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The %ebber and Henyey-Pumplin lower bounds on the root-mean-square impact parameter of exclusive
K+p reactions are determined and compared with the slope of the overlap function calculated from
uncorrelated-particle-production models. The similarity of the lower bounds obtained with different methods
is shown to be a consequence of the nearly Gaussian transverse-momentum structure of the reaction matrix
element squared at 6xed rapidities. Multiplicity and total-energy dependence follow naturally from the
dynamical transverse-momentum limitation and phase space. The weakness of the lower bounds constitutes
evidence for important phase and/or spin contributions to the pverage squared impact parameter.

I. INTRODUCTION

The study of the impact-parameter structure
of elastic and inelastic hadron collisions at high
energy has attracted much attention in recent
years. Impact-parameter analyses of elastic
scattering data in the Fermilab and CERN ISH en-
ergy range, combined with s-channel unitarity, re-
vealed interesting properties of elastic, inelastic,
and diffractive processes. ' 3 Unfortunately, very
little is known about the angular-momentum (or
impact-paramater) dependence of exclusive in-
elastic reaction channels. In particular, - it has
not been possible to deicide whether high-multi-
plicity reactions are indeed more central than
low-multiplicity reactions as one expects on jn-
tuitive grounds. Similarly, the interesting pos-
sibility that Pp annihilation couM mainly be a
peripheral process, as seems to follow from a
comparison of pp and pp elastic scattering, 4 is not
yet established. The reason for our lack of in-
formation is well known' ' and follows from the
fact that the total-angular-momentum dependence
of many particle reactions is not only determined
by the modulus of the reaction matrix element
but also by the momentum-dependent phase, which
is usually unobservable. If the multiparticle
phases vary sufficiently fast as a function of the
momenta of final-state particles, one is con-
fronted with a situation where almost all angular

momentum or impact-parameter characteristics
remain hidden in unmeasurable properties of the
reaction matrix element.

Nevertheless, several methods were recently
proposed" "to determine lower bounds on (J'),
the average of the total angular momentum squared
in a certain reaction. The corresponding average
impact parameter squared (b') is then defined as

where P is c.m. s. momentum of the incoming
particles. "

A simple lower bound, adequate for exclusive
reactions, was first proposed by Webber" and
has already been studied at various energies in a
variety of reactions with different beams and num-
ber of particles in the final state. " ~ From such
studies it was found that the Webber bounds gen-
erally decrease when the multiplicity increases,
and increases with growing incident momentum,
at fixed multiplicity. .Smaller values of the bound
were obtained for annihilation processes. Un-
fortunately, the smallness of the lower bounds, in
comparison with the (5') deduced from elastic
scattering, makes any conclusions about the be-
havior of the real rms impact parameter quite
unreliable.

Recently, Webber's -method was criticized by
Henyey and Pumplin. ' They remarked that his
bound is inadequate when absorptive mechanisms
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are present and therefore proposed an alternative
lower bound which, according to the authors,
would be close to the real r.m. s. impact para-
meter.

In the present paper we study the reactions

(a) K'p-K'pv'v,

(b) K'p-K'pv'v'v v

(c) K'p-K'pv'v'v'v v v

at incident K' momenta of 8.2, 16, and 32 GeV/c.
We will show that the expectations of Henyey and
Pumplin are not confirmed by our experimental
data. In order to understand more clearly the
significance of the results we further determine
the lower bounds on the rms impact parameter
with a technique similar to the one used by
Michejda, ' and 'based on the calculation of the
Van Hove overlay function. '

The paper is organized as follows. In Sec. II
we describe the experimental data sample used
in this analysis, discuss sirigle-particle charac-
teristics and transverse-momentum correlations,
and compare the data with predictions of uncor-
related-particle-production models. In Sec. III
we present our results on the Webber and Henyey-
Pumplin bounds and compare them with the bounds
calculated from the overlap function. The dis-
cussion of the results and our conclusions are
given in Sec. IV.

K' beams at the CERN Proton Synchrotron. In
this analysis a sample of V550 and 14 060 events
of reaction (a) and 1211 and 1178 events of re-
action (b) at 8.2 and 16 GeV/c, respectively, were
used. Details on these experiments may be found
elsewhere. "

B. Single-particle distributions

The single-particle distributions for reactions
(a) and (b) exhibit the well known properties of
all multiparticle hadron collisions in our energy
range.

