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Eikonal approximation in x-ray transition radiation theory
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In connection with the calculation of x-ray transition radiation (TR) generated in a complicated
configuration radiator, a new method for the calculation of the transition electromagnetic field is suggested
which is analogous to the eikonal approximation in quantum mechanic. The method is based on the fact
that, in the x-ray TR frequency region Ru+ 0.1 keV, the dielectric constant of the usual substances differs
very slightly from unity: ~e(cu) —

l~ ((1.The use of this condition allows one not only to obtain the
well-known results of the x-ray TR theory in a simple way, but also to solve those problems for which the
existing exact methods are either very complicated or they are invalid. The eikonal approximation is
applicable for the calculation of the work performed by a charged relativistic particle passing through a plate
or an arbitrary medium.

I. INTRODUCTION

X-ray transition radiation (TR) has recently at-
tracted more and more attention. This is mainly
due to the development of transition-radiation de-
tectors capable of measuring the energy of rela-
tivistic charged particles in the range of Lorentz
factors y ~ 10' where other instruments (e.g. ,
Cherenkov counters) are ineffective. 's Calcula-
tions of the x-ray TR necessary for a correct in-
terpretation of the experiments are unwieldly and
even unreliable sometimes because the TR theory
based on the exact solution of the macroscopic
Maxwell equations gives compact formulas for the
simplest geometry only: one or several inter-
faces. ' ' At the same time the operating and de-
signed experimental arrangements for x-ray TR
observations often have such a complicated geo-
metric configuration of radiators that an exact cal-
culation of the radiation becomes, in general, im-
possible. We mean, for example, radiators in the
form of plastic foam, ' deuterium foam, ' or a col-
loid system. 8

In this paper an approximate method of x ray TH
intensity calculation is suggested which is applic-
able in the most interesting x-ray frequency region
for high-energy physics (R&o-0.1 keV). The meth-
od (similar to the eikonal approximation in quantum
mechanics) is based on approximate solution of the
macroscopic Maxwell equations with due regard for
small parameters appearing in this frequency re-
gion (Sec. II). The eikonal approximation gives in
the simplest cases the results which coincide with
the exact ones in the frequency region of interest
and permits the determination of the x-ray TR and
transition electromagnetic field itself in radiators
with complicated geometric configurations. In
particular, the energy lost by a relativistic charged

particle traversing a plate (Sec. III) and a, random
medium (Sec. IV) is calculated in this paper. The
expressions obtained have a simple analytic struc-
ture which permits us to take into account the in-
fluence of the imaginary part of the dielectric con-
stant e on the transition effects more rigorously
and to clarify their physical meaning.

II. APPROXIMATE METHODS IN X-RAY TRANSITION
RADIATION THEORY

To calculate the TR intensity it is necessary to
determine the electromagnetic field caused by a
charged particle moving in an inhomogeneous med-
ium and described by the macroscopic Maxwell
equations with the dielectric constant c(r)

Let us consider the approximate methods of solv-
ing the equations for the electric field which follow
from Maxwell's equations:

(Q+ &0 6 —grad div)E(r) = —4)rt1(r), (1)

where E(r') and

j(r') = (2w) e Iv))(r —vt)exp(i+))d)

are the Fourier transform of the electric field and
density of the current produced by a particle of
charge e (for simplicity the argument &u will be
omitted everywhere), v is the particle velocity as-
sumed to be constant, the velocity of light C and
Planck's constant h are taken hereafter to be equal
to unity.

Let us formulate the conditions which are ful. -
filled in the frequency region m~ 0.1 keV and allow
one to solve Eq. (1) approximately. Firstly, e(r)
differs slightly from some homogeneous value &0
=1 in this frequency region. So
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At any rate the condition (2) is fulfilled at cu

»max((d, .) (ur,. is the ionization potential of the ith
electron shell of substance atoms) because in this
ease &=1 —o/v', where q) v is the plasma fre-
quency of the substance. For condensed media Wo- 10 eV and, hence,

~ e, ~

- 10 '. Moreover, the
condition (2) is usually fulfilled even, when some
of the ionization potentials lie in the frequency re-
gion v~ 0.1 keV.

