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Aspects of large- p; multiple-jet production in hadronic collisions are discussed. The possible magnitude and
importance of such processes are investigated by making a detailed calculation of the triple-jet cross section
in the quark-fusion model. The essential parameters of the model, including an over-all normalization, are
known from fits to data of the (two-jet) quark-fusion model. Predictions for the two-pion invariant cross-
section are given for various configurations and charge combinations of the pions. Many of these results are
experimentally accessible, although they are often comparable with or exceeded by the results of a naive
independent-production calculation. The total contribution of the triple-jet process to the large-p; single-

particle yield may not be negligible in the model.

I. INTRODUCTION

In parton-model descriptions of large-p ; in-
clusive processes, in which two jets with equal
and opposite large transverse momenta are pro-
duced by a single hard scattering of hadronic con-
stituents, the large-p , particles in each event are
approximately coplanar with the beam. This need
not be so if more than two jets are produced in the
hard-scattering subprocess. Such noncoplanar
processes are interesting as tests of various theo-
retical ideas, as indicated below.

The term “jet” will be used here to denote col-
lectively final-state systems of one or more par-
ticles in which the particles have limited momenta
(typically 300 MeV/c) transverse to the jet axis
(the direction of the total momentum of the sys-
tem), but possibly widely varying momenta along
this axis. We shall assume that the overall invari-
ant mass of a jet is small compared withp ., V5.

Present data on high-energy inclusive hadronic
processes at large transverse momentum can be
well described in terms of the production of two
jets with equal and opposite large p,."

These jets are not necessarily identified with the
quark jets of deep-inelastic processes or e'e” an-
nihilation, and they need not have the same prop-
erties. For example, in the model described in
Sec. II, the nature of the production mechanism
ensures that the jets have physical quantum num-
bers ab initio and are thus immediately available
as final states.

In parton models the usual production mechanism
for the jets is a single hard scattering of two con-
stituents from the initial-state hadrons.?'3 Di-
mensional counting®® implies that, for large s and
fixed /s, this subprocess is described by

do .
2 =S F(¢/s) (1.1)
where (N+2) is the minimum total number of ele-
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mentary fields (e.g., quarks) involved in the hard
scattering. This gives the single-particle invari-
ant cross section®

E % ~ s VF(xy, 0) (1.2)
at large s, fixed x;=2p,/Vs and center-of-
mass scattering angle 6 (assuming that the momen-
tum distributions describing the particle content
of the jets are scale-free at large jet momentum;
i.e., they depend only on the ratio of the particle
and jet momenta).

The scaling form (1.2) is a good description of
the single-particle data, although the value of the
power N appears to have some dependence onparticle
type.®~® This may reflect the presence of several
hard-scattering mechanisms which dominate for
different detected particles.”® N=4 fits meson
data® throughout the CERN ISR experimental range
23< Vs 62 GeV, 0.1 x5 0.35. In the following
sections we restrict our considerations to this
kinematic region and assume that the dominant
mechanism giving this behavior for mesons is the
quark-fusion process described in Sec. II. We
shall not discuss a mechanism for baryon produc-
tion, although there is, for example, a significant
proton component at large p ;.

For a hard-scattering process in which the two
constituents of the incoming hadrons-(q,,q,) give
rise tom jets (g, ... ,q+2), the dimensional count-
ing generalization of (1.2) for the (m - 1)-particle
cross section is®

E3’ . .Em+l #&7(1;—;1 o~ S_NHl(g'is—q"') (1.3)
as s becomes large together with the ¢; *¢, (¢ #7).
Again (N+2) is the minimum number of elementary
fields associated with the hard scattering. The con-
tribution of this process to the large-p , single-par-
ticle cross section, from a fixed region of g, *q,/s
space, scales as
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E dl% ~ g Nm-2H (xp, 6) . (1.4)

Provided that the function H, in (1.3) is not too
singular as the ¢; *¢,;/s—~0, then the above qualifi-
cation can be dropped and (1.4) holds generally for
this process.?’ In this case, the two-jet mechanism
is necessarily the dominant contribution to the
single-particle cross section for s sufficiently
large (x, fixed), although multiple-jet mechanisms
may still contribute significantly at intermediate
energies.

The major relevance of such considerations for
present experiments is that in a two-jet process
all the large-p , particles are roughly coplanar with
the beams because of the limited transverse mo-
mentum of the initial-state partons. However, a
multiple-jet mechanism can give rise to large-p »
particles with azimuthal separation ¢ away from
0°and 180°. Hence, with two detectors having, for
example, ¢ =90° such contributions, if they exist,
can be studied separately from the two-jet pro-
cesses which are expected to dominate the ¢ =~ 0°
and 180° angular regions.

Experimental data from this largely unexplored
region will be an important test of current ideas
on large-p , events and may help to discriminate
between the various parton and nonparton models.
In the above framework, important questions are:
Do the cross sections scale? If so, how? Is this
compatible with dimensional counting? How much
of the single-particle cross section at large p .
comes from multiple-jet events?

A particular point of interest is whether the
cross sections for these processes are too small
to be observed. Some of the values predicted by
the three-jet model discussed below would appear
to be accessible experimentally.

In the remainder of this paper we present a par-
ticular model of a three-jet process and give
quantitative predictions of the invariant cross sec-
tion for the production of two large-p , pions. For
present purposes we shall assume that the produc-
tion of four or more jets gives only a small con-
tribution to this process.

The model used is a straightforward generaliza-
tion of a two-jet quark-fusion approach which has
been reasonably successful in describing CERN
ISR data on large-p , mesons and, recently, large-
p ¢ direct photons. The parameters of the model
are fixed or constrained by the earlier fits to
data. The resulting predictions for the three-jet
process are determined to within an order of mag-
nitude, with much of the uncertainty residing in the
absolute normalization rather than the shapes or
relative magnitudes of the cross sections. Some
remarks on the model dependence of our results

are given at the end of Sec. IV.