(i) Distributions of the transverse momentum
k, of particle i (i =p, K', m', w ) show an approxi-
mately exponential behavior in k, '(Fig. 1). The
width of these distributions depends rather strong-
ly on the c.m.s. rapidity y, or the c.m. s. longi-
tudinal momentum fraction (Feynman variable)
x, and on the mass of the particle. This is illus-
trated by Fig. 2 where, as an example, (0,'(y, ))
for reaction (a) at 32 GeV/c is presented. These
data ar'e compared with an uncorrelated jet model
with matrix element squared

~M ~' =I.[exp(-P, k,'),
fl

II. DATA SAMPLE AND GENERAL CHARACTERISTICS

A. Data sample

K'p ~ K'p K' lK 32 GeVI c

The experimental data at 32 GeV/c are the re-
sult of a 400000 pictures exposure of the hydrogen
bubble chamber Mirabelle to a rf separated K'
beam at 32.1 GeV/c at the Serpukhov accelerator.
This film was double-scanned and measured on
semiautomatic f/~-plane digitizers or on Hough-
Powell devices. With the present statistics of
about 5 events/pb we obtained 2677, 651, and
179 events of the four-constraint (4C) reactions
(a), (b), and (c), respectively. The K'/v' iden-
tification ambiguity, which happens in about 25%
of reaction (a) at 32 GeV/c, as well as ambiguities
between three competing 4C-fit hypotheses (6%%uo)

have been resolved by accepting all hypotheses
compatible with the observed bubble density and
using a weight —'„—', for the K/v identification. . No
attempt was made to correct for some losses of
events (S% at 32 GeV/c) with unseen recoil proton
for reaction (a).

The data on reactions (a) and (b) at 8.2 and 16
GeV/c have been obtained in exposures of the

. CERN 2-m H, bubble chamber to rf-separated

100-

D.) G2 G3 N
k2[(Gevlc)~]

0.2

FIG~ 1. Distributions of the transverse momentum
squared in reaction (a) at 32 GeV/c. The curves are
the predictions of model (4), see text.
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TABLE I. (a) Single-particle characteristics of reaction K p K p x+n" at 8.2, 16, and

32 GeV/c; (b) and (c) the same for reactions K p K p 2(n+n ) and K+p K+p 3(7[.+g ),
respectively.

(a) K'p -K'p~'~-
Experimental values

(k ) [(GeV/c)2]
Model (2)

P~ [ (Gev/e )]

O.I84 + 0.003
0.199+ 0.003
0.127+ 0.002
G.133+ 0.002

8.2 Gev/c

3.735+ 0.009

-0.652 + 0.003
0.462 k 0.004
0.032 + 0.003
0.158 + 0.003

3.6
3.0
5.6
5.3
4.187+0.006

0.153+ 0.002
0.189+ 0.002
0.131+0.002
0.136+ 0.002

16 Gev/c

-0.777 + 0.002
0.531+ 0.003
0.101+ 0.002
0.145+0.002

5.317+ 0.007

4.8
3.1
5.4
5.15
5.36 +0.01

0.167+ 0.004
0,203 + 0.005
0.130+ 0.004
0.145+0.004

32 GeV/c

-0.791+ 0.005
0.597+ 0.006
0,077 + 0.006
0.117+ 0.006

5.389+ 0.025

4.3
3.0
5.7
5.0
5.724 + 0.016

(b) K+p K p 2(g+7r")
Experimental values

(k2) [(GeU/c) j (x)
Model (2)

P,- [(GeV/c)']

0.250 + 0.009
0.216 + 0.008
O. 136+O.OO4

0.126 + 0.003

8.2 GeV/c

1.080 + 0.0 13

-0.269 + 0.008
0.].97+0.008

-0.005 + 0.005
0.041 a 0.005

2.0
2.0
3.6
4,0
1.378 + 0.002

p
K+
r+

A

0.234 + 0.007
0.262 + 0.006
0.169+0.004
0.157 + 0.004

16 Gev/c

-0.492 + 0.008
0.314 + 0.008
0.021 + 0.005
0.068 +0.004

2.186 + 0.017

3.0
2.3
3.8
4.3
2.331+ 0.002

0.2G6 + 0.009
0,234 + 0.010
0.173+ 0.007
0.161a 0.006

32 Gev/c

3.35+0.24

-0.585 + 0.012
0.395+ 0,013
0,021 + 0.007
0.074 + 0.006

3.7
2.9
4,0
4.5
3.330 + 0.002
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TABLE I. (Continued)

(k ) [(GeV/c)2]

(c) K p-K p 3(7(+7r" )

Experimental values

(xi)
Model (2)

P; [ (GeV/c)" ]

