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The contribution to the sixth-order muon anomaly from fourth-order electron vacuum polarization is
determined analytically to order m,/m,. The result including the contribution from graphs containing two
second-order lepton vacuum polarization subgraphs is (a/vr)3{(2/9)ln2(mu/ m,) + (403/108 - 472 /9)
XIn(m, my) + §(3)/2 + 2m% |27+ 5/27 + [3837°/135 — 167°In(2)/9 — 137°/18]m,/m,}.

In sixth order, the difference between the muon and electron magnetic moments can be expressed, for

my/m,>»>1, as

a9 —a® = (%)3[,4 In?(m, /m,)+BInm, /m,)+C + D(m,/m,) +0(m,/m, ) In*(m, /m,))] . (1)

A and B are completely known analytically!2:

-
A-Q’

@)
2
B=84112/9 - _23L In2 +£(3).

All contributions to C, except the light-by-light
contribution C{¥?)  are also known analytically®
(€7 is known numerically*%);

C=48 - 2n2+ 302 In2 - 3£(3)+ 3C,+CUT
where

_11.4_.2.-21n29 1 In%9 _ &
Ci=oum =51 1In°2 — 3+ In®2 = 5a,

— B
The only contribution to D which is known analy-

tically is the double-bubble contribution® [diagram
(d) of Fig. 1]

D = —4n2/45. , (4)
The contribution to D due to the other diagrams of
Fig. 1 is known numerically:

DOP) = _5 6776256,

l)(e+f) =0.

(5)

In this paper we present an analytic calculation of

3) D(;44c), the contribution to D from fourth-order
and electron vacuum polarization [the proper diagrams
- (a), (b), and (c) of Fig. 1].
a.= Z 1 This quantity is given by the following expres-
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FIG. 1. Feynman diagrams representing the fourth-order vacuum polarization contribution to the sixth-order muon

anomaly.

19

1281 ©1979 The American Physical Society



1282 MORTEN LAURSEN AND MARK A. SAMUEL 19

where

%Imn*(")(x):(’ﬂ> {(—S—x—--3-x3)+x( —1 +1x?) ln

2)3>+(16+-’--‘-x - 5=x%) 1n<1 +x)

1 _x/

+(E+3x%-txY) In ((18+§ ) ( )

lx\

— (& +4x2 —2x%) [% ( T /
and
L 1m0 (1) = 4@/
So we can write
platr+o) = g— -27 [Rl+R2 +R,+R,+R -3
where the five R; correspond to the five terms in

Eq. (7). It is easy to see thatR,+R,, R,, and
R are finite and the combination

f 2)3 2 (10)
is also finite.

We now evaluate the integrals. Our results are
as follows: :

P S
ng 4 39’ (11)
Ry+R;=mIn2 — 457, (12)
and
R, +R =142 —§1n2 5. (13)

T odxx
( 27

(1) 5] @

®)

] (9

Adding the terms in Egs. (11), (12), and (13) and
substituting into Eq. (9), we obtain our result

plewe) = L3g3 _ 1842 )9 4 La72
=-5,67T7625"7. (14)

This is in excellent agreement with the numerical
value in Eq. (5). Itis interesting that, although
the term proportional to 7 cancels out, there re-
mains a 7® term. This is the first time an odd
power of 7 occurs in a g -2 contribution.

Using Eqgs. (4), (5), and (14), the contribution
to D from all the graphs of Fig. 1 can be written:

D(a+b+c) +D(a) +D(e+f) = "{%”3 - -’fnz In2 + 313535 7.
(15)
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