Secondly, for macroscopic inhomogeneities with
a characteristic dimension a, we have

g(d )&1 . (3)

The TR spectrum of relativistic particles is con-
fined to frequencies below &u, -v oyo, where yG
= min(y, a~a/2); that is why in order that the con-
dition (3) might be fulfilled in all the essential fre-
quency range the following requirement is needed,

r

aq) o»I,

tensor unity and the second derivative. In Carte-
sian coordinates I &

= 6„8, (V V) (q
= 8'/Sr Sr8, o-', p

=1, 2, 3.. The condition for the Born approximation
to be applicable to Eq. (5) is

(E (r)(» tr fG (r —r')e, (r')E (r')dr'

Let us integrate this expression by parts twice
by transferring the action of the differential opera-
tor in GG to e,EG and then to EG, using (4). Let us
omit the surface terms (in the assumption that at
infinity e, -~) and require the fulfillment of the
given condition for all the waves exp(iq r) into
which the field Eo is decomposed. After omitting
the vector factors in both the parts of the condition
(unimportant in the relativistic case when the com-
ponent q perpendicular to v is small in comparison
with the longitudinal one, ~q~~-(u/y «q((=&@/v), we
obtain finally

a»2. 10 ' cm (for q(o -10 eV) .
(3a) Q) 2

4m
exp(iv})e,y+iq y)e, (r+y)y dy «1, (7)

Thirdly, let us assume that

Ig»«, (r) I
«~

I ~,(r) I (4)

With due regard for (3) the condition (4) can be
broken only near sharp boundaries of inhomogene-
ities where e, (r) changes abruptly. But fur physi-
cal reasons the boundary surface can always be
considered diffused at a thickness s»m ' (but s
«a), this ensures the fulfillment of the condition
(4) everywhere. "

Using (2)-(4) 'we obtain the condition for the
Born approximation to be applicable to Eq. (1),
taking it in the equivalent integral form,

E(r) =E,(r) + E,(r)

=E (r)-te fG,(r-r')e, (r')E(r )dr'

=E,(r) —te f G(r, r'}r,(r')E, (r')dr', (5)

where

E (r)= fE (q)exp(rq r}dq,

E,(q) =ie6(&u- qv)((dv —q/e, }(2v'A, ) ',
=q -E (dP y

G,(r- r')=-(I+'P qd'/e, & )
exp(i(doe, ~r- r'~)

4g r- r'

Here Eo(r) is the solution of Eq. (1) with homogen-
eous zo; G (r —r') and b(r, r') are the tensor Green's
functions of Eq. (1) with homogeneous z, and inhomo-
geneous z(r), respectively; I and V V are the

where y = r'- r and the point r is taken in the in-
homogeneity region. An estimation of the integral
in (7) with due regard for (3} is performed sim-
ilarly to the determination of the Born approxima-
tion applicability condition for fast particles in

quantum mechanics with the only distinction due to
the "nonfree". wave exp(iq ~ r) in (7) with q' not
equal to e,~' (but it is very close to eo(d' in the
relativistic case). The integration of the rapidly
oscillating function in (7) near the angle 8 = w (un-
der &u &0) gives

~ &ozzie, Ie p(xi / a&)z—1] ( «1, (8)

where zz =
~

(uv e~ —
~ q ~ [

' is the formation zone of
x-ray TR.

The condition (8) is more rigid than the condition
(2) and it practically eliminates the possibility of
using the Born approximation in the x-ray TR the-
ory. In fact, it is easy to obtain from (8) that &o

Therefore, the Born approximation [with
due regard for (3)] can give only a high-energy
part of the x-ray TR as has been discovered in
Ref. 11 by the direct calculation. Let us note that
the Born approximation is applicable for small
inhomogeneities (are«1) because a similar esti-
mation gives

~
e, ~

«1.
It is also easy to verify that the inequalities (2)-

(4) are completely similar to the conditions of the
eikonal approximation applicability in quantum
mechanics, In conformity with this fact we take
i'or the tensor Green's function G(r, r') the follow-
ing expression, typical of the eikonal approxima-
tion":
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G(r, r') =-(f+& ~ &/e(r)(v )

x exp[f4(r, r')](4m~r r—'~) ',
sOe=~ '[e(s)]"'ds, s, =(r r-),

0

dS/d(vdn = e'v' sin'9 I)if I'(v'/4v',

M= exp j „n, vt +jet df,

4„(n,it) = lim ([()(r, vf) p—(r, f =0)),
l~ I--

(12)