The quantitative predictions will be made for
the CERN ISR energy point vs=52.7 GeV, and for
values of p , similar to those used in present large-
p p correlation experiments at the CERN Split-
Field Magnet. Results at other energies (higher,
but not too much lower because of our small x,
values) can be obtained by a simple scaling.

The organization of this paper is as follows.
Section II gives a brief description of the two-jet
quark-fusion model and its comparison with ex-
periment. Section III describes the natural ex-
tension of the model to triple-jet production, and
obtains an expression for the two-meson invariant
cross section. Section IV gives quantitative pre-
dictions of the two-pion cross section for various
values of ¢, transverse momenta, rapidities, and
charge combinations of the two pions. Section V
discusses further some of the points which have
arisen.

Numerical results of the calculations described
in Secs. III and IV are displayed in Tables II and
III and in Figs. 6, 7 and 8. For comparison,
Table IV gives results of a simple independent-
production calculation for the two-pion cross sec-
tion. From a parton-model standpoint, the intui-
tive physical interpretation associated with this
approach would seem to be double scattering in
which two pairs of jets are independently produced.
However, it is not clear that such a contribution,
at least as estimated by (4.5), is actually present.

For example, a detailed calculation of double
scattering in the quark-fusion model is more com-
plex and is dependent on extra assumptions. Per-
haps we should regard Table IV as just a useful
yardstick with which to compare the three-jet pre-
dictions.

II. QUARK-FUSION MODEL FOR LARGE-p, MESON
PRODUCTION

The model described below is essentially that
due to Landshoff and Polkinghorne.® The main dif-
ference lies in the specific incorporation of a jet
structure. This modification has also been de-
scribed elsewhere.!% !

The hard-scattering subprocess is taken to be

q +g —two jets, (2.1)

where the quarks are not colored and the two jets
have meson quantum numbers. From (1.2), the
single-particle inclusive cross section has the
form
do
E d—:ip' o S_qF(XT, 9) , (2.2)

which, as noted in Sec. I, is a reasonable descrip-
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FIG. 1. Single-quark exchange approximation for the
high-energy fixed-angle scattering g +q —~two jets (with
meson quantum numbers).

tion of data in the ISR range.

Taking colored quarks in (2.1) and keeping the
jets physical (i.e., uncolored) multiplies the func-
tion F in (2.2) by 3. In order to preserve the two-
jet fit to the single-particle data, certain vertex
constants C,, Cj, defined below must then be in-
creased by a factor (3)/%. This would have the
consequence that the quantitative predictions of
Sec. IV for three-jet processes are multiplied by
an overall net factor of V3.

To obtain an explicit form for the function F in
(2.2) requires knowledge of the quark momentum
distributions of the initial-state hadrons, a model
for the hard-scattering amplitude, and information
on the particle content of the jets.

The first of these can be derived from an analysis

of the individual quark contributions to the deep-
inelastic structure function:
v = D e tFiw) . (2.3)
zZ=@,N,\
@i, X
The function wF%(w) may be regarded as the proba-
bility density for finding a quark of type z, with
fractional momentum w™!, in the incident hadron.
The hard-scattering amplitude is assumed to be
dominated by single-quark exchange (Fig. 1). The
exchanged quark has large mass squared k°. The
form of its couplings to the jets is suggested by a
Bethe-Salpeter equation approach to the pseudo-
scalar-meson vertex (see Ref. 12). This gives

C,»(~k)"", where C,,y are constants. According-
M5 y M

ly, the jet vertex will be assumed to have the ef-
fective form Cje(-£%)"Y/2. [y =} is the value re-
quired for Fig. 1 to satisfy the dimensional count-
ing result of (1.1). Also the y-matrix structure of
the vertices is taken to be simple; for many re-
sults this gives little difference anyway.] Cjeis a
constant which may be regarded as given by

[Cial?=D_ IC, 17,
a

where C,(-k%)"'/2 is the coupling for one of the
final substates o that are collectively denoted by
the term jet.

The jet is taken to consist of nonet final states
with U(3)-symmetric couplings to the quarks. This

does not give any significant quantitative difference
from the SU(3) case, but simplifies the calculation
by causing the contribution from interfering ampli-
tudes to vanish identically in almost all cases.

The one remaining ingredient is a knowledge of
the momentum distributions of particles in the jet.
A recent analysis of large-p, correlations in a
general two-jet picture'® indicates the presence of
a single-particle mode of the jet, which, although
small (a few percent of all jet final states), can,
however, dominate the large-p, triggers in single-
particle inclusive experiments. This surprising
fact arises from the large bias induced by the trig-
ger. Since cross sections fall rapidly with trans-
verse momentum, and a multiparticle jet generally
has much larger p, than its constituents, the sin-
gle-particle mode of the jet is greatly enhanced.

