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Analysis of hadronic decays of Q/J particles in generalized Veneziano models.
II. The /~3m decay
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Constructing the amplitude for the /~3m decay from the five-point Veneziano function for KK ~3m, we

calculate the 3n Dalitz-plot density. This amplitude well explains the characteristic features of the

experimental data. Calculation is also made with the Virasoro amplitude for the process /~3m which was

proposed by Cohen-Tannoudji et al. The Virasoro amplitude predicts an enhancement in the central region

of the 3m Dalitz plot. This fact is in disagreement with the experimental plot. Ratios among relevant

coupling constants and partial decay widths are evaluated with both our Veneziano amplitude and the

Virasoro amplitude. Experimental data prefers our Veneziano amplitude for /~3'.

In our previous paper' (referred to hereafter as
I), we suggested a mechanism which governs the
hadronic decay of the!j!/& particle into ordinary
hadrons, and studied, as a first application, the
tlat- 3m decay channel. ' We assumed that the tI) de-
cays into ordinary hadrons through mixing with

daughters of the u and/or Q recurrences. In the
case of the $- 3r decay, the daughters of the ~
recurrence tu, , with mass of n~ '

(i =9), domi-
nantly contribute. Hence, we could construct the
amplitude A (g- Sv) for the process g- Sv from the

five-point Veneziano amplitude for KK-3&. Then,
evaluating the relative strength of the coupling
constants at the gp&, gp&a, fgr, and (Ijp~& vertices,
we found that our amplitude A (!|!-3!!')well de-
scribes the gross features of the experimental data.

In this paper, we introduce the imaginary part
into the p trajectory n~(s) and calculate the Dalitz-
plot density for $-3w. Agreement with the experi-
mental 3m Dalitz plot is fairly good.

There is another work besides ours on the study
of the P- 3m decays. Cohen-Tannoudji e«~.' pro-
posed to use a Virasoro amplitude. ' Using this
amplitude, we calculate the Dalitz-plot density and
also the relative strength of various coupling con-
stants. Comparison is made with our results. We
find that the Virasoro amplitude predicts an en-
hancement in the central region [o.(s)= o (t)= 3] of
the 3& Dalitz plot, which is in disagreement with
the experimental data.

We start with theI =0 part of the five-point Vene-
ziano amplitude for KK- Sx, Eq. (2.8) in I, '

A~=o(KK Sv)ccrc „„p&&p"ap&'Jp"4 Q B (~ —1. , n —I, n —I, Qg5 —1. , o!gg —I),
&(S.4 ~5 &

where the function &, is defined as

1

&,(o» —1, o, —1, n —1, a~ —1, a„—1)= du, du u, "»(I-u ) "»u 45(1 —u ) "~(l-u,u ) "Si'~2s'~
«p

We obtain the desired amplitude A(g- Sv) by evalu-
ating the pole residue of Eq. (1) at o» = 9, since
o.„(m&')=9,projecting out the &=I part, and finally
by factorizing the KK&u, vertex. (In. general the
daughter &;=, may be degenerate and the factoriza-
tion does not hold. Here we have made a purely
phenomenological assumption that only one state
among the degenerate states u;=9 dominantly
couples to g and also to the K& channel, so that
the factorization procedure is permitted. )

The final expression of our amplitude for g-3r
is [see Eq. (2.13) in I]

A($-Sv) =Ca„„,~p,"P,"P;e~

&[D(s, t, u)+D(t, u, s)+DP, s, t)], (2)

where e is the polarization vector of P, C is a
normalization constant, and

s =s~ =(,+P,)',
t =s, =(P, +P, P,
u =sss = P'~+P, )'.

The scalar amplitude D(s, t, u) has the following
form.
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Therefore our amplitude, Eq. (2), is symmetric
in the variables s, t, and & ~ Also, it has an in-
teresting property which was emphasized in I: re-
sidues at even poles turn out to be zero in the limit
m~2 =o.