(13)

where the integration is performed over a straight
line that connects the points r and r'. A scalar
Green's function of this type has been used in Ref.
13 for the calculation of the intensity of the x-ray
TR produced in interstellar dust by cosmic rays.
The quasiclassieal Green's function, close to the
eikonal one (having an additional preexponentia, l
factor), has been used for solving one-dimensional
problems in Ref. 5. After the substitution of (9)
into (5) and integration by parts twice we obtain

e, (r)= fq( q)(ir-q q/e(r)tr )i (q)exp(iq r)dq,

q(r, q)=er' fexp[ip(rr+p)+iq , r]

xe, (r+y)(4vy) 'dy,

dq = dq&Kd[(;d(d/v .

where n is the unit vector in the radiation direc-
tion qli„(n, vt) is the phase difference which depends
on n and vt but not on ~r~. 9 is the angle between
n and v.

Formulas (12) and (13) allow us to obtain simple
expres'sions for the intensity of the x-ray T,R from
radiators in the form of a ball, an inclined plate,
etc. In the case of a particle traversing a system
of parallel interfaces the eikonal approximation .

(12) and (13) coincides practically with the approx-
imate method of finding the x-ray TR suggested by
Garibian. " In fact, if a particle intersects the
boundary surface at t =0, then

y„(t (0) = v(ut(We ——q(eo sin'9)/cosg,

(()„(t&0) = v(dt-q(eo cosg .

Then after the integration in g(r, q) over the ang-
ular variables [as in formula (7) but taking into ac-
count both the signs of frequency] we have

q(r, q)=(te' f exp[(p(r, r+r) —iqr[
0

x e,(r+y )dy/2q,

where the odd function of frequency q= [q ~
sgn(v, is

introduced for convenience. The integration in (11)
is carried out from the point r in the direction
-q sgn~.

Formulas (10) and (11) are the main initial form-
ulas of the eikona1, approximation; they will be
used in Secs. III and IV for the calculation of the

charged particle work on the complete electro-
magnetic field. This magnitude is the total energy
lost by a particle in an inhomogeneous medium and

includes both the ionization energy loss and Cher-
enkov and transition radiation.

To calculate the intensity of TR alone one may
use (10) at asymptotically large values of

~
r~.'4

But it is easier to solve once.more the equations
for the Fourier transform of the vector potential

A(r) in the Lorentz gauge using the scalar eikonal
Green's functionG(r, r') =-exp[i[ad)(r, r')](4w~r- r'~) '.
Acting in a manner similar to the aforementioned
one but not separating the zero term Ao(r) when

solving the equations (i.e., considering the extern
al current of the field source) we obtain the differ-
ential frequency-angular spectrum of the x-ray
transition radiation dS/d(ddQ:

It differs from Garibian's result,

[()„(t&0) = v(vt(e —e-, sin'9)'~',

by small terms 0', 6 E'p of relative order yp at
t &0. Moreover, the usual way of eikonal approxi-
mation improvement —the integration in (I) is per-
formed not over a straight line but over a "classi-
cal" ray trajectory (i.e. , with due regard for re-
fraction at a boundary) —leads in the given case ex-
actly to Garibian's method of calculations. But
there is no necessity to make such a complication
because it can be shown that both the simple and

improved eikonal approxima. tions (just as a quasi-
classical approximation and Garibian's method)
have the same accuracy: All of these methods give
correctly on the first term of the dS/d(vdA expan-
sion in powers of quantities which are small in the
relativistic case, 9'-~e —e, ~-y, '. With due re-
gard for this fact we can use the simple eikonal
approximation in the essential angle and frequency
range 9'-~ e —e, ~

-y, ' «1 and omit other correc-
tions of order yo

' [by asshming, for example,
sing=9 in (12)].