Accordingly we make the simplifying assumption
that the hard scattering in single-meson inclusive
experiments at large p, is (Fig. 2)

q +q ~ meson (trigger)
+jet (meson quantum numbers) . (2.4)

In all essential details, the calculation of the
single-particle invariant cross section is as in
Ref. 9 and gives

do  C/lCit [
E ~ M jet f d d _1 4
a% 321%,° J, a,da,b(a, +a, - 1)a,
2 2a
y —_t (=2
*F2.u (xTcot§9> %4 (x,tanée)

+(6=-71=-6, H—H') (2.5)

summed over all contributing ¢g pairs (y,z). Note
that (2.5) has the form of (2.2) as required. The
two terms in (2.5) are the independent contribu-
tions of the two diagrams of Fig. 2. It turns out
that their interference terms cancel exactly for
SU(3) octet single-meson triggers if the antiquark
distributions of H, H’ are SU(3)-symmetric. The
proton structure functions used in Ref. 9, and to
be used here in Sec. IV, have this property. Ex-
plicitly they are

FIG. 2. (Two-jet) quark-fusion diagrams for H+H'—M
+X at large pp.
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F¢(w)=2R+D, F¥w)=R+D,

_ (2.6)
Fg(W) =D, z =)\,E’,9’L,X
where
R(w) = % (1 - _> V2

The single-particle cross sections calculated
from (2.5) and (2.6) agree reasonably well with
ISR pp data. A fit to the large-p, data of Ref. 8 for
7° production and Ref. 6 for 7*, 7~ gives the value
(C,Cie)?=14 GeV.

In the original model of Landshoff and Polking-
horne,® the basic process is g +7 - two pseudo-
scalar octet mesons. This leads to (2.5) with
C,’Cju”® replaced by C,* (and so C, =14 GeV to fit
data). There are also nonvanishing contributions
from cross terms. However, there are no signifi-
cant differences between this model and the pres-
ent picture for the prediction of single-particle
cross sections in pp interactions. In particular,
both models give similar results for large-p, par-
ticle ratios which agree well with ISR data® [ex-
cept that the predicted K/ ratios are typically too
high by a factor of 2 because of the assumption of
exact SU(3)].

The introduction of a jet structure in the present
model accommodates the increasing experimental
evidence for jet production. There are also two
other important direct consequences of this modi-
fication.

One is that a prediction,'* that

ap—-m+X

=Tt X > 1 at large p; ,

is substantially revised!® and is in better agree-
ment with data.!’® The other is that the cross sec-
tions predicted by Escobar for the production of
large-p, direct photons (by the mechanism of Fig.
3) are increased'! relative to an earlier calcula-
tion'® and are now compatible with recent ISR
data.”

The parameter A = C,°/Cj.°, which is the proba-
bility that a freely produced jet consists of just a
single particle, is not as yet well determined by
the data. Consideration of the correlation, meson
beam, and direct photon data suggest that X is
about 1-5%.

Finally, let us note that the rather large values
of the vertex constants C raise the question wheth-
er multiple-jet processes might not yield larger
contributions to the single-particle cross section
than the two-jet process described above. This
self-consistency aspect of the model will be dis-
cussed further in Sec. V.

IIIl. MODEL FOR TRIPLE-JET PRODUCTION

Figure 4 is the natural extension of Fig. 2 for
the production of three large -p, jets. In this sec-
tion, the three-jet invariant cross section due to
this process is considered. After deriving this
result, we integrate over the momentum of one of
the jets and multiply by A? to obtain the two-meson
invariant cross section. Thus the hard scattering
eventually considered is

q +7 —two mesons (detected)
+jet (meson quantum numbers) . (3.1)
Hence we expect, using (1.3),

do

EE: 5% 4%,

~ s"%H(dimensionless invariants) . (3.2)

As before, it is assumed that the triggers are
dominated by the single-particle modes of the jets.
However, there is less justification for the
assumption in this instance. When two large -p,
particles are detected, the transverse momentum
falloffs need not be as rapid as in the single-par-
ticle case, particularly for certain configurations
in which increasing the momentum of one of the
detected particles can be compensated by a de-
crease in the p, of the undetected balancing jet.
Consequently the multiparticle modes of the jets

FIG. 3. Quark-fusion diagrams for direct photon pro-
duction at large pq.

FIG. 4. Quark-fusion diagram for production of three
large-pr jets.
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FIG. 5. General amplitude whose discontinuity contri-
butes to our calculation of triple-jet production at large

br.

may give a more significant contribution. In that
case, (3.1) gives only a lower bound to the cross
section.

The additional input necessary for the calculation
of (3.1) is the form of the central jet/meson vertex
of Fig. 4 which has large mass squared %, k’? in
both quark legs. The Bethe-Salpeter equation ap-
proach used in Sec. II gives (see Ref. 12)

vs| dun()uk+(1-p)k?]-7 (3.3)

for the pseudoscalar-meson vertex (again keeping
the y-matrix structure simple). Taking y =3 gives
the dimensional counting result for the hard scat-
tering and is consistent with the vertex used in
Sec. II when one of %?, k’? is kept fixed while the
other becomes large. As before, a similar form
is used for the jet vertex.

In the calculation we take 7(u) proportional to
[6(n=a)+6(u—-(1-a))], and vary a between 0 and
 to examine the effect of choosing different weight
functions 7. (A sum of two 6 functions is used so
as to leave the vertex invariant under the inter-
change of #° and k’2.) The magnitude of n(y) is
constrained by our requiring that C,y,(=#%)~"2 or
Cjet(=%?) 12 be obtained when £’? is held fixed and
E* becomes large.

The resulting meson and jet (central) vertices
used in the calculation of Fig. 4 are

CM'}’SZ(OZ; kz, klz),
Cjetz((! N kz, k'z) N
respectively, where

a(l-a)]/?
va +(1-a)?

x{[ak?+ (1= a)k?]" 2+ (B — D)},
O<a<z. (3.9

Z(a, B, k') =

An important point for the calculation is that not
all contributions from interference terms vanish,
although the assumption of U(3) symmetry for the
jet couplings still results in considerable simplifi-
cation.

We use Sudakov parameters [;,m, to express the
three jet momenta p;, of Fig. 4 partially in terms
of the incoming proton momenta a, b,

pi=lLa+mb+p,p (:=1,2,3), (3.5)
where
apir=0pr=0,
bir®==DBir" -
The parameters [;,m,; are related top;, 8; by
Bir’ =~ lim;s

L 1/2
cot36; = (—‘-)
m

(3.6)

(for jets with limited finite invariant mass as p,,V's
become large together).

