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We derive mass formulas among hadrons ({ ,%*’, 07, 17) in SU(4) framework including second-order
mass contributions from 84 and 20" representations. Some hybrid mass relations are obtained by relating
second-order parameters. Masses of some hadrons are estimated.

I. INTRODUCTION

Several mass sum rules relating the mass split-
tings of hadrons have been obtained in charm-
quark models' and in SU(4) symmetry considera-
tions.? In SU(4) symmetry, the strong mass-
breaking operator has been assumed® to transform
like the T3+ v T; component of the adjoint represen-
tation 15. A large mass difference between ¢ and
(p,w, ¢,K*) indicates, however, that SU(4) is so
badly broken that the mass sum rules derived in
first-order breaking are likely to be subjected to
large corrections due to higher-order SU(4) break-
ing.3

In the present paper we examine the second-
order SU(4)-breaking effects on the masses of had-
rons (3*, ', 0, and 17). Higher-order effects
have been considered earlier in the SU(3) frame-
work.? Some hybrid mass formulas have also been
obtained by relating higher-order parameters.*

In our considerations electromagnetic (em) mass
breaking is also included. The first-order mass-
breaking operator is taken to transform like the

aTi+bTi+cTS (1.1)

component of 15. The second-order mass-break-
ing Hamiltonian then would have an SU(4) trans-
formation property dictated by the direct pro-
duct:

E@_lé=l€92(}§)@20”€9 4545+ @ 84. (1.2)

The representation E has already been taken in
the first-order breaking (1.1). We wish to con-
sider the effects of 20” and 84 as second-order
mass contributions. Thus the second-order mass-
breaking operator transforms as

Th, T3, Ti, a3, Tis, T (1.3)
components of 20” and 84. The general mass
operator in SU(4) then can be written as

D/Fp1 D/ F 3 D/ Frpa (1,1)
mi+a’ T+ b7 " Ty +cf T;+d; T

(3,3) (4,4) (1,3) (1,4)
te; T Gn+fiTGo +& T+ TQy
(3,4) {1,3) [1,4) (3,4]
+Ry T35 +8iTu +hiTaa +ki T a . (1.4)
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where ¢ stands for the spin of the multiplet.

In Sec. II various mass relations are obtained
assuming 84 dominance [as an extension of 27 in
SU(3)]* in second-order effects. 20” is also in-
cluded later in order to have more general mass
breaking. We express the higher-order param-
eters in terms of masses thereby relating the dis-
crepancies present in the first-order mass form-
ulas. We observe that the more general mass
operator (1.4) gives the Coleman-Glashow sum
rule and its charmed analog (2.2b). It also gives
many relations which have been obtained in quark
models.! Mixing masses are also derived in Sec.
II.

In Sec. III, we give some hybrid mass relations
assuming universality of certain ratios of the
higher-order parameters. The hybrid mass form-
ulas (3.1) among the uncharmed hadrons have been
obtained earlier in SU(3) considerations.* Be-
cause general mass-breaking formulas have a
large number of parameters, we are unable to pre-
dict mass values of hadrons as such. In order to
have some idea about the values of masses we as-
sume that the terms like T}3, T4, T3% do not con-
tribute appreciably to the mass breaking. This
may be understandable if symmetry breaking is
considered in a tadpole scheme.?

II. SECOND-ORDER EFFECTS

In this section we describe various mass rela-
tions among baryons and mesons assuming 84
dominance of second-order mass breaking. “The
20” representation is included later. In writing
‘mass relations we have used the particle symbol
to denote its mass.

A. %‘ baryons

Second-order mass contributions are obtained
from the contraction:

Biym B ™ HY, @.1)
where H%} represents a second-order mass-break-
ing spurion. Both upper and lower indices are sym-
metric and antisymmetric for 84 and 20” repre-
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sentations, respectively.
(a) 84 dominance. This gives the following:

[

o -

ET_T4ET=n-p

(1.6+£0.7 MeV=1.29+0.01 MeV) , (2.2a)
EP-E 3P +20=n-p, (2.2b)
3(EP - E9)-4(Zy - 2) - (E) - =)
=2(E°~ £7) - 4(Z* - )~ 20 MeV, 2.2¢c)
—d,;, =2+ 20 23}
=2*4+2°-22° (1.8+0.2 MeV), (2.2d)
2¢,/,= (21 =2)) - (E} - E)), (2.2e)
2h,,,=4(2° - 27) - 3(Z; - %) = (B} - E9) (2.21)