One can show that the transverse dimensions of
the inhomogeneities which play an effective role in

making TR take on values of order cr
' ' (see also

Ref. 13). So under the condition (3a), TR from any
inhomogeneity with piecewise-constant e(r) coin-
cides within the accuracy considered with TR from
the plate as thick as the part of the particle tra-
jectory within the inhomogeneity.
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III. ENERGY LOST BY A PARTICLE TRAVERSING A
PLATE

Let us calculate in the eikonal approximation the
work 6' performed by a charged particle on the
complete electromagnetic field in normal traversal
of a plate with a thickness a. According to (5) the
complete electric field is E =Ep+E, . The work 6'p

on the field Ep is equal to usual ionization loss and
Cherenkov radiation in the medium qp The work
6', on the field E, is equal to

6', =-e dz dE~ x=y=o, z, ~ vexp -iz v v '.
oo

(14)

Using (11), we calculate

q(r, q),

q(z &0) =0,

q(0 & z &a) = e, v~[exp(inz) —1]/2n,

q(z & a) = e,v ~ exp [in, (z —a) ] [exp(ina) - 1],
n = (~We —g)gv/R, no = (Nv E() —g)gv/& ~

After the substitution of these expressions into
(10) and (14) and the integration over z we obtain

ie max ] gv
(P, =, &d~ ~d~ — ' a+ [1 - exp(ina)] ———

17V eA pAp Qp A

q+(uv e
A =q

2g

1 + [(d(eov —I)/vK]
[1+~'(e,v' —1)(ev' —I)/v'~']

(15)

(P„(a)=2e' co dc' g dg g~ 1 —exp i&a 7/Ap A
OQ 0

(16)
The integration in (16) is also extended to the

frequencies m-&u,. when the conditions (2)-(4) can
be disturbed. However, one can see that the cor-
responding error in (16), as well as in all follow-
ing integral magnitudes, has the order of yp '."

The first term (P,,„(a) in (15) proportional to a is
equal to the difference between ionization loss of
energy and Cherenkov radiation in the medium e at
the distance a and the same magnitude in the medi-
um Qp with an accuracy to the factor g . The extra
factor p, , connected with the eikonal approximation,
differs greatly from unity when )q(» (~We(. The
influence of the factor p, on the integral over g is
not important because high values of & give only a
logarithmic contribution to (P;,„(a). Explicit cal-
culation shows that the error introduced by g is
below 2%%up. Therefore we assume p, =1 hereafter.

The second item d'„(a) in (15) describes the total
transition effect, i.e. , the TH and corrections to
the local ionization loss of energy near the bound-
ary surfaces of two media. " In accordance with
what has been said about the accuracy of the eiko-
nal approximation, we can take (P„(a) in a simpler
form by keeping only the terms essential to the
relativistic case; namely, let us assume v =1,
=1, p =1, n=-A/2u, no=-Ao/2&v. Then

In the frequency range where e and ep are real
the change to integration over positive frequencies
in (16) leads to the relativistic limit of the usual
formula for the total energy of the x-ray TR. The
corresponding part of the work 6'„(a) is emitted
in the radiation.

It should be interesting to calculate (16) for ar-
bitrary complex & as Ime may be of importance
for heavy substances in the region of frequencies
considered. The most correct way of calculating
the integrals of the type (16) is to take account of
analytic properties of the dielectric constant c as
a function of complex ~. But it is impossible to
employ the usual method of such calculations (clos-
ing of the integration path over v through the upper
semiplane) in (16) owing to an unlimited growth of
the factor exp(ina) at ~-i~. The closing of the
path through the lower semiplane is inconvenient
owing to multiple singularities of the integrand.
Let us note that it is altogether impossible to use
the analytic properties of & while calculating the
total radiation: The corresponding integrand has
the singularities over the whole complex plane w
because it includes both e(u&) and e*(~)= e(-&o).
Nevertheless, an attempt to calculate (16) analyti-
cally has besides esthetic grounds some truly
pragmatic ones: The numerical calculations of
(16) for complex e are unwieldy and unreliable ow-
ing to the complicated form of e in a range of fre-
quencies where the absorption is substantial.



1264 A. I. AI, IKHANIAN AND V. A. CHECHIN 19

We propose the following way out of this situa-
tion. The exponential factor complicating the cal-
culation is connected with the rigid definiteness of
the plate thickness. If a radiator of the x-ray TR
is described by a plate with the random thickness,
then exp(io.'a) can be replaced by a factor more
convenient for the calculations. For example, in
order to describe random media of the foam plastic
type one may use the gamma distribution, "

W» p(a) =(a/p) exp(-a/g)/1)K!, K =0, 1, 2, . . .