Figure 5 shows the general amplitude whose dis-
continuity contributes to the three-jet inclusive
cross section in our model. In Fig. 5 (J,,J,,J,)
and (K,, K,, K,) are permutations of (p,,p,,ps). We
will use J and K to label the corresponding permu-
tations of (1,2,3). The six permutations of (1,2, 3)
are numbered as follows:

1. (1,2,3), 2.(1,3,2), 3.(2,3,1), .
4, (2,1,3), 5.(3,1,2), 6.(3,2,1).

Thus the diagram corresponding to (J, K) = (2, 6) is
Fig. 5 with (J,,J,,J3) = (p 1,0 3,0>) and (K, K,, K;)
=(psp2sb)-

The term denoted by Fig. 5 can be identified with
the term in the squared total amplitude for three-
jet production, consisting of the product of the
amplitude of Fig. 4 with permutation J of the p; and
that with permutation K, summed over the final
states of the quark-proton amplitudes. Thus the
cross terms correspond to Fig. 5 with J # K.

We now derive an expression for the contribution
of Fig. 5 for arbitrary (/, K) in the limit as s be-
comes large with [;,m,; fixed. First note that

Ji=lpyarmynb+pyyr (6=1,2,3)

(3.8)
Ky =lgiya+mg b +p eiiyr -

Let y,z label the partons participating in the
hard scattering. Lety,z carry fractions «, v of
their parent protons’ momenta a, b, respectively.

Then the distribution functions for y,z are
FJw™")/u, FZ(v™")/v, respectively, and the con-
tribution of Fig. 5 to E,E,E.do/d%,d,d*, is
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Y (=1 -1 1 M2 s
~f dudv Fju u)vF 2(v7) 82n) |2u1ljs(21r) 54 ua+vdb-33p,) , (3.9)

where |M|? is that part of the squared total amplitude for
y + 2z - three jets

(ua) (‘Ub) (Pl’PZ}pS)

associated with Fig. 5
To leading order in s

IM |2~ Cief(umyyy8)~>*Z(a, umy, s, Ol (38) (V175 8) ™2 (vly 5 8) ">
XZ(Q, um,m)s, ‘UlK( 3)3)(um1((1)s)—3/2Tr[ud(ud —Jl)('fg— Uﬁ)vﬁ(xa - vb)(ud - Kl)];_ ’

where the internal quark propagators have been included and an average has been taken over the spins of
y and z. This leads to

Ciu’Z(a,um vl ) Z(a,um vl )
M 2 o 3 J(1)s J(3) K(l)’ K(3) (dJJ KK K . 3.10
I I 4S u'l)) (m.l(l) l./(3) lK( 3)mK( 1)) 1¥ 3 3 1) ( )

This is a rather heuristic derivation so far. A more rigorous approach would take greater care over
relating the discontinuities of the forward quark-proton amplitudes in Fig. 5 to the deep-inelastic structure
functions F}'*(w). Such an approach is used in Ref. 9. It does not alter the results given here.

Performing the double integration in (3.9) and using the expression for |M|?in (3.10) gives

52(251 T)CjetSWy,z;J.K

where

zZ ! Z( )
(a,umyy, vl ) Z(@, umy gy, v I;(s\) FRu YFi(o-)Tr(dd J BKK,) | (3.11)

W, s k=
Nzl K (4m)°s°(uv)*( m.l(l)ll(s)l[((ﬂ)ml((l))

where now u=3,1;, v=)m,.
Summing over all contributing 47 pairs (y,z) for a given permutation (J, K), and thenoverall (J, K), gives
the three-jet cross section

do
E.EE, ———35—
5 Tp,d %%,

~6°( P;r)Ciet® W, (3.12)
where Wis a sum over the functions W, .., x defined by (3.11). The 6 function in (3.12) reflects the fact
that in this model the (inclusive) production of three large-p, jets is due to an (exclusive) subprocess, and
the generation of large p, is confined to this subprocess. The & function is the leading order approxima-
tion, in the sense that, in practice, it is smeared out over a finite region due to the finite transverse mo-
menta of y and z.

The two-meson cross section is obtained from (3.12) by integrating over one of the jet momenta and
multiplying by A*=C,*/Cj*. This gives

w + - -

E\E, m o Cchje‘zf d4p326 (1,mys —p312)62(2p,-7-)w

1
~AM2(C, Cie)® f Al dmsd(lym, — 2x2)W, (3.13)
0
where
X 2'5]1*’52:1 .
T3 \/_S.

From (3.11), since the trace is O(s?), it follows that (3.13) does indeed scale as (3.2).
For completeness, we give an explicit form for the expansion of the trace in (3.11). The general result
is (to leading order in s)
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[2J, K, (4], K 2J,°K, .
Tr(dJ,ng‘KgKJ = %S3L‘—L_‘L <"'_3“3 = LrsyMi(ay = LeyMy 3)> + s (s sy + Lery M s)

S S
2J.°K 2J.°K,
+ “"S_”’L(lu‘l)mx(a) Flry M) = —;—3(1J(l)mx(1) + gy (1))
2, -J 2K, K
+ T Uk = ey M) ¥ 5 (L My = lm)mua))] . (3.14)

For any particular choice of (J, K), some of the
terms in (3.14) vanish in leading order. For ex-
ample, if J=K then 2J,K,/s, 2J,°K;/s=0(1).

IV. CALCULATION

In this section, quantitative predictions are
given for pp — 7w+ X at high energy and for large
pion transverse momenta (py= 1.5 GeV/c¢). The
results of Sec. III can also be applied to obtain

—

predictions for other beams and other double-me-
son triggers.