0.247 + 0.015
0.222 + 0.016
0.156 + 0.00g
0.158 + 0.010

32 GeV/c
-0.377+ 0.024

0.163+0.022
0.024 + 0.008
0.047 + 0.007
2.10 + 0.12

3.0
3.5
4.5
4.5
2.448+ 0.007

V

(3
K p -- K p Tt."IT, 32 GeV/c

with n = number of final-state particles. The
constant parameters p, were chosen in order to
reproduce the experimental global averages
(k,'). The values of P, together with the experi-
mental (k, ') for reactions (a)-(c) are collected
in Table I. They show considerable dependence
on particle type, multiplicity and incident energy.
As seen from Fig. 2, the simple model (2) ac-
counts for most of the rapidity dependence of
(k, '(y, )) in reaction (a) at 32 GeV/c, although de-

viations are observed. The agreement is also good
at 8.2 and 16 GeV/c, especially for the higher
multiplicity reactions.

(ii) The rapidity and Feynman-x distributions
(not shown) exhibit the usual strong leading-par-
ticle effects for protons and kaons (the latter
being less leading), while pions are centrally
produced. These properties are illustrated by
the values of the averages (x,) collected in Table
I. Evidently, model (2) completely fails to ac-
count for the longitudinal distributions in our data
since no leading particle effects were introduced.
Nevertheless, it is interesting to note that the
experimental value of

0.4-,
proton

0.0--
-2A

0.4-

7

0.2-

-2.2 -2.0 -1.8 -16 -1.4 -1.2 -1.0

K

Yp

is quite close to the model prediction (see Table
I). This proves that leading particles have only
weak influence on the value of A. which, as will
become clear in Sec. QI, essentially determines
the lower bound on the rms impact parameter. "

0.0

0.4-

0.2-

0.0-

0.4-

0.2-

0.6 M) 1.4 1.8 2.2 2h 3h

.~~~ - ~ '-- "..

2 3
~m'

C. Transverse-momentum correlations

l. Experimental results

Since dynamical transverse-momentum cor-
relations are expected to play an important role
in impact-parameter determinations" and are of
some interest in their own right, we briefly dis-
cuss some relevant results for the reactions (a)
and (b)"

Figure 3 shows the distributions of the correla-
tion matrix elements T,& (i') defined as

0.0-,
w3 -2

FIG. 2. Rapidity dependence of the average transverse
momentum squared for all final-state particles in the
reaction E'p X'p~+m . The curves are predictions of
model (2), see text.

T]~ = k] k~

(i,j=p, K', v') for reaction (a) at 32 GeV/c. These
distributions are approximately exponential in

T,~ separately for T,&&0 and T,~&0, but with a
larger slope in the latter case (see also the Ap-
pendix). The averages (T,&) (i 0j) are presented
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K'p O'Tt 32 GeV Ic

(m'C )
2677 entries

CV
C)
d
Q
C
Ot

0
1000= tries:

(p K')
2877 entries =

100-

I ) I

-0.5 -0.4 -0.3 -0.2 -0.1 0.0 0.1 0,2 0.3 0.4
I 'I I I

-0.5 -o.4 -03 -0.2 -0.1 0.0 03 0.2 03

(~& ~ Tf&) [(GeV/c) ]

FIG. 3. Distribution of scalar products of transverse momenta for various combinations of particles in the reaction
(a) at 32 GeV/c. The curves are predictions of model (4), see text.

in Figs. 4(a), and 4(b) as a function of rapidity
difference Ay= ~yI -y~~ for all two-particle com-
binations in reactions (a) arid (b), respectively,
at 32 GeV/c. The data exhibit important trans-
verse-momentum correlations, expecially be-
tween the leading particles, when the rapidity
separation is small. Similar effects are present
in reactions (a) and (b) at 8.2 and 16 Geg/c.

2. Comparison with uncorretuted models

To.investigate whether the observed correlations
are of dynamical or kinematical origin, we have

studied;the consequences of the hypothesis that
all transverse momenta are uncorrelated. To
this end we first considered model (2) and found
no satisfactory agreement neither for the T,z
distributions nor for the by dependence of (TI,.),
which is predicted to be essentially constant.
Since the failure of this model was found to be
due to the neglect of dynamical rapidity correla-
tions and rapidity dependence of the parameters
P„we adopted the approach of Ref. 30 and con-
sidered a model for which the differential proba-
bility distribution is written as
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FIG. 4. (a) Dependence of the (T&&) on Ey in reaction (a) at 22 GeV/c. The dashed lines are predictions of
model (4), see text. (b) same as in (a) for reaction (b) at 22 GeV/c.