In this case when calculating the average work

(4'„X,««)),„=f ))«,«( )t)', ) )«
0

the exponential factor exp(io.'a) will be replaced by
(1 —in')» '. Let us take the simplest distribu-
tion W, „as an illustration, then (a),„=p and

(1)'„).,„=2«'f ««, 'd« f «'««A '««(A —2«««(a), ').
0 0

(17)

The integrand in (17) has in the upper semiplane
two single poles and one dual pole located on the
imaginary axis. , The calculation of (17) is per-
formed similarly to Landau's method for calcula-
tion of the total energy loss of charged particles
in a homogeneous medium. ' Let us close the inte-
gration path over + by an infinite semicircle in the
upper semiplane, find residues of function in the
poles (the dual pole is temporarily replaced by two
close single poles), and change the integration
over g to an integration over the coordinates of the
corresponding poles on the imaginary axis: + = i&.
After regrouping the terms we obtain finally [the
sign of the average value in (a).„will be omitted in
(18)-(22) and in (24)-(26)]

U~ Va

((P,„),„=ae' — vdv(v ' —e)+ vdv(v ' —e, )(e —c,)'(e, —e, )
' (18)

Vo vo

where e, (i v) = e(iv)+2/av and the integration limits are equal either to positive roots of the equations,
eo(ivo)=v 2, e(iv, )=v ', e, (iv, )=v 2, or to zero if the corresponding equation has no positive solution. The
calculation ((P„),„ for K ~ 1 is performed in a similar manner.

Let us analyze (18) considering some particular cases. If e and e, can be taken as e = I+g/v' and c, = I
+g, /v over the whole integration range in (18), then the calculation of the integrals gives

])) q —I+)) 1 (1 —q)'+(' 1 —g+~.
$v g +A; 2 $' 1 —))+$)) q

q =go/g, ( = 2y/a) g, X, =2v, /ag = ([j/2+(I+ ('/4)'~'].

In any case formula (19) is applicable for
0

CO, (d,
y»yy = max

g Vo

(19)

ag/2 vo -y» av g/2 .

Finally, for (» l
I —q l q '~', (6'),)„reaches the

plateau irrespective of a value of q,

(e„),„=(ae'g/2)(-Ing —I +)1),

(20)

y»alg- g. l/2~g, .
Formulas (20) and (21) give the ultrarelativistic

where the total ionization losses in the media ~ and

&o reach the corresponding ionization plateaus.
For ( «1 weobtainfrom (19) ((P„)„=2e'y())g—))go)'/

3(Wg + ))go); this expression coincides with Gar-
ibian's result for two interfaces located at a dis-
tance much larger than the formation zone 2y/Wo. '
For )I «1 and $ -)I '~', Eq. (19) gives

((P„),„=(ae g/2){in [)'(1+g )) )1 ) '] —I],

limit of (18) in the general case. If g, =0, ((P„',, „
has an unlimited logarithmic growth,

((P„)., = (ae'g/2)(ln(' —1),
y»au g/2.

(22)

In the above calculation of ((P„)., the simplest gamma
distribution W, „(a) has been used. The average
values ((P(K, g)),„atK ~ 1 can be obtained without
new integration over e and g. Indeed, the distri-
butions W» „(a) satisfy the recurrence relations

W „„(a)=W „(a)+1 dW, „(a)/dl (K+I);
similar relations are fulfilled for ((P(K, p)),„.
Hence, ((P(K, g)),„are obtained from the above-
mentioned formulas for ((P(0, p)),„by means of a
finite number of differentiations with respect to g
=(a).„. For example, at K ~ 1, instead of (22) we
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have

(tP„(K, y. ))., = ((a),„e'o/2)(ln), „2 —1+A„),
(~)., = ti(If+ I};$.,=2}/(~)'. ~~;

E+ J.