Next, we calculate the Dalitz-plot density. First,
we introduce the imaginary part into the p trajec-
tory a~(s), The p signals are clearly seen in the
experimental data' in Fig. 1. Thus we choose the
imaginary part so as to reproduce the p width.
Since the p width is about 0.15 GeV, we take

n) (s) =0 ~ 48+0.89s+Z0.14(s —4m 2) 2
~ (4)

0
0

dp(j ~) D{p(M~) CAp{M~)
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Now that the trajectory n~(s) has an imaginary
part, the expression of Eq. (2}becomes asymmet-
ric in the variables s, &, and +. So we rewrite Eq.
(2) such that the amplitude is manifestly symmet-
ric ln ~ t and+

A(g-Sm) =~Ce„ iP,"P,"P'e"[D(s, t, u)+D(t, s, u)

+D{&,~, s) +D(u, t, s)

+D(&, s, t) +D(s,u, f)].
(5)

The Dalitz-plot density for the final three pions
should be proportional to

2 5 4 5 6 7 8 9 10
M (Z, &&) [(GeV/c') ]

FIG. 1. (a) Experimental 31( Dalitz plot from B. Jean-
Marie et al. {R«.&). g&) Dalitz plot for events fulfilling
the condition that the invariant mass m in the $

yy decay channel is confined to the ~0 interval
(0& m&& & 0.35 GeV/c2). See W. Bartel et aL. (Ref. 2).

I ~g-8 )I'.

The resulting Dalitz plot is shown in Fig. 2. Com-
paring that with the experimental plots in Figs.
1(a) and 1(b), we find that the agreement is fairly
good. Especially, we can explain the experimental
fact in the (I}- 3m decays that the p& channel is
dominant. %e should note that the kinematical fac-
tor in Eq. (5) has the effect of enhancing the cen-
tral region, because

D(», ), )=Q~.(», ),.y(» —» (») (-.())) (»)

Other amplitudes, D{&,u, s) and D(u, s, t), are ob
tained from Eq. (8) by cyclic permutation. The
coefficients C„(s,f,~) are polynomials in the vari-
ables s, ~, and &, and their explicit expressions
are shown in the Appendix. The pole structures
arise from the Euler beta functions

The term D(s, t, u) in Eq. (2) comes from the
sum of particular particle configurations (8, 4, 5)
and (5, 4, 8), so the relation

D(s, t, u) =D{t,s, u}

holds. Similarly, we have

D(t, u, s) =D(u, t, s), D(u, s, f) =D(s, &, &).

Q~e, ~,P&P,"P;e"P=-,'[st" m, (m~ —m, ') ].
SPtA

(8)

But the sum of the scalar amplitude D(~, t, ~) and
others surpasses the effect of the kinematical fac-
tor and gives rise to suppression in the central
region of the Dalitz plot.

A different idea from ours on the decay of |I)- 3m

is proposed by Cohen- Tannoudji et a(t. ' They
pointed out that the following Virasoro amplitude4
should be used for the reaction g - w(P, ) +mP'')
+w, ):

g {s,t, u}=e», ~P,"P,"P,'e "V(s, t, u),

I'(-,' ——,
' a (s))I'(-,' ——,

' n(t))I"(-,' ——,
' a (u ))

1'(1-in(s) —a n(&))1 (1 —an'(~) —~2o@))1'(1 2~(&) k-~(s))-
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FIG. 2. Predictions of our Veneziano model for the
37' Dalitz plot. The diagram is divided into four parts
according to the density of events (maximum =10) as
follows: 0-0.018 0.1—0.5 I 0.5-2.5 G2.5-6 ~ 6
-10.

FIG. 3. Predictions of the Virasoro model.

(9)

This Virasoro amplitude does not have poles at
even integers of nz.

Using Eqs. (7) and (8) and the a& in Eq. (4), we

can calculate the Dalitz-plot density. The result
is shown in Fig. 3. Unlike our Veneziano model
for tJ)- 3&, we find an enhancement in the central
region of the 3m Dalitz plot. This disagrees with
the features of the experimental 3& plot.

