (:b~~o'bpbtso bs:)+ 2 (:bp~bpP;sbsrbs:)

'(: bsbs bsbs: )+ (: bs bs P,',bs bs: ) .

The expression for C~(p) is also represented in Table II for each channel.
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