W(k, y) describes the transverse-momentum dis-
tribution at rapidity y. We assumed the Gaussian
form

W(k, y)=, exp[-k'/2a'(y)t . (5)

E(y„.. . , y„) is the marginal rapidity distribution
normalized to 1. This function contains all pos-
sible correlations between rapidities of initial-
and final-state particles. The factor
2''(y„. . . , y„) with

&'(y„",y.)=Z a '(y )

takes care of normalization. From (4) and (5) one
obtains analytical expressions at fixed y, for all
quantities or distributions of interest. The func-

tions a,'(y, ), the only unknowns in the model, can
be determined, e.g., by iterations, from the cor-
responding experimental values of (k,2(y, )). For
more details we refer to the Appendix.

The results obtained from model (4) at 32 GeV/c
are shown in Figs. 1 and 3 (solid lines) and in
Fig. 4 (dashed lines). Excellent agreement is
found for all rspidity integrated dist;ributions.
The model also accounts quite well for the ab-
solute values and rapidity dependence of the av-
erages (T,&) (it j). This is particularly true for
the correlations between the leading K' and proton.
Nevertheless, some evidence for (not unexpected)
dynamical correlations between (Kv) and (pv)
pairs is seen, but these are rather small. Simil-
ar overall agreement was found at 8.2 and 16
GeV/c.

The results of this section clearly show that
a particle production model which incorporates
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all experimental rapidity correlations and as-
sumes absence of dynamical transverse momen-
tum correlations at fixed rapidities, describes
very well the transverse-momentum structure
of the exclusive reactions. " This provides other
evidence against""' the hypothesis of local
compensation of transverse momentum, ""at
least in our energy range. Our analysis also
indicates that no meaningful tests of short-range
order iri transverse momentum are possible un-
less rapidity correlations and rapidity dependence
of the transverse-momentum distributions are
taken into account. Some of these features were
neglected in a recent analysis of local conserva-
tion of transverse momentum at Fermilab ener-
gies»&

e

U

Q 'U
07 ~~

Q (I)

o ~

E~
h

~o

g
Cg

0

@ F.

O
O

CO
O

O

Cg

O

lQ

O

O

O
O

O
Cg

O O
O O

H H

lD

O O

O
O
O

LQ

O

LQ
O

+I

lA

O

CO

O
O

CQ
L
CO

O

lQ
O
O
+I

O
CQ

O
+I

O.

O

+I

CO
O
O
O
+I

O

O

CQ

O

Cg Cg
O
O
-H

lQ
O O
O O

+I
O

CO
O
O

CO

O

Cg
O
O
+I

III. DETERMINATION OF LOWER BOUNDS ON THE RMS

IMPACT PARAMETER

A. Definitions, maximum and minimum bounds

As was first shown by Van Hove, ' it is possible
to determine the "partial-wave" cross sections
o' J of a n-body reaction initiated by incoming par-
ticles with total angular momentum J, from the
corresponding overlap function E„(t) defined as"

, p.)~.(&p„,&p.)dX. ,

(b„')= —,g J(J+ 1)o g/ g o ~,J J
(8)

is directly proportional to the slope of the over-
lap function and given by

(b„')= 4[dlnF „(t)/dt], ,
The phase of the matrix element M„contributes
a positive-definite term to (b„').' Consequently,
only a lower bound on (b„') will be obtained if
M„ in (7) is replaced by its (measurable) modulus.
This lower bound will be called "maximum
bound. "' Qn the other hand, j.t has been noted
that for given transverse-momentum distribu-
tions, a "minimum bound" exists which can, be

where M„(p„.. . , p„) is the reaction matrix ele-
ment. The operator R rotates the c.m. s. momenta
of final-state particles over an angle 8 around
an axis perpendicular to the incident particle
direction; t represents the corresponding elastic
energy-'momentum transfer [t = -4p' sin'( —,

'
8)];

dy„ is the phase-space volume element.
The average impact parameter squared, de-

fined as
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derived from the Gaussian matrix element

G„(i)„.. . , j)=Aexp (
——,

' QC„k, k,), (10)

The arbitrary functions u& serve to optimize the
bound and have been determined from the set of
equations:

n-1

where A and C&& are real functions of longitudinal
momenta or rapidities. The coefficient C,&

should
be such that model (10) reproduces the given (k&')
values at each point in longitudinal phase space.
The "minimum bound" at fixed longitudinal mo-
menta is approximately equal to'~

b„'= g Cqx, sq, (11a)

which may well be approximated by

(11b)

8. Ãebber ind Henyey-Pumplin bounds

The "maximum bound" discussed in the pre-
vious section is defined in terms of the overlap
function and cannot be obtained from experiment
unless the modulus of the amplitude is known.
Since this is unfeasible with the presently avail-
able statistics, other methods have been proposed
to determine experimental lower bounds in a. mod-
el-independent v~ay.