In order to study the origin of the enhancement
more closely, we evaluate the Virasoro amplitude
at the poles of n(s) =1, 3, and 5, which correspond
to the poles of the recurrences p(1 ), g(3 ), and

i(5 ), respectively. e Then we calculate the relative
strength of the various coupling constants. We de-
fine the coupling constants as follows':

(10)

~f~ e ~ (v S '5 ()qg")(() iq™e'"e)
5

(12)

(13)

(14)eefTeee&/e(")Sn ' Sa "g)ee' ~

Qther coupling constants related to the daughter
particles p,'(1 ), p&(1 ), and g&(3 ) have forms
similar to Eqs. (9), (10), (12), and (13).

Calculations have been done in the limit ~,' =0,
i.e., a~(0)=e, and we arrive at the following ra-
tios:

TABLE I. The relative strength of the various coupling constants in the Virasoro and the Veneziano
models. The normalizations of the f's are defined in the text.

Virasoro
model

~Q ge/~Q p m

[(Gev/c') ]

3.2 X 102

g

2.8 X 10'

[(GeV/g ) ]

3.1 X 103

[(GeV/c2 )~]

1.2 4.S X 10'

Veneziano
model 7.4 X 10 5.9 X 10' 4.o 4.1 6.7 X 10'
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TABLE II. The ratios of the partial decay widths of Q in the Virasoro and the Veneziano models.

I'(4 ~g&)
I'(4 ~ j()&)

I'(Q ~g,.'7r)

I' (lit ~ pw)

I'(4 ~p ~)
I ()t|t™p&)

Virasoro
model 4, 1 X 102

Veneziano

model 1.4X 10' 2.5X l0' 8.3 X 10-'

ft p«'f p~' fp««. 'f ~':fp p,"'fp,~ fp(«'. f&««'.fp«,"'f«,««':fop, «'f p

=1:5.1&&10 ' (GeV/c') ':1.'l:1.3X10 ' (GeV/c') ":2.0&10 ' (GeV/c') ' 1 5 (15)

Note that the Virasoro amplitude px'edicts the cou-
pling strength of fop «'f p~~' to be roughly twice as
large as that of fp~mf~'. This fact and the kine-
matical factor in Eq. (7) join together to produce
the enhancement in the central region of the 3&

plot.
Further, the ratios of f««/f&, 2,ft«««/fp„, and

others can be obtained from the Veneziano ampli-
tude for the Trr elastic amplitude with the I =1 state
in the s channel, ' Eq. (3.10) in l. They are (in the
limit m, ' =0)

f 2 f 2 2
2 f4 Zg~1)'1f ~ I2 J P)ygf 2 «y «««4 0 f 2 89«t

/f 1'

2 f 2
&g%% 2 /2 ~ P~~

2 y 2 18'
PF1f P1f%

Using these values, we obtain the ratios of relevant
coupling constants to fp~'. They are listed in
Table l. Also listed are the predicted values for
the same quantities in our Veneziano model.

Finally, we calculate the ratios of the partial
decay widths of tI) into gm, im, etc. , to that of g
into p& both in the Virasoro and the Veneziano
models. They are listed in Table II. Prom Table
II, we see that the Virasoro model predicts very
large values for the partial decay widths of g into
pg& and p;&.

Why does our Veneziano model for g- Sm give

rise to suppx'ession in the centx'al region of the 3&

Dalitz plot~ This may have some relation to the
fact that the dual resonance model (more precisely
a six-point Veneziano function) predicts the expo-
nential damping at large transverse momentum in
the single-particle inclusive spectra of hadron-
hadron scatterings. ' Indeed there is a difference
between decay and scattering processes in the
respect of the physical regions of the Mandelstam
diagram. But both the central part in the t]tj Sm

Dalitz plot and the kinematical region in the large-
transverse-momentum phenomena correspond to
~here Isl, It I, and I&l »e l»ge. &»»espect,
it may be very probable that there are close con-
nections between the predicted features of the two
phenomena by the dual resonance model.
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APPENDIX

ln this appendix the explicit forms of the C„(s,t, u) in Eq. (3) are presented. The functions s„&„Z„Ã„
and ~„„aredefined as follows:

1

g, = '
t

' ]» ga's+.2a (0)—~]' —2[9 —a (0}][1—2a (0)]j,



790 JIRO KODAIRA AND KEN SASAKI 18

1

g 4[9 0 ] ([ + 2 (0)—,]' —2[9— (0}][1 —2 (0)]},

h, „= I[a's+~][a'u+ 2] —17[9—nz(0)$,
9 —a, (0) —4[-.' —n, .(0)]

49 —np0

where a' is the universal trajectory slope (=0.89 GeV 2).