A~ =2 In(%+I)+1 —g n '
n=1

lim 4 =0.85.
E~m

As

(22a)

mic dependence in ((P„),„begins at y -av o/2 (if c,
«o). If I/Wcr &aWo/2, the total work ((P,),„=(6';,„
+(P„),„at I/Wu &y & av u/2 has a limited plateau
after which the logarithmic growth resumes, and
for the second time reaches the plateau at y &ao/
2~oo (see Ref. 4). If I/Wo&aWo/2, then ((P,).,„has
the uninterrupted logarithmic growth. These re-
marks are illustrated in Fig. 1 where the value
2((P,) „/e'ao calculated according to formulas (18}
and (23} for co=1,

formula (22) turns into (22a) for K-~, formula
(21) does not change, and formula (20) turns into

(P ~, (a) = (ae o/2) jina —1 +0.85 + 2E j(-P )

(i =I/bi)

—2P '[1 —exp(-it})}, (20a)

where Ei(X) is an integral exponential function.
The use of Heaviside's inverse transfprmation in
(20)-(22) applicable to the part of the real axis
P = p,

' provides the coincidence of the range of
applicability of formulas (20)-(22) and the corres-
ponding formulas (20a)-(22a) (with the change
(a),, —a).

The aforementioned formulas show clearly the
relation between the total transition effects and
total ionization loss (including Cherenkov radia-
tion). ((P„),„has the same logarithmi. c growth as
((P.„),„ in (15),

((a —a,„}'),'~' /a

formula (22a) at K -~ gives actually the work done
in traversing a plate of fixed thickness. We can
calculate the same quantity directly provided we
interpret the integration with the function

g ' exp(-a/ti) considered above as a Heaviside
transformation. After an inverse transformation

() 4 joy

(2iiiP} '((P(0, ti =P ')).,„exp(Pa}da (5 &0)

e(iv) =1+v/(v'+I')

as a function of v ay/I at different values of the
parameter U=2I/ag is given. The additive param-
eter is

In(2mE, „.„„/o) = 20.

If e, (iv) = I +o,/v', the work ((P,),„reaches the
plateau determined by formula (21) and shown in
Fig. 1 by the dashed line for v/oo =10'. In conclu-
sion of this section let us note that the estimation
of plate thickness, where the density effect is sup-
pressed, given in Ref. 4, means actually U»1; a
violation of this condition does not abolish the log-
arithmic growth of (tP,),„but shifts it only to a range
of greater y (see Fig. 1}. At the same time we can
show that under U»1 the work (tP,),„ is for the
most part the correction to the ionization capability
of the particle near the plate front boundary ((P,),„
= ab, (dE/dz} ~, o." In this case TR takes on a value
of order ae'o(ao/I) and is very small. On the con-
trary, for U «1 the whole correction to the particle
ionization capability takes on a value of the order
of e2I, ((P,),„with the same accuracy coincides with
TR.

((P;,„),„=((a).,„e'g/2)[ln (2my'E, „/0')
—8 +&i /(Ty ]

where

Inn' = Q f, In(v, ' + (d,.'),

(28)

40

gx
C5 2

CL
~10

f, are the oscillator stren. gths of the atoms in the
medium e, m is the electron mass, E,. „ is the
maximum registered energy transferred during
one collision of the particle with an atom (in track
detectors E,„-10-100keV}. For simplicity the
total ionization loss in the medium 6p considered to
be constant is omitted. The ionization plateau is
reached in ((P;,„),„at y z I/v o (I is the average ion-
ization potential of the medium e) and the logarith-

10' 10' 1 10 10' 10' 10" 10' 10'

&~ jy
FIG. 1. The average total work (6'&) performed by

a charged particle in normal traversal of a plate in
vacuum as a function of Wgy/I at different values of
U=2I/ag . The dashed line is the plateau for g/g 0=10 .
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IV. ENERGY LOST BY A CHARGED PARTICLE IN A
RANDOM STACK OF PLATES AND IN A

RANDOM MEDIUM

Let a relativistic charged particle traverse nor-
mally a stack of N parallel plates, and let thick-
nesses (a,) and spacing (b, ] be random. Similarly
to Sec.' II we receive for the average (6',),„and
((P(,)2v formulas (15) and (16) with the substitution

a-N(a) „,
[1- exp(ina)] -S=A'(I —h, h))) '(1 —h, )(1- h(, )

+(1-h. h„) '(1- h.)'(1- h."h, )h„
where

h. =(exp(i&a))„,

h, = (exp(in, b)),„.