In the first one, proposed by %ebber, " and
already applied to a variety of exclusive reac-
tions, " '4 the lower bound (b~')'/' on the rms im-
pact parameter is written as'

n-1

(b 2)=pu, (x,) . (12)

since dynamical transverse-momentum correla-
tions are found to be small. The average "mini-
mum bound, *' (b„'), integrated over total longi-
tudinal phase space can easily be obtained from
direct (e.g. , Monte Carlo) calculation of the over-
lap function (7) with matrix element (10).

Average "minimum bounds" for reactions (a)-(c)
at 8.2, 16, and 32 GeV/c were calculated with this
method using model (2) and the P, .values from
Table I. They are collected in Table II, column
3 together with the corresponding experimental
(t)„')',/', (column 2) derived from (111). Both
quantities almost coincide for a given reaction
and energy and moreover show pronounced energy
and multiplicity dependence. Comparison of these
"minimum bounds" with other lower bounds will
allow us to appreciate the relative merits of dif-
ferent "optimized" methods presented in the lit-
erature. "

(x))= Q(T,y)uI . (13)

calculated for each event. The HP bound is then
given by

(15)

where do/d7' is the experimental v distribution.
The average in (15) may either be calculated nu-
merically, once d&r/d7 has been parametrized,
or may be evaluated, as in our case, by taking
the average over aQ experimental events. For
the parametrization of do/d7 we adopted the ex-
pression

dv/1~=exp(g A, r~) (k-0), (16)

which provided adequate fits to all our data.
The HP bound coincides with the Webber bound

and with the "minimum bound" for a Gaussian
matrix element of the form (10).

C. Experimental results

l. Vebber bounds

The Webber bounds for reactions (a)-(c) at
8.2, 16, and 32 GeV/c were calculated from (12)
and (13) by averaging over a/I events. They are
collected in Table Q and compard with corres-

The matrix T is defined in Sec. IIC. The averages
in (12) and (13) should in principle be calculated
in as many small regions of longitudinaI. phase
space as allowed by statistics. The Webber bound
(12) coincides with the "minimum bound" (Sec.
III A) provided (T '),

&
= C,~. Experimentally, this

equality will only be satisfied as long as ener'gy-
momentum conservation effects remain negligible.
Consequently, determination of Vfebber's bound in
fragmentation regions or at the edge of phase
space generally leads to an overestimation of the
lower bound which cannot easily be corrected.

A superior bound was derived by Henyey and
Pumplin (HP). '4 In their approach one starts
from a set of (n —1) arbitrary functions u, of the
longitudinal momenta and defines the variable
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pIG. 5. Lower bounds on rms impact parameter for reactions (a)-(c) and comparison with corresponding K p
reactions. (0) %ebber bounds for E+p (E"p) reactions; figures in symbols indicate multiplicity of reaction.
~ Overlap-function bounds for X+p reactions. 6 "lower bounds" equal to experimental value of (p p&x& ) / . Full
lines: X+p -K'px+x . Dashed lines„E'p &'p2(7r'm ). Dotted line: E+p E+p3(m+x ).

ponding data for KP reactions in Fig. 5. The
data in the available energy range show that
(b~')'/' is at most of the order of 0.4 fm and de-
creases for higher multiplicity reactions. For
reaction (a) the bound is almost energy indepen-
dent between 16 GeV/c and 32 GeV/c, whereas
it increases monotonically for reactions (b) and

(c), if for the latter we assume that K' and K
interactions behave similarly.

We have also calculated the Webber bounds with
the slightly different expression for (b~') used in
Ref. 20. The results almost coincided with those
given in Table II and are not presented.

2. Eienyey-Pumplin bounds

In applying the HP method, one shouM optimize
the bound by a ]udicious choice of the arbitrary
functions u, . As our best choice we adopted the
functions u, determined from (13)."

As an example, we show in Fig. 6 the v' distribu-
tion for reactions (a) and (b) at 32 GeV/c together
with the result of the fit using expression (16).
The HP bounds obtained by averaging (15) over
all events are collected in Table Q." Contrary
to expectations, "one notices that the Hp method
does not lead to bounds significantly different
from the Webber bounds, although the former
are superior in principle. The possibility of
strong absorptive effects is therefore not sup-
ported by our data.