C, (s, &, u) = [2a, (a, +1} (a, + 7) + 8g8(14a,~ ~294a, '+2415a, '+9800a, '+20307a, +19698a, +6534)

+&g2(10a,4 +140a,' +690a,' y1400a8 + 967}+~~,'(2a, "-+14a, +23) + ~»g 4],

8
C2(s, t, u) = b„[2a,(a, +1) (a, +6)+»g, (a, +3)(3a,4+36a,' y142a,2+204a, F84}

~6g, (a, +3)(a,'+6a, +7)+—,'g, '{a,+3}]
-bh, „[5(7a,'+126a,'+875a 4+2940a, '+4872a, 2+3528a, +720}

+(Lg, (5a ~ +60a,8+250a, '+420a, +232)+-', g,'(3a,'+18a, +25)+ ~»g, ']] .

C,(s, t,u) = (b„(b„+1)[2a. '8(a, +5)+6 g, (15a,4+150a,'+510a, '+675a, +274}+(Lg,'(3a, +15a, +17)+&g,']
2+g [T)a,(a, +1)' ' ' (a, + 5) +~»g, (15a,' +150a,'+ 510a,'+675a, +274) +~»g, '(3a,'+15a, +17)+g, g, ']

+(2b„+1)h„„[8(2ab+5)(3a,'+30a, '+95a, ' ~100a, +24) +(Lg, (2a8+5)(2a, '+10a, +9)+&g,'(2a, +5)]
+h, „'[~»(15a,'+150a, '+510a,'+675a, +274)+~»g, (3a,'+15a, y17)+A-g8']).

C (s & u) = fb„(b„+1)(b„+2)[2a,(a, y1) (a, +4)+2g, (a, +2)(2a, +Sa, +5)+,g,'(a, +2)]
8

~3g„(b„~1)[—,a, (a, +1) (a, +4)+&g,(a, +2)(2a,'+Sa, +5}+~»g,'(a, +2)]

+h, „(3b„6mb+„2)+[~(58a8440+a, ' 10+5 'ab100a, +24}+~~g,(2a,2+Sa, +7)+~»g, 2]

+(Lh, „g„[—', (5a 4+40a, '+105a,'+100a, +24)+—,'g, (2a, +Sa, +7) +~»g8']

+3h„„'(b„+1)g-(a, +2)(2a,'+Sa, +5}+f;g,{a,+2}]+h„„)'[82(2a,'+Sa, +7)+g;g,]),

C, (a, t)=( )(28, (b ~ 1) „(b„„~8)[, (a, +8)+-'-.a, (ba, ' ~ 18a, ~ 11)+aa,']

+2g„(6b„'+18b„+11)[-,'a, (a, + 3) +~»g, (6a,'+18a, +11)+~8» g,']
+&»g„2[3a, (a, + 3) + sg, (6a,2 +18a, +11)+&g,2]

+Sh, „(2b„+3}(b„2~3b„+1)[—,'(2a, +3)(a,2+3a, +1)+~»g, (2a, +3)]

+8h, ~„(2b„+3)[~»(2a,+3)(a,'+3a, +1)+~»g,(2a, +3)]

+2h„„'(Sb„'+18b„+11)[(6~»'+a18a, +11)+~8» g, ] +~»h„„'gg~~(6a,' +18a, + 11)+~88 g]
+@h, „„'(2b„+3)(2a,+3)+~»x f;h, „']..

Four other coefficients, C (s, t, u), C (s, f, u), Cs(s, t, u), and C~(s, f, u), are obtained by interchanging a,
with „,and g, with g„,in the expressions of C4(s, t, u), C8(s, t, u), C2(s, t, u), and C, (s, t, u), respectively.
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