In the absence of em breaking we get

(R, - ;) = (2, -Z,)=(Z - E) (-125 MeV),
(2.3a)

3(2,-Z,) - (E{ = A})=2(A-N) (353 MeV),
(2.3Db)

-2e,,,=2N+2E-3A-2

=2(Q,+Z,-2E,) (-26.83 MeV), (2.3c)
—2f,/,=2N+2E,-3A{-Z , (2.3d)
2k, ;,=(BA+Z -~ 2% - 2N)

-2[2(E,-2Z,)-(=-N)] (see Ref. 6)
(2.3e)

In this multiplet some of the states are mixed be-
cause of SU(2) and SU(3) breakings. We calculate
the mixing masses to be

\/'E_mA,_-p: (£°- 2"~ E°%4+ 50
+ (2} - E)-(31-329), (2.4a)
VB mpp pp=(20- 27 - E0+ E7),
+ (2} - E)) (2} - )
+3[(Z =29 - (z°-27)], (2.4b)
2N3—mz;zl=2(51— )= (A=N)-(Z=N). (2.4c)
(b) 20" effects. If we include the 20” represen-

tation, relations (2.2a), (2.2b); (2.2d), (2.2e), (2.3a);

(2.3¢), (2.3d); and (2.4a) remain unaffected. In
addition, the following relations are obtained:

4h,,,=2(E°- E7) -3(E]- 10
—(EY - E)+2(2; - 29), (2.5a)
4(gl - hl,)=4(Z* = Z7) - 4(Z1* - 29)
+3(210 = E10)
-(Ej-E)-2(="-Z7),  (2.5b)

4k, ,,=(Z, - Z)+3(A, - E)+2(Z-N), (2.5¢)

2k{;,=(A{-E) -2(A-N)+3(%,-2)), (2.5d)

2V3 my oy =4(2°- 27+ ET - E9)

+3EL-E0) - - 2]

+(E - E)-(2{-29), (2.5€)

=(A-2)+ (E{-E)-(A]-Z)).
(2.5

2/V3 Myex
171

The Coleman-Glashow relation® (2.2a) and its
charmed analog (2.2b), already obtained in quark
models,' remain valid in our general mass break-
ing (1.4). Relations (2.2d) and (2.3a) have been
obtained in quark models by Franklin' and by
Hendry and Lichtenberg,' respectively. In other
relations, discrepancies present in first-order
mass formulas are related.® It may be worthwhile
noting that the most general mass operator (1.4)
gives the A - Z° mixing mass to be the same as
predicted in SU(3) breaking up to first order,” if the
T{}'3) component of 84 can be ignored. For the
mass breaking, the Edpole considerations® do

not favor this contribution (T({}3)).

3+
B. 5 baryon resonances

For 3* isobars, the 20” representation gives a
null contribution, as it is not present in the direct
product

O*®20 1615384 ®300. (2.8)

Second-order mass effects from the 84 are ob-
tained from the contraction: _

BB, 13 (2.7

This relates the discrepancies present in the
equal-spacing rule in the following manner:

A - AT=3(A%- A%, (2.8a)
EHRO_EXT) 4 (A0~ A7) =2(T*0_ B*7) (2.8b)
(EF - Z3)+ (A°- A)=2(ZF - 2}, (2.8¢)
= Ay, =TT+ D0 - 228
= TR L DT 28H0
=AY + AT Z2A° (2.8d)
B gyp=(EF - Ef) - (B - Zt°)
= (20 £x7) - (A%- A7), (2.8e)
L hgyp=(TF - T - (A°-47), (2.81)

In the absence of the electromagnetic interaction
we get

Q- A=3(E* - T¥)
(440 MeV =447 MeV) , (2.92)
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Q- Q=3(2F - Qp), (2.9b)
QF-A=3(ZF-Z¥), (2.9¢)
2ey,=Qf +3F - 25}

=Q4+T* - 2E*

=3 MeV, (2.9d)

(2.9¢)
=(Ef - TF) - (Z* - 4). (2.91)
Relations (2.8a) and (2.8d) have been obtained in
the quark model by Franklin' and (2.9a),(2.9b),
(2.9c¢), (2.9d) by Hendry and Lichtenberg.!