As a test of the HP (and Webber) method, we
determined the HP bounds for .events generated
by Monte Carlo according to model (2), with P,
values from Table I. Since the real rms'impact
parameter for this model is equal to the already
calculated minimum bound, " this procedure al-
lows us to check the validity of the technique. The
results, presented in Table II, column (6) show
that the HP method may be somewhat less efficient
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particle effects, and describes the rapidity de-
pendence of transverse-momentum correlations
rather well, one expects the resulting bound to
be higher than the Webber or HP bound and es-
sentially equal to the "maximum bound. "

At fixed rapidities. y„ the overlap function for
this model is given by~

E„(y„.. . ,y„, t) = exp —g x, '/a, '(y, )
~

and can be evaluated event by event.
The lower bounds obtained by averaging over

all events of reactions (a) and (b) are presented
in Table g, column 8,"and in Fig. 5. For re-
action (c) at 32 GeV/c, statistics were insufficient
to apply the overlap function technique. Compari-
son with the previously discussed bounds shows
that the new ones are only slightly but systematic-
ally higher than the corresponding Webber or HP
bounds and moreover agree well with the "mini-
mum bounds. "

The same method was used to make a differential
study of reaction (a) where the statistics is high-
est. In Table ID we show values of the bounds
in the (x„x ) plot, where x, (x ) is the Feynman

Fig. 6. Distributions of the v variable for reactions

(a) and (b) at 32 GeV/c. The curves represent a poly-
nomial fit to ln(do/d~). v is defined by expression (14),
see text.

K'p~ K'p C' %

~ $.2
o 16.0 GtV/c
0 32

than expected. Moreover, it should be noted that
the model HP bounds agree within a few standard
deviations with the experimental ones.

The same Monte Carlo events were also used to
evaluate the HP bound with a technique applied
in Ref. 38. These authors chose the smallest
value v „, out of the n v values for each event,
to construct the distribution do/d7' „and obtained
significantly larger values for the HP bounds than
the ones obtained by the Webber technique. Com-
parison of our results, obtained with this method
(Table II, column 7) with the exact rms impact
parameter (column 3) proves that the 7 „pro-
cedure is incorrect.
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3. Determination of the "maximum bound"

Although the Webber and HP techniques are
model independent, possibly higher bounds may
be obtained by considering phenomenological
models which successfully describe the relevant
experimental data. For this reason we used the
uncorrelated model of See. II C to evaluate the
overlap function. Since this model takes all rapid-
ity correlations into account, including leading

0.3-

I

1.0 LS 2.0
IH(K'TK' K )

2.5 3.0
( GeV/c2)

FIG. 7. Dependence of lower bounds of reactions (a)
at 8.2, 16, and 32 GeV/c on (a) effective mass of the
(p1(+& ) system (b) effective mass of (%+~+a ) system,
with selection on 4++(1236) and X*' (890) as described
in text.
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TABLE HI. Lower bounds in fm obtained with the overlap-function method for intervals in longitudinal, momentum
x, (x ) of the positive (negative) pion in the reaction K'p K'p ~'n" at (a) 8.2, (b) 16, and (c) 32 GeV/g.

(a) 8.2 GeV/c
(-1.o)-(-o.5) (-o.5)-(o.25) (-o.25)-o.o o.o-o.25 0.25-0.5 0.5—0.75 0.75 —1.0

(-1.0)-(-0.5)
(-0.5)-(—0.25)
(-0.25)- 0.0

0.0- 0.25
0.25- .0.5
0.5- 0.75
0.75- 1.0

0.35+0.08
0.36 + 0.06
0.34 + 0.08
0.38 + 0.09

0.36 *0.07
0.36+ 0.03
0.37+ 0.02
0.32+ 0.03
0.36 + 0.03
0.41+ 0.07

0.38 + 0.08
0.35+0.03
0.40 + 0.02
0.43 + 0.02
0.39+ 0.02
0.42 + 0.02
0.45 + 0.05

0.35 + 0.07
0.35 + 0.04
0.41+ 0.02
0.43 + 0.02
0.42+ 0.02
0.45 + 0.02
0.49 + 0.11