We start from (3.11). The dependence of the
functions W, .., , on y and z is contained in the
factor F3(u~')F%(v™"). These structure functions
are again taken to be given by (2.6). Accordingly,
when W, .., , is summed over the contributing gg
pairs (y,z), this is equivalent to replacing
Fw)FZ(v™") in (3.11) by a certain linear combi-
nation of R(u~*)D(v™"), D(u " )R(v™"), and D(u~")

TABLE I. See text. Each entry gives the relevant coefficients of R (x)D(w1), D@ )R v1),
and D)D) in that order. If all three coefficients are zero, the corresponding entry is
left blank. In each column heading, the first pion is the one with momentum p; (the second
having p,). To obtain the coefficients for n’-r*, m"—n*, and 7%-7~, note that interchanging the
momenta of the two pions is equivalent to the interchanges 1+—~4, 2+—3, and 5~ 6 in J and
K, and that the coefficients for (J,K) and (K, J) are the samie.

J,K tort o P T m=-m® 70 g0
1,1 3,%,3 6,3,6 3,38 2,38
2,2 2,2,2 2,%,2 2,1,2 1,1,2 1,%,2 .2.?2.2
3,3 2,2,2 3.2,2 1,2,2 1,1,2 %,1,2 %%2
4,4 3,%,3 3,3,6 $3.3 g.,.g.,s
5,5 $.3,8 3,3,6 3.%.3 34,3
6,6 3,3,3 3,6,6 35,3 3,23
2,1 0,%,0 0,~%+,0

3,1

4,1 -3,-%,-3 -3,-3 - 3.%,3
5,1 2,1,2 $.3,2
6,1 2,2,2 $.4.2
3,2 2,2,2 1,1,2 %%2
4,2 0,=%,0 0,%,0

5,2

6,2

4,3

5,3 -%,0,0 .;.,0,0

6,3 0,0 _%,0,0

5,4 1,1,2 %%2
6,4 1,2,2 1,32
6,5 -1,-3,-3 -%,-%.-3 1,338
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D(v™Y). There is no R(u"*)R(v™") term because of
the absence of valence antiquarks in the proton.

The coefficients in this linear combination de-
pend on the detected mesons and on (J,K). As re-
marked earlier, certain simplifications occur be-
cause the final states in the balancing jet are taken
to form nonets with U(3)-symmetric couplings to
the quarks. Table I lists these coefficients for the
six two-pion charge combinations and the 21 dif-
ferent (J, K). [It is easy to show that the cross
section contributions from (J, K) and (K,J) are
identical. Thus of the 36 diagrams of Fig. 5, no
more than 21 give independent contributions. ]

The blank entries in Table I denote diagrams of
Fig. 5 which, from considerations of quantum num-
ber flow and, in particular, the U(3) jet couplings,
can be shown to give no net contribution to the
relevant two-pion combination. The fractional
values in Table I arise from the 1/vZ of the #°
quark wave function.

For the calculation, we take the parameters «

do ! dl
EE, ———— ~AY%(C,C;, s(f 3y
172 d% . d%, (CuCier)

(1/2)xpg la

This splitting of the integral gave better conver-
gence properties.

In calculating specific large-p,,,p,; Cross sec-
tions, it should be remembered that the results
will not in general be valid unless |D,,+D.z|, the
balancing transverse momentum of the jet, is also
large. This imposes a strong restriction on pract-
ical calculations for ¢ =~180°.

All the results presented below are calculated
for the ISR energy point Vs =52.7 GeV. Predic-
tions at other energies can be obtained by scaling
according to (3.2) (keeping xp,, x5, fixed rather
than [P, 4|, [D.rl, etc.).

Table II gives the model predictions of the in-
variant cross sections for producing a large-p, 7*
(particle 1) and a large-p, 7~ (particle 2). Both
pions have zero center-of-mass rapidity y. The
cross sections are given for x,,=0.06,0.08,0.1,
0.12 (p,~1.58, 2,11, 2,64, 3.16 GeV/c, respec-
tively) and azimuthal separations ¢ =0°, 90°, 120°
%7, =0.1 throughout. Also shown are the relative
multiplicities of the other two-pion combinations
at each of these values of (x,, ). Table III gives
the same results for y, =0, y,~1.6. (y,=In5=~1.6
corresponds to the convenient choice I,=3x5,,m,
=16 ¥12-)

Obtaining results at ¢ =180° is complicated by
the restriction to large |P,;+D,7| noted above. A
final row in each of Tables II and III gives predic-
tions of the model for x,,=0.14, x,,=0.07 (p 5,

g
my=xpa/aly J(1/2)xpz M3

and X to have the values
a=0.5 x=5%. (4.1)

The variation in our results for different values of
a has been investigated and found to be relatively
small. «=0.5gives the maximum value of

|Z(a, K, k%) for fixed k*, k'>, However, in going
from @ =0.5 to @ =0.1, our predictions are de-
creased (roughly uniformly) only by about a factor
of 2. A similar decrease is obtained in taking

X =1% instead of 5%, since (3.13) only has a square
root dependence on .

The main normalization constant (C,Cj.)"” is
again taken equal to 14 GeV, in accordance with
the fit to data described in Sec. II.

From the above, the function Wof (3.12) can be
obtained and integrated, as in (3.13), to give the
two-pion invariant cross section. In actual prac-
tice, numerical integration using Gaussian quad-
rature was applied to (3.13) in the form

1
dmy (4.2)

I3 :"T32/‘*’"3> :

r

~3.69 GeV/c, prs=|D1r+Dor| =1.84 GeV/c) at
¢ =180°

The zeros among the ¢ =0° entries of Table II
represent the vanishing of the predicted cross sec-
tion to leading order in s. For 7" -r"and 7~ -7~
thisisbecause all the contributing diagrams contain
the factor 2p,+p,/s which is o(1) at ¢ =0°. The
other zeros in the ¢ =0° x,,=0.1 row result from
destructive interference.