In a range of frequencies where e and &0 are real
the change to integration over positive frequencies
in these formulas leads to the formulas for TR ob-
tained from a random stack of plates xs

The second term in S describes the transition ef-
fect owing to the finiteness of stack, and for N)) 1
it can be omitted; The first term is equal to the
transition work in an infinite stack and after aver-
aging over the distributions gr, „(a) and W, „(b) we
obtain for the work within one period a formula
similar to (17) with the other' pole denominator

AA, [AA, —2i~(A(b), „'+A,(a),„')] .

The further calculations are similar to the above
mentioned ones and give the following
formula. instead of (18):

P2 P V

(tP„),„=v'(4 vdv(v —E ) —v dv(v —E)+2 dv(v —v, )(v —v )'/(v, —v )(v, —v )(v, - vl), (24)
f/0 U U2

where e2 and g, are found from the quadratic equa-
tion

(e» —«)(e» —eo) =2(e» —eo)/av+2(e, , —e)/bv,

Under

ig- g, fab
2(a+ b) ~g

we obtain the following formula similar to (20):

[(g) = (ag+ bg, )/(a+ b)]
e2 g2

(tP„),.= —v (v, —))

+ho In 2
—1 +)I g' bgX, '

x', ~2

ag aug
2vg y 2

2v, ] 2((g) ag

ng 2) g 2b(g)

(25)

and the integration limits v2 and v, are equal either
to positive roots of the equations e»(iv, ,) = v ', or
to zero if the corresponding equation has no posi-
tive solution. At b-~ formula (24) turns into (18)
because E'3 6' 6g 60 &3» 2 &0 and the first
integral in (24) vanishes.

In the ultrarelativistic limiting case y )) y& one
may assume e= 1+g/v', e, =1+g,/v' in the inte-
grand of (24). In this case the calculation of (24)
gives a rather large formula, where v2 and v, are
found from an equation of degree four. At $ «1
the known expression for TR from two interfaces
results from this formula (see Sec. III). At

1 «] - W(x/v'(g) - Wb/Wa

(N„),„reaches the p1ateau irrespective of the val-
ues of a/b and (g)/g

((P„),„=(e /2)[agin(g/(g))+bg, ln(go/(g))]. (26)

In contrast to ((P„)22 in (22) ((P„)., in (25) reaches
the plateau

(e'aa/2) ln[(a+ b)/a]

at go=0,

y )) ~bag/(2a+ b)'i' .

For illustration the value 2((P„)„/e'ag calculated
according to formula (24) for e, = 1, e(iv) = 1+g/v'
as a function of $ = 2y/aWgat different values of
the parameter t = a/(a+ b) if given in Fig. 2.

The values (6'„),„calculated according to formu-
las (18) and (24) do not practically depend on the
model representation of e and eo. At the same
time the division of these TR magnitudes into the
total energy of the x rays and the correctionS to the
ionization loss near the boundary surfaces depends
substantially on the form of e and e,. A similar
fact is well known for Cherenkov radiation and ion-
ization loss in the homogeneous medium. The rel-
ativistic limits (19) and (25) of the corresponding
formulas and the ionization plateau for the total
loss in the homogeneous medium do not include any
characteristics of substance at all, except the plas-
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FIG. 2. The average transition work (6't,)~ per-
formed by a charged particle in a random medium
within one period as a function of 2y/a&0 at different
values of t =a/(a + b) .

ma frequency.
In this paper the principal attention is paid to the

calculation of the work ((P,)„because of the possi-
bility to use analytic methods here. The formulas

obtained are the upper limits TR. Besides, in
some experiments one observes the total energy
released in an inhomogeneous medium rather than
the energy emitted by a radiator. For example, in
Ref. 8 the experimental setup is suggested and in-
vestigated in which a paraffin rod with supercon-
ductive tin granules embedded into it serves simul-
taneously as a radiator and as a detector. The
number of granules N, converted to the normal
state by the passage of the particle is measured.
The relation between pf, and energy loss or, possi-
bly, the number of collisions of the charged par-
ticle in the range of frequencies 10-100 keV is
highly complicated. At any rate, the spectrum of
collisions AN/d&u of the particle with the medium
taking into account both the interference phenomena
(influence of the formation zone) and the influence
of absorption, especially atK electrons, should be
the input for the N calculation. The spectrum used
above for deriving formulas (24) and (25) can be a
good approximation for dN/d~:

dN(de=4 '
daeeI eee'de/eAA [AA —2)edA, (e)„'+A()t),„)]I.

0
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