0.33+0.15
0.29 + 0.08
0.41+0.03
0,41 + 0.02
0.43+ 0.02
0.43+ 0.11

0.37 + 0.19
0.35+0.08
0.43 + 0.04
0.44 + 0.03
0.45 + 0.09

0.41+ 0.10
0.43 + 0.19

(b) 16 GeV/c

(—1.0)—(-0.5) (-0.5)- (0.25) (-0.25)-0.0 0.0-0.25 0.25-0.5 0.5—0.75 0.75-1.O

(-1 0)-(-0.5)
(-o.5)-(-o.25)
(—0.25— 0.0

0.0- 0.25
0.25- 0.5
0.5- 0.75
0.75— 1.0

0.42 + 0,08
0.41+0.07
0.36 + 0,11
0.40 a 0.11

0.40 + 0.06
0.41~ 0.02
0.41+ 0.02
O.35+0.03
0.39 + 0.03
0.43 + 0.05

0.42 + 0.07
0,40 +0.02
0.45 +0.01
0.47 + 0.02
0.42 + 0.02
0.45+ 0.02
0.49 + 0.03

0.40 + 0.08
0.39+0.14
0.45 a 0.02
0.48 + 0.01
0,45 + 0.01
0.48 +0.02
0.51+ 0.06

0.36 + 0.13
0.33 + 0.06
0.45 a 0.02
0.46 + 0.01
0.46 + 0.02
0.47 + 0.06

0.38 + 0.12 0.45+ 0.2
0.36 + 0.06 0.42 + 0.09
0.45 + 0.02 0.45 + 0.05
0.48 &- 0.02 0.48+ 0.06
0.47 + 0.06

(—1.0)-(-0.5)

(c) 32 GeV/c

(—o.5)—o.o 0.0-0.5 0.5—1.0

(—1.0)-(-O.5)
(-0.5)- 0.0

0.0- 0.5
0.5- 1.0

0.39 +0.10
0.39+0.07
0.42 + 0.12

0.38 + 0.06
0.39+ 0.01
0.41+ 0.02
0.45+ 0.03

0.37 + 0.12
0.43 +0.03
0.45 + 0.01
0.48+ 0.03

0.44 + 0.17
0.46 + 0.04
0.48 + 0.02

variable for the positive (negative) pion. The
bounds are nearly constant over this plot except
for the "diffractive" (IC'~'m } region where slightly
but systematically higher values are observed. A
similar effect, now also for the (pm'v ) system,
is seen in Fig. V, where the bounds are plotted as
a function of the effective mass of the "diffractive"
(K'm'n ) and (pv'p ) systems. " The effective-
mass dependence of the lower bounds is quite
weak when compared with the mass dependence
of the slope of the invariant momentum-transfer
distributions to the corresponding systems, which
exhibits the well-known strong slope-mass cor-
relation. 4'

IV. DISCUSSION AND CONCLUSIONS

(a) In the previous sections various methods
were used to determine lower bounds on the rms
impact parameter of exclusive K'p reactions at

8.2, 16, and 82 GeV/c. From the results pre-
sented it is evident that all methods are essentially
equivalent and provide lower bounds which differ
only in detail. The reason for this lies in the
structure of the reaction matrix element which
was shown to be well approximated by a Gaussian
in transverse momenta, at least at fixed rapidi-
ties. For such transverse momentum dependence,
Webber's and Henyey-Pumplin's method lead to
lower bounds which almost coincide with the
"minimum" and "maximum" bounds defined pre-
viously.

(b) The role of leading particles is clarified by
a comparison of the results in Table Q, columns
(8} and (8). Indeed, while the former are ob-
tained from a model without leading particles and
dynamical rapidity correlations, the latter follow
from a model which incorporates the complete
experimental longitudinal structure of the data.
The good agreement between both sets of results
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explicitly demonstrates the well-known fact that
the forward slope of the overlap function is in gen-
eral only weakly dependent on the longitudinal-
momentum structure of the events. This is also
reflected in the small difference between the ex-
perimental and predicted values of the variable
X=(ZP, x,'), shown in Table I:. We therefore con-
clude that the lower bounds are almost solely de-
termined by the transverse-momentum dependence
of the reaction matrix element, a result quite
contrary to the intuitive notion of peripherality
where most importance is attached to the longi-
tudinal structure of the events.

(c) The dependence of the bounds on multiplicity
and incident energy follows the behavior of the
variable X, as may be seen from Fig. 5 or Table
II. While the values of p, obviously reflect dyna-
mics, X itself is, for given P&, almost completely
determined by properties of cylindrical phase
space (see "gable I) which produce a decrease of
the bounds when multiplicity increases. Similar
phase-space effects determine the energy behavior.
Reaction (a) is remarkable in this respect since

P~ decreases between 16 and 32 GeV/c while Pr
and P, stay almost constant. Since (Zx, ') grows
with energy, the net result is an approximately
constant lower bound, in striking contrast with
the increase observed for the other reactions.

(d) A differential study of reaction (a) shows
that the lower bound may be slightly higher in
diff ractive regions than elsewhere. Nevertheless,
the effective mass dependence is much weaker
than the well-known slope-mass correlation.