The entries of Tables II and III satisfy the identi-

ty
Z [do(n* 7°) + do (7~ 1°) = 2do(7°7°)| =0 . (4.3)

c=+,0,-
This is a special case of
do(n")+do(n™) =2do(n°) . (4.4)

Equations (4.3) and (4.4) are isospin relations
which hold in models, such as quark fusion, in
which the production mechanisms are proton
+[-spin singlet — 7 + X, 7+ X, respectively.’® The
isosinglet for the case of quark fusion is the quark
sea of one of the protons.

The results set out in Tables II and III have cer-
tain interesting features.

Owing to the variety in contributing processes
and the existence of large cross terms, the rela-
tive multiplicities of the two-pion charge states
cover a wide range and they have significant de-
pendence ony,, ¢, and xp,.
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TABLE II. Predictions of the three-jet model of the text for various two-pion inclusive
cross sections at large pr in pp interactions. xp=2py/ Vs, ¢ is azimuthal separation of the

two pions, v is the center-of-mass rapidity. The subscripts 1 and 2 denote the first and

second pions in each column heading, respectively. vs=52.7 GeV. Predictions for other

energies can be obtained by scaling according to (3.2). At vs=52.7 GeV, x7=0.06, 0.07,

0.08, 0.1, 0.12, and 0.14 correspond to pr=~1.58, 1.84, 2.11, 2.64, 3.16, and 3.69 GeV/c,

respectively.
EE -3——-3-—‘1" (1)
V=V = 172 P1d°py T Other 77 combinations relative to 7°7~

) Ty Xy (mb GeV-4cb) A S L o0 S S S L S S LU SO

0° 0.1 0.06 6.7 x10-° 0.03 0.02 0 0 1.02 1.08 0.03 0.02
0.08 1.3 x10-° 0.005 0.004 0 0 1.01 1.03 0.005 0.004

0.1 3.1 x10°10 0 0 0 0 1 1 0 0

0.12 8.4 x 101 0.003 0.002 0 0 0.98 0.97 0.003 0.002

90° 0.1 0.06 5.0 x 108 0.34 0.30 0.04 0.02 0,74 1.06 0.34 0.29

0.08 1.2 x1078 0.31 0.28 0.04 0.02 0.75 1.02 0.32 0.28

0.1 3.0 x107° 0.30 0.27 0.05 0.03 0.75 1 0.30 0.27

0.12 8.3 x10-10 0.29 0.26 0.05 0.03 0.76 0.98 0.29 0.26

120° 0.1 0.06 2.6 x10™7 0.58 0.48 0.06 0.03 0.53 1.04 0.58 0.49
0.08 8.0 x107% 0.56 0.46 0.05 0.03 0.54 1.02 0.55 0.46

0.1 2.2 x108 0.53 0.45 0.05 0.03 0.55 1 0.53 0.45

0.12 5.8 x10-° 0.52 0.44 0.06 0.03 0.56 0.99 0.52 0.44

180° 0.14 0.07 7.6 x1078 1.06 0.82 0.06 0.03 0.10 0.99 1.02 0.86

The cross sections, as a whole, decrease with do 1 do do

xp, and increase with ¢ as expected (increasing ¢
decreases the total transverse moimentum gener-
ated in the hard scattering). Most, though not all,
cross sections are higher at y,~ 1.6 than at y,=0.
The x;, ¢, and y, dependences of the 7" -7~ cross
section are looked at in more detail below.
Table IV gives the results expected on the basis
of an independent-production picture, where

E

E = -
v dapldspz Tinelastic - El d%l E2 dapz )

(4.5)

The single-particle cross sections for calculating
(4.5) are taken from the 7° data of Ref. 8 and the
7', 7" data of Ref. 6. Table IV gives only the de-
pendence on x,, since there is obviously no ¢ de-
pendence in (4.5) and the variation of the single-

TABLE III. See caption to Table II.

do e
BTty T

y1=0,v,~1.6 Other mm combinations relative to m*n~
o) xpy  Xpg (mb GeV™ cb) A U o U & A S O I o S P S L
0° 0.1 0.06 1.5 x10-8 0.67 0.54 0.26 0.14 0.77 135 0.68 0.53
0.08 1.8 x10°° 0.70 0.58 0.34 0.18 0.82 140 0.73 0.54
0.1 2.9 x10-10 0.72 0.63 0.42 0.22 0.88 1.49 0.80 0.55
0.12 5.1 x101 0.76 0.69 0.50 0.25 0.96 1.61 0.89 0.56
90° 0.1 0.06 1.1 x1077 0.73 0.56 0.22 0.12 0.70 1.34 0.73 0.55
0.08 1.6 x108 0.75 0.59 0.28 0.15 0.74 1.39 0.78 0.56
0.1 2.8 x10-? 0.78 0.62 0.35 0.18 0.79 1.45 0.83 0.57
0.12 5.1 x10-10 0.82 0.67 0.43 0.22 0.85 1.55 0.91 0.58
120° 0.1 0.06 5.9 x 1077 0.74 0.55 0.14 0.07 0.64 135 0.74 0.55
0.08 1.1 x1077 075 0.56 0.16 0.09 0.66 1.38 0.76 0.55
0.1 2.0 x107® 0.77 0.58 0.21 0.11 0.69 1.43 0.80 0.55
0.12 3.5 x107 0.80 0.61 0.26 0.14 0.74 150 0.86 0.56
180° 0.14 0.07 3.0 x10~7 0.76 0.55 0.04 0.02 0.56 1.37 0.75 0.56
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TABLE IV. “Independent production” results (see
text) for a two-pion invariant cross section at Vs =52.7
GeV. The dependence on the particular (rr) charge com-
bination and (moderate values of) y;,y, is small and com-
parable to the uncertainties in the large-pr single-pion
data from which the entries are calculated.