C. Pseudoscalar and vector mesons

We consider sixteen 0 mesons to belong to the
15®1 irreducible representations of SU(4). Sec-
ond-order effects with 84 dominance predict

3P2=2(F? - D*-K*+7°)+ 1%+ P2+ P *. (2.10a)

We express the higher-order parameters in terms
of meson masses as follows:

d,=2[(1°)? - (m*)?*]

=-0.0026 GeV?, (2.10p)
2¢,= (K*)* = (K°F + (1) - (1*)* = V3 m*(n°n)
(2.10c)
2ho=2[(D°) - (D*)*] + (n°) = (m*)?
+ (K%)= (K*)* = V'3 mP(n°) . (2.10d)
In the absence of em breaking we get
2e,=3n%—- 4K%+ 72
=-0.062 GeV?, (2.11a)
2fy= (8P, %+ 57° - 12D? — 1) + 4(F* + 1* ~ K- D7) ,
(2.11b)
k,=F*+7°-K*~- D*. (2.11c¢)

0

The pseudoscalar mesons 7° 7, 7', 7, are mixed.
The 7% mixing is expected to be small; hence P,
-~ 7° and Py~ 7 limits have been used in the rela-
tions given above. However, for completeness we
write the mixing masses as follows:

(2V2 /V3)m?(P,P,,) = (2/V3 )m*(P,P,) - (D°)+ (D*)?

- (K% + (K*)?, (2.12a)
2V2 m*(P,P,) = (K*)? - (K°)*+ (D°)? - (D*)?
+2((P)* = (1], (2.12Db)

2V2 m*(P,P,.) = (1* - P,2)+ 2(F*+7° - K* - D7),
(2.12¢)

2V6 m?(P,P,)=3(n° - P?) - 2(F%+ m* = K - D),
(2.12d)
2V3 m*(P,P,;) = (1% + P2 - 2P, ?)

- 2(F*+n*-K*-D?. (2.12¢)

When the 20” representation is also included, re-
lations (2.10b), (2.10c) and (2.11a) are maintained.
Other relations are modified to

21y = (Py)* = (1) + (D) = (D*) ~ (2)"/2m* (P, P,,)
- (1/V3 )m*(P, P,), (2.13a)
2g5= (K°)? - (K*)* = (P, + (1*)* + V2 m?(P,P,)
-(I/V3)m* P, P,) + (2/V6 )m*(P, P,,),
(2.13b)
2hy=(D*)* - (D°)* = (Py)*+ (1*)* ~ (2/Y6 )m*(P,P,,)
+V2 m*(PyP)+ (1/V3 )m*(P,Py), (2.13¢c)
2f,=2P,+2P? - 4D - P2+ 7*, (2.134d)
4k =2(F*+ 1T = K*~ D?)+3P2 - P - P, > —1°,

(2.13e)
4k§=3P) - P - P, > — 1" - 2(F*+1* - K* - D?) ,

(2.131)
2V2 m*(P, P,,)) =3P~ P, . - 2P.2, (2.13g)

4V6 m*(P,P,) = 6(n® - P,?) - 2(F?+ 1° = K* — D?)
-(3P2-Pz2-P,%~7°), (2.13h)
8V3 m*(P,P,,)=4(r*+ P2 - 2P,2)
- 2(F?+ 7 - K® - DP)
—-3(3P2- P2 - P, - 7). (2.131)

Vector mesons can also be treated in a similar
manner.