(e) The rms impact parameter of inelastic col-
lisions deduced from elastic K'p scattering data
at our energies' is approximately equal to 0.76
fm, while the lower bounds obtained in our analy-
sis are at most of the order of 0.45 fm. Although
comparison of lower bounds for exclusive channels
with the sum over all inelastic processes is per-
haps not very meaningful, the results seem to
suggest that spin and/or phase structure of the
reaction amplitude contribute considerably to the
value of the rms impact parameter, as concluded
by Michejda many years ago. ' Any discussion of
peripheral or central production mechanisms
based on measurements of momentum distribu-
tions loses much of its physical interest if this is
indeed the case. However, if phases are really
as strongly momentum dependent as the experi-
mental lower bounds on the rms impact para-
meter suggest, it is conceivable that very-high-
resolution studies of interference effects between
identical particles (the so-called Bose-Einstein
correlations) which depend on phases and are
related to the angular momentum of final-state
particles might eventually lead to some pro-

gress in the study of impact-parameter depen-
dence of hadronic exclusive reactions.
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APPENDIX

This section summarizes some analytical re-
sults which were used in our comparison of model
(4) with experiment. To simplify the notation we
write all expressions for particle 1 and the pair (1,2).

(i) Single-particle transverse-momentum dis-
tributions.

d(Tq

0' d 0~A~ ' ' ' dg~

1 A'(1, n) 1

2v A'(2, n) a,'(y„)

k,2

2 A'(2, ) '(y )

with

A'(j, n) =Q a, '(y, ),

&& 5,)) = ~' )' Z f 4 "4 ~

with

yf+1 yn A2(]. n)

(A3)

F(y )= dy 'dy I'(y y ). (A4)

(A3) was used to determine a, '(y, ) for each p" r-
ticle type by an iterative process. As starting
values we used a„'(y, ) = n(k, '(y, ))/2(n —1).

(iii) Average scalar product (k, k,) at fixed
(y1, y, )

(A2)

(ii) Average transverse momentum squared as
a function of rapidity.
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The azimuthal asymmetry parameter is equal to

-21 a, '(y, )a22(y, )E/A'(I, n)dy, dy„

f E(y„y." y.}dy. "dy.
(A5)

f,» (do/dP)dP —f, (do'/d()d(
f' (d~/dy)dy

(iv) Distribution of Z=k, k, at fixed y„
Z 1j ~ ~ ~ ) 50

P

(C,C,)'" ' (All)

1 dQ'

0'~ dZdgg ' ' ' d$~

r = Z/&, '(y&)&.'(y2)

a,'(y, )a, '(y2)
A'(3, n)

a,'(y, )a,'(y, )A'(I, n)
(A7)

(v} For coinpleteness we also give the expres-
sion for the distribution of the azimuthal angle

( between transverse momenta k, and k,":
1 do„ 1 A'(1, n)A'(3, n}E

)
o'„dgdy, .~ ~ dy„v C,C,

(Aa)

with

G(x)=, , „, (art:siam —m/2)+ 1),
1 x

1-x' (1-x' 'I'
(A9)

x= p cosy/(C, C,)'~',

P = 1/2A'(3, n),

C& = I/2a, .'(y, )+ 1/A2(3, n), i = 1, 2 .
(A10)

1 A'(1, n) E
=2„.(3'„) (p, .), ,. m(-~[~+(P+e')'"9,

(A6)

where the plus (minus) sign applies to positive
(negative) Z.

(vi) Overlap function. The slope of the overlap
function for a selected class of events is easily
obtained from (IV} once the functions a'(y) are
found. However, the values resulting from the
iteration of (A3) do not reflect the 0 dependence of
the matrix element at the edge of the rapidity
interval since the (k'(y)) are strongly reduced by
phase space in these regions. Straightforward
use of such a'(y) would result in dramatically
overestimated and completely unreliable lower
bounds, as may also happen in the case of the
%ebber or HP bound. The following procedure
was therefore adopted. Iterated a'(y) were used
only in a central rapidity interval where the
phase-space influence was weak. This was veri-
fied by Monte Carlo calculation. For the other
y regions, we have chosen constant a'(y), differ-
ent for each particle and incident momentum,
which reproduced sufficiently well the rapidity
dependence of (k,.') in those y intervals. The over-
lap function was then evaluated with the modified
a'(y).

The errors quoted in Table II, column 8 take
into account errors on (k'(y)) in each interval
as well as the statistical error on the average
overlap. function slope. Stiidy of fluctuations in
the results when subsets of data were analyzed
independently or when different y intervals were
chosen showed that the systematical errors re-
sulting, e.g. , from the iteration procedure are
comparable or sometimes slightly larger than the
statistical errors quoted in the tables.
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