do
E\Ey—5—g— (1)
"2 q3pdp, (
(mb GeV- c)

X7y XT2

0.1 0.06 9.0 x 1077
0.08 1.3 x 1077
0.1 2.4 x10°8
0.12 3.9 x10°°

0.14 0.07 1.2 x10-8

pion cross sections with charge and rapidity (up
to y ~1.5) is fairly small. Comparing Table IV
with Tables II and III shows that if there is such
independent production of the two large-p, pions,
the resulting cross sections are in most cases
comparable with, or exceed, those due to the

(r+w-) (mb GeVéc®)
3

P 3

do
dlpldS

E\E;
3,

10 006 0.08 01 012
xn= X712
FIG. 6. Triple-jet prediction for the 7*-7" invariant

cross section, plotted as a function of x4 =xp for ¢=0°,
90°, and 120°. ¥,=y,=0. The absolute normalization
corresponds to Vs=52.7 GeV. The dashed line is the in-
dependent production result at this energy. Since the two
processes scale differently, the dashed line will fall
faster than the solid lines as the energy is increased.
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FIG. 7. Triple-jet prediction for the 7*-7" invariant
cross section, plotted as a function of the azimuthal
separation ¢ for y,=0 and =~ 1.6. xp;=0.14, x7,=0.07.
¥1=0. Subscripts 1, 2 denote the m*, 7" respectively.
The absolute normalization corresponds to vVs=52.7 GeV.
The corresponding independent-production result at this
energy is 1.2x 1078 mb GeV™ cf.

three-jet mechanism considered here. However,
at higher energies (with x5, xp,, etc. fixed) the
three-jet contribution is expected to be the more
important because of the scaling behavior of (4.5)
implied by (2.2). This is in fact already the case
for our results at ¢ =180°. These points are dis-
cussed further below.

The x;, ¢, and y, variations noted in Tables II
and III are examined further for the case of the
n*-7m" cross section in Figs. 6,7 and 8. Figure 6
shows the dependence on x,, = x5, for ¢ =0° 90°
and 120° with y,=0. The independent production
result is also displayed. Figure 7 gives the varia-
tion with ¢ for y,=0 and y,~1.6. Figure 8 gives
the variation with y, for ¢ =0° 90° and 180°. All
these figures have y, =0. Figures 7 and 8 have
xp, =0.14, x5,=0.07 so as to allow inclusion of
¢ =180° in the plots. Subscripts 1,2 denote the
7', 7~ respectively. One interesting conclusion to
be drawn from Tables II, III and Figs. 7, 8 is that,
to increase (three-jet) event rates, the detector
for the pion with smaller p , should be set away
from 6=90°

Our predictions can be compared with data in two
regions. The CERN-Columbia-Rockefeller-Saclay
collaboration (CCRS) at CERN ISR have performed
an experiment® on large-p, two-particle correla-
tions, with momentum measurement, at ¢ = 0°and
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FIG. 8. Triple-jet prediction for the 7*-7" invariant
cross section, plotted as a function of the 7~ rapidity ¥,
for ¢=0°, 90°, and 180°. xp;=0.14, xpy=0.07. y;=0.
The absolute normalization corresponds tovVs=52.7 GeV.
The corresponding independent production result at this
energy is 1.2 x10”% mb Gev™* ¢8.

¢ ~180°. (Note, however, that there is some un-
certainty in a direct comparison with our results
as CCRS measure a partially-integrated two-par-
ticle cross-section). Since, in our picture, the
correlations at ¢ ~0°, 180° are largely due to the
two-jet process of Sec. II (see for example Ref.
13), we require the three-jet results to fall below
these data. At ¢ ~0°, our predictions are orders
of magnitude lower than the data. At ¢ ~180° the
prediction of Table II, although higher than inde-
pendent production, appears to be below the data
by a factor of about 5, possibly more.

Finally in this section, let us consider some as-
pects of the dependence of our results on our par-
ticular assumptions:

We note that the simple partondistributions of (2.6)
are probablyinaccurate at small w (and the seadis-
tributionis only poorly determined experimentally
in any case). This should not have too much effect
on our results, which are at low x,, with the pos-
sibie exception of those at large rapidity.

If, instead of quark fusion, we had started from
a meson-bremsstrahlung process® for large-p,
single-meson production, and generalized that (to
qM—~MMy via t-channel quark exchange), then be-
cause the relevant vertices would have a similar
form and size,'* our intuitive expectation is that
they, ¢, and x, distributions would be similar in
shape and roughly of the same order of magnitude.
However, the relative magnitudes of the different

77 combinations could be completely different.
(The latter also depend somewhat on the assump-
tion that only the single-particle modes of the jets
contribute significantly to the large-p, triggers.)
Also, we would not be confident of any such sim-
ilarity in the case of an extended gg-scattering
model.

V. DISCUSSION

Firstly let us consider the question of the con-
tribution of the three-jet process to single-meson
cross sections at large p;. This is rather difficult
to assess because, in integrating over p, in (3.13),
one is confined to regions of phase space in which
[Dorl and |P,p +D.p| are both sufficiently large so
that not only is a three-jet description appropriate
(one of the jets of Fig. 4 cannot be just simply ab-
sorbed into the low-p; quark-hadron amplitudes of
Fig. 2), but also so that the restriction of our cal-
culation to the leading order term is valid.