III. HYBRID MASS FORMULAS

Using SU(3) considerations Coleman and
Glashow® derived hybrid mass formulas among
baryon and meson masses in a dynamical model
of symmetry breaking in the first-order limit,
neglecting the nontadpole-type contributions.
Eliezer and Singer also got many hybrid mass
formulas by relating the higher-order SU(3) mass
breaking.® In this paper we obtain some hybrid
mass relations among the hadron multiplets by
assuming the universality of the ratios of higher-
order parameters. Our hybrid mass formula
among the uncharmed hadrons has already been
obtained by Eliezer and Singer.* The assumption
of the universality of d/e,e/f,g/h,g/k,d/g for
baryons and mesons yields:
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Tr4TT-22° 2[(m*)- (m°)?] TR L TXT2T0  2(p? °)2] 3.1)
AN+2EZ-3A-% ~ 4K -3n°-m" = Q¥+ Z*¥_2E* 4K*2 -3vy ’
2N+2E-3A+Z 3n% - 4K®+ 1°
2N+2%,-3A/+Z, (8P, +5m - 12D*- )+ 4(F’+n -K" - D°)
_ Q+Zx_2E*
T QF+IZ¥-2E%
= 3V, - 4K+ 7 3.2)
T8V, 2+50° = 12D*2 -V 2) + 4(F**+ p* - K** _ D*?) ’ ’
E’ _ 20_ :; :(1) _ (K’)Z _ (K°)2+ (,n,O)z _ (,”o )z _ ‘[ﬁ‘mz(ﬂon)
4(20_ Z _ 20+2(1)) - 2[(D0)2_ (DO)Z_ (KO )2+ (KO)Z]
O THO_EAT_ A% AT
DTSt L T T
_ K= (KP4 (09— (0 - VB (V) 5.3)
2[D7F = D77 - &+ EOF] '
T} -2 Er 4+ ES _(B*)2= (K°)?+ (1°)2 = (1*)% = V3 m®(n°n)
3A+Z-2N-25-2[2(_.1-21)—(E-N)]_ F2yn’ —K*- D?
*O_ T A% AT
Ef-SF-2*+A
(B - P (00 - (0°) - VB mi(pVy) (3.4)
- F*2 pZ_ K*2_ D*2 .
D4ET-232° 2[(1°)2 - (r*)%]
Ey - Ep-Z1+3) (K= (K°)?+ (1) = (n*)? - y3 m*(n°n)
_ DX T o230
TR0 T _AVL AT
- 2[(p°)* - (p°)*] (3.5)
E*)2 — (K*¥°)+ (p°)" = (p*)* = y3 m*(0"V,y) ~
Most of these formulas are not amenable to test- B -E=3 -3¢
ing experimentally because of scanty experimental —30_ %"
information available about the masses of charmed T
hadrons and about em mass differences of 3* = (—4.87+0.06 MeV) , (4.1a)
isobars. St o Ti=T* - X0
IV. ESTIMATION OF MASSES OF HADRONS =(-3.12+£0.08 MeV), (4.1b)
As the Hamiltonian under consideration (1.4) in- 3(E; - E0)=2(E°-E)+2°- 2"
volves several parameters, we are unable to pre- B
dict the numerical mass values of most of the =(-17.7£0.6 MeV), (4.1c)
particles. In order to reduce the number of param- Q-Z,=E-N
eters, we drop terms like 773, Ti3, 732 in the Ham-
iltonian, which is plausible in the tadpole mech- = (378 MeV), (4.1d)
anism of Coleman and Glashow. 4(5,-2,)=3A+Z - 4N
Neglecting the 713, T3, and TS; components in B
the mass-breaking operator (1.4) we get the follow- = (784 MeV), (4.1e)
ing mass relations Q,-E,=Z-N
A g baryons = (254 MeV), (4.11)
T A= -
Relations (2.2a), (2.2b), (2.3c), and (2.3d) are UE[ - A))=A+32 - 4N
maintained. Other relations are reduced to =(939 MeV), (4.1g)
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V3 mygo=VE myrny

=20 BT EO+ ET

=(2.66 MeV), (4.1h)
4/V3 Myiz, =A—Z°
= (=77 MeV). (4.11)

Recently a candidate for AJ* has been observed
as a narrow state at 2.26 GeV in Ar 7" 7* decay
mode.® Another state is also observed at 2.5 GeV
which decays to K{’ and positive pion. This state
canbe either T%(3*) or anisobar T}°. Putting A*(2.26
GeV) and 29 (2.5 GeV) as input we are able to give nu-
merical values of sextet and antitriplet (C=1) baryons
inTablel. Mass valuesof triplet (C=2)havea
parameter f which gives the extent of second-

QF -

I1]

F=EX_T*
=149 MeV, (4.2d)

Relations (2.8a), (2.8d), (2.9a), (2.9b), (2.9c¢),
(2.9d), and (2.9e) are maintained.

Using ZF° (2.5 GeV) as input we give various
masses in Table I. Masses of triplet (C=2) and
singlet (C =3) have a parameter f which gives sec-
ond-order SU(4) breaking. Discovery of a charmed
isobar C =2 will determine this parameter.