Most of the three-jet contribution to the single-
particle cross section comes from near the edges
of these regions, and, since the boundaries are
i1l defined, the difficulty is a real one. As can be
seen from Fig. 7, the important contribution to the
single-particle cross section comes from nearly
coplanar three-jet processes, and consequently
the situation is rather similar to that encountered
in calculating the two-meson cross section at
¢ =~ 180° It might be thought that the apparently
small contribution of the three-jet process to the
two-particle correlation data of CCRS at ¢ ~180°
is encouraging. However, the contribution of this
process to the single-particle cross section comes
from integrating over

d “ ”»”
ZElEzwz%(nl, jet with “M” quantum
u 2 pumbers)

rather than

— do
E\E, ———— (1, , M) .
% Bibe T,

The former exceeds the latter in our picture by a
factor A~'=20.

For the reasons outlined above, it is difficult to
give a definite result. However, after examining
this problem in some detail, we find it hard to
avoid the conclusion that, in the model, the three-
jet mechanism is likely to contribute significantly
to single-particle cross sections, at least for cer-
tain values of pr.

Some remarks must be made concerning the
normalization of our results. As noted earlier,
the predictions for the two-pion cross sections
can reasonably be reduced by two (independent)
factors of two in overall normalization (by taking
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x=1%, a=0.1). However, in the opposite direc-
tion, there may well be a significant additional
contribution to these results from the multipar-
ticle modes of the jets, since the trigger bias may
not as strongly select the single-particle modes as
is the (assumed) case for large-p , single-meson
production. This effect arises from the possibility
of less rapid p, falloffs and may be especially im-
portant at ¢ =~ 180° for the pion with the smaller
pr

Also, since our value for (C,C;.) comes from a
fit to large-p, single-particle data, it should be
noted that such data from different experiments
have absolute normalization discrepancies of about
a factor of 2. Our fit further assumes, of course,
that (two-jet) quark fusion is the dominant process
for this data (cf. final paragraph of Sec. IV).

Finally, one should note the enhancement which
would result from color, discussed at the beginning
of Sec. II.

Turning to the relevance of our results for future
experiments, we note the following. If there is in-
dependent production of two large-p, pions at the
level given by (4.5), then the three-jet mechanism
for this process will be hard to detect above this
background at present energies for ¢ well away
from 180°. As ¢ approaches 180° the three-jet
prediction becomes larger than independent pro-
duction. However, in this region a contribution
from two-jet processes is encountered which
arises from the tail in the particle distributions
of the jets transverse to the jet axis. For these
reasons it may be difficult to obtain clear experi-
mental evidence for the three-jet model of this
paper from two-pion cross sections.

On the other hand, since the three-jet cross
sections are largest when the jets are coplanar,
perhaps it is possible to observe all three jets ex-

perimentally by looking for this configuration,

i.e., by triggering on a particle with p,= X and
looking on the opposite side of the beam(s) for two
particles with p. = §X (say) and having a large rap-
idity gap (so as to avoid the two-jet processes).'®
This may be feasible with the present experimental
facilities at the CERN Split-Field Magnet.

This conclusion is at variance with our initial
motivation that, by looking at ¢ =90°, say, multi-
ple-jet processes could be observed independently
of the two-jet process. In our model, ¢ =90° may
only produce interesting results if independent pro-
duction is at a rather lower level than that given
by (4.5).

However, as discussed in the Introduction, this
may well be the case, and our preceding remarks
may be too pessimistic, in which case it would ap-
pear that many of our predictions for noncoplanar
(rm) combinations are indeed experimentally acces-
sible, and data on their relative multiplicities and
variations with¢, y, and x, could provide interest-
ing tests for the model presented here.

Moreover, even a negative result at ¢ =90° (e.g.
independent production obscures more interesting
dynamics) is not entirely without interest as it is
not expected in all models. For exampie, in
massive electrodynamics (although not in ¢3) a
large-p , trigger is expected to be accompanied by
other large-p, particles emitted in random di-
rections.?®
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FIG. 1. Single-quark exchange approximation for the
high-energy fixed-angle scattering ¢ +4 —two jets (with
meson quantum numbers).



FIG. 2. (Two-jet) quark-fusion diagrams for H+H'—~M
+X at large pp.



FIG. 3. Quark-fusion diagrams for direct photon pro-
duction at large pp.



FIG. 4. Quark-fusion diagram for production of three
large-p jets.



FIG. 5. General amplitude whose discontinuity contri-
butes to our calculation of triple-jet production at large
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FIG. 6. Triple-jet prediction for the #*-7" invariant
cross section, plotted as a function of xpy=xp, for ¢=0°,
90°, and 120°. y,=y,=0. The absolute normalization
corresponds to Vs =52.7 GeV. The dashed line is the in-
dependent production result at this energy. Since the two
processes scale differently, the dashed line will fall
faster than the solid lines as the energy is increased.
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FIG. 7. Triple-jet prediction for the 7*-7" invariant
cross section, plotted as a function of the azimuthal
separation ¢ for ¥,=0 and = 1.6, x5 =0.14, x,=0.07.
¥1=0. Subscripts 1, 2 denote the n*, 7~ respectively.
The absolute normalization corresponds to vs=52.7 GeV.
The corresponding independent-production result at this
energy is 1.2 X 10”* mb GeV™* ¢®.
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FIG. 8. Triple-jet prediction for the n*-n" invariant
cross section, plotted as a function of the 7~ rapidity y,
for ¢=0°, 90°, and 180°. x7,=0.14, x7,=0.07. y,=0.
The absolute normalization corresponds to vs=52.7 GeV.
The corresponding independent production result at this
energy is 1.2 x10™° mb Gev™* ¢,