B. 3" b
.5 baryons

In case of 0™ mesons, (2.10b) and (2.11a) re-
main unaffected. In addition we get

(D)= (D*)*= (1) = (n*)?

order SU(4) breaking. Mixing masses are esti- =-0.0013 GeV?, (4.32)
mated and mixing angles are found to be F2=K?_ 124 D?
0AE°= 1°4’; BA';EI =0°22'; 9313’.:9016' . =(193 GeV)z, (43b)
B. %‘baryons 3P~ P~ Pi=1"
For 3" isobars we get =0.019 GeV?, (4.3¢)
EH_E A ER _EFO 2f,=8P, % - P2+5m* - 12*, (4.34)
=ZF_ D3O V3 m?(P,P,) = (K*)* = (K°)? = (1°)° + (1*)?
= Ex0 _ mxe =0.0053 GeV?, (4.3e)
a0 g 2V6 m2(P,P,,) = 5[(K*)* - (K] — (1% = (*)?
=A°_ A" (4.22) =0.0213 GeV?, (4.31)
D Dpt =Ewe_Bw 2V8 m?*(P,P,) = 3[(1°)* = (1*)?] + (K*)* - (K°)?
=A*_ A%, (4.2Db) =0.0001 GeV?, (4.3g)
Qf - Ef=EFr-3f 2V'3 m3(PyP,,) = (2V2 /V3)m?(P,P,)
=¥ A =772_P82, (4.3h)
=152 MeV, (4.2¢) 2V3 m*(P,P,,) =1+ P2 - 2P 2. (4.31)
TABLE I. Estimated masses of baryons (see text).
. Mass Mass
1" isomultiplets (GeV) 321+ isomultiplets GeV)
= 2.50 (input) = 2.50 (input)
B@®) (&, 2.69 D@B)E} 2.65
19N 2.88 of 2.80
B) =, 3.75=2f, 9 DE) = 3.77+8/3fy,
Q 4.00 ~2f, /9 & 3.92 +8/3f55
2.26 (input) paa} 5.04 +8f5,

B(3*) Af
{ 2.49

I
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From the above relations (4.3c) to (4.3i) we can
obtain the mass relations among physical states
making the following transformation

n.=P, sin¢p - P,,cos ¢,
7’ = - Py sinf + cosf(P,cosd + P, sind) ,
n=P,cosf+ sinf(P,cos¢ + P, sing) ,
7°= P, cosy
+ siny[ Py cosb - sinf(P, cos¢ + P, sing)] .

Here we have three mixing angles 6, ¢,¥. 7° can
be assumed to be pure P, state, i.e., ¥=0. Sim-
ilarly, relations among vector mesons can be ob-

tained. In the calculations of the F-meson mass we

take the D meson to be the 1.87-GeV boson,
recently observed as a narrow state decaying to
(Km)° and (K7w7)° decay modes.®

V. SUMMARY AND DISCUSSIONS

In this work we have considered second-order
effects on the masses in addition to first-order
breaking by including contributions from 20”
and 84 representations. We summarize our re-
sults as follows:

(i) The Coleman-Glashow sum rule and its
charmed analog are reproduced by the general
mass-breaking operator (1.4). Some of the rela-
tions obtained in quark models' are also regained.

(ii) Contributions of 84 and 20” representations
for the baryons and mesons are expressed in terms
of particle masses; thereby, discrepancies in the
relations obtained in first-order limit are esti-
mated.

(iii) Assuming the universality of the ratios of
the higher-order parameters for the baryons and
mesons, we obtain a few hybrid mass formulas.
Similar hybrid mass formulas have been obtained
earlier in SU(3). Hybrid mass formulas obtained
by Coleman and Glashow® neglect the nontadpole
contribution corresponding to higher-order break-
ing (in the pure tadpole model n°=7*, a result
which is not present in our case). We have derived
hybrid mass formulas among charmed states
also.

(iv) Neglecting the T}3, T3, 732 components of
the mass operator (1.4), we obtain additional mass
relations given in Sec. IV. Mass values for
charmed hadrons are given in Table I.

(v) It is noted that the most general mass-break-
ing operator (1.4), in the absence of the T}3 com-
ponent of 84, predicts the SU(3) value of the A — Z°
mixing mass.” Mixing angles of other states in
20’ are also calculated.
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